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Abstract: In this paper, we study the related properties of the solutions of a class of generalized Schrédinger-Born-Infeld
system. In contemporary theoretical physics, the Schrodinger-Born-Infeld system also plays an active and important
role. The coupling problem between the Schrodinger equation and the logarithmic type Born-Infeld equation gives rise to
insights and new ideas about how space-time geometry and matter interactions can be coupled. Our work is to describe the
interaction between matter and electromagnetic field from a dualistic viewpoint. We will synthetically apply variational
methods, truncation techniques and other analytical tools to establish the existence and asymptotic behavior of solutions
for the coupled system under certain conditions. Our studies will unveil a broad spectrum of systems of elliptic equations
with logarithmic nonlinearity and rich properties and structures, which present new challenges.
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1. Introduction

In this paper, we investigate the following system
—Autut+Apu=f(u), x€R3,

v Y ) a2 3
\% (1_£|V¢|2>—lu, x € R, (1

u(x) =0, ¢(x) =0, as [x| — oo,

where physical parameter A > 0, u is a scalar function, ¢ is a potential function, f € €!(R, R) is a general nonlinearity
that satisfies the famous Berestycki and Lions conditions in [1]. System (1) is generated by the coupling of the
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Schrodinger equation and the logarithmic Born-Infeld equation [2, 3], which describes the interaction between matter
and electromagnetic from a dualistic point of view. System (1) is a variation of the famous Schrédinger-Maxwell system
introduced in [4]. In fact, the logarithmic Born-Infeld Lagrangian replaces the general Maxwell Lagrangian in system (1)
and we will consider the electrostatic solution.

In recent years, research on Born-Infeld nonlinear electrodynamics has seen significant activity. Originally proposed
by Born and Infeld [5], the theory was introduced to address the energy divergence problem associated with point
charges in Maxwell electrodynamics, offering a framework to model the electron as a finite-energy point charge. A
distinctive feature of Born-Infeld electrodynamics is its inherent electromagnetic asymmetry: while it supports finite-
energy electric point charges, it excludes the possibility of finite-energy magnetic monopoles. This asymmetry provides a
unique opportunity to modify Maxwell theory, preserving finite-energy electric charges while eliminating their magnetic
counterparts. In modern theoretical physics, the Born-Infeld theory has found important applications beyond its original
context. For instance, it naturally arises in string theory and brane dynamics [6, 7], where it describes the nonlinear
behavior of gauge fields on D-branes. Additionally, the conceptual framework of Born-Infeld theory has inspired attempts
to modify the Einstein-Hilbert action in gravity, aiming to regularize singularities and address fundamental issues in
gravitational theory [8].

We work on the Minkowski spacetime, characterized by its temporal and spatial coordinates x° = ¢, (x') =x, i =
1, 2, 3. The metric (nyy) = diag(1, —1, —1, —1). The Maxwell electromagnetic action density is

1 1
gM:_ZF[LVF“v: E(EZ_B2)7 u, VZO, 172737

where Fj,y = duAy — dyAy, dy denotes the partial derivative with respect to x,, and A, is the gauge field. Additionally,
E, B are the magnetic field and electric field respectively.
Take the charge density as p, the associated Maxwell equations are

JB
V-B=0, 5= ~VxE=0, ©)
V-D=p, %—?—Vxﬂz-j, (3)

among then, D and H represent the electric displacement and magnetic intensity fields, respectively, and j is current
density. Moreover, we have the equation relating the pairs D, H, E, B

D=¢(E,B)E, B=u(E, B)H,

where €(E, B) =1'(%y), L(E,B)= m are the field-dependent dielectric and permeability coefficients, respectively.

Significantly, the function [ satisfies the normalization condition [9]
1(0)=0, 1(0)=1. “4)

In this paper, we consider the electrostatic case, according to (2), we have
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E=-Vp, L= 5132. (5)
And
(i) = P11~ 00 ©

where b > 0 is a Born parameter. It is called logarithmic model [3, 5, 9, 10] in Born-Infeld theory and belongs to a well-
known Born-Infeld-like nonlinear electrodynamics [11]. This model was proposed to study exact solutions of spherically
symmetric static black hole. And logarithmic electrodynamics are characterized by having a finite self-energy solution
for a point-like charge [12], they predict a birefringence effect in the presence of an electromagnetic background field. In
particular, the model can be viewed as a slight variation of the classical Born-Infeld theory. However, from a mathematical
perspective, the Born-Infeld theory is highly nonlinear in structure, making it one of the most challenging problems to
analyze.
Obviously, (6) satisfies the normalization condition (4), then from the relation (3), we get

D= E
I LIEP

By calculation, without loss of generality, taking the Born parameter b = 1 yields

vo \
_V'<1—§|V¢2>_p' v

It is evident that the logarithmic Born-Infeld equation (7), as the second equation of the problem (1) we are studying,
exhibits singularity.

