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Abstract: In this paper, we use the Saloff-Coste Sobolev inequality and Nash-Moser iteration method to study the local
and global behaviors of positive solutions to the nonlinear elliptic equation A,u + Ayu + h(u) = 0 defined on a complete

Riemannian manifold (M, g) with Ricci lower bound, where ¢ > p > 1 are constants and A;u = div (|Vu|“2 Vu), with

z € {p, g}, is the usual z-Laplace operator. Under some assumptions on 4 (u), we derive gradient estimates and Liouville
type theorems for positive solutions to the above equation. In particular, we show that, if an entire positive solution u to
Apu+Azu=0 (1 < p <q)onacomplete non-compact Riemannian manifold M with non-negative Ricci curvature and
dimM = n > 3 satisfies

u(x)

li =
Moo d(xo, x) 0

for some xo € M, then u is a constant.
Keywords: gradient estimate, Nash-Moser iteration, Liouville type theorem

MSC: 65L05, 34K06, 34K28

1. Introduction

Gradient estimate is a fundamental technique in the study of partial differential equations on a Riemannian manifold.
Indeed, one can use gradient estimate to deduce Liouville type theorems [1-6], to derive Harnack inequalities [4, 6], to
study the geometry of manifolds [4, 7-9], etc.

On the other hand, it is well-known that the Liouville theorem has had a huge impact across many fields, such as
complex analysis, partial differential equations, geometry, probability, discrete mathematics and complex and algebraic
geometry. The impact of the Liouville theorem has been even larger as the starting point of many further developments.
For more details on the Liouville properties of harmonic functions and some related theory of function on a manifold we
refer to an expository paper [10] written by Colding (see also [7]).
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In this paper, we are concerned with the following equation defined on a complete Riemannian manifold (M, g)
equipped with a metric g

Apu+Agu+h(u) =0, (1)

where ¢ > p > 1 are constants, 1 € C' (R™) and A,u = div (\Vu\zfz Vu) , 2= p or q is the usual z-Laplace operator.

Since the content of this paper is closely concerned with double phase problems, we start with a short description on
the background. The double-phase problem (1) is motivated by numerous models arising in mathematical physics. For
instance, we can refer to Born-Infeld equation [11] that appears in electromagnetism:

v
—div | ————— | =h(u) in Q,

\/1=2|Vul?

where Qo C R” is a bounded domain with C>-boundary 9€. Indeed, by the Taylor formula, we have

! —1+x+§x2—|— —I—Mxm*l—l-
VIi—2x 2 (m—1)!

Taking x = \Vu|2 and adopting the first order approximation, we obtain problem (1) for p = 2 and ¢ = 4. Furthermore,
the m-th order approximation problem is driven by the multi-phase differential operator

3 "
—Au— Aqu — EAGM — = Al
Moreover, that class of equations comes, for example, from a general reaction-diffusion system:

uy = div[D(u)Vu] + c(x, u),

where D(u) = (|Vu|P~2 + |Vu|9~2). This system has a wide range of applications in physics and related sciences, such as
biophysics, plasma physics and chemical reaction design. In such applications, the function « describes a concentration,
the first term on the right-hand side of the equation corresponds to the diffusion with a diffusion coefficient D(u); whereas
the second one is the reaction and relates to source and loss processes. Typically, in chemical and biological applications,
the reaction term c(x, u) is a polynomial of u with variable coefficients (see [12, 13]).

Some mathematicians studied the existence and multiplicity properties of solutions to these equations, in particular,
one may pay attention to the equation (1). When /(u) = 0, then equation (1) reduces to

Apu~+Aju=0, 2)

which has been studied by Bonheure and Rossi. In particular, in [14] they studied the behavior as p — 4o of solutions
Up, 4 to (2) in a bounded smooth domain Q; C R” with a Lipschitz Dirichlet boundary datum u = g on dQ. They showed
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that there is a uniform limit of a sub-sequence of solutions, that is, there is p;j — +oo such that up; ¢ — ue. uniformly in
Q.
In [15], Alreshidi et al. studied the existence of a positive solution to the (p, ¢)-Laplacian equation

—Apu— Aqu = Aoho(u), in Q,

u=0, on 0Q,,

where Q; is a bounded domain in R” with smooth boundary dQ,, Ay : (0, +0) — R is continuous, p-sublinear at oo
and is allowed to be singular at 0, and Ay > 0 is a large parameter.

In [16], Alves and Figueiredo studied the multiplicity and concentration of solutions for the following problem with
linear potential

ePA u+ 1A —V (x)(|ulP~2u+ |ul"%u) + Py(u) =0, on R",

weWwh PR AW 4R, u >0,

where the authors assumed that the potential V (x) satisfies the following global condition introduced by Rabinowitz [17]
0 < infyepn V (x) < liminf,_,., V(x) < e and the nonlinear term Py(u) has C'-smoothness with superlinear and subcritical
growth. Cai and Ridulescu [18] also considered the existence of the following (p, ¢)-Laplacian equation:

—Apu—Agu+AulP2u = f(u) in R

with LP-constraint [g. [u|? = c”, where 1 < p < g < n, ¢ > 0 is a constant and u € W' P(R") "W 9(R"). For more
details we refer to [18] and references therein.

As for Apu+ Aju+h(u) = 0, there is little literature to discuss their global and local behaviors of solutions. Very
recently, the authors of this paper in [19] employed the Nash-Moser iteration method to study the gradient estimates for
the nonnegative solutions to the following A,u + Aju + au® + bu' = 0 on a complete Riemannian manifold and obtain
some Liouville theorems.

On the other hand, when p = ¢ the equation (1) reduces to the following A,u + f(u) = 0, where f(u) = %h(u)
For the sake of convenience and uniformization of notation, without confusions we still denote the above equation as
Apu+ h(u) = 0. Many mathematicians pay attention to the equation and great progress has been made. For details we
refer to [3, 19-27] and references therein. For instance, as h(u) = A|u|’~2u Lindqvist [28] proved the first eigenvalue
A = A for the equation Apu+ A|u|P~u = 0 defined on a bounded domain Q C R” is simple in any bounded domain
Q C R". In the case M is an Euclidean space and /(u) is a general real function, this equation was studied by Serrin and
Zou in [29], and some Liouville theorems and universal estimates were established (also see [30]). Very recently, He, the
first named author of this article and Wei [31] adopted a new way to employ the Nash-Moser iteration to study the gradient
estimates for the quasilinear elliptic equation A,u 4+ au? = 0 on a complete Riemannian manifold.

In particular, it is worthy to point out that for the case p = 2 the following new estimate was obtained in [32]

Vul* _ 2n Ci(n—1)(1+KR)+C,
2

~2—nmax{0, ¢g— 1} R?

2nC?

au (2+nmax{0, g—1})R?|’

+2Kx+ 3)
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2
if the Ricci curvature of domain manifold satisfies Ric, > —(n— 1)k and ¢ < i Obviously, this is a stronger estimate
n
than the logarithmic gradient estimate (also see [33]). Wang-Wei [5] also derived Cheng-Yau type gradient estimates for
n+1 2

et al D)
3

author of this article and Wei [31] extended the Cheng-Yau estimate to the range g € (—oo, H) . Very recently, Lu
n

positive solutions to Au+u? = 0 under the assumption g € [ —oo

. Shortly after, He, the first named

-1
. . n+3
extended the estimate (3) in [32] to the value range g € <—<><>7 1)
In the case h(u) = 0, this equation is just p-Laplace equation. Wang and Zhang [9] obtained the logarithmic Cheng-
Yau type gradient estimates (also see [8]) for p-harmonic functions on a complete Riemannian manifold (M, g). Later,
Chang et al. [34] introduced and studied an approximate solution of the p-Laplace equation A,u = 0 and a linearization
% ofaperturbed p-Laplace operator. By deducing an .%Z;-type Bochner’s formula and Kato type inequalities, they proved
a Liouville type theorem for weakly p-harmonic functions with finite p-energy on a complete noncompact manifold M
which supports a weighted Poincaré inequality and satisfies a curvature assumption. Moreover, they also established a
Liouville type theorem for strongly p-harmonic functions with finite g-energy on Riemannian manifolds.
In fact, Gidas and Spruck [3] also considered the following equation Av + f(x, v) = 0 and derived a Liouville
theorem, Harnack inequality and singularity decay estimate if the nonlinear term f(x, -) fulfills some additional technique
conditions. These results can be found in Theorems 6.1 and 6.3 in [3]. Actually, Lu also considered the equation defined

on a manifold (M, g) in [35]. Even in the case f(x, v) = f(v), one always needs to assume that t ~* f(¢) is non-increasing

3\ . . . . . .
on (0, +oo) for some a € (1, % if the domain manifold is not an Euclidean space. For more details we refer to
n

[35].

Besides, Han et al. in [36] proved recently any solution u € C'(Bg(0)) to the following equation Apu — |Vul? =0
with ¢ > p — 1 defined on a geodesic ball Bg(0) of a complete Riemannian manifold (M, g) with Ric, > —(n—1)xg
satisfies

1
1+\/ER)W+1

sup (9l = o) (5

Bgja(0)

Inspired by [19, 31, 36], in the present paper we shall use the Nash-Moser iteration method to study the gradient
estimate and the Liouville property of the above equation (1), defined on a complete Riemannian manifold, with a non-
decreasing function 4(u) € C'(0, +oo).

