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Abstract: We consider the Cauchy problem of the dispersion-generalized modified Benjamin-Ono equation on the real
line with low-regularity initial data. To this motivation, we apply a generalized Fourier-Lebesgue space M̂s

r, q(R), which
serves as a unification of modulation spaces and Fourier-Lebesgue spaces. One of the key ingredients is an improved
bilinear estimate and the well-posedness is obtained by perturbation arguments.
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1. Introduction
In this paper, we study the Cauchy problem of the dispersion-generalized modified Benjamin-Ono equation (dgmBO)

with low regularity initial data, and refine the previous works in [1, 2], which is a class of nonlinear dispersive partial
differential equations that generalizes the classical modified Benjamin-Ono (mBO) equation by incorporating higher-order
dispersion terms:

{
∂tu+∂xD1+α

x u =±u2∂xu, (x, t) ∈ R2,

u(x, 0) = u0(x)
(1)

where 0 ≤ α ≤ 1. The operator D1+α
x is defined via Fourier transform with symbol |ξ |1+α . These equations arise

as models describing the weakly nonlinear propagation of long waves in shallow channels with different dispersion
effects, introduced by [3, 4]. For instance, modeling nonlinear waves in the Earth’s magnetosphere and solar wind,
analyzing the behavior of intense laser pulses in nonlinear optical materials, and studying the propagation of electrical
signals in nerve fibers. See more examples in [1, 2, 5–8]. In particular, when α = 0, it reduces to the modified Benjamin-
Ono equation (mBO):
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∂tu+H ∂ 2
x u =±u2∂xu, (2)

where H is the Hilbert transform. When α = 1, it is the modified KdV equation (mKdV):

∂tu+∂ 3
x u =±u2∂xu. (3)

This work is motivated by the study of low-regularity well-posedness of (1), as many physically relevant data exhibit
extremely low regularity, including the Dirac measure and white noise. One of the significances of understanding the
well-posedness (existence, uniqueness, and stability of solutions) helps in designing efficient numerical methods, for
instance, the numerical study in [9, 10]. We aim to obtain the well-posedness of (1) for initial data in a space that is
as large as possible. There are some appropriate initial data spaces in which the analysis of well-posedness has been
conducted. We begin by presenting some choices for the initial data space as follows.

We first introduce the natural choice, Sobolev space Hs(R), defined by the norm

∥ f∥Hs(R) :=
∥∥∥⟨ξ ⟩s f̂ (ξ )

∥∥∥
L2

ξ

(4)

where s ∈ R and ⟨·⟩ :=
(
1+ | · |2

)1/2. In the Sobolev space Hs, Local Well-Posedness (LWP) for s ≥ 1/2 when α = 0
was shown in [7]; s ≥ 1/4 when α = 1 was obtained in [11] and s ≥ 1/2−α/4 when 0 < α < 1 was proved in [1].
These results are optimal when requiringC3 regularity or uniform continuity of the solution maps. However, global well-
posedness with only continuity is still possible. For recent major breakthroughs, see [12] for the BO equation and [6] for
the mKdV equation, where integrability plays a crucial role. However, when 0 < α < 1, the dgmBO equation (1) is not
integrable; hence, the method there doesn’t work for this situation.

Some other scales of function spaces are used to lower the regularity in the literature. One possibility is to use the
Fourier-Lebesgue space Ĥs

r , where

∥ f∥Ĥs
r (R)

:=
∥∥∥⟨ξ ⟩s f̂ (ξ )

∥∥∥
Lr′

ξ

, 1/r+1/r′ = 1 (5)

for s ∈R and 1 ≤ r ≤ ∞. We write L̂r = Ĥ0
r . LWP of mKdV in Ĥs

r for s ≥ 1/2−1/2r and 4/3 < r ≤ 2 was first obtained
by Grünrock [13] with the range of r later extended to 1 < r ≤ 2 in [14].

Another possibility is to use the modulation space Ms
r, q(R), initially introduced by Feichtinger [15]. The equivalent

norm for this space is defined as

∥ f∥Ms
r, q(R) :=

∥∥⟨k⟩s∥Πk f∥Lr
x

∥∥
ℓ

q
k(Z)

(6)

where s ∈ R, 1 ≤ r, q ≤ ∞, and Πk is a Fourier projection operator adapted to the unit interval, as defined in (7). For
more examples of the application of modulation space to various equations, see [16]. Utilizing the Fourier restriction
norm method adapted to modulation spaces and an improved L4 Strichartz estimate inspired by [17], LWP of mKdV in
Ms

2, q(R) for s ≥ 1/4 and 2 ≤ q ≤ ∞ was proved in [18, 19]. A simpler proof of dispersion generalized mBO equations in
Ms

2, q(R) for s ≥ 1/2−α/4 was given in [2] by proving an improved bilinear Strichartz estimate.
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In this paper, we employ a generalized Fourier-Lebesgue space M̂s
r, q that unifies Fourier-Lebesgue and Modulation

spaces; see the definition in (8). This space, previously referred to as the Wiener amalgam space or Fourier-amalgam
space, has been used in the study of other equations; see [20–24]. In particular, we have considered the mKdV equation
(α = 1) in this setting [25].

1.1 Main results

We begin by defining the generalized Fourier-Lebesgue space M̂s
r, q(R). Let φ ∈ C∞

0 (R) be a real-valued, non-
negative, even, and radially-decreasing function satisfying suppφ ⊂ [−8/5, 8/5] and φ ≡ 1 in [−5/4, 5/4]. Define

η(ξ ) :=
φ(ξ )

∑k∈Z φ(ξ − k)
. For λ > 0 and m ∈ R, we introduce the following frequency projection operator, which is

adapted to intervals centered at λm with length λ :

(̂
Πλ

m f
)
(ξ ) := η(ξ/λ −m) f̂ (ξ ) (7)

We call it box decomposition with length λ in the frequency space. When λ = 1, we simply denote Πλ
m = Πm. For

s ∈ R, 1 ≤ r, q ≤ ∞, the space M̂s
r, q(R) is defined with the following finite norm:

∥ f∥M̂s
r, q(R)

:=
∥∥∥⟨k⟩s∥Πk f∥L̂r

x

∥∥∥
ℓ

q
k(Z)

. (8)

By the Hausdorff-Young theorem, we have the inclusion Ms
r, q ⊂ M̂s

r, q for 1 ≤ r ≤ 2. Additionally, note the
conventions M̂s

r, r′ = Ĥs
r and Ms

2, q = M̂s
2, q. These observations reveal that the Fourier-Lebesgue and modulation spaces

can be encapsulated in this wider class of function spaces.
We now state the main result:
Theorem 1 Assume that 0 < α ≤ 1 and 1 < r ≤ 2. Then the dgmBO equation (1) is locally well-posed in M̂s

r, q(R)

for s ≥ 1
2
− α

2r
and r′ ≤ q ≤ qα, r, where

qα, r =


∞, α >

√
r−1;

2r(r−1)(1+α)

r− (1+α)2 , α ≤
√

r−1.

Remark 1 Our method combines the Fourier restriction method from [14] with the ideas of setting up an improved
bilinear Strichartz estimates initialized in [2]. We derive an improved bilinear estimate for (1), which is crucial for handling
nonlinear interactions. We establish the local wellposedness of (1) by perturbation arguments in this wider class of function
space for all cases except the endpoint r = 1. The endpoint case cannot be reached due to the linear estimate, as shown in
Lemma 2, which fails to hold. This is a standard limitation when applying the contraction mapping principle.