In order to find the solution of the problem (1), we will choose a variations method with constraints to calculate.
Under the appropriate assumption of f, the action functional of system (1) is as follows

1 [ A 1 [ 1 ‘
7 (1, 9) = E/M (IVul + ) dx+§/R3¢u2dx+§/R3 In(1 — §|V¢\2)dx—/R}F(u)dx, @®)

where F(u) = [y f(¢)dz. The functional space X is
X=D" (RN {¢p € ¢"(R*)||V|. < a}, ©)

where 0 < o < /2 is a constant, D'2(R3) is the completion of €*(R?) with respect to the norm |V - |5, the norm in
D'2(IR?) is defined as follows
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Jollo e = ( [, FoPax) (10

The weak solution of system (1) is a pair (u;, ¢;) € H'(R?) x X, where A > 0, such that
Jrs (Vuy - Vv+uy v+ Adpupv)dx = [pa f(up )vdx, v € 65 (R?),

(11
Jrs %dx — A Jpa 12 @, 0 €C(R3).

Noting that the functional .#) (8) has the strongly indefinite nature. We employ space
H(R?) = {ueH' (R3)| u is radially symmetric}

and the standard inner product and norm on H, (R?) are defined as follows

(u,v) = /R3 (Vu-Vv+uv)dx, |ul|= (/]R3(|VM|2+ |u2)dx) 7_ (12)

Moreover, for any u € H!(IR3), the solution for the second equation in system (1) is also radial. Therefore, define
the following set

X, (R*) = {¢ € X| ¢ is radially symmetric} .

In [13], Yu considered the coupling of the Klein-Gordon with the Born-Infeld lagrangian and studied the electrostatic
case expressed by the following system

—Au+(m? —(0+¢)*)u=|uP"'u, xeR3

—div (\/:TTW) =u*(w+¢), xeR?

u(x) =0, ¢(x) — 0, as X — oo,

According to the form of the second equation, the variational method can not be applied in the usual function space.

This limitation arises because the term 1/+/1—[V¢(x)|? is well-defined only for x € R? satisfying |V (x)| < 1. As
a result, this inequality must be treated as an essential constraint within the functional framework. In both bounded

smooth domain case and R? case, he obtained the existence of the least-action solitary waves via variational approach and
perturbation method.

In [14], Li et al. considered the following Schrodinger-Born-Infeld system
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—Au+tu+Apu= f(u), x € R3,

_div| =Y ) — 2.2 3

dlv<W>—lu, x € R’ (13)
u(x) =0, ¢(x) =0, as |x| — oo,

where A > 0. Using variational methods, they established the existence of nontrivial solutions for small values of A and
analyzed the asymptotic behavior of these solutions as A approaches zero.

In [15], Azzollini et al. studied the problem of 2 = 1 and f(¢) = |t|?~% with p € (3, 6) in system (13). They used a
monotonicity trick [16, 17] and variational approach to obtain a radial ground state solution.

In[18], Liu and Siciliano focused on a special form of system (13), namely the system of A = 1 and the nonlinear term
f(u)+ p|u|*u, where p > 0. By employing a novel perturbation approach, they established the existence and multiplicity
of nontrivial solutions in both subcritical and critical cases. Regarding similar issues, we can also refer to [19, 20] and
their relate literatures.

In [21], Dai and Zhang discussed the existence of solutions to a nonlinear problem involving an exponential model
of the Born-Infeld nonlinear electromagnetism.

In [2], Ye studied the logarithmic equations in Born-Infeld nonlinear electromagnetism, and proved the existence
and related properties of solutions in the entire three-dimensional space using techniques such as variational methods and
convex function analysis. This is the early results of our research team.

In [22], Yousif et al. applied the logarithmic non-polynomial spline numerical method to solve the nonlinear non-
homogeneous time fractional order Burgers-Huxley equation.

To our knowledge, system (1) is not commonly seen. The primary challenge in this work lies in the fact that, despite
the variational structure of system (1), standard variational methods cannot be directly applied. Firstly, this is primarily
due to the nonlinear nature of the electrostatic potential equation in the system. Compared with the general Poisson
equation, the solution ¢, («) of the second equation in system (1) lacks both homogeneity properties and an explicit
formula. As a result, the scaling transformation method cannot be applied. Secondly, using a perturbation approach,
when f(z) satisfied a generalized Ambrosetti-Rabinowitz condition, the existence of bounded Palais-Smale sequences
obtained in [18]. However, under our assumptions, for general nonlinear term, the range of p belongs to (2, 6) and the
asymptotically linear growth, the method is not applicable, we need to find other ways to prove the boundedness of Palais-
Smale sequence. We will synthetically apply variational methods, truncation techniques [23-26], the monotonicity trick
of Jeanjean [16] and other analytical tools. To ensure the existence of bounded Palais-Smale sequence of the functional
associated to system (1), so we need to constraint parameter A. In this way, our work is unusual.

In this paper, we will prove that when A is small enough, system (1) has at least one nontrivial solution, and when A4
tended to zero, these solutions will converge to a nontrivial solution for a class of Schrodinger equation associated with
it.

