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1. Introduction

One trend in Riemannian geometry since the 1950s has been the study of how curvature affects global properties
of partial differential equations and global quantities like the eigenvalues of the Laplacian. It is well-known that
gradient estimates are fundamental and powerful techniques in the analysis of partial differential equations on Riemannian
manifolds.

One of the most classical results about gradient estimates should be traced back to Cheng-Yau’s gradient estimate
for positive harmonic functions (see [1, 2]).

Theorem Let M be an n-dimensional complete Riemannian manifold with Ric > —(n— 1)k, where k > 0 is a constant.
Suppose that u is a positive harmonic function on a geodesic ball B(o, R). Then

sup — <G,

|Vul 1+RVk
Blo,R/2) U R

where C, is a constant depending only on n.
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An important feature of Cheng-Yau’s estimate is that the right-hand side of the estimate depends only on n, k and
R, it does not depend on the injective radius or other global properties. Cheng-Yau’s estimate turned out to be very
useful. Harnack inequality can be derived immediately from Cheng-Yau’s estimate. Liouville theorem for global positive
harmonic functions on noncompact manifolds with nonnegative Ricci curvature is also a direct consequence of Cheng-
Yau’s estimate. Cheng-Yau’s approach can also be used to derive the estimates of the spectrum of manifolds and investigate
the geometry of manifolds (see [1, 3]).

A natural question is if similar gradient estimates hold for more general equations on manifold. First, we recall
Cheng-Yau’s original proof. They mainly used Bochner’s formula on manifolds

1
A <2|Vu|2> = [Hess u|® + (Vu, V Au) + Ric(Vu, Vu),

Laplacian comparison theorem and cut-off function technique. However, when we deal with nonlinear equations,
Hessian of cut-off function may appear and Laplacian comparison theorem could not control the second derivative terms
of cut-off function. In 2009, Kotschwar and Ni [4] generalized Cheng-Yau’s estimate to positive p-harmonic functions by
a similar technique. However, in order to control the Hessian of cut-off function, they strengthened the Ricci curvature
conditions to sectional curvature conditions and use the Hessian comparison theorem.

Theorem (Kotschwar-Ni) Let (M, g) be a complete non-compact Riemannian manifold with Sec, > —k with k¥ > 0,
then for any p-harmonic function u, we have

\Y 1+RVK
Sup M S Cn’ Pi
B(o,R/2) U R

A natural question is whether or not the sectional curvature condition in the above theorem can be weakened to Ricci
curvature. In 2011, this problem was answered affirmatively by Wang and Zhang in [5]. Different from the maximum
principle used in Cheng-Yau estimates, in [5] the authors used Nash-Moser iteration technique to avoid involving the
second derivatives of cut-off function. The theorem is stated as follows:

Theorem Let (M", g) be an n-dimensional complete Riemannian manifold with the Ricci curvature fulfilling Ric >
—(n— 1)k, where K is a nonnegative constant. Assume that u is a positive p-harmonic function on the ball B(o, R) C M.
Then, there holds

S <G

|Vu| 1+ /KR
—r

Recently, the development of gradient estimates is along two main routines. One is to generalize the gradient estimate
of harmonic function to a more general space. For example, Zhang-Zhu (see [6]) generalized Cheng-Yau’s estimate to
harmonic functions on Alexandrov space, and Xia (see [7]) generalized it to harmonic functions on Finsler manifolds. The
other is to study the gradient estimate for solutions to more complicated and general nonlinear non-homogeneous elliptic
equations. For example, see [8—15] for details.

In this paper, we are concerned with the equation
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Apu = a|Vu|?+ be™;

p>1, g>p—1; (D

a#0, ab>0

on a Riemannian manifold. The equation (1) could be viewed as generalizations of many classical equations. Ifa =5 =0,
then equation (1) is just the p-Laplace equation; if » = 0 and a = 1, then equation (1) becomes the quasi-linear Hamilton-
Jacobi equation, see [8, 16, 17] for more studies; if a = 1, ¢ = p and b = (p — 1)P~!, then equation (1) is the logarithm
transformation of the Lane-Emden equation which has already been the subject of numerous publications (see [18-26]).