Remark 2 Our result generalizes and improves previous well-posedness results in the literature, particularly those
of [1] in Hs(R), which corresponds to the case q = r′ = 2 in M̂s

r, q(R), as well as the result of [2] in Ms
2, q(R), where r = 2

in M̂s
r, q(R). The regularity restriction condition in [1] and [2] are both s ≥ 1/2−α/4; see the regularity conditions in

Figure 1.
Remark 3 The proposed framework in this paper provides a broader setting for analyzing dispersive equations with

low regularity data.
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Figure 1. Regularity conditions in different spaces

2. Preliminary
In this paper, for X , Y ∈ R+, the notation X ≲ Y means there exists a constant C > 0 such that X ≤ CY . X ∼ Y

denotes the estimate X ≲ Y ≲ X . We use X ≪ Y to mean X ≤ cY for some small constant 0 < c < 0.1. For a ∈ R, the
notation a± represents a± δ for any sufficiently small δ > 0. We use uppercase variables {N, N1, N2, . . .} to denote
dyadic numbers, while lowercase variables {i, j, k, l, n, . . .} represent integers. The Fourier transform of u is denoted
by û, which may represent Fxu, Ftu, or Ft, xu, depending on the context.

Let χ(ξ ) = φ(ξ )− φ(2ξ ). For dyadic number N ∈ 2Z, we define the Littlewood-Paley projectors: P̂1 f (ξ ) :=
φ(ξ ) f̂ (ξ ) and for N > 1

P̂N f (ξ ) := χ(ξ/N) f̂ (ξ ), P̂±
N f (ξ ) := χ(ξ/N)1±ξ≥0 · f̂ (ξ ). (9)

Letω(ξ ) =−ξ |ξ |1+α be the dispersion relation associated with equation (1) andWα(t) =F−1eitω(ξ )F be the linear
propagator. The Fourier-Lebesgue type Bourgain space X̂ s, b

r associated with (1) is defined by the norm

∥u∥X̂s, b
r

:=
∥∥∥⟨ξ ⟩s⟨τ −ω(ξ )⟩bû(ξ , τ)

∥∥∥
Lr′

τ, ξ

. (10)

When s = b = 0, we write X̂ s, b
r as L̂r

t, x for simplicity. For the resolution space, we use a variant of the Bourgain
space X̂ s, b

r adapted to modulation spaces, given s, b ∈ R, 1 ≤ r, q ≤ ∞, whose norm is defined as

∥u∥X̂s, b
r, q

: =
∥∥∥∥Πku∥X̂s, b

r

∥∥∥
ℓ

q
k (Z)

∼

∥∥∥∥∥⟨k⟩s
∥∥∥η(ξ − k)⟨τ −ω(ξ )⟩bû(ξ , τ)

∥∥∥
Lr′

τ, ξ

∥∥∥∥∥
ℓ

q
k (Z)

. (11)

Then X̂ s, b
r, r′ = X̂ s, b

r .
By slightly modifying the proof of Section 2 in [13] and Lemma 4.1 in [26], we have the following result which

extends linear estimates in L̂r
x to the estimates in X̂0, b

r :
Lemma 1 [Extension Lemma] Let Z be any space-time Banach space satisfying the time modulation estimate
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∥g(t)F(t, x)∥Z ≤ ∥g∥L∞
t (R)∥F(t, x)∥Z (12)

for any F ∈ Z and g ∈ L∞
t (R). Let T : (h1, · · · , hk)→ T (h1, · · · , hk) be a spatial multilinear operator for which one has

the estimate

∥T (Wα(t) f1, · · · , Wα(t) fk)∥Z ≲
k

∏
j=1

∥ f j∥L̂r
x

(13)

for all f1, · · · , fk ∈ L̂r
x. Then for b > 1/r, we have the estimate

∥T (u1, · · · , uk)∥Z ≲k

k

∏
j=1

∥∥u j
∥∥

X̂0, b
r

(14)

for all u1, · · · , uk ∈ X̂0, b
r .

With Lemma 1, we have the embedding for b > 1/r,

X̂ s, b
r, q ⊂C(R; M̂s

r, q). (15)

For 1 ≤ q ≤ p ≤ ∞, there holds ∥u∥X̂s, b
r, p

≤ ∥u∥X̂s, b
r, q

and

∥PNu∥X̂s, b
r, q

≲ N1/q−1/p∥PNu∥X̂s, b
r, p

. (16)

Define

∥ f∥M̂s, b
r, q

=
∥∥∥∥ f∥M̂s, b

r

∥∥∥
ℓ

q
k

=

∥∥∥∥∥
(∫

⟨ξ ⟩sr′⟨τ⟩br′ |η(ξ − k) f̂ (ξ , τ)|r′dξ dτ
)1/r′

∥∥∥∥∥
ℓ

q
k

(17)

where the norm of the space M̂s, b
r is given by

∥ f∥M̂s, b
r

=

(∫
⟨ξ ⟩sr′⟨τ⟩br′ |η(ξ − k) f̂ (ξ , τ)|r′dξ dτ

)1/r′

.

We then deduce that
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∥Wα(−·) f∥M̂s, b
r, q

=

∥∥∥∥∥
(∫

⟨ξ ⟩sr′⟨τ⟩br′ |η(ξ − k)F (Wα(−·) f )(ξ , τ)|r
′
dξ dτ

)1/r′
∥∥∥∥∥
ℓ

q
k

=

∥∥∥∥∥
(∫

⟨ξ ⟩sr′⟨τ −ϕ(ξ )⟩br′ |η(ξ − k) f̂ (ξ , τ)|r′dξ dτ
)1/r′

∥∥∥∥∥
ℓ

q
k

∼ ∥ f∥X̂s, b
r, q

.

(18)

By slightly modifying the proof of (2.17) and Lemma 2.2 in [13], we obtain the following linear estimates in X̂ s, b
r, q .

Lemma 2 [Linear estimates] (1) For s, b ∈ R. Suppose that 1 ≤ r, q ≤ ∞. Let f ∈ M̂s
r, q. Then

∥φ(t)Wα(t) f∥X̂s, b
r, q

≲ ∥ f∥M̂s
r, q
. (19)

(2) Assume that 1 < r < ∞, 1 ≤ q ≤ ∞ and b′+ 1 ≥ b ≥ 0 ≥ b′ >−1/r′. Then

∥∥∥∥φ(t/T )
∫ t

0
Wα(t − t ′)F(t ′)dt ′

∥∥∥∥
X̂s, b

r, q

≲ T b′+1−b∥F∥
X̂s, b′

r, q
(20)

for any 0 < T ≤ 1.
By standard iteration methods, the proof of Theorem 1 reduces to setting up the following trilinear estimate.
Proposition 1 Assume 0 < α ≤ 1. Let 1 < r ≤ 2, r′ ≤ q ≤ qα, r, and s ≥ sα, r, then for 0 < ε ≪ 1 we have

∥φ(t)∂x(u1u2u3)∥X̂s, −1/r′+2ε
r, q

≲
3

∏
j=1

∥u j∥X̂s, 1/r+ε
r, q

. (21)

3. Multilinear strichartz estimates
In this section, we review and prove some linear and multilinear Strichartz estimates that are useful to prove

Proposition 1 in next section. By slightly modifying the proof of Corollary 3.6 in [13], we have
Lemma 3 [Linear Strichartz estimates] Suppose

2
p
+

1
q
=

1
r
.

Then the estimate

∥∥∥Dα/pWα(t) f
∥∥∥

Lp
t Lq

x
≲∥ f∥L̂r

x
(22)
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holds if one of the following conditions is fulfilled:

(i) 0 ≤ 1/p ≤ 1/4, 0 ≤ 1/q < 1/4,

(ii) 1/4 ≤ 1/q ≤ 1/q+1/p < 1/2,

(iii) (p, q) = (∞, 2).

