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Abstract: We consider the Cauchy problem of the dispersion-generalized modified Benjamin-Ono equation on the real
line with low-regularity initial data. To this motivation, we apply a generalized Fourier-Lebesgue space M; q(R), which
serves as a unification of modulation spaces and Fourier-Lebesgue spaces. One of the key ingredients is an improved
bilinear estimate and the well-posedness is obtained by perturbation arguments.
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1. Introduction

In this paper, we study the Cauchy problem of the dispersion-generalized modified Benjamin-Ono equation (dgmBO)
with low regularity initial data, and refine the previous works in [1, 2], which is a class of nonlinear dispersive partial
differential equations that generalizes the classical modified Benjamin-Ono (mBO) equation by incorporating higher-order
dispersion terms:

{ du+ D% = +uPdu, (x, t) € R?, 0

u(x, 0) = up(x)

where 0 < o < 1. The operator D!*% is defined via Fourier transform with symbol ||'*%. These equations arise
as models describing the weakly nonlinear propagation of long waves in shallow channels with different dispersion
effects, introduced by [3, 4]. For instance, modeling nonlinear waves in the Earth’s magnetosphere and solar wind,
analyzing the behavior of intense laser pulses in nonlinear optical materials, and studying the propagation of electrical
signals in nerve fibers. See more examples in [1, 2, 5-8]. In particular, when o = 0, it reduces to the modified Benjamin-
Ono equation (mBO):
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O+ A 9%u = +u”dyu, 2

where 7 is the Hilbert transform. When a = 1, it is the modified KdV equation (mKdV):

O+ d2u = +ud,u. 3)

This work is motivated by the study of low-regularity well-posedness of (1), as many physically relevant data exhibit
extremely low regularity, including the Dirac measure and white noise. One of the significances of understanding the
well-posedness (existence, uniqueness, and stability of solutions) helps in designing efficient numerical methods, for
instance, the numerical study in [9, 10]. We aim to obtain the well-posedness of (1) for initial data in a space that is
as large as possible. There are some appropriate initial data spaces in which the analysis of well-posedness has been
conducted. We begin by presenting some choices for the initial data space as follows.

We first introduce the natural choice, Sobolev space H*(R), defined by the norm

> 4)

sy = | (€ F ()|,
S

where s € R and () := (1+]-]?) "2 In the Sobolev space H*®, Local Well-Posedness (LWP) for s > 1/2 when ot = 0

was shown in [7]; s > 1/4 when oo = 1 was obtained in [11] and s > 1/2 — a/4 when 0 < a < 1 was proved in [1].
These results are optimal when requiring C* regularity or uniform continuity of the solution maps. However, global well-
posedness with only continuity is still possible. For recent major breakthroughs, see [12] for the BO equation and [6] for
the mKdV equation, where integrability plays a crucial role. However, when 0 < o < 1, the dgmBO equation (1) is not
integrable; hence, the method there doesn’t work for this situation.

Some other scales of function spaces are used to lower the regularity in the literature. One possibility is to use the
Fourier-Lebesgue space I-Alf , where

~

1 sy = || €€ F )]

L U r+1/r =1 (6))
L

fors € Rand 1 < r < oo, We write L = ﬁ? LWP of mKdV in ﬁf fors > 1/2—1/2r and 4/3 < r <2 was first obtained
by Griinrock [13] with the range of r later extended to 1 < r <2 in [14].

Another possibility is to use the modulation space M; q(R), initially introduced by Feichtinger [15]. The equivalent
norm for this space is defined as

£ 1bas ) = || ¢RI f | “) (6)

where s € R, 1 <r, g < oo, and I, is a Fourier projection operator adapted to the unit interval, as defined in (7). For
more examples of the application of modulation space to various equations, see [16]. Utilizing the Fourier restriction
norm method adapted to modulation spaces and an improved L* Strichartz estimate inspired by [17], LWP of mKdV in
M q(]R) fors > 1/4 and 2 < g < e was proved in [18, 19]. A simpler proof of dispersion generalized mBO equations in
M5 ,(R) fors >1/2— ot/4 was given in [2] by proving an improved bilinear Strichartz estimate.
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In this paper, we employ a generalized Fourier-Lebesgue space Mﬁ 4 that unifies Fourier-Lebesgue and Modulation
spaces; see the definition in (8). This space, previously referred to as the Wiener amalgam space or Fourier-amalgam
space, has been used in the study of other equations; see [20—24]. In particular, we have considered the mKdV equation
(e = 1) in this setting [25].

1.1 Main results

We begin by defining the generalized Fourier-Lebesgue space 1\71} 4(R). Let ¢ € C7°(R) be a real-valued, non-
negative, even, and radially-decreasing function satisfying suppg C [—8/5, 8/5] and ¢ =1 in [-5/4, 5/4]. Define
o(5)
n(g) =
(©) Yicz (8 —k)

adapted to intervals centered at Am with length A:

. For A > 0 and m € R, we introduce the following frequency projection operator, which is

—

(A1) (&) == n(E/A —m)(£) ™

We call it box decomposition with length A in the frequency space. When A = 1, we simply denote an =1I1,,. For
s€R, 1 <r, g <eo,the space M; ,(R) is defined with the following finite norm:

1 iy oy = || ¢RI

: ®)

()

By the Hausdorff-Young theorem, we have the inclusion M,‘ q C 1\7[; q for 1 < r < 2. Additionally, note the
conventions 1\715 = H? and M; = ]\715 - These observations reveal that the Fourier-Lebesgue and modulation spaces
can be encapsulated in this wider class of function spaces.