We assume that the nonlinear term f satisfies the following conditions

(f )fe%(R R) and f(¢)t >0 fort € R;
(f2) Timy o 4 = timy, ... 26 = o;
(f3) There exists a constant 7y > 0 such that F(1p) > —1, where 0 < vy <2, F(t) = [ f(E)dE;

(f4) There exists a constant v, > 3 such that 0 < v F(¢) < f(¢)t, forr € R.

Now, we state our main results.

Theorem 1 Assume that f satisfies (f1) — (f3), then there exists A9 > 0 such that for every A € (0, 49), (1) has at
least one nontrivial solution (1, ¢, ) € H!(R?) x X,..
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Theorem 2 Assume that f satisfies (f1) — (fa), then for every A € (0, Ay), (1) has at least one radial ground state
solution.

Theorem 3 Assume that f satisfies (f1) — (f3), then for every A € (0, Ag) the solution (u, , ¢, ) obtained in Theorem
1.1 corresponding to A — 0 satisfies

uy, — iin H (R?), ¢, —0in DV2(R?),

where ii € H! (R?) is a nontrivial solution of the following Schrédinger equation

—Au+u=f(u),x €R>. (14)

Remark 1 Under the conditions of Theorems 1-2, the solutions (u,,, ¢, ) are classical. That is to say, both of u and
0, belong to €2 (IR3).

This paper is organized as follows. In Section 2, we will present some related lemmas and the variation setting. We
will use techniques such as monotonicity and truncation to study the minimizer (¢, u; ) of system (1). In Section 3, we
will prove Theorem 1.1, Theorem 1.2 and Theorem 1.3, respectively.

Throughout this paper, we use C,, g € [2, 6] to denote the constant of Sobolev’s imbedding from H!(R?) to

L4(R?). For any q € [, +oo|, the standard L¢(R*) norm is denoted by |- |,. The constant of Sobolev’s imbedding

. IVo[3
W = 1nf(P€D|>2(R3)\{O} ‘T‘éz

2. Preliminary

In this section, we develop a variational formulation to analyze system (1). Since the functional .#) is strongly
indefinite, apply the method for the classical Schrodinger-Poisson system (see [4, 23, 27-30] for more details) to system

(1.

For every u € H! (R?) and A > 0, we define the following functional

E,W(gb):/R}—ln(l—%|V¢|2)dx—A/R3¢u2dx. (15)

According to Theorem 1.3.1, Theorem 1.3.2 and Lemma 3.4.1 in [2], we can know that the functional E) , has a
unique nonnegative minimizer ¢, (x) on X, and E; , <0, ¢, () € X,. At the same time, ¢ (u) is also the unique weak
solution ¢, (u) € X, of the following equation

v
v (T ) oal, xeRueH (B,
1—3[Vo[?

Hence, system (1) can be simplified into the following equation

—Au+tut A0y (w)u=f(u), xecR
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Furthermore, by Holder inequality, %s < —In(l- %s) < 7L, Vs €0, 2) and Sobolev’s embedding inequality, we

have

1 _1
VOB <A [ o welde AW A, IV, ()l Vue (R, (16)
SO we can get

Vs ()] < 2AW3C, ||ul®,  Vu € H) (RY), (17)

5

Lemma 1 Ifu, — uin H' (R3), then for every 2 > 0,

(i) 92 (1) — 92, (u) in L= (R);

(i) Jrs 2 (n)utndx — [ §. ()i dx, s @3 (n)uvdx — [zs ¢ (w)uvdx, v € H} (R?).

Proof. (i) Through Lemma 3.4.3, Lemma 3.4.4 and Lemma 3.4.5 in [2], we can obtain that if (u,), C LP(R?) with

p €1, +), and u, — u in LP(R3), then ¢ (u,) converges to weakly in X and uniformly in R®. Therefore, (i) can be
directly obtained. For (ii), observe that uniformly in v € H!(R?), by Hélder inequality, we have

102 o= g wplllax < [ 10 () s = I+ [ 163 () = 02 00l 1dx = 001,
JR R R

therefore, we obtain [p3 @ (u,)u,vdx — [ps @ (u)uvdx. Similarly, we have the first conclusion of (ii) in Lemma 2.1.
Similar to the discussion on Proposition 2.4 in [15], we have the following lemma.
Lemma 2 The functional

A
B = 3, 03w = 5 [P+ 5 [ oplax+ 3 [ (=S Piax— [ Faax  (9)

is of class ¢! and its Fréchet derivative at u € H!(R?) is given by

<I//1(u),v>:/RS(Vrov+uv+l¢x(u)uv)dxf/R3f(u)vdx, v € H) (R?). (19)

Lemma 3 Let A > 0 be fixed,
() if (uy, ¢;) € H! (R?) x X, is a weak solution of system (1), then ¢, = @ (u;) and u,, is a critical point of I ;
(ii) if u; € H!(R?)\ {0} is a critical point of I, then (u;, ¢5 (1)) is a weak nontrivial solution of system (1).
Proof. (i) This result can be obtained from Lemma 3.2.4 in [2] and Lemma 2.2.
(ii) Finding the weak solution of system (1) is equivalent to finding the critical point of functional I; on H!(R3). To
verify the mountain pass geometric structure of the functional /), we will use truncation method to handle the nonlocal
term ¢, (u). Now, we define the truncation function x € ([0, +<o], [0, 1]) to satisfy
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20)
0, sef2+),

—2<x'(s) <0, s€][0,+oo).