1.1 Main results

By a solution u of (1) in an (arbitrary) domain Q3, we mean a positive solution u € C'(Q3) N C3(§~23), where Q3 =
{x € Q3 : |Vu(x)| # 0}. It is worth mentioning that, if the coefficients of (1) satisfy some suitable conditions, it is well-
known that any solution of (1) satisfies u € C #(Q;3) for some « € (0, 1) (for example, see [24, 25, 37]). Moreover, u
is in fact smooth in ﬁ3.

For the sake of simplicity, we define
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2—z, 1<z<?2, z—1, 1<z<2,

0, 7>2, I, z>2,

n

() =Bl 1) |1 5B - 5557 D) and 0 = llieta -

By using the above notation, we set

Bo(p0) = {B: 0<p < Ay (§) >0 and 2,(8) >0}

and

and

2
e(lz)r(z_l)2<22p> ﬁzg@ with z € {p, q}}-

Now, we state our main results.

Theorem 1 Let 1 < p < g and (M, g) be an n-dim (n > 3) complete manifold with Ric > —(n — 1)k, where « is a
non-negative constant. Furthermore, 4 € C' (RT) is a non-increasing function. Assume u is a positive solution to equation
(1) on the geodesic ball B(xy, 2R) C M. For any 3 € 2o(p, ¢) and to € By(B, p, q), then there exist

4B

2t
whervaBl:L~er 0
n

> 5 > 0, and a positive constant €* = €*(n, p, q), such that the following estimate holds true

sup |V’;|2 < {éﬁ(é*q,uoﬁ)c]’

B(x(). %) u

where
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n(1++/kR)

.= expl C,
. p{ 20+ p

}(1+;<R2)2§1

G292 4 420 ogiay

q—pt2 __2

2q+dy 920 2g44r 2 4 __2 4
_ > _ = _ - _
+1gR™ P70 A, 7T ¢ i k 1 TR A, TP e Pl

Remark 1 Here we would like to give a remark of the above corollary.

8 64
eIfwelet p=¢g=2,then®p(2,2)=1{0, —— d 2,2)=| —————, 4+ |.
weletp=gq , then 0( ’ ) ( ’ I’l+8> an %O(ﬁv ’ ) (8_(n+8)ﬁ7 + >

For the sake of convenience, we define

4
—— =&, W<I,
_ g—p+2 7
}/((I), P q, 80) =
24 &, o>1.

By using Theorem 1, we can achieve the following conclusions.

Theorem 2 Let 1 < p < g and (M, g) be a complete non-compact Riemannian manifold with non-negative Ricci
curvature and dimM = n > 3. Furthermore, 1 € C!(R™) is a non-increasing function. If a positive solution u to equation
(1) on M satisfies

) u(x)
limsu
MSX—)E d(XO, 'x)

for some xp € M, then u has the following gradient estimate
sup|Vul|? < €5 o™,
M

where €5 = €5 (n, p, q, W) is a positive constant and % € {y(o, p, q, &) >0 : & > 0}.

From the above theorem, we can obtain directly the following conclusions on Liouville type properties of entire
positive solutions of (1).

Theorem 3 Let | < p < g and (M, g) be a complete non-compact Riemannian manifold with non-negative Ricci
curvature and dimM = n > 3. Furthermore, h € C'(R") is a non-increasing function. If a positive solution u to equation
(1) on M satisfies

im % g
M>x—e0 d(xg, X)
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for some xog € M, then either u is a trivial solution or # does not exist.
In fact, comparing with Theorem 3, we can achieve a more general conclusion by using Theorem 1. For the sake of
convenience, we define

(:j( ) sup 4t()+2q sup 2
P, 4q)= = reE
BNo(p, ), 0eBo(B, p. ) H0T29—EB(20+p)  peaty(p, ¢ 2— B

where § = §(p, q, ) is defined in Theorem 1. By using the above notation, we draw the following conclusion:

Theorem 4 Let 1 < p < g and (M, g) be a complete non-compact Riemannian manifold with non-negative Ricci
curvature and dimM = n > 3. Furthermore, i € C!'(R™) is a non-increasing function. If a positive solution u to equation
(1) on M satisfies

lim u(x)

o, =0
M3x=e (d(xg, x))~°

for some xg € M and O € (0, @(p, q) ), then either u is a trivial solution or u does not exist.
Remark 2 Here we would like to give several remarks of the above theorems.
* 1. Since (:)( D, q) > 1, we can know that Theorem 4 is more general than Theorem 3.
|Vul?
uB

« 2. It is worthy to point out that we can achieve an estimate of , which is similar to the estimate obtained in

Theorem 2. One can easily achieve this estimate by using Theorem 1.

1.2 Some further examples

Next, we give some examples of the function z(u) which fall into the above cases.
Example 1 Let 2(u) = 0, then equation (1) reduces to

Apu~+Aju=0. “4)

Let 1 < p<gand M (dimM > 3) be a complete non-compact Riemannian manifold with non-negative Ricci
curvature. If a positive solution u to equation (4) on M satisfies

im0 g
M>3x—e0 d(xg, X)

for some xg € M, then u is a trivial solution according to Theorem 3.
Example 2 Let 4(u) = —au' and al > 0, then equation (1) reduces to

Apu+Aju= ai. %)

Let 1 < p < g and M (dimM > 3) be a complete non-compact Riemannian manifold with non-negative Ricci
curvature. If a positive solution u to equation (5) on M satisfies
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im % g
Max—eo d(xg, X)

for some xg € M, then either u is a trivial solution or u does not exist according to Theorem 3.
Example 3 If p = g and h(u) = —2ae" + 2be™ with a > 0 and b > 0, then equation (1) reduces to

Apu—ae' +be " =0. (6)

Let 1 < pand M (dimM > 3) be a complete non-compact Riemannian manifold with non-negative Ricci curvature.
If a positive solution u to equation (6) on M satisfies

im %) _g
M3x—e d(xg, X)

for some xop € M, then u is a trivial solution ¢y > 0 with —ae“® + be™“© = 0 or (6) has no positive solution according to
Theorem 4.
1.3 Main ideas of proof and the organization of paper

In order to give the gradient estimates, we consider the linearized operator of .Z), , of (p, ¢q)-Laplace operator A, + A,
at a solution u, and let .%), , act on an auxiliary function:

|Vul?
ub -

F(u) =

Then, we need to establish some suitable point-wise estimate of .Z), 4 (F) so that we can take a Nash-Moser iteration
|Vul?

scheme to give the L”-norm of F = 5
u

The Saloff-Coste’s Sobolev inequalities play an important role in our
arguments.

Our paper is organized as follows: In Section 2, we first recall some preliminaries and then establish some important
lemmas, which will play a key role in the Nash-Moser iteration process. In Section 3, we prove some important gradient
estimates, which will constitute the main body of this paper. Some necessary proofs of the main results will be given in
Section 4.

2. Preliminaries

Throughout this paper, we denote (M, g) an n-dim Riemannian manifold (n > 3), and V the corresponding Levi-
Civita connection. We denote the volume form dvol = \/det(g;;)dx; A--- Adx,, where (x1, ---, x,) is a local coordinate
system, and for simplicity we usually omit the volume form of integral over M.

The z-Laplacian operator is defined by

At = div (|Vu|“2 vu) ,
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where z is a real number. We also need to recall the definition of weak solution to (1):
Definition 1 We say that u € C' (M) W\ 4(M) is a weak solution of (1) if for all y € W," (M)W, ¢ (M) we have

loc

2 ) _
/M|Vu|p (Vu, w>+/M|vu|q (Vu, Vl;/>f/Mh(u)l//.

Next, we recall the Saloff-Coste’s Sobolev inequalities (see [38]), which shall play a key role in our proof of the main
theorems.

Lemma 1 (Saloff-Coste [38]) Let (M, g) be a complete n-dimensional manifold with Ric > —(n—1)x. Forn > 2,
there exists a positive constant C,, depending only on 7, such that for all B C M of radius R and volume V we have for
hi € Cy(B)

hll? C 252 2, p-2;2
< ex n V + X
|| 1” n2Tn2( )_e [){ n(l—‘,—\/ER)}‘/ R / (| h1| R hl)

For n = 2, the above inequality holds with n replaced by any fixed n’ > 2.
Now we consider the linearisation operator .Z, of z-Laplace operator:

Z(y) =div[£371A. (V)] ™
where f = |Vu|?, and

A (Vy)=Vy+(z=2)f(Vy, Vu)Vu. ®)

We first derive a useful expression of .Z(f).
Lemma 2 The equality

Lf) = (% _ 1)f%*2 VA2 + 25! (|VVu|2—|—Ric (Vu, Vu)) +2(VAu, Vi) 9)

holds point-wisely in {x : f(x) >0 }.
Proof. By the definition of A, in (8), we have

A (V) =Vf+ (=2 f VS, Vu)Vu. (10)
Combining (7) and (10) together, we obtain

Z0) = (5-1) SV + £ 80+ (2=2) (5 -2) FI7VS, Vup?