We now state the main result:

Theorem 1 Assume that 0 < & < 1 and 1 < r < 2. Then the dgmBO equation (1) is locally well-posed in A7I§ q(R)

1 «
fors> - — —and ¥ < g < g4, », where
2 2r ’

oo, o>r—1;
9o, r =

2r(r—1)(1+ o
i—(l)JEaJ;Z )’ asyr-t

Remark 1 Our method combines the Fourier restriction method from [14] with the ideas of setting up an improved
bilinear Strichartz estimates initialized in [2]. We derive an improved bilinear estimate for (1), which is crucial for handling
nonlinear interactions. We establish the local wellposedness of (1) by perturbation arguments in this wider class of function
space for all cases except the endpoint r = 1. The endpoint case cannot be reached due to the linear estimate, as shown in
Lemma 2, which fails to hold. This is a standard limitation when applying the contraction mapping principle.

Remark 2 Our result generalizes and improves previous well-posedness results in the literature, particularly those
of [1] in H*(R), which corresponds to the case g =r =2 in Il//}ﬁ ¢(R), as well as the result of [2] in M5 (R), where r =2
in 1\7I§ 4(R). The regularity restriction condition in [1] and [2] are both s > 1/2 — a/4; see the regularity conditions in
Figure 1.

Remark 3 The proposed framework in this paper provides a broader setting for analyzing dispersive equations with
low regularity data.
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Generalized fourier-lebesgue space

Modulation and sobolev spaces ("= 2)

Figure 1. Regularity conditions in different spaces

2. Preliminary

In this paper, for X, ¥ € R, the notation X < Y means there exists a constant C > 0 such that X < CY. X ~Y
denotes the estimate X <Y < X. We use X < Y to mean X < ¢Y for some small constant 0 < ¢ < 0.1. For a € R, the
notation a+ represents a + 6 for any sufficiently small § > 0. We use uppercase variables {N, Ni, N,, ...} to denote
dyadic numbers, while lowercase variables {i, j, k, I, n, ...} represent integers. The Fourier transform of u is denoted
by i, which may represent .Fu, Fu, or % .u, depending on the context.

Let x(&) = @(&) — @(2&). For dyadic number N € 2%, we define the Littlewood-Paley projectors: 1/’17(5) =
@(&)f(&) and for N > 1

~

Bf(§) =2 E/NFE),  BEFE) = 2(E/N)Ligso- F(E). ©

Let (&) = —&|E|'+* be the dispersion relation associated with equation (1) and Wy (1) = .% ~'¢®().Z be the linear
propagator. The Fourier-Lebesgue type Bourgain space X; b associated with (1) is defined by the norm

Jullge s = ||(8)°(x — @))€, 7)

L;ig . (10)

When s = b = 0, we write X" ” as Z,’A . for simplicity. For the resolution space, we use a variant of the Bourgain
space x5b adapted to modulation spaces, given s, b € R, 1 <7, g < oo, whose norm is defined as

~

49(2)

(k)* (11)

n(E—K) (- w(@)a(E, 7|

lulgy.p == [Tl g 7
’ wellgf @)

vs, b vs, b
Then Xr. D Gl
By slightly modifying the proof of Section 2 in [13] and Lemma 4.1 in [26], we have the following result which
extends linear estimates in ZJ’C to the estimates in X" :

Lemma 1 [Extension Lemma] Let Z be any space-time Banach space satisfying the time modulation estimate
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18OF (t, x|z < lIgllem) 1F (£, X)l|z (12)
forany F € Zand g € LY (R). Let T : (hy, -+, hg) — T (hy, ---, hy) be a spatial multilinear operator for which one has
the estimate

k
ITWa()f1, - Wa(@) f)llz ST T Iz, (13)
=1
forall fi, ---, fr € Z;. Then for b > 1/r, we have the estimate
k
1T (uy, 7”‘k)HZ§kH||uJ||)?,Ob (14)
j=1
forall uy, ---, u € A,O"b.
With Lemma 1, we have the embedding for b > 1/r,
S b P
X/ CC(R; My ). (15)
For 1 < ¢ < p < oo, there holds [[ul|gs. » < ||u/|¢s. » and
rp I q
[Pyullgs, » < NYV47VP| | Pyul|gs, - (16)
nq np
Define
1152 = 1515
(17)

| (Jer e me i, oraga)”

where the norm of the space M is given by

q
ék

) , R , /7
Il 0= (@ @ In(& ~07E. I aar)

‘We then deduce that
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/ / ’ 1/rl
a1y = | (/@ (0 In€ 0.2 W&, O aar)

q
Ek

(18)