Inspired by the previous work [8], we will combine the point-wise estimate and the Nash-Moser iteration technique
to establish an universal gradient estimate for positive solutions to equation (1) on a complete Riemannian manifold with
Ricci curvature bounded from below. Our main theorem is stated as follows.

Theorem 1 Let (M, g) be an n-dim (n > 2) complete manifold with Ricci curvature Ric, > —(n — 1)kg, where x is

a non-negative constant. Assume ¥ is a solution to equation (1) on a geodesic ball B(o, R) C M. In addition, suppose that

-1
n y) |c|. Then there holds true

bc >0 or |a] >

1
l+\/ER>1P+‘1

sup  |[Vu[ <Gy p g aw( R

B(o, R/2)
Remark 2 In the case b =0, a =1 and g = p, (1) reduces to
Apu—|Vul|P =0,

which is the logarithm transformation of the p-Laplace equation A,v = O(Precisely, taking u = —(p — 1)Inv). Theorem 1

covers Wang-Zhang’s gradient estimate in [5].
In the case b = 0 and a = 1, equation (1) reduces to quasi-linear Hamilton-Jacobi equation

Apu—|Vu|? =0.

Theorem 1 recovers the part results in [§8].
Remark 3 Another related equations is the Lane-Emden equation

Apv+av?’ =0, a>0.
By a logarithmic transformation u = —(p — 1) logv, the above equation can be rewritten as

Apu— |Vul|P —be™ =0,
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where

_ p—q—1
b=a(p—1)’"' and c=5—"TF—.
a(p—1) and ¢ o1
. . q 4
According to Theorem 1, if ¢ > 0 or | -1 < ,l.e.,
p—1 n—1
q <n+3’
p—1 n-—1
then
Vv 1++/kR
v <Cn~,17)qa R :

Thus, as a corollary, Theorem 1 can recover the main theorem in [9].

By the gradient estimate above, we can get a Liouville-type result for positive solutions to (1) on noncompact
complete Riemannian manifolds with nonnegative Ricci curvature.

Corollary 4 Let (M", g) be an n-dimensional complete noncompact Riemannian manifold with nonnegative Ricci
curvature. Assume the conditions in Theorem 1 are fulfilled. If » = 0, then any global solution to equation (1) must be a
constant. If b # 0, then equation (1) admits no global solution.

By Theorem 1, it is not hard to get the Harnack inequality which is a natural corollary of the gradient estimate.

Theorem 5 Assume that M satisfies the same assumptions as in Theorem 1. If u € C' (M) is a global solution to the
equation (1) on M, then for any fixed @ € M and any x € M, we have

1 1
u(a) -Gy, P, q, a, ck2=r+a) d(x, a) < u(x) < u(a) +C, P, q, a, ck A=t d(x, a)7 2

where d(x, a) denotes the geodesic distance from x to a.

We will follow the main ideas of [8] to approach the gradient estimate of equation (1) in the present paper, but we
need to overcome some new technique difficulties. The structure of the paper is organized as follows. In Section 2, we
give a meticulous estimate of & (|Vu\2°‘) where .Z is the linearized operator of the p-Laplacian operator A, at u (see (3)
for the explicit definition of the operator .Z’). We also recall Saloff-Coste’s Sobolev embedding theorem in Section 2. In
Section 3, we establish a universal integral estimate on |Vu|>* and then use delicately the Nash-Moser iteration to prove
the main results of this paper. The proofs of Corollary 4, Theorem 5 are also provided in Section 3.

2. Preliminaries

Throughout this paper, we denote an n-dim Riemannian manifold by (M, g), and the corresponding Levi-Civita
connection by V. For any function ¢ € C!' (M), we denote Vo € I'(T*M) by

Vo(X) = Vxo.
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We denote the volume form of (M, g) by = +/det(gij)dxi A ... Adx,, where (x1, ..., x,) is a local coordinates on
(M, g), and for simplicity we may omit the volume form of 1ntegra1 over M.
The p-Laplace operator is defined by

Apu = (|Vu|p_2Vu) .