Z

F = 2)f2 VIV, Vi, Vu)+ (z—2) 32V, V. (11)
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On the other hand, by the definition of the z-Laplacian, we have

2(VAu, Vi) = (z—2) (g - 2) IV, Vi) + (2= 2)f52(V(VE, Vu), V)

+(z=2)f3 VS, Vi Au+2f3"1(VAu, Vu). (12)

Combining (11) and (12) together, we obtain

Lf) = (% _ 1) P2V + 5 AF +2(VAu, Vi) — 25 (VAu, Va). (13)

By (13) and the following Bochner formula
%Af: |VVu|* +Ric (Vu, Vu)+ (VAu, Vi),
we have
L(f) = (% - 1) FI2VP 25! (|VVu|2 +Ric (Vu, vu)) +2(VAu, Vi,

O
Another tool that will be used in the later is the following lemma (for the proof see [39]):
Lemma 3 Suppose that y(¢) is a positive and bounded function, which is defined on [Ty, T}]. Ifforall 7o <t <s <Tj,
Y satisfies

Yo(t) < 60(s) + vz +5;

where 0 < 1, A, B and o are some non-negative constants. Then, for any 7y < p < 7 < T; there exists

A

vo(p) < C(ap, 6) {(‘L‘—p)aﬂ +B] ;

. . . . 1
where C(0p, ) is a positive constant which depends only on ¢ and 6. Furthermore, if we set 6 = 3 and let o change

. . . . 1
in a bounded interval, then there exists a positive constant Cy such that C (ao, 2) <.

3. Gradient estimate
f

First, we need to give the pointwise estimate of .%}, ,(F), where F = “5 with the constant f > 0 and .%), , is the
u

linearized operator of p-Laplacian + g-Laplacian at u.
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3.1 Estimate for the linearized operator of p-Laplace + q-Laplace operator

In this subsection we prove some gradient estimates of the positive solutions of (1). We begin with a point-wise
estimate for &), ,(F) = %, (F) +%,(F).
Lemma 4 The equality

LF) =P L)+ BB+ (=D P2 =B (142 ) (a= NP f371(V S, Vi)

—Blz—Du P fiAu (14)

holds point-wisely in {x : f(x) > 0}.
Proof. By the definition of A, in (8), we have

A(VF)=uPA(VF) = Bu P~ fA,(Vu), (15)
A,(Vu) = (z—1)Vu (16)

and
A (V) =V +(z=2)f (Vu, Vf)Vu. (17)

Combining (7) and (15) together, we obtain
Z.(F) = div [u—ﬁ A f)] — Bdiv [u_ﬁ_l FiA, (Vu)} : (18)
Direct computation shows that
div [u P Fi-1a, (Vf)} — Bu Pl AL (V) Vi) +uPdiv [f%’lAZ (Vf)] (19)
and
div [u’ﬁ"f%Az (V)| =— (B+ 1)u P2F3 (A, (Vu), Vi) + %u’ﬁ’lf%" (A,(Vu), Vf)
+u Bl FidivA, (V). (20)

Substituting (7) and (17) into (19), we have
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div [P f3714, (V)| = =Bla— D P f371V S, Vi) +u P 2(), @1
Substituting (16) into (20), we obtain
div [P AL (Vi) | == (B+ 1) (= P23 4 2 (= 1P p 371V F, v

+(z—1)u7ﬁ71f%Au. (22)

Substituting (21) and (22) into (18), we finish the proof of Lemma 4. O
Using Lemma 2 and Lemma 4, we can establish the following lemma:
Lemma 5 Let u be a positive solution of equation (1) in Q C M. Set

Z(F)=uP [(% - 1) IR 423 (|VVu|2 +Ric (Vu, Vu))}
FB(B+1)(z— uB2f3+ _p (1 + %) (2= Du P 31V f, Va)

—Bz—Du P f3Au. (23)
Then, the following

Ly, (F) = Z(F) + Zy(F) —2u"P fHl (u) (24)

holds point-wisely in {x € Q : f(x) > 0}.
Proof. Combining Lemmas 2 and 4 together, we can achieve that

Ly J(F)=uP K%‘ 1)f%*2Wf\2+2f%*‘ (|Vvu\2+Ric(vu, Vu)) +2(VApu, Vi)
+BB+ (=1 P2 B (14 8) (o= 0P 5 Vs, Vi = Bp— 1P A
tu b Kg - 1) 2P aric! (|Vvu\2+Ric (Vu, Vu)) +2(VAgu, Vi)

+BB+ 1= P2 B (142) (q= 1) P A1V E, Vi = Blg— 1P A,

Hence
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Ly J(F)=uP [(g - 1) A2 VPR o (|VVu|2—|—Ric (Vu, Vu))]
+BB+1(p— P2 g (148) (p— 1P 5V, v
Blp—Du P AP Kg - 1) VP2t (\VVu|2+Ric (Vu, Vu))]
+BB+1D(g—Du P2 =g (142) (g— Du P vy, v
—Blg—1)u P I Au+2u P (V(Apu+ Agu), V).

Substituting (1) into the above equality, we finish the proof of Lemma 5.

O

In order to achieve the pointwise estimate of .Z), ,(F), we need to estimate .Z,(F). Therefore, we begin with the

following equality about .Z;(F).
Lemma 6 Let u be a positive solution of equation (1) in Q C M. Set

Y — Z z_ z_ .
Z(f) =uP [<§_l)f2 2IVFP+253 1(|VVM|2+RIC(VM,VM))}
—BGz—Du P f3Au.
Then, the following

ZiF) = Ba=1) (1= 3B) utf 2P — (14 2) (= DBuli= P FIN(VE, Vi) + Z(f)

holds point-wisely in {x € Q : f(x) > 0}.
Proof. Since F = u~P f, we can know that

Vf=PBuP 'FVu+uPVF.
Hence
(VF, Vu) = uP (VF, Vu) + BuP~'F f = uP (VF, Vu) + Bu*P ' F2.

Substituting (27) into (23), we obtain

(25)

(26)

@7
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ZiF) =P [(5=1) VAP 42757 (IVVaf +Ric (Vu, Va) )| = B(z— Du P! foau

+B(z—1) (1 - 5/3) WP2pi+l (1 + 5) (z— 1)BuE-DB-1F3-L(VE, vu). 28)
2 2
Combining (25) and (28) together, we complete the proof of Lemma 6. O

Next, we need to consider the point-wise estimate of .Z.(F).
Lemma 7 Let u be a positive solution of equation (1) in Q C M with Ric > —(n— 1)k. Set

2—z, 1 <z<2,

5(z) = (29)
0, z>2.
Then, the following
ZF)>B—1) [1-2p— ——"_B(z—1)|utb2Fit _2(n—1)kul3-DPF3
= 2 8(1—-4(2))
~ (143) e= 1)Buls VB 1F5-1(VF, Vu) (30)
holds point-wisely in {x € Q : f(x) > 0}.
\%
Proof. Let {¢;, ---, e,} be an orthonormal frame of TM on a domain with f # 0 such that ¢; = ﬁ We hence
u
infer that
4Y ui;= VS 31)

By omitting some non-negative terms in |VVu|2 and using Cauchy inequality, we arrive at

IVVu|* > 5iui.+ (1— Z iuh + —6 (Au)?, (32)

i=1 i=1

where 8 € [0, 1). Substituting (31) and (32) into (25), we have
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Z(f)zu? { (5-1) /2 vsP +2ri <6fu%i+l;5(Au>2+Ric<w, Vu))}
i=1

—Blz—u P fiAu

— P { (G 1) pws st (G R w0 4 Rie (v )|

n
~Bla—Du P2 au
— <ZJ;5 - 1) u B2\ 4 @u*ﬁf%*muﬁ +2u~P £37 Ric (Vu, Vu)
—B(z—Du P fiAu. (33)
Let

2—z, 1 <z<2,

we can know that § € [0, 1). Therefore, by (33), we obtain

. 2(1-9)

Z.(f) > w B (Au)? +2u P 3 Ric (Vu, Vi) — Bz— Du P fiAu. (34)

n

By using the inequality a> —2ab > —b?, we have

2(1-68 ; : -
(n )uﬁfz1(Au)2—ﬁ(z—1)uﬁlszuz_S(l_&

ﬁZ(Z _ 1)2u7ﬁ72f%+1 )
Substituting the above inequality into (34), we can achieve that

Z(f)>— B2(z— 1)2u P-2¢3+ 4 2y B £5-1Ric (Vu, Vu). (35)

8(1—0)

Combining (26) and (35) together, we obtain
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Z(F) = Bz—1) (1~ §ﬁ> & %) (z— D)BuE—DB-1F3-1(VE, i)

n

- 8(1—-4)

B2(z—1)2u P23+ L2y B 57 1Ric (Vu, Vu).

Using the facts F = u~ 8 f and Ric > —(n— 1)k, we can achieve that

ZiE)z pla1)|1-5p- g

mﬁ(z— 1) u%ﬁ*zF%+l _2(1’1— I)K'u(%*l)ﬁF%

_ (1 n %) (z— D)Bu3-DB-1p3-1(VF, V).