, , N , 1/r
—|(f@ e 0@ in -7, Ar'azar)

q
Zk

~ e

By slightly modifying the proof of (2.17) and Lemma 2.2 in [13], we obtain the following linear estimates in )?f ’ qb.
Lemma 2 [Linear estimates] (1) For s, b € R. Suppose that 1 <r, g <oo. Let f € 1\25 ¢- Then

leWat)fllge» < Ifllg - (19)

2) Assume that 1 <r < oo, 1 <g<ocandd’+1>b>0>b'> —1/r. Then
q

S TV+1- PIF | g ¥ (20)

H<p<r/T> [ Wate ) F )

forany0 <7 < 1.
By standard iteration methods, the proof of Theorem 1 reduces to setting up the following trilinear estimate.
Proposition 1 Assume 0 < ot < 1. Let 1 <r <2,/ <g<gqq, r,and s > sq r, then for 0 < € < 1 we have

3
1o (1) O (uruzus)ll g -1ys2e IIIIWIIg;J/ws- @1
=

3. Multilinear strichartz estimates

In this section, we review and prove some linear and multilinear Strichartz estimates that are useful to prove
Proposition 1 in next section. By slightly modifying the proof of Corollary 3.6 in [13], we have
Lemma 3 [Linear Strichartz estimates] Suppose

1 1
— 4 - =-
q r
Then the estimate
HDa/PWa( )f 1 NHfHLr (22)
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holds if one of the following conditions is fulfilled:
()0<1/p<1/4,0<1/g<1/4,
(i) 1/4<1/g<1/q+1/p<1/2,
(iii) (p, q) = (>, 2).
Moreover, by Lemma 1 we have for any b > 1/r,

HDO‘/PM

LMSH“H;};)- b-
In particular, for any N > 1, we have
”PN”HLQ . 5N7a/6 ||14H§0 bs
and

—o/8
||PN"‘HL§L§§N o/ el g0, -

(23)

24

(25)

(26)

Let the function m : R?> — R. We define a Coifman-Meyer bilinear multiplier, denoted by B,,(f, g) as

FuBalf, )E) = [ m(&r, €~ E)F(E)RE ~ Eder.

For dyadic number N, we define

Z(01(f. 9)E) = [ 028 —E)FE8E - &dé,

Fulon(f. )(E) = [ 2(28 = &)/N) FERE~E)dg N =2,

Then we obtain the following bilinear estimates.

Lemma 4 [Bilinear estimates] Let ¢ (&1, & — &) = 0(&) + (& — &) and

m@, E—¢l |
10z, [o (&1, E—&)|""

Then
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1B (Walt)f. ez S 1zl (30)
Moreover for b > 1/r, we have
1Bt vl < Ml go. o Vllgo.s- (31)
Proof. Using (27), we can get that
1Bu(Weel0)f, Wa)9)lz;
(32)
=|| [ m(&, &~ gnerto@ieE-a7E g - gz
5 1
By the change of variables T = y(&;) = 0(&1) + @(& — &) and T = y(&;), we obtain that
_ itT 7y ~ dgl
RHS of 32) =|| [ m(c1, & —&1)e"" f(£1)8(8 —&1)——dt
T Lr'Zr
5 t
R R N . . dT 1/r
= ([ mer. e —enfnae -] @ s a
1 LE/
=&, e - enfenae -goveEn| .,
s
<7 o 1Y <
S| <) uy Sllelz
where we used the assumption (29) in the last second inequality and Young’s inequality in the last inequality. O
With Lemma 4, we have
Corollary 1 (1) Let Ny, N, > 1 be dyadic numbers and N > N,. Then for b > 1/r
| Pvuphvllzy SN By ullgo o 1PVl oo (33)
(2) Suppose that ki, k» € Z and |k; +ka|, |k; —kz2| > 2. Then forb > 1/r
|| T, el Ty, v iy SBlki, ko, o) ||TTy, u 200 (1T, v %005 (34)
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where B(kl, ko, Ot) = max{|k1 +k2|, ‘k] fk2|}_“/’min{|k1 +k2|, ‘k] 7k2|}_1/r.
After a temporal localization, we can improve (31) as follows. It is crucial in the proof of Proposition 1.
Lemma 5 [Improved bilinear estimate] Assume Ny ~ N, > N3 > 1 and

m+ (&1, &) = awv; (&1 £ &) xw, (&) v, (62).
Then for ¥/ < g < eoand b > 1/r we have

HB uv

L,’, ""‘H(p (“7 V) Alr‘x

(35)

—a/ra /7 =2/q N1/ =1]r
SNCTN Ny ||“||§g~qh\|"||§g,qb-

Proof. We begin by considering the case with m_. We decompose m_ as

L&)=Y Y & —-&)am (&) (&)

J i1, 2€L

x(j1N3+51>X<j2N3+§2>%<jN3+§l+§z> (36)

N3 N3 N3

=Y (& &).

By the support properties of the functions, we know that in the above summations | j; — jo| <3 and |j— j; — j2| <5, j
takes O(N; /N3) values. Hence for the fixed j, we have |j; — j/2| < 10,i =1, 2. For simplicity, we assume j| = j, = j/2.
Then

1Bn (Wa (1), We(1)g)I7;

< |78, Watt)f, Walr)g)

.
—afry1/r JN3/2+ JN3/2+¢G
<N ’x(/é)f‘ x(#)g (37)
N3 N3 L
Sl
J
SNy NG NZOITEND (g, v Z/qnnkfn,quf||nkg||m,f

- 1/F =2/q A/ =1/r = —
SN NN T g Tl
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where the bilinear estimate (34) is used in the second step. By Lemma 1, the desired (35) with m_ is obtained.
We now turn to the case with m.. The high frequency is decomposed into the intervals with length Ns.