(23)

Moreover, by Lemma 1 we have for any b > 1/r,

∥∥∥Dα/pu
∥∥∥

Lp
t Lq

x
≲∥u∥X̂0, b

r
. (24)

In particular, for any N ≥ 1, we have

∥PNu∥L6
t, x

≲N−α/6 ∥u∥X̂0, b , (25)

and

∥PNu∥L8
t L4

x
≲N−α/8∥u∥X̂0, b . (26)

Let the function m : R2 → R. We define a Coifman-Meyer bilinear multiplier, denoted by Bm( f , g) as

Fx(Bm( f , g))(ξ ) =
∫

m(ξ1, ξ −ξ1) f̂ (ξ1)ĝ(ξ −ξ1)dξ1. (27)

For dyadic number N, we define

Fx(σ1( f , g))(ξ ) =
∫

φ(2ξ1 −ξ ) f̂ (ξ1)ĝ(ξ −ξ1)dξ1,

Fx(σN( f , g))(ξ ) =
∫

χ ((2ξ1 −ξ )/N) f̂ (ξ1)ĝ(ξ −ξ1)dξ1, N ≥ 2.

(28)

Then we obtain the following bilinear estimates.
Lemma 4 [Bilinear estimates] Let φ (ξ1, ξ −ξ1) = ω(ξ1)+ω(ξ −ξ1) and

|m(ξ1, ξ −ξ1)|∣∣∂ξ1
[φ (ξ1, ξ −ξ1)]

∣∣1/r ∼ 1. (29)

Then
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∥Bm(Wα(t) f , Wα(t)g)∥L̂r
t, x

≲ ∥ f∥L̂r
x
∥g∥L̂r

x
. (30)

Moreover for b > 1/r, we have

∥Bm(u, v)∥L̂r
t, x

≲ ∥u∥X̂0, b
r

∥v∥X̂0, b
r

. (31)

Proof. Using (27), we can get that

∥Bm(Wα(t) f , Wα(t)g)∥L̂r
t, x

=
∥∥∥∫ m(ξ1, ξ −ξ1)eit[ω(ξ1)+ω(ξ−ξ1)] f̂ (ξ1)ĝ(ξ −ξ1)dξ1

∥∥∥
Lr′

ξ L̂r
t

.

(32)

By the change of variables τ = y(ξ1) = ω(ξ1)+ω(ξ −ξ1) and τ = y(ξ1), we obtain that

RHS of (32)=
∥∥∥∥∫ m(ξ1, ξ −ξ1)eitτ f̂ (ξ1)ĝ(ξ −ξ1)

dξ1

dτ
dτ
∥∥∥∥

Lr′
ξ L̂r

t

=

∥∥∥∥∥
(∫ ∣∣∣m(ξ1, ξ −ξ1) f̂ (ξ1)ĝ(ξ −ξ1)

∣∣∣r′ |y′(ξ1)|−r′ dτ
dξ1

dξ1

)1/r′
∥∥∥∥∥

Lr′
ξ

=
∥∥∥m(ξ1, ξ −ξ1) f̂ (ξ1)ĝ(ξ −ξ1)|y′(ξ1)|−1/r

∥∥∥
Lr′

ξ Lr′
ξ1

≲
∥∥∥| f̂ |r′ ∗ |ĝ|r′∥∥∥1/r′

L1
ξ

≲∥ f∥L̂r
x
∥g∥L̂r

x
,

where we used the assumption (29) in the last second inequality and Young’s inequality in the last inequality.
With Lemma 4, we have
Corollary 1 (1) Let N1, N2 ≥ 1 be dyadic numbers and N1 ≫ N2. Then for b > 1/r

∥PN1uPN2v∥L̂r
t, x

≲ N−(1+α)/r
1 ∥PN1u∥X̂0, b

r
∥PN2v∥X̂0, b

r
. (33)

(2) Suppose that k1, k2 ∈ Z and |k1 + k2|, |k1 − k2| ≥ 2. Then for b > 1/r

∥∥Πk1uΠk2v
∥∥

L̂r
t, x

≲ B(k1, k2, α)
∥∥Πk1u

∥∥
X̂0, b

r

∥∥Πk2v
∥∥

X̂0, b
r

, (34)
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where B(k1, k2, α) = max{|k1 + k2|, |k1 − k2|}−α/r min{|k1 + k2|, |k1 − k2|}−1/r.
After a temporal localization, we can improve (31) as follows. It is crucial in the proof of Proposition 1.
Lemma 5 [Improved bilinear estimate] Assume N1 ∼ N2 ≫ N3 ≥ 1 and

m±(ξ1, ξ2) = χN3(ξ1 ±ξ2)χN1(ξ1)χN2(ξ2).

Then for r′ ≤ q ≤ ∞ and b > 1/r we have

∥∥Bm−(u, v)
∥∥

L̂r
t, x

+
∥∥φ(t)Bm+(u, v)

∥∥
L̂r

t, x

≲ N−α/r
1 N1/r′−2/q

1 N1/r′−1/r
3 ∥u∥X̂0, b

r, q
∥v∥X̂0, b

r, q
.

(35)

Proof. We begin by considering the case with m−. We decompose m− as

m−(ξ1, ξ2) = ∑
j

∑
j1, j2∈Z

χN3(ξ1 −ξ2)χN1(ξ1)χN2(ξ2)

·χ
(

j1N3 +ξ1

N3

)
χ
(

j2N3 +ξ2

N3

)
χ
(

jN3 +ξ1 +ξ2

N3

)

= ∑
j

m j
−(ξ1, ξ2).

(36)

By the support properties of the functions, we know that in the above summations | j1− j2| ≤ 3 and | j− j1− j2| ≤ 5, j
takes O(N1/N3) values. Hence for the fixed j, we have | ji− j/2| ≤ 10, i = 1, 2. For simplicity, we assume j1 = j2 = j/2.
Then

∥∥Bm−(Wα(t) f , Wα(t)g)
∥∥

L̂r
t, x

≲
∥∥∥F (Bm j

−
(Wα(t) f , Wα(t)g))

∥∥∥
lr′
j Lr′

τ, ξ

≲ N−α/r
1 N−1/r

3

∥∥∥∥∥∥
∥∥∥∥χ(

jN3/2+ξ
N3

) f̂
∥∥∥∥

Lr′
ξ

∥∥∥∥χ(
jN3/2+ξ

N3
)ĝ
∥∥∥∥

Lr′
ξ

∥∥∥∥∥∥
lr′
j

≲ N−α/r
1 N−1/r

3 N2(1/r′−1/q)
3 (N1/N3)

1/r′−2/q∥Π̂k f∥lq
k Lr′

ξ
∥Π̂kg∥lq

k Lr′
ξ

≲ N−α/r
1 N1/r′−2/q

1 N1/r′−1/r
3 ∥Π̂k f∥lq

k Lr′
ξ
∥Π̂kg∥lq

k Lr′
ξ
,

(37)
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where the bilinear estimate (34) is used in the second step. By Lemma 1, the desired (35) with m− is obtained.
We now turn to the case with m+. The high frequency is decomposed into the intervals with length N3.

φ̂(τ)F (Bm+(Wα(t) f , Wα(t)g))

= φ̂(τ)F (PN3(Wα(t)PN1 f ·Wα(t)PN2g))

= ∑
| j1+ j2|≤3

φ̂(τ)F (PN3(Wα(t)PN1ΠN3
j1

f ·Wα(t)PN2ΠN3
j2

g)).

Without loss of generality, we may assume j1 =− j2. From the almost orthogonality property as follows, we see that

∥∥∥∥∥∑j
φ̂(τ)F (PN3(Wα(t)PN1ΠN3

j f ·Wα(t)PN2ΠN3
− jg))

∥∥∥∥∥
Lr′

τ, ξ

≲
∥∥∥φ̂(τ)F (PN3(Wα(t)PN1ΠN3

j f ·Wα(t)PN2ΠN3
− jg))

∥∥∥
lr′
j Lr′

τ, ξ

.

(38)

Once we obtain (38), then the desired estimate with m+ is proven. We now turn to (38). We observe that the support
of φ̂(τ)F [PN3(Wα(t)PN1ΠN3

j f ·Wα(t)PN2ΠN3
− jg)] lies in the set E j where

E j = {(τ, ξ ) : |ξ | ∼ N3, |τ − (2+α)| jN3|1+α ξ |≲Nα
1 N2

3 , | jN3| ∼ N1}. (39)

It’s easy to verify that {E j} is finitely overlapping.
Remark 4 Lemma 4 implies that

∥Bm−(u, v)∥L̂r
t, x

+∥φ(t)Bm+(u, v)∥L̂r
t, x
≲N−α/r

1 N2/r′−2/q
1 N−1/r

3 ∥u∥X̂0, b
r, q

∥v∥X̂0, b
r, q

.