Thus, we finish the proof.
We conclude this part by using Lemmas 5 and 7 to achieve the following corollary:

O

Corollary 1 Let (M, g) be an n-dim (n > 3) complete manifold with Ric > —(n — 1)k, where x is a non-negative

constant. Assume u is a positive solution to equation (1) in Q C M. Set

ZF) =) |1- 3P g

mﬁ(z_ )| udP 2R3+ 2(n - 1)xu(3-DPF3

- (1+§) (z— DB 31 (VE, Vi),

where §(z) is defined in (29). If h € C'(R™) is a non-increasing function, then the following

Ly g(F) 2 Zp(F)+2Z,(F)

holds point-wisely in {x € Q : f(x) > 0}.
Proof. Since u > 0 and 4 € C'(R") is a non-increasing function, we obtain

W (u) <0.

Combining (24) and (38) together, we have

L. ¢(F) 2 Zp(F) + Z4(F).

By Lemma 7, we can achieve that

(36)

(37

(3%

(39
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Z/F) > Z.(F). (40)

Combining (39) and (40) together, we finish the proof of Corollary 18. O

3.2 Deducing the main integral inequality

Now we choose a geodesic ball Q = Br(xg) C M. Since .2, 4(F) = %,(F)+ %,(F), we consider .Z,(F) firstly. If
we choose a test function & - u* = F/n?-u* where n € C3(Q, R) is non-negative, F; = (F —€)*, € >0, >1and A € R
are to be determined later. It follows from (7) that

| 2Pyt = = [ (V(&t), £ [V (=20 (Vu, VF)Va])
— [ FNA VR VE) <2 [ P FUVE, Vg
Q Q

f(sz)/Qf%_zul(VF, Vi) (Vu, V§>—(zf2)l/gf%_lul_l<VF, Vi)

,/ 3 LM VE, VE) — (z— 1)/1/ AT HVE, Vg
I Q

—(z-2) /Q FE2 (VE, Vi) (Vu, VE).

Since & = F!n?, we can achieve that
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/Q,,%Z(F) /le MVF, tFI™'n?VF +2F/nVn)
—(z—1)A /Qf%w“(w: Vu)Ein?
~(e=2) [ £ (VE, Vi (Vi 16 0PV E 260 V)
_ —t/Q (3-1PHA 31 E-VF Py — 2/ OB FIUEL(VE, Va)n
—(z—1) l/ DBA-1pS -1 E(VEF, Vuyn?
_(Z_2>,/Qu(%—2)ﬁ+lF%*2F;*‘<VF, Vu)?n?

—2(z—2) /Q WGDBHApi2pH v E V) (Vu, V).

Combining .%), ,(F)=.%,(F)+%,(F), Corollary 1 and the above equality, we can achieve the following inequality.
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_;/Qu(%—l)ﬁHF R YRRy — 2/ “DBHAREIEL(VE, Vap)n
—(p-1) /1/ DB R FHVE, Viyn?
_(p_z);/Q (5-2)B+ApE-2p1-1(VE, Vu)2n>
—2(p—2)/Qu(§—2)ﬁ”F%*2F;<VF, Vu)(Vu, V)1
—I/Q ($-1D)B+2 pd-1pt-1|yF|2n> 2/ “DBtApi-1E (VE, Vi)
—(q—1)/1/Qu(%*)ﬁ“—lF%*‘Fg(VF, Vu)n>
—(q—2);_[2”(%—2)3”17%*217;*‘<VF, Vu)’n?
—2(qg—2) /;Zu(%—2)ﬁ+lF%*2F;<VF, Vu)(Vu, V)1

> B(p-1) {l—pﬁ—”mp—l)]/uzﬁ” P52

27 8(1-46(p)) o

—2(n—1)1</Qu(%*1)5”F%an2—( p—1) [3/ DB A1 pE -1 pUVE, Vi)n?
+B(g-1) [13/38(1_”5(q))ﬁ<q1>} [t 2ptiy:

—2(n—l)1</ uE DB piprn2 (1+ g—1) /3/ ($-DB+A-1p3-1FLVE, Vin?. A1)
Q
Next we need to treat the coefficients of the following terms on the right hand side of the above inequality

/QM§B+/172F§+1F811.’2

and
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/;2 u%ﬁ‘FA*zF%“rlFénz-
For this we set

Z n

Eﬁ—mﬁ(z—l) ) (42)

2(B) =Bz~ 1) [1 -

where 0(z) is the function defined in (29). It is easy to see that A, will be a positive number when f is small enough.
Furthermore, for the sake of convenience we also set

A={B : B>0, A,(B) >0and A,(B) >0} . 43)

Obviously, B belonging to 2 means that 8 is small enough such that A,(B) > 0 and A,(f) > 0 simultaneously. Then,
by rearranging (41) and keeping (42) in minds we can obtain the following

2(n71)1</ u(%*‘)ﬁ”F’f’anLz/ WEBARS IRV E vy
Q Q
f2(p72)/Qu(%72)ﬁMFg_2FE’<VF, Vu)(Vu, Vi)n

_ P\p (3-1)B+A-1 5517t 2
+(p-n[(1+2)8 x]/guz FEVEL(VE, Vu)n

+2(n71)1</

Qu(%*l)ﬁHF%Fg’nz72/914(%*1)13MF%_1F€’<VF, V)N

~2(q-2) | W3 DPAF2EUVE, Vu)(Va, Vi)
Q
Fg-1) {(1+€)ﬁ f,q / W(E-DB A PSP VR Vi)n?
2 Q
> u(%*l)B”Fg‘lF’_IWFF 2 _ (5-2)B+A ph—2p1-1 2,2
> € n-+(p—-2) X 2 F272F;(VF, Vu)"n
Q
Jr/lp/ u§ﬁ+l—2FL2’+1Fén2+t/ W3- 1B+A P pr -1y 22
Q Qo

+(qf2)t/gu(%’Z)BMlF%_ZFg’_l(VF, Vu>2n2+7Lq/gu%ﬁ”—2F%+1an2. (44)
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Set
e, :t./gu(%_l)BMF%’ng’l|VF|2112—l— (z—z)r/gu(%—z)ﬁ”F%*zF;”<VF, Vu)?n?. (45)
Then we need to consider the following two cases:
(i)z>2; (i))1<z<2.
For the case (i), from (45) we can easily know that
Sz2t/gu(%_l)BHF%’IFg’l|VF\2112. (46)
For the case (ii), from (45) we can achieve that

EZ:t/Qu(%_l)ﬁHF%*IFE’“\VF|21]2—(2—z)t‘/gu(%_z)BMF%*zFéfl<VF, Vu)?n>
zz/Qu(%—l)ﬁ”lﬂ‘%*Fgfl\VF|2172—(2—z)t‘/gu(%‘2)’3+’LF%’2F£’1IVFlzfn2
:(z—l)t./gu(é‘l)ﬁﬂF%*ng’*l|VF|2n2. (47)

Set

0(z) = (48)

Therefore, combining (45), (46), (47) and (48), we obtain
e.> 9(z)t/ uG BRI g1y p 22, (49)

Q

Combining (44) and (49) together, we have

Volume 6 Issue 3|2025| 3155 Contemporary Mathematics



2(11—1)1(/ u(§—1>3+’1F%an2—2/ W BB R 1 p v E vy
Q Q
~2(p=2) [ ulEDPPEELVE, Vu) (Va, V)

_ P\p (5-1)B+A—1p8—1p 2
+(p 1)[(1+2>[3 l]/gu : FY-1F(VF, Vu)n

—|—2(n—1)1(/

Qu(%_l)ﬁ’”F%Fs’nz—Z/éu(%_l)ﬁHF%’lFs’(VF, vn)n

~2(g-2) [ alt2PAFS2EL T, V) (Vu, Vo)
Q
B q\ p L (§-D)BA-1 g1 Viin?
+@-n[(1+9)p l]/gu2 F31EH(VE, Vu)n
> B(p)t/Qu(g_l)ﬁ””F%’ng’l|VF|2n2—&-lp/gugﬁﬂl’zF%“Fénz

+e(q)z/Qu(%*)ﬁ”F%*‘F;*‘|VF|2n2+Aq/9u%ﬁ“*2F%HF£’n2.

By letting € — 0", we obtain
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2(n_I)K/g;u(lzl—l)ﬁ-‘rlFlJr%nz_2/§2u(g—1>ﬁ+lFl+g71<VF’ Vn>,r’
~2(p-2) [ al§ P2V, V) (Vu, Vi)
T (p—1) [(1 n B) B _)L} / u(%—l)ﬁ+l—1Fz+’7’fl<VF’ Vuyn?

2 Q

+2(n—1)K/

M(%_l)ﬁ+lFt+%n2_2/ u(%—l)ﬁ+},F%71Fé<VF, Vn>n
Q Q

—2(g—2) /Qu(%*)ﬁ“ﬁ*%*z(w, Vu)(Vu, V)n
0 [(1+2)8 1] ol

> 0(p) |

Qu(g_l)ﬁHF[+%72|VF|2772+)vp/914%ﬁ+172Ft+g+1n2

+9(q)t/

Qu(%_l)ﬁ+lF1+%72|VF|2n2+)Lq/S)M%ﬁ+/172Fl+%+lT]2. (50)

By absolute value inequality and Cauchy-inequality, we have

(z—1) [(1 + %) B —A] /Qu<%—1)ﬁ+l—1F’+%*' (VF, Vu)n?