)

(T)F (B, Wa (1) f, Wa(t)g))
= ¢(7)F (Pn,(Wo (t)Pn, f - Wa (t)Pr,g))

= T P Vel Wl P TT).
lj14i2]<3

Without loss of generality, we may assume j; = — j>. From the almost orthogonality property as follows, we see that

Z ¢<T)Q(PN3 (WO‘ (t)PNl I_I[]\'/Sf . Woc (I)PNZHQng))

j /

Lie

(3%

A

~ N N:
8(2).7 (P (W) Py T £ Wa 0PV TT0))|
J T €

Once we obtain (38), then the desired estimate with m is proven. We now turn to (38). We observe that the support
of §(7).F [P, (Wa (1) Py, TT} - Wo (1) Py, T )] lies in the set E; where

Ej={(t. &):|&] ~ N3, [T — (2+a) V3| T“E|SNENS, | N3] ~ N1} (39

It’s easy to verify that {E;} is finitely overlapping. O
Remark 4 Lemma 4 implies that

— 2/r =2 —1
1B (e )y + 19000 (e W)l SN N 2N ol g

— / / . . . .
However, with Lemma 5, we can gain a factor N, lr N31 /" , which is the key ingredient to control the case N3 < Nj.
By Lemma 5, an improved L*-estimates is obtained:

Corollary 2 Let N > 1. We have
9Pl s SN 1l Il o 11 (40)
Furthermore, if 4/3 < r <2, then forb > 1/r

lo(0)Pule SNCORYD ] g . 1)

0,
Xr: 4
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Proof. We begin with (40). It suffices to prove
loOWa )Py Fllzs SN~ 510150z /1l gig - (42)
Indeed,
leOWa ()P Flljs = 119> (O)Wa ()P - Wa )Py f2
< KZ;,I ok (@(t)Wa(1)Py f, @(O)Wa(t)Py )2 -
Then for K = 1, we have by Lemma 3.
lor(p(O)Wa )Py £, @(t)Wa ()Y )12

< 101 (@) Walt) Py TS @()Wa )BT 12

< [lo@watopymsi;

2
ek

2
S ||(P||L§ ||Wa(f)P1§erf||isL§

2
ék

— 2
<N o)y I,

2
4
Zk

where we applied (22) in the last step. Using Lemma 5, we can solve the case K > 2. Then (40) is obtained by Lemma 1.
We now turn to the proof of (41). Taking r = 4/3 in (24), we have

@) Pyall s SN™4 [l o, 374 (43)
J 4/3, 4
On the other hand, from (40) we get
@) Pulls SN ullgo. 1121 (44)
The interpolation of (43) with (44) yields (41). O
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4. Proof of proposition 1

Define the resonant function as

D&y, &, &) i=w(&)+0(&)+a(&)—w(é +E6+8). (45)

We recall the following property.
Lemma 6 [Lemma 4.1, [2]] Assume that §; + & + &3 = & and |&;| > |&2| > |&3|. Then

| (&1,82,83) ~ &1 (&1 + &) (&2 + &)l (46)

Now we prove Proposition 1 using the estimates in the previous section and the non-resonant structure. For fixed

a(r—1)* 1 1
l<r<2and0<e< %, wesethb=—+e€and b = —— + 2¢ without loss of generality. Using the duality
T r r

argument, it is equivalent to show
A 3
| [ @ Oumusvaxar| < Tl geseee Vg 1102 “7)
j=1 nd ’d

To simplify notations, we write uy, = @(t)Py,u; for j=1, 2, 3,and vy = @(t) Pyv. By applying the Littlewood-Paley
dyadic decomposition to each term in (47), it is sufficient to show that

. q

3
’/MNI uNzuNg,deth S C(va N27 N37 N) H ||MNj||)’(‘S, 1/r+€HVNH5(\—I—s‘ 1/r —2¢e> (48)
=1 nq 'y

where C(Ny, N2, N3, N) is an appropriate constant that allows summation over all dyadic numbers. After a straightforward
computation, we obtain

3
/MN] MNZMN3VNdxdl = /Fnljt\]vj(éj, ‘L'j){/\N(é, r)du, (49)
=1

where ' ={&+ & +& =&, 11+ + 13 = T} and du represents the induced Lebesgue measure. For a function u
defined on R?, we introduce the following transform:

i(x, t) = a(, 7). (50)

Note that [[ul|¢s. » = [[u]|s. » and
nq rq

3 .
/1“H|ﬁN’(§j’ Tj)"|‘/)\N(€’ T>| du ~ ‘/ﬁNlﬁNZﬁN3‘7N dxdt|. (51)
=1
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This allows us to make estimates on both the physical and frequency sides. To prove (48), it suffices to prove
3
’/MNI MNZMN3VN dth S C(Nb N27 N37 N) H ||uN] ||X\$ 1/r+e HVNH)’(\—I—S‘, 1/ —2¢+ (52)
_]:] nq r/, ql