However, with Lemma 5, we can gain a factor N−1/r′

1 N1/r′

3 , which is the key ingredient to control the case N3 ≪ N1.
By Lemma 5, an improved L4-estimates is obtained:
Corollary 2 Let N ≥ 1. We have

∥φ(t)PNu∥L4
t, x
≲N−α/8+∥φ∥L8

t ∩L∞
t
∥u∥

X̂0, 1/2+
2, 4

. (40)

Furthermore, if 4/3 < r ≤ 2, then for b > 1/r

∥φ(t)PNu∥L4
t, x
≲N−α(1/2r−1/8)+∥u∥X̂0, b

r, 4
. (41)
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Proof. We begin with (40). It suffices to prove

∥φ(t)Wα(t)P+
N f∥L4

t, x
≲N−α/8+∥φ∥L8

t ∩L∞
t
∥ f∥M̂0

2, 4
. (42)

Indeed,

∥φ(t)Wα(t)P+
N f∥2

L4
t, x

= ∥φ2(t)Wα(t)P+
N f ·Wα(t)P+

N f∥L2
t, x

≤ ∑
K≥1

∥σK(φ(t)Wα(t)P+
N f , φ(t)Wα(t)P+

N f )∥L2
t, x
.

Then for K = 1, we have by Lemma 3.

∥σ1(φ(t)Wα(t)P+
N f , φ(t)Wα(t)P+

N f )∥L2
t, x

≲ ∥σ1(φ(t)Wα(t)P+
N Πk f , φ(t)Wα(t)P+

N Πk f )∥ℓ2
kL2

t, x

≲
∥∥∥∥φ(t)Wα(t)P+

N Πk f∥2
L4

t, x

∥∥∥
ℓ2

k

≲ ∥φ∥2
L8

t

∥∥∥∥Wα(t)P+
N Πk f∥2

L8
t L4

x

∥∥∥
ℓ2

k

≲ N−α/4 ∥φ∥2
L8

t

∥∥∥∥Πk f∥L̂2
x

∥∥∥2

ℓ4
k

where we applied (22) in the last step. Using Lemma 5, we can solve the case K ≥ 2. Then (40) is obtained by Lemma 1.
We now turn to the proof of (41). Taking r = 4/3 in (24), we have

∥φ(t)PNu∥L4
t, x
≲N−α/4−∥u∥

X̂0, 3/4+
4/3, 4

. (43)

On the other hand, from (40) we get

∥φ(t)PNu∥L4
t, x
≲N−α/8+∥u∥

X̂0, 1/2+
2, 4

. (44)

The interpolation of (43) with (44) yields (41).
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4. Proof of proposition 1
Define the resonant function as

Φ(ξ1, ξ2, ξ3) := ω(ξ1)+ω(ξ2)+ω(ξ3)−ω(ξ1 +ξ2 +ξ3). (45)

We recall the following property.
Lemma 6 [Lemma 4.1, [2]] Assume that ξ1 +ξ2 +ξ3 = ξ and |ξ1| ≥ |ξ2| ≥ |ξ3|. Then

|Φ(ξ1,ξ2,ξ3)| ∼ |ξ1|α |(ξ1 +ξ2)(ξ2 +ξ3)| . (46)

Now we prove Proposition 1 using the estimates in the previous section and the non-resonant structure. For fixed

1 < r ≤ 2 and 0 < ε <
α(r−1)2

210r2 , we set b =
1
r
+ ε and b′ = − 1

r′
+ 2ε without loss of generality. Using the duality

argument, it is equivalent to show

∣∣∣∫ φ̂4(t)u1u2u3vdxdt
∣∣∣≲ 3

∏
j=1

∥u j∥X̂s, 1/r+ε
r, q

∥v∥
X̂−1−s, 1/r′−2ε

r′, q′
. (47)

To simplify notations, we write uN j = φ̂(t)PN j u j for j = 1, 2, 3, and vN = φ̂(t)PNv. By applying the Littlewood-Paley
dyadic decomposition to each term in (47), it is sufficient to show that

∣∣∣∫ uN1uN2uN3vNdxdt
∣∣∣≤C(N1, N2, N3, N)

3

∏
j=1

∥uN j∥X̂s, 1/r+ε
r, q

∥vN∥X̂−1−s, 1/r′−2ε
r′, q′

, (48)

whereC(N1, N2, N3, N) is an appropriate constant that allows summation over all dyadic numbers. After a straightforward
computation, we obtain

∫
uN1uN2uN3vNdxdt =

∫
Γ

3

∏
j=1

ûN j(ξ j, τ j)v̂N(ξ , τ)dµ, (49)

where Γ = {ξ1 + ξ2 + ξ3 = ξ , τ1 + τ2 + τ3 = τ} and dµ represents the induced Lebesgue measure. For a function u
defined on R2, we introduce the following transform:

ũ(x, t) := F−1|û(ξ , τ)|. (50)

Note that ∥u∥X̂s, b
r, q

= ∥ũ∥X̂s, b
r, q

and

∫
Γ

3

∏
j=1

|ûN j(ξ j, τ j)| · |v̂N(ξ , τ)| dµ ∼
∣∣∣∫ ũN1 ũN2 ũN3 ṽN dxdt

∣∣∣ . (51)
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This allows us to make estimates on both the physical and frequency sides. To prove (48), it suffices to prove

∣∣∣∫ ũN1 ũN2 ũN3 ṽN dxdt
∣∣∣≤C(N1, N2, N3, N)

3

∏
j=1

∥uN j∥X̂s, 1/r+ε
r, q

∥vN∥X̂−1−s, 1/r′−2ε
r′, q′

. (52)

By symmetry, we may assume N1 ≥ N2 ≥ N3, which implies N1 ∼ max(N2, N) due to the frequency support of the
functions. Then the summation of dyadic numbers is dominated by

∑
N1, N2, N3, N:N1∼max(N2, N)

C(N1, N2, N3, N)
3

∏
j=1

∥uN j∥X̂s, 1/r+ε
r, q

∥ṽN∥X̂−1−s, 1/r′−2ε
r′, q′

≲
3

∏
j=1

∥u j∥X̂s, 1/r+ε
r, q

∥v∥
X̂−1−s, 1/r′−2ε

r′, q′
.

(53)

Let σ j and σ denote the modulations defined as

σ j = τ j −ω(ξ j), σ = τ −ω(ξ ).

Under the constraints ξ = ξ1 +ξ2 +ξ3 and τ = τ1 + τ2 + τ3, we obtain

τ −ω(ξ ) = τ1 −ω(ξ1)+ τ2 −ω(ξ2)+ τ3 −ω(ξ3)+Φ(ξ1, ξ2, ξ3).

Let

σmax = max{|σ1|, |σ2|, |σ3|, |σ |}.