< |1 [(1+5)B-4] /Qu(gf‘)ﬁ”*‘F”%—l\VF|f%n2
= (z—l)[(lJr%)ﬁ—)L} /Qu(%*%)ﬁﬂflpﬁé—%wﬂf
< @z/ M(%_l)ﬁHF”%*ZWFFnz—s- %(z— )2 Kl n 5) B _lr/ WA i+
Ja (2)t 2 Ja
2 [ Wl 0P p R vapn <2 [ Wl 0P YE
_ 0

t/ WG-DB+HA =2y p2p2 | /u(%*l)B”F’*%WnF
Q

4
=4 0(2)t Ja
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and

2(z-2) /Q WGBS 2 E Vi) (Vi Vi)

<22 [ uliDBA PR iy
Q

< GiZ)t/ u(%*l)ﬁHF"L%*zWﬂznz—i—
Q

4 Co(z_ z
T AT

Substituting the above three inequalities into (50), we obtain

9;17)[/ u(%—l)ﬁHLFH%szF‘znz_'_Ap/ M§B+)L—2Ft+§+ln2
Q Q

n qu)t/ u(%—l)ﬁJr)LFﬂr%—sz‘znz_H'Lq/ u%ﬁ+k—2Ft+%+1n2
Q Q

<2(n— 1):</ wB- VB HAprhn2 g

Q 0(p)t [(P—2)2+1]/Qu(%fl)BHFngn'z

1 12 P\p 2/ PBAA—2 gL 41,2
P Y (1+5)B-2] Gen e

4
+2(l’l— 1)K/£Zu(%_l)ﬁ+AFt+%n2+m [((]—2)2+1] /Qu(%_l)BHF”%WnF

+9(1q)l(q1)2[(1+g)l3lrfgugﬁ”‘zF”g“nz- Sy

Now we choose ¢ large enough such that

(e L

It follows from (51) and (52) that
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Bip)t/ u(§,1)ﬁ+sz+§72WF|znz+%/u%BHszw%an
Q Q

n ng)t/ u(%_l)B+AFt+%72\VF|2T]2+%/ M%BMszH%an
Q Q

_ £1 4 92 S5-1)B+A 45 2
<2(n I)K/QM( ) 80p) (p—2) —i—l]/gu( )B+Ap [Vn]|
_ ($-1)B+A 1+ .2 4 92 ($-1)B+2 pt+4 2
+2(n 1)1(/Qu Pt s la-2) +1]/Qu Fdvn. (53)

By letting A = 3 (1 — g) and omitting some non-negative terms in (53), we obtain
/Ft+L—2|VF|2n2+ / 1)B-2 pr+4 $ip2

gz(nq);c/g

+2(n—1)1€/ P s P [(q—2)2+1]/u¥ﬁF’+%|vn|2. (54)
o 6(q)t o

4 43
gy (02 1] [t

On the other hand, we have

[N P2\ vty Pt 2
VST = || = — | F37 2 nVF +F372Vn

2
(P +82!)

FEH=2\VFPP 2 42F 5% V2. (55)

Substituting (55) into (54) gives

P+2t /|V Fitin)P+ 2/ DB-2pritin?

<2n—1)x [ P’ +{9(‘;) [(p—2)2+1]+ (49% }/F’+z|vn|2

+2(n—1)1</ WP g2 +i[(q 2)2 +1]/u?ﬁF’+%|vn|2. (56)
o 6(q)t o
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Noting that Saloff-Coste’s Sobolev inequality implies

exp{—C,(1+V/KR)} ViR ™2 HF%%

o < ¥ (FEm)[er [ PEe,
Lin—

we substitute (57) into (56) to obtain

20(p)

l q—pr q
SN + (1) B2 pr+4+1 2
(p o) K 1

stexp {—Cu(1+ VKR) }V "R HF4+217 @) 7[] A

< [2(n—1);<+29}/F’+zn +{ 4 [(p—2)2+1}+4w(p)2t}/QFt+g|Vn|2

(p+2t)2R? 0(p)t (p+2t)

4
+2n—11</uzﬁF'+z o 2 +1/uzﬁF’+zV 2
(n—1) A n 1o [(g—2)*+1] Vn|=.

26(p)

By dividing the both sides of (58) by m

t, we obtain

Af(p+20)° [ (42 1)p2 e
+ q H1)B-2pt+§+1,2
oxp{~Go(1+VRR)} ViR HF4 an o " a6(p) /gu i e

< (n—l)(p+2t UF’“ { p(+§:3 [(1)—2)2+1]+2}/§;F’+5’|Vn|2

(p+2)° / LB pr+§ 2 2(p+2)? 2 / EPB 44 o2
L) e [yt Iy SPTA) oy B+ w2,
(n—1) o <o LU TR Tpre [(g—2)*+1] L ]

Set

- 2(p+2t)? 2(p+2t)?
U = max{ sup W [(1772)2 + 1] +2, tes[ﬁpw) W [(q72)2 + 1} } ,

te(l, )

p=1 (p+2t)?

inf ——— 42
1 g (2

then we can see that (| and u are both finite positive constants. Combining (59), (60) and (61) yields

(57)

(38)

(59)

(60)

(61)
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exp{—Cy(1+v/KR)} ViR Hﬁ*én‘

in%(g)_‘_m/gu(Qﬂ)ﬁ—sz%an
< [(n—l)ultKJrRlz]/QF”ganrm/QF’*gVn|2
+(n—1)um</gu?ﬁF’+%n2+ul/Qu?ﬁFH%wnP. (62)
Now we choose § small enough such that

<q_p+l)/32§0. (63)

By combining (43) and (63) together we obtain

4
Bet={p:0<ps 2 2,(6)>0 and () >0}, (64
where A,(f) is defined in (42). Moreover, set

¢ = |lull=(q)- (65)

Hence, combining (62), (64) and (65) we can know that
;o2 _
exp{—cn(1+\/ER)}V%R*2HF%anL%(Q)+m¢(¥“)ﬁ*2/Ff+%+'n2
n— Q
1 n
< {(H—I)H1IK+2]/FZ+1§T]2+M1/ F'H5 vy
R~ Ja Q
= Dpuecg ™ [ FrrinZ gt [ Pt (66)
Q Q

3R
3.3 LAi-bound of gradient in a geodesic ball with T radius

For the sake of simplicity, we set
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and @(z—l) (Z—;p> B2<£ with z € {p, q}} (67)

where 0(z) is defined in (48) and 4, is defined in (42). By using the integral inequality (66), we can achieve the following
lemma:

Lemma 8 Let | < p < g and (M, g) be an n-dim (n > 3) complete manifold with Ric > —(n— 1)k, where x is a
non-negative constant. Furthermore, 2 € C' (R") is a non-increasing function. Assume u is a positive solution to equation

2t
(1) on the geodesic ball B(xo, 2R) C M. Let B € 2o (see (64)), 1o € Bo (see (67)) and By = — ) Ak , then there exists
¢ =€ (n, p, q) > 0 such that
2C,(14+VKR)\ A~
< = VY LyB
HF||LB1(B(XO7 IR)) _‘foexp{ 2ot p VB
2 1 %ﬂ 2
(1+kR?) 770 <x+ R2> T TR e h
q+21p+2 4 q+2tg 2¢+41g B 2q+41y a2 2g14y

_ 2 thg
+ K PPN RPFN ), e ¢ 7% " 1R T A, g ¢ P B

2
e TP p e P”)L = P+2¢q o ﬁ] (68)

where V is the volume of geodesic ball Bg(x), ¢ is defined in (65) and A, is defined in (42).
Proof. By (66), we can know that

exp{~Cu(1+ VKR)} ViR HF4+an +[Jto¢( ERDl 2/Ff0+ L
1
< (”—U,UlloK-i-Rz]/Fl°+g772+li1/FtﬁgVT]2
Q Q

+(n—1)u1tox¢¥”/F’°+%n2+u1¢%ﬁ/F’°+%|Vn|27 (69)
Q Q

where 1y € 98¢ and y; is defined in (60). Denote
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then we have

[(n—l),ultoic—f— Rlz} /@ Ffo+%n2§“T")¢(?+l)ﬁ—2/gzﬂo+%+ln2. (70)
Ja, .