For each constant 7 > 0 and u € H!(R?) , we define the function

ar =z ()

and the truncated functional renders

1
7w = 3 JulP = 3er(Ga )~ [ Fluax @
where the functional G, (1) =E;_, (93 («)). Accordingto (f1) and (f>), we can see that the functional I, € ¢’ (H; (R?),R),
and Fréchet derivative at u € H (R?) as follows
@y =(1- 22456, w) [ (vu-vv v
A T2 T2 A R
+Agr(u) /2 Oy (u)uvdx — /% f(uvdx, Wve HY(R?). (22)
R’ R?
Then uy, € H'(R?) is a critical point of I] , which is equivalent to the pair (3, 95 (1)) € H} (R?) x X, is a weak
solution of

(~autu) (1= 7' (WEVE; () + Aer(wou=f(uw), xeR,

_v.[ Y ) .2 3 23
\% <15|V¢|2>—lu, x € R, (23)

u(x) =+ 0, ¢(x)—0

as |x| — eo.

In light of the definition of ), we can see that

L(u) =13 (u) and I (u) = (I7)'(u), if lul| <T.
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The proof is completed.

Under the assumptions of (f;) — (f4), we will establish the boundedness of Palais-Smale (PS) sequences for
functional I{ through Lemma 2.4 [16, 17, 31].

Lemma 4 Let B be Banach space and let £ C R™ is an interval. Consider the family of %" -functionals on B

() = J(u) — K (), V€,

where K (u) > 0 and either J(u) — o0 or K(u) — +o0 as ||u|| — 4o, and such that 7, (0) = 0. For any u € X, we set

Iy ={ye ([0, 1], B)[¥(0) = 0, L (y(1)) < 0}. 24

If for every u € X the set I'; is nonempty and

cu= Ylenrfu ,Q&’i]lﬂ(ﬂ’)) >0, (25)

then there is a sequence {w, } C B such that
(1) {w,} is bounded in B;
(i) Iy (wn) = cus
(iii) I, (wy) — 0in B~', where B~ is the dual of B.
In our case, let B = H!(R?), we define the following perturbed functional

Ty (u) =13, () = J () — pK (), (26)

where

T) = 3 P = 3er )Gy (), Klw) = [ Fua.

By (f1), we can deduce that K () > 0. In view of the definitions of g7 and G,, we get J(u) — 4o as |ju|| — «. By
(26), it is easy to obtain that /,,(0) = 0.

To apply Lemma 2.4, it is essential to determine an interval X that meets the required criteria for our analysis. That
is, for any y € ¥, (24) and (25) hold. As a consequence of (f3), there exists a function & € H (R*) such that [ps F(&1)dx >
v-1a[3. Then there exists n € (0, 1) such that

' al3
n / F(a)dx > X2, 27)
R3 Vi

Consequently, we obtain the interval £ = [n, 1], which will be shown to satisfy the required conditions.

Lemma 5 Forany u € X = [n, 1], (24) and (25) are valid.

Proof. Firstly, let’s verify that (24) holds. Forevery u € [n, 1], setiio = ug( ;) with p > 0. Define 3: [0, 1] — H!(R3)
and
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(28)

It is easy to see through calculation that 7}y is a continuous path from O to iy. Due to the definition of functional G,
and (2.3), we have

2wl v < —/1/% 0, (MV2dx < G, (v) <0, Wve H (RY).
5 R

(29)
According to the definition of g7, (28) and (29), one has
T 1 2 1
L ,(0(1) = §||Yo(1)|| _EgT(YO(l))Gl(YO(l))_.u/R3F(VO(1))dX
1
< 5PV +p o) —np® [ Flun)ax

Vuy Z24+p3 ug Z _

o e ) L e RS T (30)
pIVuo3+p3uol3\ _ T .

Let p > 0 large enough, we get ¥ - = 0, from (27), we can see that I; u(y()(l)) < 0. Obviously,

% € I'y, foreach u € [n, 1].

Next, let’s prove that (25) is valid. By (f1) and (), it can be inferred that there exists ag > 0, for every € € (0, 1)
such that

€
0<F(t) < Et2+agt6, tER.
Thus, we have

7 ) = 3 lulP = 380Gy~ [ Flujax

1
> Sl = [ Fluax
> L8 = e e, 31)
=2 &

From this, there exists a sufficiently small d > 0 such that for every u € H} (R?) with 0 < ||u|| <d and u € [n, 1],
giving rise to I] u (1) > 0. Moreover, for any ||u|| = d, one has
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1—¢
1] () > ——d*— %dé >0.