From the given domain Γ in (49), we may assume that

σmax ≳ |Φ|. (54)

It is time to prove (48) case by case.
Case 1: N1 ≲ 1 or N1 ≫ 1 and σmax ≫ N20r′

1 . These trivial cases can be directly treated.
• N1 ≲ 1, then N2, N3, N≲1 and we have

∣∣∣∫ ũN1 ũN2 ũN3 ṽNdxdt
∣∣∣

≲ ∥ũN1∥L̂r
t, x
∥ũN2∥L̂∞

t, x
∥ũN3∥L̂∞

t, x
∥vN∥L̂r′

t, x

≲ ∥ũN1∥X̂s, 1/r+
r, q

∥ũN2∥X̂s, 1/r+
r, q

∥ũN3∥X̂s, 1/r+
r, q

∥ṽN∥X̂−1−s, 1/r′−2ε
r′, q′

,
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which is summable.
• N1 ≫ 1 and σmax ≫ N20r′

1 . We consider |σ | = σmax, as the other cases follow the same line. Using Hölder’s
inequality yields

∣∣∣∫ ũN1 ũN2 ũN3 ṽNdxdt
∣∣∣

≲∥ũN1∥L̂r
t, x
∥ũN2∥L̂∞

t, x
∥ũN3∥L̂∞

t, x
∥vN∥L̂r′

t, x

≲N−2
1 ∥ũN1∥X̂s, 1/r+

r, q
∥ũN2∥X̂s, 1/r+

r, q
∥ũN3∥X̂s, 1/r+

r, q
∥ṽN∥X̂−1−s, 1/r′−2ε

r′, q′
,

which is summable.
Therefore, we only need to consider

N1 ≫ 1 and σmax≲N20r′
1 (55)

in the following.
Case 2: N1 ≫ N2 ≥ N3.
In this case, we have N1 ∼ N and |Φ| ∼ N1+α

1 |ξ2 +ξ3|. Assuming that σmax≳N1+α
1 |ξ2 +ξ3| in Γ, we obtain

∣∣∣∫ ũN1 ũN2 ũN3 ṽN dxdt
∣∣∣≤ ∑

K

∣∣∣∫ PK(ũN1 ṽN)ũN2 ũN3dxdt
∣∣∣ . (56)

• K≲1 in (56). Since |ξ1 +ξ |= |ξ2 +ξ3|≲1, we have

(56)≲ ∑
|k1+k|≲1

∫ ∣∣(Πk1 ũN1)ũN2 ũN3(ΠkṽN)
∣∣dxdt. (57)

Applying Hölder’s inequality, bilinear estimate (33), and (16), we obtain

(57)≲ ∑
|k1+k|≲1

∥(Πk1 ũN1)ũN2∥L̂r
t, x
∥ũN3(ΠkṽN)∥L̂r′

t, x

≲ ∑
k

N−(1+α)/r
1 ∥Π−kũN1∥X̂0, 1/r+

r
∥ũN2∥X̂0, 1/r+

r

·N−(1+α)/r′

1 ∥ũN3∥X̂0, 1/r′+
r′

∥ΠkṽN∥X̂0, 1/r′+
r′

≲ N−(1+α)
1 N1/r′−1/q

2 N1/r−1/r′

3 N1/r′−1/q
3
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· ∥ũN1∥X̂0, 1/r+
r, q

∥ũN2∥X̂0, 1/r+
r, q

∥ũN3∥X̂0, 1/r+
r, q

∥ṽN∥X̂0, 1/r′+
r′, q′

≲ N−α+α/8r′+
1 N−s+1/r′−1/q

2 N−s+1/r−1/q
3

· ∥uN1∥X̂s, 1/r+
r, q

∥uN2∥X̂s, 1/r+
r, q

∥uN3∥X̂s, 1/r+
r, q

∥vN∥X̂−1−s, 1/r′−2ε
r′, q′

.

(58)

In the last step, we applied the fact that

∥vN∥X̂−1−s, 1/r′+
r′, q′

≲N
α

8r′ +

1 ∥vN∥X̂−1−s, 1/r′−2ε
r′, q′

(59)

due to σmax≲N20r′
1 and 0 < ε <

α(r−1)2

210r2 . If −s+ 1/r− 1/q < 0, the above bound is summable. If −s+ 1/r− 1/q ≥
0, then

(58)≲N−α+α/8r′+
1 N−2s+1−2/q

2 ∥uN1∥X̂s, 1/r+
r, q

∥uN2∥X̂s, 1/r+
r, q

∥uN3∥X̂s, 1/r+
r, q

∥vN∥X̂−1−s, 1/r′−2ε
r′, q′

,

which is summable if s > 1/2−α/2−1/q+α/16r′.
• K≳1 in (56). Since |ξ1 +ξ |= |ξ2 +ξ3| ∼ K≳1, we apply a unit decomposition with length K to the terms ũN1 and

ṽN . Then we obtain

(56)≲ ∑
K

∑
|k1+k|≲1

∫ ∣∣∣∣(ΠK
k1

ũN1)ũN2 ũN3(∑
m

ΠmΠK
k ṽN)

∣∣∣∣dxdt

≲ ∑
K

∑
k

∫ ∣∣∣∣(ΠK
−kũN1)ũN2 ũN3(∑

m
ΠmΠK

k ṽN)

∣∣∣∣dxdt.

(60)

If |σ |= σmax, we have

≲ ∑
K

∑
k

∑
m

∥∥(ΠK
−kũN1)ũN2

∥∥
L̂r

t, x
∥ũN3∥L̂r′

x L̂∞
t

∥∥ΠmΠK
k ṽN

∥∥
L̂∞

x L̂r′
t

≲ ∑
K

∑
k

K1/r′−1/qN−(1+α)/r
1 N1/r′−1/q

2 N1/r−1/q
3 (N1+α

1 K)−1/r′−K1/q

·
∥∥ΠK

−kũN1

∥∥
X̂0, 1/r+

r, q
∥ũN2∥X̂0, 1/r+

r, q
∥ũN3∥X̂0, 1/r+

r, q
∥ΠK

k vN∥X̂0, 1/r′+
r′, q′

≲ N−α+α/8r′

1 N−s+1/r′−1/q
2 N−s+1/r−1/q

3
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(60) · ∥ũN1∥X̂s, 1/r+
r, q

∥ũN2∥X̂s, 1/r+
r, q

∥ũN3∥X̂s, 1/r+
r, q

∥vN∥X̂−1−s, 1/r′−2ε
r′, q′

. (61)

The summation is convergent if s > 1/2−α/2−1/q+α/16r′.
If |σ3|= σmax, then by the bilinear estimate (33), Hölder’s inequality (16), and the bound σmax≳N1+α

1 K, we obtain

(60)≲ ∑
K

∑
k

∑
m
∥(ΠK

−kũN1)ũN2∥L̂r
t, x
∥ũN3∥L̂r′

t, x
∥ΠmΠK

k ṽN∥L̂∞
t, x

≲ ∑
K

∑
k

N−(1+α)/r
1 N1/r−1/r′

3 (N1+α
1 K)−1/r−K1/q

· ∥ΠK
−kũN1∥X̂0, 1/r+

r
∥ũN2∥X̂0, 1/r+

r
∥ũN3∥X̂0, 1/r+

r
∥ΠK

k ṽN∥X̂0, 1/r′+
r′, q′

≲ N1−2(1+α)/r+α/8r′

1 N−s+1/r′−1/q
2 N−s+1/r−1/q

3

· ∥ũN1∥X̂s, 1/r+
r, q

∥ũN2∥X̂s, 1/r+
r, q

∥ũN3∥X̂s, 1/r+
r, q

∥vN∥X̂−1−s, 1/r′−2ε
r′, q′

.

(62)

We can sum over all the dyadic numbers if s > 1− (1+α)/r−1/q+α/16r′.
If |σ2|= σmax, following the proof of the subcase |σ3|= σmax, we get the same restriction for s and r.
If |σ1|= σmax, we employ the bilinear estimate in the space L̂r

t, x due to r ≤ r′. We derive

(60)≲ ∑
K

∑
k

∑
m
∥ΠK

−kũN1∥L̂r
t, x
∥ũN2(ΠmΠK

k ṽN)∥L̂r′
t, x
∥ũN3∥L̂∞

t, x

≲ ∑
K

∑
k

∑
m
(N1+α

1 K)−1/r−N−(1+α)/r′

1 N1/r
3

· ∥ΠK
−kũN1∥X̂0, 1/r+

r
∥ũN2∥X̂0, 1/r′+

r′
∥ũN3∥X̂0, 1/r+

r
∥ΠmΠK

k ṽN∥X̂0, 1/r′+
r′

≲ ∑
k
(N1+α

1 K)−1/r−K1/r′−1/qN−(1+α)/r′

1 N1/r−1/q
2 N1/r

3 N1/r′−1/q
3 K1/q

· ∥ΠK
−kũN1∥X̂0, 1/r+

r, q
∥ũN2∥X̂0, 1/r+

r, q
∥ũN3∥X̂0, 1/r+

r, q
∥ΠK

k ṽN∥X̂0, 1/r′+
r′, q′

≲ N−α+α/8r′+
1 N−s+1/r−1/q

2 N−s+1−1/q
3

· ∥ũN1∥X̂s, 1/r+
r, q

∥ũN2∥X̂s, 1/r+
r, q

∥ũN3∥X̂s, 1/r+
r, q

∥vN∥X̂−1−s, 1/r′−2ε
r′, q′

.