Set

2
o o . Hi 4 2 (Gea)p L 7P
QZ_Q\QI_{XGQF<{|:4(n1)K[,L+‘ut0R2:|¢ ( 2 +)B} },

then we have

[ 1] +5n2
-(n—l)‘u|t()K+ﬁ- ﬁzF’O n
_ - PRI R <
< (l’l—l)‘u]l‘()K—ﬁ-ﬁ 4(n_1)KE+/,Lt0R2 ) 2 V, (71)
where V is the volume of Q = B(xp, R). Combining (70) and (71) together, we obtain
1 fo+5 1,2
(nfl)‘ultoKJr—z /FO n
< @¢(%+1)ﬁ72/1;t0+§+1n2
=7 o
D+24,
1 25 4 27(¥+])ﬁ t;prrOZ
+-@—DMMK+E' 4M_UKEAWWW () V. (72)

Denote
~ ) 'ul 2713
Q= er.F>4(n—1)K—“¢ ,

then we have
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(l/l—l),ull‘ok‘(]) 2 ﬁ/ Ft0+2n .utO(P( )/3 2/£2F10+%+1T]2. (73)

Set

ﬁzzg\ﬁ.l:{xeﬂ : F<4(n_1)K‘l:¢2B}7

then we have

(n— Dok > P /Q Forin? < (n—Dwiokg 2P [4(n 1>r<‘:j¢2‘ﬁr+g V. (74)
Combining (73) and (74) together, we can know that
(n—1)tokg 2" B/FIOJFZTI < Ht0¢( 1B 2/QFIO+%+1712
+(n—Dtoxe 2P {4(n—1)K‘:¢2_B IO+%V. (75)
We denote Q; =B (xo, 3f> and choose 11 € Ci (L) satisfying
0<n <1, m=1 in Qy, |Vn1|§%
Letn = ni°+ *! Then we have
ul/QF“)*%IVnIz:m <t0+g+1) /Ffmnz’“qanl\2
< q 2¢? to+4 1 200+q
< (to+2+1) RQ/F I, (76)
and
u1¢¥ﬁ/QF’°+%IVn|2=u1¢¥ﬁ (to+g+1) /F’0+zn2‘0+q|vm|2
<ot (f0+g+1>2%§/ Fotdnot, (77)
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Since

P q
h+= <to+>
0 D) 0 2’

we obtain

NP > ot (78)

Combining (76) and (78) together, we can achieve that

2 C?
pr [P SvnE < (r0+ S 1) G [ oo, (19

By Hélder’s inequality, (79) can be written as

2t0+p

> 22 Zto+qt2 —p+2
w / Ft0+’7|vn|2 <u (tOJrngl) % </ Ft0+g+1nlzto+q+2) 10+q+ Vz‘zlofqﬂ
Q Q

29+p

22 To+qt2  g-p+2
=l <t0+ g + 1) % (/ Ft0+g+1n2) ore V 2p+qt2 (80)
Q

By using Young’s inequality, we can write (80) as
43 / Floth |Vn|2 < uTto(p(%H)ﬁ%/ Ft0+%+1n2
@ Q

2ty +q+2 p+2to

q—p+2 ( q 2C2} e [ 4(2t0+ p) 2("—"+1)[5} e
o (4 +7+1) = S LI £ 2 V. 81
2t0+g+2 |:“1 0T R? (2to +q+2)utg (81)

We take a similar argument to the proof of (81) to derive from (77) that

wo 2P [ port|vnp
Q

< L’O(p(";”ﬂ)ﬁ—z/ Flo+3+1n2
4 Q

219 +4+2 2t9+q

2 ap 2C217 T [ 4(2t9+9q) _(e=p 2
- B 9 1\ = _HAoTd) o (P1)p )
+2t()+q+2 |:'u1¢ ’ <t0+2+ ) R2:| |:(2l()+q+2)[.tto¢ ’ v (82)
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Substituting (72), (75), (81) and (82) into (69) gives

exp{—C(1+V/xkR)} ViR 2||F H P2 nH o

(83)

P21
1 251 4 27(‘1;1’4»1)[3 q—p+2
< — 1)t 4(n—1)k— 2 Vv
< o=t 5| {Jam- et + 2o
_ t0+§
+(n—1)u1t01<¢%ﬁ {4(n—1)1<‘:¢2_ﬁ} v
~ 5 2 2’0+‘1+22 p+2t0
— —p+ — 2
F AZPE2 (g L) CJ - { LD g (3| Ty
2t0+g+2 | 2 R (2t +gq+2)uto
_ 2 M ( ) 219+q
2 q—p q 2C 4 2t0+q 2 (4=P 11 e
b2 [ i+ 2 41) _AQute) o (seinp] Ty,
2t0+q+2 _“'q) L) RJ [(2t0+q+2)uto
. 2 . . .
Taking power of T of the both sides of (83) respectively, we obtain
0oTp
4 ’0 2t0+p +17
F HFQ-‘F O
” H[ﬁ1 3 L" 2 @

gem{xﬁg?fm}{Km4Wmm%+ﬂ{Pm_ng“+ 4}¢%UJHW}ﬁ%

B poR?
t0+% 42 2 C2 2;0-;(:—-22
ap M1 2B 2, 9—P ( q > N

—Dwtoxd 2 P lan—1)x=t R+ ——— to+=+1
= Do [atn - ot ? | R PR (148 41)

( ) 1475 221

420 +p 2 (G2 1)B [ TP 2 2 { rg q ¢
e R+— 2 (t +7+1)
_(2t0+6]+2)[.tt0 ] 2tg+q+2 g 0 2 R?

_ _ 20t o
. 4(2t0—+q)¢27(¥+1)ﬁ ’ R? 2t0+pvﬁll
| (210 +q+2)uto

n p+2
-2 2
By using the inequality (a; +a + a3 +a4)? < 4[’(a}1’ +a‘2’ —i—ag’ —I—aﬁ) (a; >0, b >0), we have

where 8| =
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1 2

2L+ VER) | |y s

2t0+p

|

2
.{[(nl)p1t0R2K+1]%+v{

”F”Lﬁl (B(xO&R)) < exp{

K&Jr 4
B utR?

4n—1) }d)z(quﬂ)ﬁ}q_p”

)

2t9+q

2ty +p
%m4mf¢2ﬂ0ﬂ+<

2
2ip+p

q—p+2
20 +q+2

+ [(Vl— 1)[,L1t0R2K(Z)q%pﬁj|

2(9+q+2 2

:|qp+2270+P { 4(2t0+p)
(2to +q+2)ut

22

R2 o>l

~[u| (l‘o—|—g—|—l>

!
o

2+q+2
2C2} 2o+p { 4(2to+q)
(

R2

2R?
2t0+q+2

)

2
2i+p )
7$(t+g+l DT
) [””b °"2 210+ g+ 2)uto

2C,(14+v/kR)

1 2
VE4Zotr (I + L+ B+ 1y).
2t0+p } (1 28 4)

For I;, we have

Hi 4
« u * uroR?

L =|[(n— DpitoR* x + 1] o { [4(n— 1)

qG—p+2 2 . ¢ 4 - B
u o arrrgart
toR?

2
=[(n—1)wtoR*k + 1] %o*7 {4(;1 — Dk +

5 2 o K R S
< [(n= DRk +10] 7 [4(n— DK + o5 po e g

2 2 2
<[(n—1)puto +10] 707 (14Rk) 507 [4(n— 1)y +4] 7772 (” R
__2 L,ﬁ
v q—p+2¢q—p+2 A

Noticing that

2
lim [(n—1)uto+19)%0%? =1,

t)—r—+oo
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} 9> (P+1)B } e

2
2ty+p

(84)

2
1 q—p+2
2

(85)
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we can know that

2
sup  [(n—1)uyto +1] %07P < oo (86)
10€E[1, +o0)

Combining (85) and (86) together, we obtain

2 1\ arz 2 _
I <€, (14+R2x) %077 (“Rz) BT S Y 87)

where €7, is a positive constant which depends only on n, p and g. Similarly, we have

q+2i9+2 4 gty 2941 *ﬁ
]2 < Cg[z K P2y Rprty u P21 ¢ P21 , (88)
L, 4 2 4__g
L <ty "R e e r2 g2 (89)
B 2g+41) _ q+2ty  2q+41 _ [3
14 S CgIJOR P20 u P20 ¢ P20 , (90)

where ¢7,(i =2, 3, 4) are positive constants which depend only on n, p and g. Substituting (87), (88), (89) and (90) into
(84), we have

2C,(1+VKR) | ;2 L
||F||LB1 (B(x0,3R)) < eXp{p+2to 4%+ Y By

. 1 \a»pt2 __2 i
Cr,(14+KkR™) %077 | K+ — W@ T2 papi2

R2

q+219+2 4 _qt2ty  2q+41 *B _2q+4y g2t 2q+45 *ﬁ
—|—6512K' P12t Rp+2r0 [l P2t ¢ P2t + %4tOR P12t ‘LL P2t (P P21

2

9-p+2 p— —4+2 - —2+2 —Atﬂfﬁ
+<g,3;0 R a=rP2p a=pt2 g a-i .