By symmetry, we may assume N; > N, > N3, which implies N; ~ max(N,, N) due to the frequency support of the
functions. Then the summation of dyadic numbers is dominated by

3
C(N1s Nay N3y N) [T liw; g e IOl g1y -2c
Ny, Nz, N3, N:Nj~max(Ny, N) J=1 X
(53)
3
< TT sl g yrse Il gt e
j=1 " q
Let 0; and o denote the modulations defined as
0j="1;—0(&)), o =1—0(&).
Under the constraints & = & + &, + &5 and T = 11 + 7, + 73, we obtain
T-0(8) =1-0()+n—0(&)+ 15— 0(8)+ P, &, &)
Let
O-max:max{|cl|a |62‘7 |G3|7 |G|}
From the given domain I" in (49), we may assume that
Omax 2 || (54)

It is time to prove (48) case by case.
Case 1: N; <1 or Ny > 1 and Gy > NIZO" . These trivial cases can be directly treated.
* N; <1, then N>, N3, N<1 and we have

‘/itv]vl ﬁNzitvN3 VNdxdt
S llaw iz Naws Nz Naws Nz lvwllzy

S P L P L P Y P
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which is summable.
* N1 > 1 and Gy > NIZOV' . We consider |G| = Oy, as the other cases follow the same line. Using Holder’s
inequality yields

‘/ﬁNl ﬁNQﬁN3 \7Ndxdt
Wl s Iz i = ol
SVl g 1 Wl e

which is summable.
Therefore, we only need to consider

N >1 and  Gpa SN (55)

in the following.
Case 2: N; > N, > N;s.
In this case, we have Ny ~ N and |®| ~ N] T¥|& + &|. Assuming that 6, >N; T¥|& + & in T, we obtain

‘/ﬁNl ﬁNzﬁN3f;N dxdt‘ < Z‘/PK(ﬁvaN)ﬁNzﬁN3dxa’t . (56)
K
* K<1in (56). Since |&; +&| = |& + &3] <1, we have

DY / | (T, iy, ity i, (T ) | dxdt. (57)
ey +h <1

Applying Holder’s inequality, bilinear estimate (33), and (16), we obtain

CHNEDY (Mg ttvy Jians [z [lians (T ) [0
ki +k|<1 ’ o

—(I+o ~ ~
S NI i o 1 sl o, 17es
k

—(1 /o ~
N g o TGN o, 17
r/ rl

g NI_(I—HX)NZI//_l/qN:;l/r_l/r,N;/r,_l/q
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g e o Vi g, [l

SNl—a+(x/8r/+N2—s+l/r’—l/qNg—s+1/r—1/q (58)

JJu, ||gz-;/r+ |\MN2|\);;(;/»-+ ([, ||g;,q1/r+ HVNH);;_IZ, 12

In the last step, we applied the fact that

o
&4
||VN||§;1—/s, 1/;J+S,ngr, ||VN||)?;1—/.;‘ 1/r —2¢ (59)
. q 7 q

Oc(r—l)2

0,7 If —s+1/r—1/¢ < 0, the above bound is summable. If —s+1/r—1/g >
;

due to GmastIZOr/ and0 < € <
0, then

— 8r/ —254+1-2
SRSV, N2 vy o e g e 9l 12
X 7 q nq M

which is summable if s > 1/2—a/2—1/q+ a /167 .
* K> 1in (56). Since |&; +&| = |& + &3] ~ K= 1, we apply a unit decomposition with length K to the terms iy, and
vy. Then we obtain

SL L / '(Hﬁﬁm)ﬁNzﬁM(ZHmnm) dxdt

(60)

dxdt.

A

ZZ/‘(HKkﬁNl)ﬁNzﬁNs (anHngN)
K k m

If |6| = Opmax, We have

7y Mo Iy [T TGV [ 7
< ZZKWL]/qu(Ha)/erl/rL1/qN31/r71/q(NIH“K)*'/r/*K‘/q
K k

K ~ ~ ~ K
: Hn—k”M Hggql/w ||”Nz||g'{,>>ql/r+ ([, ||gg,ql/r+ [T VN||§3 1(/r’+

— / — /_ — —
§N1 o+t /8r N2 s+1/r l/qN3 s+1/r—1/q
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(60) et [l g vy Nty g 17 Nt l . 17+ ||VN||§';1;/& 1/ 2e (61)

The summation is convergent if s > 1/2— o /2 —1/q+ /161
If |03| = Ojnax, then by the bilinear estimate (33), Holder’s inequality (16), and the bound G,ax 2N, 172K we obtain

605 Y Y I i i 5l 7 ITLATTST]
K k m ’ o o
< ZZNI*(PFO‘)/’N;/’*U”(N11+aK)—1/r—K1/q
K k

AT i o, v, o e g g 1 VT o, 1 (62)

7q

< Nll—2(1+a)/r+a/8r/Ngs+l/r’—l/qN;SJrl/r—l/q

~

oyl gs. I/r+HMN2HAs 1/r+||uN3||As 1/r+IIVNHA I 12 -
X, . d

We can sum over all the dyadic numbers if s > 1 — (1+a)/r—1/q+ a/16r.