(63)
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Without loss of generality, we may assume that −s+ 1− 1/q ≥ 0, as the result is trivial otherwise. Assume that
N2 ∼ Nθ

1 for N1 ≫ N2 with 0 < θ ≪ 1. Then we have

(63)≲ N−α+
1 Nθ(−2s+1+1/r−2/q)

1 ∥ũN1∥X̂s, 1/r+
r, q

∥ũN2∥X̂s, 1/r+
r, q

∥ũN3∥X̂s, 1/r+
r, q

∥vN∥X̂−1−s, 1/r′−2ε
r′, q′

.

Hence the boundedness is fine provided that

−α +θ(−2s+1+1/r−2/q)< 0. (64)

When |σ1|= σmax, we have other choices for the bilinear estimate. We delve deeper into the connection between N2

and N3 in the following.
Subcase 2.1: N1 ≫ N2 ≫ N3.
If N2 ≫ N3, then K ∼ N2. (60) may also be bounded by

(60)≲ ∑
K

∑
k

∑
m
∥ΠK

−kũN1∥L̂r′
t, x
∥ũN2 ũN3∥L̂r

t, x
∥ΠmΠK

k ṽN∥L̂∞
t, x

≲ ∑
K

∑
k

K1/r−1/r′(N1+α
1 K)−1/r−N−(1+α)/r

2 K1/q

· ∥ΠK
−kũN1∥X̂0, 1/r+

r
∥ũN2∥X̂0, 1/r+

r
∥ũN3∥X̂0, 1/r+

r
∥ΠK

k ṽN∥X̂0, 1/r′+
r′, q′

≲ ∑
k

N1−(1+α)/r−
1 N−s−(1+α)/r+1/r′−1/q

2 N−s+1/r′−1/q
3

· ∥ΠK
−kuN1∥X̂s, 1/r+

r, q
∥uN2∥X̂s, 1/r+

r, q
∥uN3∥X̂s, 1/r+

r, q
∥ΠK

k vN∥X̂−1−s, 1/r′+
r′, q′

≲ N1−(1+α)/r+α/8r′+
1 N−s−(1+α)/r+1/r′−1/q

2 N−s+1/r′−1/q
3

· ∥uN1∥X̂s, 1/r+
r, q

∥uN2∥X̂s, 1/r+
r, q

∥uN3∥X̂s, 1/r+
r, q

∥vN∥X̂−1−s, 1/r′−2ε
r′, q′

.

(65)

We are led to the condition

1− (1+α)/r+θ(−2s− (1+α)/r+2/r′−2/q)< 0. (66)

Subcase 2.2: N1 ≫ N2 ∼ N3.
We localize |ξ2 +ξ3| ∼ K if ξ2 and ξ3 have opposite signs. Hence, (60) can also be bounded by
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(60)≲ ∑
K

∑
k

∑
m
∥ΠK

−kũN1∥L̂r′
t, x
∥PK(ũN2 ũN3)∥L̂r

t, x
∥ΠmΠK

k ṽN∥L̂∞
t, x

≲ ∑
K

∑
k

K1/r−1/r′K1/r′−1/q(N1+α
1 K)−1/r−N−α/r

2 N1/r′−2/q
2 K1/r′−1/rK1/q

·N1N−2s
2 ∥ΠK

−kuN1∥X̂s, 1/r+
r, q

∥uN2∥X̂s, 1/r+
r, q

∥uN3∥X̂s, 1/r+
r, q

∥ΠK
k vN∥X̂−1−s, 1/r′+

r′, q′

≲ N1−(1+α)/r+α/8r′+
1 Nθ(−2s−(1+α)/r+1−2/q)

1

· ∥uN1∥X̂s, 1/r+
r, q

∥uN2∥X̂s, 1/r+
r, q

∥uN3∥X̂s, 1/r+
r, q

∥vN∥X̂−1−s, 1/r′−2ε
r′, q′

,

(67)

where we used the improved bilinear estimate (35) and (16) in the second inequality. We can sum over all the dyadic
numbers provided that

1− (1+α)/r+θ(−2s− (1+α)/r+1−2/q)< 0, (68)

which is stronger than (66). Therefore in the case |σ1|= σmax, (60) is bounded if either (64) or (68) is satisfied.
If r ≤ α +1, then it’s easy to check that (68) is satisfied. In the case r > α +1, substituting s = 1/2−α/2r in (68)

and by direct computation we can check that either (64) or (68) is satisfied if r′ ≤ q ≤ 2r(r−1)(1+α)

r− (1+α)2 . In particular, if

α >
√

r−1, then for r′ ≤ q ≤ ∞, we can sum over all the dyadic numbers.
Case 3: N1 ∼ N2 ≫ N3.
In terms of Lemma 6, we may assume σmax≳N1+α

1 |ξ1 +ξ2| ∼ N1+α
1 K. We have

∣∣∣∫ ũN1 ũN2 ũN3 ṽNdxdt
∣∣∣≤ ∑

K

∣∣∣∫ PK(ũN1 ũN2)ũN3 ṽNdxdt
∣∣∣ . (69)

• K≲1. We have |ξ3 +ξ |≲1. Hence,

(69)≲ ∑
k

N−(1+α)/r
1 ∥ũN1∥X̂0, 1/r+

r
∥Π−kũN3∥X̂0, 1/r+

r

·N−(1+α)/r′

1 ∥ũN2∥X̂0, 1/r′+
r′

∥ΠkvN∥X̂0, 1/r′+
r′

≲ N−2s−α−2/q+α/8r′+
1 N−s

3 N1+s

· ∥uN1∥X̂s, 1/r+
r, q

∥uN2∥X̂s, 1/r+
r, q

∥uN3∥X̂s, 1/r+
r, q

∥vN∥X̂−1−s, 1/r′−2ε
r′, q′

.

Contemporary Mathematics 3554 | Chunyan Huang, et al.



We can sum over all the dyadic numbers provided that s > 1/2−α/2−1/q+α/16r′.
• K≳1. We may assume |σ3| = σmax as other cases are similar and easier. If N3 ∼ N, then we need to localize

|ξ3 +ξ | ∼ K if ξ3 and ξ have opposite signs. Therefore, whether N3 ≫ N, N ≫ N3 or N3 ∼ N, we can use the improved
bilinear estimate (35) to obtain

(69)≲ ∑
K

∑
k

∑
m

∣∣∣∫ ũN1 ũN2(Π
K
−kũN3)(ΠmΠK

k ṽN)dxdt
∣∣∣

≲ ∑
K

∑
k

∑
m
∥ũN1 ũN2∥L̂r

t, x
∥ΠK

−kũN3∥L̂r′
t, x
∥ΠmΠK

k ṽN∥L̂∞
t, x

≲ ∑
K

∑
k

N−α/r
1 N1/r′−2/q

1 K1/r′−1/rK1/r−1/r′(N1+α
1 K)−1/r−K1/r′−1/qK1/q

· ∥ũN1∥X̂0, 1/r+
r, q

∥ũN2∥X̂0, 1/r+
r, q

∥ΠK
−kũN3∥X̂0, 1/r+

r, q
∥ΠK

k vN∥X̂0, 1/r′+
r′, q′

≲ N−2s+1−2(1+α)/r−2/q
1 N−s

3 N1+s

· ∥ũN1∥X̂s, 1/r+
r, q

∥ũN2∥X̂s, 1/r+
r, q

∥ũN3∥X̂s, 1/r+
r, q

∥vN∥X̂−1−s, 1/r′−2ε
r′, q′

.