The solution of p-Laplace equation A,u = 0 is the critical point of the energy functional

:/ [VulP.
M

Definition 6 A function v is said to be a (weak) solution of equation (1) on a region Q C M, ifv € C'(Q)N WILC” (Q)
and for all y € W’ ”(Q) there holds

/ IVo[P~2 (Vv V) +/ a|Vv|ql//+/ bety = 0.
Q Q Q
It is worth mentioning that any solution v of equation (1) satisfies

veW23Q\Q,) and vecChY(Q)

loc

for some y € (0, 1) (for example, see [27-29]). Here Q. = {x : Vu(x) = 0}. By a very recent result [30, Corollary 1.6],
one has known that the measure of critical point set of u, i.e., Q. is zero.

Next, we recall the Saloff-Coste’s Sobolev inequalities (see [31, Theorem 3.1]) which shall play a key role in our
proof of the main theorem.

Lemma 7 [31] Let (M, g) be a complete manifold with Ric > —(n— 1)x. For n > 2, there exists a positive constant
C, depending only on n, such that for all B C M of radius R and volume V we have for f € C7'(B)

1P 2 < eV (([1ogem2p).

For n = 2, the above inequality holds with 7 replaced by any fixed n’ > 2.
Now we consider the linearized operator . of p-Laplacian:

2(y) = (/1A vy)), 3)

where

A(Vy)=Vy+(p—2)f " (Vy, Vu) Vu. @)

The following expression of .Z(f%) for any & > 0 is useful in our proof.
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Lemma 8 [9] For any o > 0, the equality

Z(f*)=a (a+ g —2) OBV 420 /%2 (|VVU + (Vu, Vi)
(5)
+a(p—2)(a—1)f4 54V E, Vi) +2a % (VAu, Vi)

holds point-wisely in {x: f(x) > 0}.

3. Proof of main theorem

We divide the proof of Theorem 1 into three parts. In the first part, we derive a fundamental integral inequality on
f = |Vu|?, which will be used in the second and third parts. In the second part, we give a L* -estimate of f on a geodesic
ball with radius 3R/4, where L*' norm of f determines the initial state of the Nash-Moser iteration. Finally, we give a
complete proof of our main theorem by an intensive use of the Nash-Moser iteration method.

3.1 Estimates for the linearized operator of p-Laplace operator

We first need to prove a pointwise estimate for £ (f%).
Lemma 9 Let u be a solution of equation (1) on (M, g) with Ric > —(n— 1)k. Denote f = |Vu|*> and a; =
2(p—1
‘ p— Ll) ’ Then there hold:
n—
1. If bc > 0, then for any & > 1, we have the point-wise estimate

2(1612 OHrq*%
S 2ea

Z(f*) =

S —2(n— Dok e 51— aay|al fo 43| vy

for any x € {x: f(x) > 0}.
2. If

n—1

>
al> "

el
then there exists some ap = o (n, p, g, a, ¢) > 0 such that for any @ > o we obtain the following inequality
L(F) 2 20Bn . 0 af T —20(n— D)if 5 — aalal 23V,

for any x € {x: f(x) > 0}, here

@  QRa-Dn—-1)+p—-1,
- C

. 0.
Propaca= i3 4020 —1) -
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Proof. Choosing an orthonormal frame {e;, ez, ..., e,} for the tangent bundle of M on a domain with f # 0 such

\%
that e; = —u, straightforward calculations lead to u; = £'/2 and

|Vl
L S N R 6
11—2f f1—2f (Vu, Vf). (6)

In this case, A,u can be written as follows (see [4, 5]),

p_ n
Apl,t =f2 1 ((p— l)ull + Zu,-,) .
i=2
Substituting the above equality into equation (1) yields

n —
(P—l)ull-l-zuii:afH%+b€cuf17g~ (7
i=

Using the fact u; = f1/2 again yields

n
VAP =4) ui ®)
i=1
Applying Cauchy inequality, it is found that
2oV 2 2 VAP 1 ’
|VVM| ZZM“‘FZM,}'Z*“‘ Zuii . ©)
i=1 i=2 af  n-1\53
It follows from (1) that
(VApu, Vi) = aqfiuy; +bee™f. (10)

Combining (6), (8), (9), (10) and (5), one gets

p 2
£ e ] p=3\ V2 1 )
e Z(f9 > > (OH— 5 > 7 + P (,-Ziu”> + (Vu, Vu)

(11)

+2(p—2)(a—1)uj, +flf% (aCIf%Mn —i—bcewf) .