If | 02| = Ouax, following the proof of the subcase |03 = Ojnqx, We get the same restriction for s and r.

If |01| = Omax, we employ the bilinear estimate in the space Z,’ , due to r < 7. We derive

©0< Y Y Y IME i, g, e, (LaTTEoN) 17 o N7
K k m ’ o "

§;;; NH"‘K ~1/r-n <1+06)/r 1/r

n

AT i, [ go. vy i, [l go. 1/ sl go. 1/ T T W | 0, 1+
l‘ }’/ r V/

ZNl—HxK l/r—Kl/r—l/qN (14a)/r 1/r 1/qu/er/r’ l/qu/q (63)
k
| i | g0 e s llgo. v s ligo, 1yre TGV | go. 1/

5 5 5 )"/‘ q/

— / — — — —
<N o+a/8r +N2 s+1/r l/qN3 s+1-1/q

~ "1

el v 1yl g, v 1 l g, e 1V | g1 172

r/ t/
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Without loss of generality, we may assume that —s+ 1 — 1/¢ > 0, as the result is trivial otherwise. Assume that
Ny ~ Nle for N; > N, with 0 < 6 < 1. Then we have

_ 0(—2s+1 —2 ~ ~ ~
(63) S Ny NP2 i, s e s s 1 [N o1 1 2e-
X' q Xi'q X' q X,

v q

Hence the boundedness is fine provided that

—o+6(—2s+1+1/r—2/q) <0. (64)

When |G| = Gyax, We have other choices for the bilinear estimate. We delve deeper into the connection between N,
and N3 in the following.

Subcase 2.1: N; > N, > Ns.

If Ny > N3, then K ~ N,. (60) may also be bounded by

0 Y Y Y TS i, I Nyt Nz (1T IT V7
K k m ’ ' o
5 ZZKl/rfl/r’<N11+O€K)7l/rfN;(]Jra)/rK]/q
K k

K ~ ~ ~ K=
TS i o 00 o e [ go 11 T,

r‘ql

S ZNll_(1+¢x)/r—N2—s—(1+(x)/r+l/r’—l/qN3—s+1/r’—1/q (65)
k

T ||g;ql/r+ [un, |§i’c}/r+”uN3”??ﬁ'z}/'+ ITTE VN 1o 17004

rd

< Nll—(1+oc)/r+oc/8r’+N2—s—(1+(x)/r+1/r’—l/qN3—s+l/r’—1/q

T g v s gyl e Il e

We are led to the condition

1-(14+0a)/r+6(=2s—(1+a)/r+2/r —2/q) <0. (66)

Subcase 2.2: N > N, ~ Nj.
We localize |&; + &3] ~ K if &, and &3 have opposite signs. Hence, (60) can also be bounded by
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60 Y Y Y I, gy (1P, LTI i
K k m ’ ’ !

S ;;Kl/r—l/r’Kl/r'—l/q(N11+ocK)—l/r—N;a/szl/’I—z/qu/r'—l/rKl/q

NNy 2Ty g el g e M g 7 IVl g1 (67)

4

5 Nll7(1+Oc)/r+a/8r’+N19(72s7(1+a)/r+172/11)

) HuNl ||§’§>(;/r+ ||“N2H§2-,ql/r+ ||”N3 ||§;‘1ql/r+ HVNH)?TZI;/& 1/F—2¢

where we used the improved bilinear estimate (35) and (16) in the second inequality. We can sum over all the dyadic
numbers provided that

1-(1+a)/r+6(=2s—(1+a)/r+1-2/q) <0, (68)

which is stronger than (66). Therefore in the case |0}| = Gy, (60) is bounded if either (64) or (68) is satisfied.

If r < o+ 1, then it’s easy to check that (68) is satisfied. In the case r > a + 1, substituting s = 1/2 — a./2r in (68)
2r(r—1)(1+ )

and by direct computation we can check that either (64) or (68) is satisfied if 7/ < g < (d+a)
r—

. In particular, if

o > +/r— 1, then for ¥ < g < o, we can sum over all the dyadic numbers.
Case 3: Ny ~ N, > Ns.
In terms of Lemma 6, we may assume Gyqx >N, T%|E1 + & | ~ N] T#K. We have

| / i, iy, s v | < | / Py (it i, i, vt (69)
K
* K1, We have |&3 4 §|<1. Hence,
O YN O i, o s [T iy |
~ - 1 Ny )?9 1/r+ —kUN; )?ro 1/r+

—(1 /i~
’Nl (ra)/r ||MN2||)?0, 1/ + HHkVNH)?Q 1/r+
r/ rl

< N1—25—a—2/q+a/8r/+N§sN1+s

g e g v s g, e Dl e
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We can sum over all the dyadic numbers provided that s > 1/2— o /2 —1/g+ /167 .