(70)

Hence, we end up with the condition s > 1− (1+α)/r−1/q.
Case 4: N1 ∼ N2 ∼ N3.
If N1 ∼ N2 ∼ N3 ≫ N, the situation is similar to Case 3. However, a more refined analysis is required when N1 ∼

N2 ∼ N3 ∼ N. Without loss of generality, by symmetry, we may assume that the integration domain is given by

Γ′ = Γ∩{σmax≳N1|(ξ1 +ξ )(ξ3 +ξ )|}∩{|ξ1 +ξ | ≤ |ξ3 +ξ |}. (71)

Therefore, the integration turns to

∣∣∣∣∫Γ′
ûN1 ûN2 ûN3 v̂Ndµ

∣∣∣∣
≤
∣∣∣∣(∫Γ′, |ξ3+ξ |≲1

+
∫

Γ′, |ξ1+ξ |≲1, |ξ3+ξ |≳1
+
∫

Γ′, |ξ1+ξ |≳1, |ξ3+ξ |≳1

)
ûN1 ûN2 ûN3 v̂Ndµ

∣∣∣∣
= : I + II + III.

(72)

• Term I. Using Corollary 4 in [14] and |ξ1 +ξ | ≤ |ξ3 +ξ |≲1 yields for 1 < r ≤ ∞
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I≲ ∑
k

∣∣∣∫ (ΠkũN1)(Π−kũN2)(ΠkũN3)(Π−kṽN)dxdt
∣∣∣

≲ ∑
k

∥∥(ΠkũN1)(Π−kũN2)(ΠkũN3)
∥∥

L̂r
t, x

∥Π−kṽN∥L̂r′
t, x

≲
(

3

∏
j=1

N−α/3r
j

∥∥ũN j

∥∥
X̂0, 1/r+

r, q

)
∥ṽN∥X̂0, 1/r′−2ε

r′, q′

≲ N−α/r−2s+1
1

3

∏
j=1

∥uN j∥X̂s, 1/r+
r, q

∥vN∥X̂−1−s, 1/r′−2ε
r′, q′

.

(73)

The summation is convergent if s ≥ 1/2−α/2r, which is the strongest condition in this paper.
• Term II. Since |ξ1 +ξ |≲1 and |ξ3 +ξ |≳1, we may assume |ξ3 +ξ |= |ξ1 +ξ2| ∼ K≳1. Then the term II implies

II≲∑
k

∑
K≳1

∣∣∣∫ PK(ΠkũN1 ũN2)PK(Π−kṽN ũN3)dxdt
∣∣∣ . (74)

Since |ξ1+ξ2| ∼K and |ξ1−k| ≤ 1, ξ2 is localized in an interval centered at−k with length∼K. Similarly, |ξ3+ξ | ∼
K and |ξ +k| ≤ 1, implying that ξ3 is localized in an interval centered at k with length ∼ K. Therefore, it is equivalent to
express ũN2 as ΠK

−k/K ũN2 , and ũN3 as ΠK
k/K ũN3 . By using (34) and (16), Term II (74) turns to

II≲ ∑
k

∑
K

∣∣∣∫ PK(ΠkũN1ΠK
−k/K ũN2)PK(Π−kṽNΠK

k/K ũN3)dxdt
∣∣∣

≲ ∑
k

∑
K
∥PK(ΠkũN1ΠK

−k/K ũN2)∥L̂r
t, x
∥PK(Π−kṽNΠK

k/K ũN3)∥L̂r′
t, x

≲ ∑
k

∑
K

N−α/r
1 K−1/rN−2s+1

1 ∥ΠkũN1∥X̂s, 1/r+
r

∥ΠK
−k/K ũN2∥X̂s, 1/r+

r

·N−α/r′

1 K−1/r′∥ΠK
k/K ũN3∥X̂s, 1/r′+

r′
∥Π−kṽN∥X̂−1−s, 1/r′+

r′

≲ N−2s+1−α+α/8r′+
1 ∥uN1∥X̂s, 1/r+

r, q
∥uN2∥X̂s, 1/r+

r, q
∥uN3∥X̂s, 1/r+

r, q
∥vN∥X̂−1−s, 1/r′−2ε

r′, q′
.

This case is fine provided that s > 1/2−α/2+α/16r′.
• Term III. We localize |ξ1+ξ |= |ξ2+ξ3| ∼K1 and |ξ3+ξ |= |ξ1+ξ2| ∼K2 for dyadic numbers 1≲K1 ≤K2, which

implies σmax≳Nα
1 K1K2. We first discuss the case when |σ1|= σmax.

|σ1|= σmax. We have
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III≲∑
k

∑
1≲K1

∣∣∣∫ ΠK1
k ũN1PK1(ũN2 ũN3)Π

K1
−kṽNdxdt

∣∣∣ . (75)

We observe that ξ1 is located in an interval centred at kK1 with length ∼ K1. Therefore, |ξ1 +ξ2| ∼ K2 implies that
ξ2 is located in an interval centred at −kK1 with length ∼ K2. Similarly, since |ξ3 + ξ | ∼ K2, then ξ3 is located in an
interval centred at kK1 with length ∼ K2. Thus, ũN2 and ũN3 are rewritten as ΠK2

−kK1/K2
ũN2 and ΠK2

kK1/K2
ũN3 , respectively.

Hence, we have

(75)≲ ∑
k

∑
K1≤K2

∣∣∣∫ (ΠK1
k ũN1)PK1(Π

K2
−kK1/K2

ũN2ΠK2
kK1/K2

ũN3)(Π
K1
−kṽN)dxdt

∣∣∣
≲ ∑

k
∑

K1≤K2

∥∥∥ΠK1
k ũN1

∥∥∥
L̂r′

t, x

∥∥∥ΠK2
−kK1/K2

ũN2ΠK2
kK1/K2

ũN3

∥∥∥
L̂r

t, x

·
∥∥∥∥∑

m
ΠmΠK1

−kṽN

∥∥∥∥
L̂∞

t, x

≲ ∑
k

∑
K1≤K2

K1/r−1/r′

1 (Nα
1 K1K2)

−1/r−K1/r′−1/q
1

∥∥∥ΠK1
k ũN1

∥∥∥
X̂0, 1/r+

r, q

·N−α/r
1 K1/r′−1/r

1 max(1, K1/r′−2/q
2 )

∥∥∥ΠK2
−kK1/K2

ũN2

∥∥∥
X̂0, 1/r+

r, q

∥∥∥ΠK2
kK1/K2

ũN3

∥∥∥
X̂0, 1/r+

r, q

·K1/q
1

∥∥∥ΠK1
−kṽN

∥∥∥
X̂0, 1/r′+

r′, q′

≲ ∑
k

∑
K1≤K2

N−2s+1−2α/r+α/8r′+
1 K1/r′−1/r−

1 K1/r′−1/r−2/q−
2

∥∥∥ΠK1
k ũN1

∥∥∥
X̂s, 1/r+

r, q

· ∥ũN2∥X̂s, 1/r+
r, q

∥ũN3∥X̂s, 1/r+
r, q

∥∥∥ΠK1
−kṽN

∥∥∥
X̂−1−s, 1/r′−2ε

r′, q′

≲ N−2s+1−2α/r+α/8r′+
1 ∥uN1∥X̂s, 1/r+

r, q
∥uN2∥X̂s, 1/r+

r, q
∥uN3∥X̂s, 1/r+

r, q
∥vN∥X̂−1−s, 1/r′−2ε

r′, q′
,

where, in the third step, we applied the improved bilinear estimate (35). We end up again with the condition s > 1/2−
α/r+α/16r′.