Now fix y € Iy, it is obviously that ||y(1)|| > d, since y(0) = 0 and I;ﬂ(y(l)) < 0. Because 7 is a continuous
function, we know that there exists #, € (0, 1) such that ||y(ty)|| = d. Then

1—¢ a
ou > ——d' = 5d° >0, (32)

Thus, (25) holds.

According to Lemmas 2.4-2.5, it can be seen that for each u € [n, 1], there exists a bounded (PS),
{un} C H}(R?) for the functional I} .

Lemma 6 There exists A7 > 0 such that for any u € [n, 1] and A € (0, Ar), each bounded (PS) sequence of I{ u
admits a convergent subsequence.

m sequence

Proof. Let {u, } be a bounded (PS) sequence of I{ ur e know from Lemma 2.4 that
I{’u(un) is bounded, (I{_’u)'(un) —0in (H'(R*))*, (33)

among then, the Fréchet derivative of I/{ u at u, is as follows

<(I{7u)/(uﬂ)7 V> = <1 - ;X’(W)GMuﬂ) '/R3(Vu,,~Vv+unv)dx

FAgr(u) [ galuuvdx—p [ flunvdx, v e @), (4
Up to a subsequence, we assume that there exists u € H!(R?) such that
uy = win HH(RY);  wu, = uwin LY(R3), ¢ € (2,6); uy(x) = u(x) a.e. x € R3.
From (12) and (34), one has

0= (1] ) (0n) = (1] )/ w), s — )

1 u, ||?
— (1 a2 5300600 ) o - u?

u 2 Uy 2
+(or 630~ o 160 ) )
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g () [ ga (i, —u)dx —Rgr () [0 (w)ulu, ~ u)ax

+.U/R3(f(u)—f(u,,))(un—u)dx, as n — oo, 9
We estimate (35) below. By (20) and (29), we have

1
Ogﬁ

[vII?

X/(ﬁ

)G, (v)‘ < 4)L2W—lc‘1;2 T2 =0, WeHNRY), asA —0.

Therefore, we can conclude that {% x (H”TLZHZ)G;L (u,,)} is bounded in R, for any A > 0. Specifically, we set Ay =

ZC‘/ZWT, for every A € (0, A7), we get

12

5
0<1-42*w-lch, 1% < 1—ix’(””"”2)c;x(un)< 1. (36)

s - T? T2 -
Then according to u, — u in H! (R?) and A > 0, one has
1 ul|? 1 U ||?

(szl( ”T! )Gy (u) — ﬁx’( ! 7:'2” )Gy, (un)) (u, up —u) — 0, asn — oo 37

In view of (ii) of Lemma 2.1, it is easy to obtain that
/]1%3 Oy, (1 )2 dx — /1.%3 0y, (u)u*dx, /R3 Oy (up ) upudx — /]1%3 0y (u)u*dx, asn — oo.
Together with
- Oy (Wu(uy —u)dx — 0, asn— oo,
For every A > 0, we can conclude that
Agr(un) [ 02 nn(en —w)dx = Agr(w) [0 (watu, —u)dx 0, asn— e (38)
In view of (f1) and (f2), we can obtain that for every € > 0 there exists bg > 0 such that

0<|f(0) < elt|+belt|” " +elt’, pe(2,6), teR.
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Then we have

= /RJSMI +belun|"™" + €fun]) |ty — uldx,

‘ [ ) (= )
From the arbitrariness of € and Holder inequality, it is easy to obtain that
- S(un)(uy —u)dx — 0, asn — oo.

From the same discussion as above, we can get that

- fu)(uy —u)dx — 0, asn— oo.

So we can conclude that
u 3(f(u)ff(un))(unfu)dx%O, asn — oo, (39)
R
Hence, by (36)-(39) and (35) imply that for every A € (0, A7), we have

|lttn — u|| = 0, asn — eo.

The proof of Lemma 2.6 is completed.
From Lemmas 2.4-2.6, we can infer that there exists u, € H}'(R?) such that

I{u(“ﬂ) :C/.l; (I/{I,L),(MIJ) :07 V)L S (07 A‘T)a ‘I.L S [na H

Hence, there exists {{t, } C [1, 1] such that

Uy =1, n—oos I (uy,) = cus (I ) (ug,) = 0. (40)

The following regularity result and PohoZaev type identity are important for studying the properties of the sequence
{uu, -

Lemma 7 For every A € (0, A7), the solution (1, ¢) € H! (R?) x X, to system (23) satisfies u, ¢ € €*(R3).

Proof. A discussion similar to Lemma 2.6 in [14] led to u € €*(IR?). Since u € H! (R?), according to Lemma 3.5.1
in [2], it can be seen that ¢ € €' (R?). Now we prove that ¢ € €2 (R3).

We define y: [0, +oo] — R such that y(r) = ¢(|x|), Vr >0, where x € R, |x| = r. Since ¢, satisfies the second
equation in a weak sense and is radial, we can get
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/.2
D4 ) = AP, in (0, +o)
1—§|‘I/|

where the symbol D denotes the derivative in the sense of distributions. Because the right hand side of the above equation
is a continuous function, it is the derivative in the classical sense. Since y’'(0) = 0, and integrating in (0, r), we have

—lw|l§/r’)(r)2 = —%2 /Oruz(s)szds =h(r) € <51(07 +o0). (41)
2 .