« K>1. We may assume |03| = Oy as other cases are similar and easier. If N3 ~ N, then we need to localize
|5+ €| ~ K if & and & have opposite signs. Therefore, whether N3 > N, N >> N3 or N3 ~ N, we can use the improved
bilinear estimate (35) to obtain

)5 LL | [ v, iy (I i) (1S Tl
K k m

S 39 3 M IV A b LT R 0
K k m ’ '

N

ZZN;G/VNII/Vl*2/qK1/r’7l/rKl/rfl/r/(N11+OCK)71/r7K1/r’71/qK1/q
K k (70)

e ligo, e Nty | go. 1+ T s | R0 T v | Y

,S N1—23+1—2(1+(x)/r—2/qN3_5N1+s

||, II);;.;/H [, Hg;ql/w ([, ||g;§,q1/r+ HVNH);;_';;, 12

Hence, we end up with the condition s > 1— (1+a)/r—1/gq.

Case 4: Ny ~ N, ~ N;3.

If N| ~ N, ~ N3 > N, the situation is similar to Case 3. However, a more refined analysis is required when N| ~
N, ~ N3 ~ N. Without loss of generality, by symmetry, we may assume that the integration domain is given by

I =T {omarzNi|(&1 +E)(&+ )} N{I&1 + & <&+ &} (71

Therefore, the integration turns to
’ /1"’ ﬁNl ﬁNZ ﬁN3 VNdu ‘

(72)

IN

‘ (/ _|_/ +/ )L/[NlﬁNzit\N3ﬁNd[,L‘
I, |&+EIST I [G1+6IST, 164811 /T, [§1+81R 1, (634611

WESNIEIIR

* Term /. Using Corollary 4 in [14] and |&; +&| <&+ &|<1 yields for 1 <r < oo
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IS ; \ / (M, ) (N1t ) (T, ) (T Vv ) dxt

< Y || (Mg, ) (T gia, ) (T, ) i Mz
-

(73)

3
< (HNja/Sr Hl]NjH)?o‘ l/r+> ||VN||)?0, 1/¥ —2¢
j=1 nq . q

3
—a/r—2s+1
SNI fr=2s H||MNJ*||5(‘;Y,ql/r+HVNH}’(*—I—& 1/r'—2¢e-
j=1 ’ g

The summation is convergent if s > 1/2 — o¢/2r, which is the strongest condition in this paper.
* Term I1I. Since |&; + &|<1 and |&5 + €|>1, we may assume |E3 + &| = |&) + & ~ K= 1. Then the term I1 implies

/PK(HkﬁNl iisz )PK(H,/{’VVNL,ZNdedZ‘ . (74)

usy'y,

k K>

Since |&; +& | ~ K and |§; —k| < 1, &, is localized in an interval centered at —k with length ~ K. Similarly, |3 +&| ~
K and |€ + k| < 1, implying that & is localized in an interval centered at k with length ~ K. Therefore, it is equivalent to
express iy, as ITX, /N, and @iy, as HkK/KﬁN3- By using (34) and (16), Term II (74) turns to

s ZZ‘ / P (Tyain, TI% ety ) P (T N T ety ) doxdt
k K '

A

Y Y I Pk (Tein I ety Iz, | Pre (TN TR eiv,) Iz
k K T e

A

—o -1 —2s+1 ~ K ~
ZZNI /rK /er s+ ||HkuN1H}’(\S« 1/’+||H7k/KuN2||)?f' 1/r+
k K r r

_ ! / ~ ~
.Nl a/r K 1/r HII{S/KMN3 H)?j 1/,/+||H_kVN||)?,1,S? s
i /

7

—2s+1—a+a/8’+
SMT ””1\’1||§£~q1/r+HuNzH)?;,ql/ﬁ””1\/3||)?£«,q1/r+||VNH§rzl;sq 1 -2e

This case is fine provided that s > 1/2 — /2 + ot /167

e Term I11. We localize |& +&| = |&,+ &3] ~ Kj and |&3 + &| = |€) + & | ~ K; for dyadic numbers 1 < K; < K, which
implies Guax 2N K1 K>. We first discuss the case when |61| = Gpax.

|o1] = Omax- We have
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IIISZ /H I/lN1 PK1<MN2L£N3) kVNdxdt (75)
k 1<K,

We observe that ; is located in an interval centred at kK; with length ~ Kj. Therefore, |&; + &| ~ K implies that
&, is located in an interval centred at —kK; with length ~ K,. Similarly, since |§3 +&| ~ K>, then &5 is located in an
interval centred at kK; with length ~ K,. Thus, uy, and uy, are rewritten as ke ZkKy /Ko uy, and HkK;(I /K, U, respectively.
Hence, we have

K|~ K ~ K- ~ Ky ~
= ;K;K ‘./<HkluNl)PK1 (H—szl/KzuNznklzfl/KzuN—‘)(H—]/(VN)dth
1<K>

Ky~ K ~
< 17 2
Y ¥ |ma T i

k K1 <K,

K> ~

-,
L«

ZH " oy

Lt, x

SL
k

Y Kl‘/’*‘/’/(N?KIKZ)*‘/’*K}/"*‘/‘IHH,(’“JNI

50,
P %0 ql/r+
—a/r /7 =1/r l/rfl/q K ~
-N; K, "max(1, K, HH kKI/K2“N2 g0 l'Ik,z(l/Kzu]\/3 Q0 Ut
nq
l/q
HH kVN 20 1/r+
723+1720{/r+a/8r/+ ]/rlfl/rf ]/r’fl/r72/q7 Ki~
SZ Z Ny K, K, HHkIMNl g8 s
k K1§K2 nq
|7 [P en /¥ Py | & i N /
2 Xiyq 3 X'y —k X;lq—[&, 1/r—2¢
—2s+1-2a/r+o /8¢ +
T P L Py LN gy (o Py
Xy

where, in the third step, we applied the improved bilinear estimate (35). We end up again with the condition s > 1/2 —
o/r+a/l6r.

|02| = Omax- If K1 < Kp, we need to localize |&; + &;| ~ K3 if € and &3 have different signs.