Set

¢ =max {,, €, €, €, 1477,

and we have
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”F”Lﬁ] (B(x0.3R)) < ‘ﬁexp{

2C,,(1+ﬁR)}Vb}]
p+2i

o\ 2 1 \a»i2 2 4 g
. (1+KR )2f0+P K+ﬁ u q—p+2¢q—p+2

q+219+2 4 _qt2ty  2q+41 *ﬁ _2g+4y g2 2q+45 7[‘;
+K P2t Rp+2t0 ,LL p+21 ¢ p+21 +t0R p+21 [.L p+21 ¢ p+21

2
il PR T T g ﬁ] ) ©1)

where € is a positive constant which depends only on n, p and g. Combining (61) and (91) together, we finish the proof
of Lemma 8. O

3.4 Moser iteration for positive solutions of (1)

By using the integral inequality (66), we can achieve the following lemma:
Lemma9Let 1 < p <gand (M, g) be an n-dim (n > 3) complete manifold with Ric > —(n— 1)x, where K is a non-
negative constant. Furthermore, 4 € C'(R") is a non-increasing function. Assume u is a positive solution to equation (1)
2t
on the geodesic ball B(xg, 2R) C M. For any f € 2 (see (64)) and 1y € By (see (67)), then there exist f; = n_ptil

n—-2 2
— 1
{=1- W and a positive constant 6] = € (n, p, q), such that forany 0 < s < p < 5 the following estimate holds
1

true

1

(g=pnB\ T
‘51-1—(51‘15 d )

1
1F |8 (s, sr)) < 1 ————, (see (69))

=

where

&= exp { &, L) (k) Bl o, )V

Proof. By omitting the second non-negative term in (66), we obtain
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exp{~Cy(1+VKR)} ViR~ HFﬁzn‘

Ln 2
1
< [(n—l)ultwrm]/F’+5n2+u1/F’*5Vn|2
Q Q

+ = Dpareg™P [ P2 g [ predonp
Q Q

m = B(x0, rm), Where @ =

n
and0<s<1T<
n—2

Nm € C§ (Qm) satisfying

Ca™

(t—s)R’

0<n, <1, nup=1 in B(XOa rm+1)7 |Vnm| <
Substituting 1 by 1, in (92), we can easily verify that

2n

112
exp{~Cu(1+VkR) VIR 2||FE s .
‘m+1

< (= e+ - / s R / F'*3
n— — i S
8 AR e T R a,

) 2 ~2m
(n—l)u]tlc(]) = ﬁ/ F’+2—|—[J1¢ Ea C 2R2/ FiHi

From (93) we take a computation to derive

2n

2 t 2
exp{—Cn(l+\/ER)}V5R*2HF%+7 .
‘m+

1 P
< “n—UﬂﬂK+R%L/ F5 4 (n— Drkg 2" ﬁHFMmerka F

m

C2a2m v pﬁ 2m - "
t +5
(T,S)sz/ FE g™ (7: )2R2H HL“ B(xo, rR))/Q F

m

+

1 C2(X2m 4 9—p . »
< [(n_l)ﬂlt'f‘i‘ +'u1(s)2Rz] (1+¢ 2 ﬁHF”Li(B(xO, rR))) /QmFHZ'

92)

1
5; and then choose

93)
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npB,

= —"2, and let t =1t,, such that ¢,, + g = By,. Then it follows that

Next, we choose | = (lo + g) "
n

) and Bm-‘rl

n—2

exp {—Cy(1+V/KR)} ViR </Q lFﬁmH) '
Jo,.

1 2o q-p [l
< [(n_l).ulme'+ +,U1(S)2R2} <1+¢ 2 ﬁHF”Li(B(xo, TR)))/Q Fhn. %94)

1
Taking power of ﬁ— on the both sides of (94), we obtain

m

1
Co(1+vVKR) ., 2 ) Ca¥m | B
HF||LBm+l )S exp{ﬁm}v nPm |:(n—1)‘u1th'R +1+“]W
1
ﬁ Bm
L0 P2 o ) IF ©95)

Keeping the definition of 7,, and @ = n 5 in mind, from (95) we can deduce that
\ ne

1
11 gy < es0{ Sy (14 0P 1P ) I s

[ e (125) et ()]

1

Ca(1+VER) | -2 P B

1 m
I, PY o2 Ct 1P/ n \PBn

Noting
percecd FL_ M g g
s =_— an — =
m=1 Fm zﬁl m=lﬁm 4[31
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we have

n n

(l—i—\/»R) q—p r 2B n 4By
1P it o) < exp{ 6B (105 811,50, )™ (5

» C2 2By L
. [(n— D (t()-l- 5) KR2+1 +“1(T—s)2:| HFHLﬁl (B(xo, rR))V Bi

n2
n(1+V/kR) no\ 14 2 2] 2;
< _ L
< exp{Cn 2B, } <n 2) [(n D <t0+ 2) KR-+ 14y, C }

n(qg—p)

1 & n(%p)ﬁ I 7#
.m21 1+¢ HFHL B(xo, TR)) ||FHLB1(B(XO,§))V . (96)

By (96), we can know that there exists a positive constant ¢ = Cg(n, p, q) such that

~ n(1++/kR S -
IF = (B(xo, sr)) < € €xp {Cn()} (1+ kR*) 1 ||F || 5, (B(x0. £))V b

2B
n(g—p)B ”(fﬁp 1
4B 1 JE—
1+¢ 1 ||F|| B(x, TR)) (T_s)ﬁ. (97)
Denote
n(1++/kR) 9\ 5 1
&= exp{ G, UL (k) F Ly o, 5V
and
~ (g—p)np
=8¢
From (97), we obtain
1 (ZB p) 1
1l b, sy < CE1——— + CENFI b ey (98)
(t—s)h (t—s)h

Denote
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G = n(iﬁlp) and & =1-(;.

Applying Young’s inequality and p < ¢ for the second and third integral on the right hand side of (98) we readily
obtain

~ 1 1 g /N B 1
CENF L by, k) —— < 5IFll=s0. om) + 26 %2 (681) 2 ———. 99)
L=(B(xo, TR)) (t—s)h 3 L=(B(xo, 7R)) ( > (t—5)AG
Combining (98) and (99) together, we can see that there holds
1 ~ 1 G52\ 1
1Pl ot sk < S IF i (aag, o+ 6&—— + £26)% (€&) % ———. (100)
(t—s5)h (t—s)Pa

Furthermore, by using (98), we can know that the above inequality is also true if p = ¢. Since
to € By (see (67)),

1 .. .
we can know that 0 < §; < o Hence, it is not difficult to see

¢
sup £ (281) % < oo, (101)

0<1<4

From (100) and (101), we obtain

1 — 1 —=5 1
I1F [ 2=(B(xo, sR)) < 3 IF || = B(xg, 7)) + €1 ——— +CER —————
(T—S)ﬁl (T_s)ﬁ1§2

1 _ ~ 1
< VPl oy + @ (51 n :fz) .
2 (1—5)h&

where € =€ (n, p, q) is a positive constant. Setting Yo(y) = [|F | 1(p(s,. ,&))> We obtain

W) < w0+ 7 (5457 ) —

(t—s)h%

Moreover, we have
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. . 1
Then, from Lemma 3 we infer that there exists a positive constant ¢} = € (n, p, ¢) such that forany 0 < s < p < 7
there holds true

wi < (5+80) —

(p—s)Ri%

By letting {, = £, from the above arguments we obtain the required estimate and finish the proof of Lemma 9. [

From Lemma 9 we conclude the following corollary:

Corollary 2 Let 1 < p < g and (M, g) be an n-dim (n > 3) complete manifold with Ric > —(n — 1)k, where K
is a non-negative constant. Furthermore, & € C'(R™) is a non-increasing function. Assume u is a positive solution to
equation (1) on the geodesic ball B(xp, 2R) C M. For any 3 € 2y (see (64)) and #y € By (see (67)), then there exist
= n Pt nlg—p)

n—2 2 4B,

and a positive constant ¢ = %, (n, p, q), such that the following estimate holds

true

(g-piB \ T
§1+(€1¢ B ) ], (see (65))

1= (8(xo. 7)) = €2

where

n(1++/kR)

& =exp {anﬁl

N _1
} (1 i K_RZ) 2By ||F||LI31 (B(xo. %))V h

Proof. By Lemma 9, we can know that

(g—p)nB
&+ <€1¢ ad )

”F”L““(B(XO, SR)) <6

1
14 1
] (p—s)Pt

1 1
Setting p = 1 and s = 3’ we can obtain that

(g—p)nB é n
1E | = (3, 7)) < 61 | &1+ (C‘ﬂb i ) 8hIc. (102)
Furthermore, we note that
lim 8A¢ — 1. (103)
ty—r+oo
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By (102) and (103), we can obtain the required conclusion and complete the proof of Corollary 2.