From (41), we derive the following two results. Firstly, for » > 0, we have

W (r) = 2’% /Oruz(s)szds—luz(r)

and the lim,_,o 4’ (r) = —%kuz(O). Secondly, we get

lim htr) = im—&3 /ruz(s)szds = —%luz(O).
0

r—0 r r—0 r

Obviously, there exists /#'(0) and lim,_,oh'(r) = #'(0). Then h € €' ([0, +o0)).
Through (41), we get

1T

y'(r) ")

Therefore, we can easily see that ¢ € €%(R?).

The following lemma gives us the Pohozaev type identity.

Lemma 8 Assume (u, ) € H!(R?) x X, is a solution for system (23) of class %2, then the following PohoZaev type
identity holds

U lul?

s [ Foax =G v+ ) (1- 27 (s 0(0))

' Vo|? 3 1 2
+gr(u) (2/}1@ léwdx—l—z/wln(l—zvm )dx>. (42)

Proof. The first equation of system (23) is multiplied by x - Vu and for every R > 0, integrating on Bg, where By
denotes the ball centered at the origin with radius R in R3, we get
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C

B _ . |x - Vu|? Ro 1 2
[ (- Vi = /aBR( = 2 vuf ) ds 5/BR|vu| dx, 43)
R 37
Vu)dx = = 2dS—= [ uPd 44
/Bku(x u)dx 2/83RM 5 BRu X, (44)
/ lgT(u)(/’)u(x-Vu)dx:A—R gT(u)(])uzdS—%/ gr (u)puldx
JBg 2 3BR 2 Bgr
-5 |, erwitx-voyon (45)
— | f(u)(x-Vu)dx =—R F(u)dS+3 [ F(u)dx, (46)
Bg JBr Br
Moreover, for any i, j =1, 2, 3, we have
, 2,997
/ 8i ?17¢2 ijj(pdx = &(Pa ¢ 25,](1 L](Pg ]d
Bk — (V9 Be 1= 5|Vl Ny
N / 91'41’9.;'45 RLIPR
aBr 1 — 3|V [x|
Through the second equation of system (23), we have
Vo
Au?(x - Vu)d z/ V| — -Vu)d
Jie u”(x - Vu)dx . <I—|V¢2>(X u)dx
3 :
= Z / &,’ ?17(])2 Xjaj(PdX
i, j=1"Br 1-3[V¢
:R/ —ln(1—7|V(])\ )dS — Z/ 9090 _xixj 4
9IBg i, j=1 Rl_ ‘V¢|2 |X‘
+/ Vo dx+3/ 1n(1—1|v¢|2)dx (47)
1—*|V¢\2 B 2

Hence, combining with (43)-(47), one has
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/|Vu\2dx+ / utdx —3 F( )dXJr%/B gr (u)puPdx
R

1 |Vo|? 3/ 1 2
2 sy T- T voreT ot [ (1= 5 V0P ser (s
L \X-Vu\ 2 w2 _—
B /33R< R |V|>ds+2/ - R/BR s+ / srlgeds
S| 9999 _xix)
2/ n(l |v¢| )gr(u)dS + 5 ZJZ‘,I/&BR T Iver ¢ (u)ds. (48)

When R — oo, all the boundary integrals go to zero, by (11) we get (42).
Lemma 9 Choose T > 0 sufficiently large, there exists A < A7 such that

|| ST, V2 €(0, A7)

holds, where {uy, } is the critical point sequence of I] ,, mentioned in (40).

Proof. Firstly, let us estimate that |V, | is bounded. Since (I #n)’ (uy,) =0, we have

&

1 30 U g,
o [ Flu)ox = GV Sl ) (1- 75256 )

|V¢k(”un)|2 3 1 2
+gT(Mun) <2/1%3 1_|V¢z’(u“dX+2/R? ln(l—E\V(b;L(uun)\ )dX) .

2
According to I{} i (uy,) = cy, and [p3 %dx =1 Jp3 (u“n)uindx, we have

|V“un|%

g, 2
=3, = (1B 3 ) 3 (06 )+ S ) [ 01 0

< 3cy, + AZW”C“% T+, (49)

For  obtained in Lemma 2.5, by (27) and (29), one has
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C

T
uy < trer[lgﬁllz,unwo(t))

aE R 1€0,1] 2

< max (5o p o) - 3p° [ Flujax) + 47wt
=c"+ lQW_IC‘}Tz T4,
According to (49) and (50), we can get
Vi, |3 < 3¢* —1—4/12W’1C‘1;2 T+,
Next, let us prove that |uy, |> is bounded. <(I{ ) (), “un> =0 implies that
Hn /R N (1, Juy, dx

I?