Furthermore, noting that
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IVFI?/f > 4uiy,

. -3 . .
which follows from (8), and the fact o + PT > 0 since @ > 1 and p > 1, we can infer from (11) that

2
/e p=3\ , 1 )

i=2
12)
+2(p—2)(a—uf + 1% (aCIf%un +bcecuf) .
By (7), we have
2
. 1+ 452 cupl—4 o 2
Zu” =laf " 1 be 2 —=(p—Dup
i=2
2 _
A (be”‘fl—f —(p— 1)u11) - 2abec (2P o 1R (p gy
The above inequality is substituted into (12), yielding the following inequality
f2-o-k o ) 20p—=1)\ ,jyze
L (%) =z p-1)2a—Nuy —(n—N)xf+alg————=)f " 2 un
2a n—1
(13)
a2f27p+q cu 2—4 2ab 2—-p+% cu 2
+ L beest 8 ety (be =5 —l)u“) .
n—1 n—1
2(p—1
Denote a; = 'q— (p 1 ) , from (6), we observe that
2(p—1 1
2 (4= 2220 fun = gt 1991,
Inserting a; into (13), it is obvious that
f27oz7% aal 1+q » 2f2 p+q
L) 2 (p- )20 (1 ) — A g S
(14)
2ab 2
—|—bce6”f27’ il e 2 rti + (becuf —(p— l)u”) .
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CaseI: a, b, c, p and g satisty

ab>0, bc>0.

In this case, the last 3 terms on right-hand side of (14) are all non-negative. We omit the non-negative terms to obtain

a2 f27 ptq

L(f) 2205 ( T Vfl) :

n—1

which is just the inequality in the first case of Lemma 9.
Case Il: a, b, c, p and g satisfy

n—1

ab>0 and |a|> lel.

In this case, the second condition reduces to

2

a n—1,
0.

i—1_ 4 <7

This implies

2
. a ,y2o—1)(n=1)+p—1
1 - 0.
aben—1 ¢ 42a—1) ”

Thus, we can choose oy = 0 (n, p, ¢, a, c¢) large enough such that, for any a > o there holds true

2
_a ,Ra-1ln-1)+p-1
ﬁn«, p,q,a, ¢, @ — n_l ¢ 4(2a_ 1) O (15)

By expanding the last term of the right-hand side of (14), we obtain

f27067%

- |a|a1 fH»gfp |Vf‘ n a2f2—P+q

f(fa)z(pl)<2al+i:>u%1(nl)Kf > —

(16)

+bee f5 4 Labl U f2PrE 4 % (bzez“”fzf” —2(p—1)be™f "gun) :
n— n—

On the other hand, by using the inequality a*> — 2ab > —b* we have
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-1 -1
(p— 1) <2a —1 + 5_1> u%l —Z%becllflfgu“

-1
A7)
- (p_ l)bZeZCuf27p
~ (Qa-Dn-1)+p-1)n-1)
Combining (16) and (17) yields
fro-h " (2 — 1)b*e>u f2=p lalay 1+q-p
Y > — —1)f——f 2|V
20 2V 2 Gam o po1 KD - IV
(18)
sop 2ab oo, g alfFPTA
e I e A R
n—1 n—1
Applying the inequality a +2ab > —b?* again, we have
(20— 1)p2e2cu 2 br . a—Dmn—1)+p—1 5,
bee™ <72 > — ptq 19
a—Dn—1)+p_1 ¢/ 2 420 1) </ (19)
Inserting (19) into (18), the following inequality is given
fres @ QRa-1)n—-1)+p—1,\ 2ab i
> _ ptq AUV cu 2 p+3
T AR 420 1) ) EAR L
ajay 1+q—p
(= Vs A,
Hence,
L) 2 2B . g0 a0 20— 1) —ayfaaf iRV
where B, ,, 4. a, ¢, o > 01is defined in (15). Thus, we complete the proof of this lemma. O

From now on, we fix

o= a()(l’l, p, 4, a, C)

and use ay, az, - -- to denote constants depending only on n, p, ¢, a, b and c¢. Denote B = B, . 4. a, ¢, op- Moreover, from
the definition of B, . 4. a, ¢, o (see (15)) we can see easily that
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So, we actually have proved that there holds

2(7) > 200/ 42 (B0 20— 1)~ D Av), (20)

if one of the conditions (1) and (2) in Lemma 9 is satisfied.