If K3 < K, then &, and &; can be confined to intervals of size K;. Specifically, since &; is contained in an interval
centered at kK; with length ~ K; and satisfies | &+ &3 |~ K3, it follows that &3 is located in an interval centered at —kK
with length ~ Kj. Furthermore, given that |, + &3| ~ K}, we conclude that &, lies within an interval centered at kK| with
length ~ K;. Thus, we obtain
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111<Z ’/ I uNl)(H uNz)(Hljlk’;N3)(H[ElkVN)dxd[ . (76)
k K1<Kp

First, for 1 < r < e, we apply Corollary 5 in [14] with » = 1 and derive

s K
TS Y X || ) (0 ) () L1, Ik 5y
k K1<Kp ‘X Lt,x
K K|~ K K
’S Z Z L )?67 14 HkluNZ )?0. 1+ I ]kuNS )?0 1+ II ]ka’X 0,0 (77)
k K1<K2 1, e 1, o oo, 1
T
SNCTT O s, v llawy [l g v s [ gs. o vl g1-s. 0.
For g > 2, by (41), we have
76)< I iy, ) (M )
(765 Z Z x iy, ) (T i, ) (T k“Na kVN
k K1<K2 Lt‘x
< Ky~ Ky~
~ Z Hk Uy || 4 Hk uNz H_kuNz ann kVN
k K <K, Ly
—a/8+ || K1~ —1/2— ||k
Z / HH ' 0. 1/2+ (Nl KiK3) / HH l”Nz Ao 1/2+
k K1§Kz RO
—oc 8+ 1 q 78
/ HH k Nz 20 1/z+ / HH kVN <0 1/2+ (78)
2,4 2
< Z Z 1\,172‘\%17306/4+I(11/11(1(11(2)71/27Inax(17 K11/272/q)K11/271/q
k K1<K;
K Ki~ Ki ~ K
anlui\’u o5, 1/2+ IT; ' un, Ss, 1/24 2w || 12+ 10 AV | s, 12+
q X2~q X2<,t1 Xz
—2s+1-3a/4+
SN [Jun, H@: ;/2+||“N2H§§: ;/2+||MN3||)?§_‘ ;/2+||VN||,;2—’1q7s‘ 1/2-2¢ -
Using the interpolation between (77) and (78), we see that for 1 <r < 2.
—2s+1—-a/2—o/2r+
TSN e g s i g I g, e (79)
r . d
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Hence, it is summable if s > 1/2 — /4 — o /4r.

If K3 > K, then we can localize &, and &; to intervals of size min(K>, K3). Without loss of generality, we assume
K3 < K;. Indeed, since |€; + &3| ~ K3, and &; is located in an interval centred at kK with length ~ Kj, then &3 is located
to an interval centred at —kK; with length ~ K3. On the other hand, since |&, + &3| ~ Kj, then &, is located to interval
centred at kK with length ~ K3. uy, is rewritten as HkK;(l e uy, and iy, as l'[[fk Ky /K up, in this case. Thus, by the improved
bilinear estimate (35) we have

K K ~ K ~ Ky ~
msy ¥ Y | (U0 ) T, v (105 (15 |
3R A1IEA2

K K ~
SY LY | e [, i \ann
k KizKi Ki<Ka X
—a/rp—1/r ) =1/q 1/ —1/q K K
52 Z N, 7Ky UK, K3 HHkIMNl 20 1/r+ H_31<1<1/1<3”N3 20 1/r+
k Ky K Ki<Ka 4 4
1/r=1/¢ 1 1/ '—1/
KT (NEK K TR qHH /5,00 | 0. 1704
1/q
anka )?0 1/r+
—2s+1-2a/r+a/8r+
SN e8| g N1||Av l/r+|\'4N2HAr 1/r+||”N3||Av 1/r+HVNHA/| o 1/ -2 -
r, ‘1

We find the condition s > 1/2 — a/r+ o/16r'. We complete the proof.

5. Conclusion

In conclusion, we investigate the Cauchy problem for the dispersion-generalized modified Benjamin-Ono equation
with low-regularity initial data. To achieve this, we employ a function space, the generalized Fourier-Lebesgue space
A7I§ q(R), which unifies the modulation and the Fourier-Lebesgue spaces. A crucial aspect of our approach is an improved
bilinear estimate, which plays a key role in establishing well-posedness via perturbation arguments. Our results refine
and extend previous studies and provide a broader framework for analyzing various type of dispersive equations in low-
regularity settings.
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