Ll
P (1= o2/ (551G ) )+ A ) [, 03 i 05

If ||uy, || > V2T, (52) can be simplified as
Ny T
From (f1) and (f2), it can be seen that there exists C > 0 such that
0< f(t) < %t2+Ct6, teR.
Combining with u, € [0, 1], we have
lu, [5 < 2C|uy, [§ < 2CS3|Vuy,, 1S

By (51), we obtain

iporary Math tics
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(50)

C2))

(52)
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‘ ‘ Uy,

luy, |3 < 2CW 3|V, |§ < 20W3(3¢* + 412W’1C‘% T4)3. (53)

If [|uy, || < V2T, since ¢ (uy,) is nonnegative, we rewrite (52) as

I?

||uﬂn ||2xl< ||u.un

= )G (1g,) + / Flug, Yug, dx.

2
|uﬂn ‘2 < T2 R

Similar to the discussion above, by (29) and (51), for the above C in (53)

|M ‘2<2CW_3|VM |6+2CHu“nH2 I(HuﬂnHz)G (M )
Hnl2 = Hn 12 T2 T2 A Hn
<2CW 3| Vuy, S+ 64CA*W I Ch, T
5
<2CW 3 (Bt + 422w, T +6acA?w It T4 (54)
5 5
It follows from (51), (53) and (54) that
g, ||* <3¢ +68CAPWICHL T +2cW 3 (3¢ + 442wt T4, (55)
Hn 2 2

Finally, we prove through the method of contradiction that Hu“n H < T. We assume that for a certain ng, there is
| > T, ¥V n> ngy. Generally, we assume that it is true for any n. Now, we derive from (55) that

T? < |lup,||* < 3c* +68CA*WICL T +2CW 3 (3¢* +4A*WCt, T)?,
5 5

which is invalid for A > 0 small enough and T > 0 large enough. Therefore, we can find Tp > 0 such that

1§ > 3¢* +54CW 3¢S + 1,

and l}o < Az, such that

68C7LZW_1C‘%TO4+~~+2 X 43czéw—6C§T012 <1, VA €(0,Ag).

The proof of lemma is completed.
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3. Proof of Theorems

In this section, we will give the proof of Theorem 1.1, Theorem 1.2 and Theorem 1.3.

Proof of Theorem 1.1 Let g = A/ 0 where ),}0 and Tp obtained in Lemma 2.9. For each A € (0, Ag), let uy, be a
critical point for I{" u, & level ¢y, . By (20) and the definitions of I;O u,» e can infer that {uy, } is a bounded Palais-Smale

sequence for [, , and H”un H < Tp. In fact, since y, — 1, according to (18) and (26), we can get

T
CIJn = I}LO Un (ulvln )
1 2 1
= E Huﬂn - EgTO(u“n)Gl(uﬂn> _lJ'n/]R3 F(uﬂn)dx
1 2 1
= 3 o, ||” — EGA(”un) —Hn/R3F(”un)dX
= D(uy,)+on(1).
Consequently, we have
. . T .
B 1y ) = Jim (27, o)+ 0= 1) [ Pl )ax) = fim =1

Moreover, through (20) and (34), we get

2 ,
= (1 — ix’( g | )Gl(”un)> /M(Vuﬂn Vv uy,v)dx
+lgT0(u“n)/R3 (pl(u,un)u,un‘)dx_ou“n/éS f(uﬂn)VdX

:/11%3 (Vuy, .Vv—i-u#nv)dx—k)»/R3 O (uy, ) uy, vdx — t, /]R3 S (uy, )vdx

= (B (ug,), v) +on(D)[IV].

Therefore, {uy, } is a bounded (PS)., sequence of I; in H!(R?). Similar to Lemma 2.6, there exists u; € H}(R?)

such that

Uy, — uy in HY(R?), asn— oo,

Co iporary Math tics 4740 | Ruifeng Zhang, et al.




By (32) and (56), we can get that u; # 0. The proof of Theorem 1.1 is completed.
Proof of Theorem 1.2 Define

k=inf{(u):ue . #},

where the set .#= {u € H} (R*): u#0, I} (u) = 0}. We can know from Theorem 1.1 that ./ # 0, so k < oo
Since v, > 3, there exists 8;, & > 0 such that

[Vor(u)?

YW 4 vue .. (57)
31— 3|Vos (u)?