3.2 Deducing the main integral inequality

Now, we need to establish a key integral inequality of f = |Vul?.
Lemma 10 Let Q = Br(o) C M be a geodesic ball. Under the same assumptions as in Lemma 9, we have the
following integral inequality

r as _, 2 -1, p |12
B [ e+ Seovin S g,
Q t Ln=2

d
_ P ay Dy
< asi2R 2/Qfao+2+z 1112+7 Qf(l()+2+f vnp?,

where B =B, p. ¢, a, ¢, o 1S given in Lemma 9, a3, a4 and as depend only on n, p, ¢, a and c.
Proof. By choosing y = .12 as the test function of (20), where 1 € C;(, R) is non-negative, f; = (f —€) " with
€ >0,and ¢ > 1 is to be determined later, we can deduce from (20) that

= [P (p2) R (V5% Vi Vs, V)
JQ

-3
22ﬁoco/Qf“f’*q*%fénz—%n—l)aok/gf“‘)*%”fénz—allalao/Qf"“’”TféIVflnz-

Hence,
- /antf%*%*zfé*‘ VPN +1a0(p—2) f0 2 A7 (VE, Vi)
- /Q 200002V, V) + 2000 (p— 2) f T fL(VE, V) (Vu, V) @1
22[30@/Qf°‘0+’1*%f£172—2(n—1>aov</gf"‘°*§*‘fén2—allalom/gf“‘”?félvflnz-

Next, we need to use the following two inequalities
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SNV (p—2) £ UV, Vi) > a7V P, (22)

where ay = min{1, p—1}, and

SV V) +(p=2)fef = (V. Vu) (Vu, V) > —(p+ 1) £V f1IV]. (23)

Now, substituting (22) and (23) into (21), dividing the both sides of the inequality obtained by ¢ and letting € — 0,
we can obtain

2 [ ot [ 2
Q Q
24

<20n—1)x [ pr i aal [ 0T 2Ap1) [ s v,

2(Q\ Q) NCL7(Q), we have £ € C7(Q) and |V f| € L2, and hence the integrals in the above make

loc>

Since u € w>

loc
sense.

By Cauchy-inequality, we have

o+ 952+1 2 @ gy L3 2 o ajd’ op+g—b5+t,.2
apla|fOT T TIVEInT < Tf 2 \VfI™n +Tﬂf 2rns, (25)
and
o+ L2+1-2 @l g+ L+1-3 20 4lp+1)? o+ 2 +—1 2
2(p+1)fore IVAIVnin < Tf 2 V£ +Tf 2 Vi~ (26)
Now we choose ¢ large enough such that
2.2
4t <. 27)
art
Then, it follows from (24), (25), (26) and (27) that
P ast Py
B/faoJrq 2+tn2+7/f010+2+t 3Wf|2772
Q Q
(28)

4(p+1)?

<2(n— I)K/ foritin?y
Q ast

/QfOfoJr%Hfl |Vn |2.