|σ2|= σmax. If K1 ≤ K2, we need to localize |ξ1 +ξ3| ∼ K3 if ξ1 and ξ3 have different signs.
If K3 ≤ K1, then ξ2 and ξ3 can be confined to intervals of size K1. Specifically, since ξ1 is contained in an interval

centered at kK1 with length ∼ K1 and satisfies | ξ1+ ξ3 |∼ K3, it follows that ξ3 is located in an interval centered at −kK1

with length∼ K1. Furthermore, given that |ξ2 +ξ3| ∼ K1, we conclude that ξ2 lies within an interval centered at kK1 with
length ∼ K1. Thus, we obtain
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III≲∑
k

∑
K1≤K2

∣∣∣∫ (ΠK1
k ũN1)(Π

K1
k ũN2)(Π

K1
−kũN3)(Π

K1
−kṽN)dxdt

∣∣∣ . (76)

First, for 1 ≤ r < ∞, we apply Corollary 5 in [14] with r = 1 and derive

(76)≲ ∑
k

∑
K1≤K2

∥∥∥(ΠK1
k ũN1)(Π

K1
k ũN2)(Π

K1
−kũN3)

∥∥∥
L̂1

t, x

∥∥∥∥∑
m

ΠmΠK1
−kṽN

∥∥∥∥
L̂∞

t, x

≲ ∑
k

∑
K1≤K2

N−α
1

∥∥∥ΠK1
k ũN1

∥∥∥
X̂δ , 1+

1, ∞

∥∥∥ΠK1
k ũN2

∥∥∥
X̂0, 1+

1, ∞

∥∥∥ΠK1
−kũN3

∥∥∥
X̂0, 1+

1, ∞

∥∥∥ΠK1
−kṽN

∥∥∥
X̂0, 0

∞, 1

≲ N−2s+1−α+
1 ∥uN1∥X̂s, 1+

1, ∞
∥uN2∥X̂s, 1+

1, ∞
∥uN3∥X̂s, 1+

1, ∞
∥vN∥X̂−1−s, 0

∞, 1
.

(77)

For q ≥ 2, by (41), we have

(76)≲ ∑
k

∑
K1≤K2

∥∥∥(ΠK1
k ũN1)(Π

K1
k ũN2)(Π

K1
−kũN3)

∥∥∥
L1

t, x

∥∥∥∥∑
m

ΠmΠK1
−kṽN

∥∥∥∥
L∞

t, x

≲ ∑
k

∑
K1≤K2

∥∥∥ΠK1
k ũN1

∥∥∥
L4

t, x

∥∥∥ΠK1
k ũN2

∥∥∥
L2

t, x

∥∥∥ΠK1
−kũN3

∥∥∥
L4

t, x

∥∥∥∥∑
m

ΠmΠK1
−kṽN

∥∥∥∥
L∞

t, x

≲ ∑
k

∑
K1≤K2

N−α/8+
1

∥∥∥ΠK1
k ũN1

∥∥∥
X̂0, 1/2+

2, 4

(Nα
1 K1K2)

−1/2−
∥∥∥ΠK1

k ũN2

∥∥∥
X̂0, 1/2+

2

·N−α/8+
1

∥∥∥ΠK1
−kũN3

∥∥∥
X̂0, 1/2+

2, 4

K1/q
1

∥∥∥ΠK1
−kṽN

∥∥∥
X̂0, 1/2+

2, q′

≲ ∑
k

∑
K1≤K2

N−2s+1−3α/4+
1 K1/q

1 (K1K2)
−1/2− max(1, K1/2−2/q

1 )K1/2−1/q
1

·
∥∥∥ΠK1

k ũN1

∥∥∥
X̂s, 1/2+

2, q

∥∥∥ΠK1
k ũN2

∥∥∥
X̂s, 1/2+

2, q

∥∥∥ΠK1
−kũN3

∥∥∥
X̂s, 1/2+

2, q

∥∥∥ΠK1
−kṽN

∥∥∥
X̂−1−s, 1/2+

2, q′

≲ N−2s+1−3α/4+
1 ∥uN1∥X̂s, 1/2+

2, q
∥uN2∥X̂s, 1/2+

2, q
∥uN3∥X̂s, 1/2+

2, q
∥vN∥X̂−1−s, 1/2−2ε

2, q′
.

(78)

Using the interpolation between (77) and (78), we see that for 1 ≤ r ≤ 2.

(76)≲ N−2s+1−α/2−α/2r+
1 ∥uN1∥X̂s, 1/r+

r, q
∥uN2∥X̂s, 1/r+

r, q
∥uN3∥X̂s, 1/r+

r, q
∥vN∥X̂−1−s, 1/r′−2ε

r′, q′
. (79)
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Hence, it is summable if s > 1/2−α/4−α/4r.
If K3 ≥ K1, then we can localize ξ2 and ξ3 to intervals of size min(K2, K3). Without loss of generality, we assume

K3 ≤ K2. Indeed, since |ξ1 +ξ3| ∼ K3, and ξ1 is located in an interval centred at kK1 with length ∼ K1, then ξ3 is located
to an interval centred at −kK1 with length ∼ K3. On the other hand, since |ξ2 + ξ3| ∼ K1, then ξ2 is located to interval
centred at kK1 with length∼K3. ũN2 is rewritten asΠK3

kK1/K3
ũN2 and ũN3 asΠK3

−kK1/K3
ũN3 in this case. Thus, by the improved

bilinear estimate (35) we have

III≲ ∑
k

∑
K3≳K1

∑
K1≤K2

∣∣∣∫ (ΠK1
k ũN1)(Π

K3
kK1/K3

ũN2)(Π
K3
−kK1/K3

ũN3)(Π
K1
−kṽN)dxdt

∣∣∣

≲ ∑
k

∑
K3≳K1

∑
K1≤K2

∥∥∥(ΠK1
k ũN1)(Π

K3
−kK1/K3

ũN3)
∥∥∥

L̂r
t, x

∥∥∥ΠK3
kK1/K3

ũN2

∥∥∥
L̂r′

t, x

∥∥∥∥∑
m

ΠmΠK1
−kṽN

∥∥∥∥
L̂∞

t, x

≲ ∑
k

∑
K3≳K1

∑
K1≤K2

N−α/r
1 K−1/r

3 K1/r′−1/q
1 K1/r′−1/q

3

∥∥∥ΠK1
k uN1

∥∥∥
X̂0, 1/r+

r, q

∥∥∥ΠK3
−kK1/K3

uN3

∥∥∥
X̂0, 1/r+

r, q

·K1/r−1/r′

3 (Nα
1 K1K2)

−1/r−K1/r′−1/q
3

∥∥∥ΠK3
−kK1/K3

uN2

∥∥∥
X̂0, 1/r+

r, q

·K1/q
1

∥∥∥ΠK1
−kvN

∥∥∥
X̂0, 1/r′+

r′, q′

≲ N−2s+1−2α/r+α/8r′+
1 ∥ũN1∥X̂s, 1/r+

r, q
∥ũN2∥X̂s, 1/r+

r, q
∥ũN3∥X̂s, 1/r+

r, q
∥ṽN∥X̂−1−s, 1/r′−2ε

r′, q′
.

We find the condition s > 1/2−α/r+α/16r′. We complete the proof.

5. Conclusion
In conclusion, we investigate the Cauchy problem for the dispersion-generalized modified Benjamin-Ono equation

with low-regularity initial data. To achieve this, we employ a function space, the generalized Fourier-Lebesgue space
M̂s

r, q(R), which unifies the modulation and the Fourier-Lebesgue spaces. A crucial aspect of our approach is an improved
bilinear estimate, which plays a key role in establishing well-posedness via perturbation arguments. Our results refine
and extend previous studies and provide a broader framework for analyzing various type of dispersive equations in low-
regularity settings.
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