1) = 81 ul?+5; |
Obviously, (u, ¢, («)) satisfies the following PohoZaev type identity

3 F(u)dx
R3

! 3 Vo3 (w)? 3 !
=7v2722/— 7/11—7V 2)dx.
SVl +Sluls + R317%W¢l(u)|2dx+2 [0 (1= 51V7 (w)])dx (58)

And because I (u) = 0, we can get
/3(|Vu|2+u2+),¢;t(u)u2)dx:/gf(u)udx (59)
R R

By calculating (58)-(59), we combine with (f4) and obtain

2 1, 2 1., 2 2 [V (u)?
[ PO < (= W+ (G = B+ = D) [ T g™
L oma-tw *)d o0
=5 s n( —§| ¢ (u)|7)dx. (©0

Substituting (60) into (18), and combining inequality —In (1 — 1s5) < 55, 5 € [0, 2),we get

)

2 2Nz (12 e (7 2N [ Vol
Ix(u)>(3 v2>|Vu|2+(l v2>|u|2+(6 Vz)/ﬂ£31—é|v¢;t(u)|2dx

+/RSln(1—%|V¢;L(u)|2)dx
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2 2Nz (1- 2\ e (22N Vol
> (3= 2 ) ivu+ (1= 2 g+ VQ)/RH_W%)de. 1)

Since v, > 3, every coefficient in inequality (61) is positive. Thus, (57) is valid.
Foru € ./, by (I} (u), u) = 0 and (f2), one has

1
JulP <l + [ Ags = [ fluyudx < 5 >+ Cllul, 62)
R3 R3 2

where C is a positive constant. Therefore, ||u|| > & = ¢ %

Combining (57) with (62), we can conclude that k > 0. Now we only need to prove that k can be achieved in H! (R?).
Let {u,} be a sequence of nontrivial critical point of I, satisfying I, (u,) — k. By (57), we can know that {I; (u,)} is
bounded, so we can infer that {u,} is bounded in H! (R?). In particular, {u,} is a bounded (PS) sequence of I . The same
argument as Lemma 2.6, there exists iiy € H,'(R?) such that

L(iy) =k, I(i;)=0.

The proof of Theorem 1.2 is completed.

Proof of Theorem 1.3 For any A € (0, Ag), let (1), ¢, (u)) be the solution of system (1) obtained in Theorem 1.1.
We can know from ||uy, || < Ty and (56) that [|u; || < T. So {u;} is bounded in H}(R?) with respect to A. Therefore,
there exists it € H) (R3) such that

asA — 0", uy —a inHYR?); wuy —a in LP(R?), for p € (2,6). (63)

Since (I} (uy), v) =0, we have

/(Vu;VVv—l—u;Lv)dx—i—l/ q);L(u,l)u,lvdx:/ Fluw)vdx, Vve H'(R). (64)
R3 R3 R3

Let A — 07 in (64), by (17), we have

0<A /R3 ¢, (up )uj dx < ZJLZW“C‘]‘?Z lupl|* =05 (192 (un) = Ollp1.2 sy = [V (uz )2 — O

For this, it can be concluded that

(]h(uk) — 0, in Dl’z(R3).
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Meanwhile, combining with (63), when A — 07 in (64), it can be simplified into the following form

/ (Vii-Vv+ iv)dx = / F(@)vdx.
JR3 JR3

Therefore, i is a weak solution of equation (14).
Now, let’s prove that uy — i in H! (R?), as A — 0" and i # 0. Because u;, is a nontrivial critical point of I, so we
can get that (I} (u; ), u; ) = 0. Through (f1) and (f>), we have

1
L ¥m Pl P)ax < [ fanvax < 3 g |+ Clug
R3 JR3 2

combining with the definition of constant W, it can be inferred that
luz |1* < Clual§ < €Wl | (65)

From (65), we can obtain |Juy || > CiS3, VA € (0, Ap). Since

0 = (I(up) =1 (@), up —it)

iy =P+ [0 )oa = @x+ [ () = F02)) (=
similar to the discussion in Lemma 2.6, from the boundedness of {u; } and A — 0", we can obtain
l|luy, — || — 0.

Hence, we can infer that ||i|| > CiWi,soq # 0. The proof of Theorem 1.3 is completed.

4. Conclusions

In this paper, we investigate a coupled system of the Schrodinger equation and the logarithmic Born-Infeld equation
in three-dimensional space. In contemporary theoretical physics, the Schrodinger-Born-Infeld system also plays an active
and important role. The coupling problem between the Schrodinger equation and the logarithmic type Born-Infeld
equation gives rise to insights and new ideas about how space-time geometry and matter interactions can be coupled.
Compared to the Schrodinger-Born-Infeld coupled systems in references [14, 15], the second equation of system (1) is a
logarithmic Born-Infeld equation, which differs from the classical Born-Infeld equations in [14, 15]. Not only does this
equation (see (7)) exhibit singularities, but the corresponding functional (see (8)) also possesses singularities. Meanwhile,
the nonlinear term f in system (1) is more general (see (f1)-(f1)). Therefore, we have synthetically applied variational
methods, truncation techniques and other analytical tools to study system (1), established the existence of solutions for the
coupled Schrodinger-Born-Infeld system (1) (see Theorem 1.1 and Theorem 1.2) as well as the asymptotic behavior of the
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solutions with respect to parameter variations (see Theorem 1.3). Our approach provides valuable insights for addressing
similar Born-Infeld coupled systems.

In addition, there are many open questions regarding system (1) we should pay attention to. For instance, in this
paper, we have verified the existence and asymptotic behavior of solutions to system (1) under the constraint condition
|§| < a with 0 < a < /2. However, does a solution still exist when a2 = v/2 ? This problem is worth thinking deeply
and studying.
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