4. Proof of main theorem

Proof of Theorem 1

Proof. By Lemma 8, we can know that for any 8 € 2dy(p, ¢) and 19 € Bo(B, p, q), we have the following estimate

2G,(1+VkR) | 4
HFMm@@»@)SHFMm@omzm>S%%“P{mb+p}vl

2 21
2 1\ pz __2 4 g+ 4 90 2gidry
(1+ KR?) 7720 <K+ Rz) Ay T g P v RriXg Ay U0 @ 70 P

2ty 9+20

2q+41 2 __2
L 1R 70 2, P g v Py R Ry, ”*2¢q§+z—ﬁ] , (104)
|Vu|? . . .
where F = , 0 =%o(n, p, q an is defined in . By Corollary 2, we can know that there exist f; =
here F 5 o = 6o ) > 0 and A, is defined in (42). By Corollary 2 k that th t B
u
21, —
n > p—|—2 0, {=1- W and a positive constant $> = %> (n, p, q), such that the following estimate holds true
n— 1
(g-piB \ T
q—p)n
HFH@W¢»§%3&+<&¢WI>]’ (1o
where

& =exp {Cnn(“;l;l/m} (1+ KRZ)% 11l (B(x. g))Vﬁﬁ-

(106)
Combining (104) and (106) together, we can know that
n(1++/kR) } oot
< Goexps C,————= » (1 +kR") %
él > 060 P{ n 2l0 +P ( )
% 2 i _at2 1
. (1 4 K'Rz)ﬁ <K+ R12> i A’;q—p+2 d’ﬁiﬁ + Kq;igtngﬁlq Py ¢%*ﬁ
2g+41 ,M 2g-+41, __2
F 1R 770 Ay PR g eI Py T e g T e B (107)
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(q—p)nB

4B
Theorem 1. O

Proof of Theorem 2
Proof. Since (M, g) is a complete non-compact Riemannian manifold with non-negative Ricci curvature and

Substituting (107) and = (1 —§)B into (105), we obtain the required estimate and finish the proof of

21,
dimM = n > 3, we can achieve that for any 8 € o(p, ¢) and tp € Bo(B, p, ¢), then there exist §; = niz%,
{=1- rl(?l[; P) and a positive constant € = €*(n, p, gq), such that the following estimate holds true
1
Vul> _ o T5 (7 A0-08)C
n <R (E.ot-97)* ] (108)
B X0, 3
where
_ Cn 2 N 2 4 4 _@20 agiay 2t
o= exp{zz m } (1 +1 ) A TPRR g P gl ORI g P (109)
0oTp
Multiplying sup u on both sides of (108), we obtain
B(xo, R/8)
[Vul? By |7 4 (F o0-0B)E p
Sup s sup u <% §*+(§*¢ ) sup u”. (110)
B, §) " B(w. §) B(x0, §)
On the other hand, we have
v 2 2
sup |Vul>= sup <| ? -uﬁ> < sup u| sup uf (111)
B(xo, §) B(x, §) \ ¥ B(xo, &) W' B(xo, )
and
sup uP < sup uP :q)B. (112)
B()C()7 %) B(xo, R)
Substituting (111) and (112) into (110), we can achieve that
_ _ 1
sup [ Vul® < {éﬁ(ém“-m)ﬂ 0P, (113)
B(x0, §)
Set
i £ o008}
& =807 and & = (E.9(70F )7 9P, (114)
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Substituting (114) into (113), we obtain

sm%IVMZS%”@f+§ﬁ~ (115)

B(xo, 3

Combining (109) and (114) together, we obtain

Cun 2+2 - 2+2 o ﬁ 771?0 ¢ 251;’3

* n q9—p q9-—p x iU g

élexp{2t0+p} <l+t0 >7Lq (R) +192q (R) (116)
and

_ 3 _ =z 7 1

&= (B0t 9P)" 0P = (ol PeP) " = (£.0°)" = (&)* a17)
Since

timsup ) < o, (118)

M>x—roo d(x07 'x)

we can know that for any €; > 0, there exists a positive constant Gy, such that for any R = d(xo, x) > Gy, the following
estimate holds true

sup u(x) @
¢ B(x, R) u(x
—=——= sup — < w+e¢. (119)
R R Bl ) R l

Then we need to consider the following two cases:
Ho<l; (ii)o>1.

l-o .
(HLetO< g < — we can know that w + € < 1. Combining (116) and (119) together, we can know that for
any R > Gy, the following estimate holds true

Cu.n
*<e
o< xp{2to+17}

2 2 4 at2l 2g+41y

(1 +l6]P+2> l{;q*pﬂ ((1)+81)7‘1*P+2 +t0)~(1_p+2t0 (w+81> Py | (120)

Denote
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4 4t0+2q} 4

® 0. B) — mi - 121
(0, b g B) =min{ 0 S0 (121)

Cg—p+2

and

~w7 y 4, &)= ———= —
Y@, p, g, &) e, Skl

For any % € {7((0’ P, q, 80) >0: £0>0}’ we can find B = ﬁ* € Q[()(pv Q)a & = 8(>)k >0 and th = té S
Bo(B*, p, q), such that

}’0:')/((1), P, 4, t87 ﬁ*)_86>0' (122)
Combining (121), (122) and (120), we can know that for any R > Gy, the following estimate holds true

*
2 q+2t0

2 _ - *
(1 —Q—tgiqu”) A TP (@4 &) +15A, T (0 +e)P | (123)

Cun
[ <ex
S S exp { 215 +p }
Combining (115), (117) and (123), we can know that for any R > Gy, the following estimate holds true

sup |Vul> <6 (o+e)",
B(xo, §)

where ‘gf‘ = Cgf‘ (n, p, q, W) is a positive constant. Letting R — +oo, we can achieve the following estimate
sup [Vul?> < €} 0.
M

Hence, we complete the proof of case (i).

(if) Since its proof is similar to (i) and we omit it.

From the above arguments we obtain the required estimate and finish the proof of Theorem 2. O
Proof of Theorem 3

Proof. By Theorem 2, we can know that

sup|Vu|? < 0.
M

Therefore, we can know that u is a positive constant on M. Hence, if there exist a positive constant a such that
h(a) = 0, then u is a trivial solution. Otherwise, u does not exist. O
Proof of Theorem 4
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Proof. Since (M, g) is a complete non-compact Riemannian manifold with non-negative Ricci curvature and

dimM = n > 3, we can achieve that for any 8 € y(p, ¢) and 7o € Bo(B, p, q), then there exist f; = . i 5 p+22t0’
{=1-— n(:]lmp) and a positive constant €* = €*(n, p, q), such that the following estimate holds true
oo, ) s [é* +(E007) é} | (129
where
. —exn {5 <1+gﬁ“)@”ﬁ”Rqﬁﬂ¢q%2ﬁ+«ﬂqﬁ%Riﬁﬁ¢ﬁ$ﬂ (125)

By (125), we can know that

2 20 2gvdiy  2q+dng

_2 __2 —
<1 4 t(;iﬂ+2) lq P2 p— q*i+2 ¢ q*;t+2 —CB 4 tO)Lq p+2 R »o i) p2y _Cﬁl . (126)

€*¢(1C)ﬁ:exp{ Can }

2t0+p
Denote
4 4t0+2q
o] = , 02 = 5
4—B(g—p+2) 4t +2q— B (2t + p)
4 410+ 2q
03 = , 04 = .
4-CB(g—p+2) 410 +2q— CB(2t0 + p)
Hence

4 4 (] q—iz*ﬁ
R emgirn P = ,

Ro1
2q+41
by 2y g o\ 7% -B
R p+2iy ¢ p+2i —
Ro2 ’

)

a2 CB
R‘q;+2¢q;§+2—§ﬁ:< o )

RO
2q+41
2q+-44, 2q-+4, _Cﬁ
R 70 ¢ 5P (R‘{’)) e (127)
4
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Furthermore, set

O(p, g, to, B) =min{oy, 02, 03, 04} = 04

and

O(p, q) = sup O(p, g, to, B)-
BeAo(p, ), 10€Bo(B. p: q)

Hence, we can know that

O(p, q) = sup o2 = sup 2
T Bedo(p, @), 10eBo(B p. g) H0T20 = EBR2t0+p)  peaty(p 92— B

Since Qg € (O, @(p, q)), we can know that there exists B = B* € Ao (p, ¢) and 19 =15 € Bo(B*, p, q), such that

®0 < ®(pa q, tga ﬁ*) (128)

Since

lim u(x)

——=0 129
WEe dg, ) "

we can know that for any 0 < g < 1, there exists a positive constant Gy > 1, such that for any R = d(xg, x) > Gy, the
following estimate holds true

sup u(x) ©
o B(xo, R) ulx
R®O R®O B(i:)lpR) R@)O - 81 ( 30)

Combining (125), (126), (127), (128) and (130), we can know that for any R = d(xo, x) > Gy, the following two
estimates hold true

. * 2q+4t "
e N TPRY
é* S exp n (1_,_[(’; q—p+2)lq q—p+2 +t€;)~q ) 0 0

215+ p R® R®0

— * *
q+2t0 2q+4t0

C 2 __2 4 g« — < —p*
< exp{ n't } (1+zgiq—p+z)/lq P2 g gp T P Figh, T g0 ] (131)

2t5+p
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and

C ) 2 #_Cﬁ* 7q+2t8 %—Cﬁ*
E*¢(17C)ﬁ§ exp{”n} (]—|—t6<qp+2)lq_‘11}+2< (0 ) -H(}qu Py < () )1 5 ]

25+ p R®o R
- g5 2q+415 .
C.n 2 __2 _ _4 _rp* - 3 +—Cp
< exp { 2l6n+p } (1 +13 q—p+2) Ag Tl P Figag g . (132)

Combining (124), (131), (132) and letting R — oo, we obtain

\v/ 2
sup | J <0.
M uP

Therefore, we complete the proof of the Theorem 4. O
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