On the other hand, we have
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1 ati=l, p

o) <fos

+ 2
+7

P
n 24 pet Ity v 2

29

Qg +2t+p—2)*

o SRV et v

Substituting (29) into (28) gives

4ast %tt=1_ p 2
do+g—f+p2 | 2 /’V( + )’
ﬁ/szf 1 (Qag+2t+p—2)% Jo f 1
P 4(p+1)? P 8ant b
anlK/ G +r+5-1p2 / Go+B+1-1)yp12 | / do+t+5 1)y n)|2
(n=Dx | f e N V| Gat 2t p—27 o’ V|~
We choose then a3 and a4 depending on n, p and g such that
a*S 4ast and 8ayt 4(p+1)? Si-
t ~ Qoy+2t+p—2)2 (200 +2t+ p—2)? art t

Hence

B[ pra b2 [y ( (r5 )| <2tm-1)x [t R At St 4 TR E
Q Q

Moreover, Saloff-Coste’s Sobolev inequality tells us

1 g —1 2 g
(l+\/7RV R Hf%-H +an S/Q‘V(fao_; +%n>’ +R*2/Qfa0+l+%*ln2.
Substituting the above into (30) yields

4

1
+3n‘

%+Q*%+l 2 6173 7Cn(1+\/ER)V%R72
B'/Qf no+ e
€1y

<2(n—1)1</ fo‘0+’+§*1n2_~_ﬂ fao+t+§—1|vn|2+@/R,zfaﬁgﬂ,lnz.
- Q t Jo t Jo

Now we set 1o = c1(n, p, q, a, ¢)(1++/kR) where

2

a
s Py Yy @y = C771727
ci(n, p, q, a, ) max{ iy }
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and choose ¢ such that ¢ > #y. Since

dn-1eR2 < 207N gy B @
ci(n, p, q) t = cin, p,q)
there exists as = as(n, p, g, a, ¢) > 0 such that
2(n— l)KRer% <ast} = asc(n, p, q) (1+\/ER)2. (32)
It follows from (31) and (32) that
2

opt+i—1

ﬁ/ngao+q7§+tn2+atje—tOV%R—sz 3 +§n

H o Sasth72/fao+§+l71n2+a74/f010+%+t71|vn|2. (33)
Ln=—2 Q t o

This is the required inequality and we finish the proof of this lemma. O

3.3 L“bound of gradient in a ball with radius 3R /4

Next, we turn to giving the following L% upper bound of the gradient of positive solutions to equation (1).
Lemma 11 Let (M, g) be a complete manifold with Ric > —(n— 1)k and

p n
o = 1 7—1) .
1 (OC(H— o—|—2 o

Assume u is a positive solution to equation (1) on the geodesic ball B(o, R) C M and f = |Vu|?. Then there exists
ag = ag(n, p, q, a, ¢) > 0 such that

1

L/ \arT
Il (g a0)) < a8VP (ROZ> ; (34)

where V is the volume of geodesic ball Bg(0).
Proof. If

1

2a5t§ q=p+T
>
= ()

then we can obtain from (33)

asi2R ™ /Qfa(ﬂr%thfanSg/ngaoﬂrgﬂnz.

We denote
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[\

N
[
ONN

o =2

and Q, = Q\Q,. Then, it is not difficult to see

o f Dapo _ Do _ Do
asi2R Z/QfangzH In? — asi2R 2/Q FUrEH—Ip2 4 4 2R 2/Q Faothri—1p2
1 2

(35)
5 s ag+h+-1
ﬁ / P 2ast, 2ast, a-p+1
< = 0o+ 75+t 2 0 0 V.
< Qf "t BR: )
where V is the volume of Bg(0). By choosing t = #p we can obtain from (33) and (35)
+g—-1  p 112
E/fao+q_g+t0n2+@e_’OV%R_ZHf% LR ‘ ZTn
2 Q tO Ln=2
36
) ) ag+ 5 -1 (36)
2asty (2ast q—p+l aq / Py
V4= [ fotitholiyy2,
< (BRQ o Jo V|
Now, we choose 11 € Ci’(Bgr(0)) satisfying
0<m<l1, m= llnB%TR(O),
C(n)
V| <
V| < R
and in (36) let
o+a—5+ty
n — nl q—p+1
We take a direct calculation to see that
+g—L 4t 2 2:x0+p+2710—2 200 +p+219—2
asR* |V |* < asC? (W) n swr-bio < ag o Gt g (37)

By Hélder inequality and Young inequality, we have

Volume 6 Issue 3|2025| 3447 Contemporary Mathematics



200+p+2p-2
ai/f§+a0+tofl|vn|2< a6;0/f§+ao+to*1n o)+q—p/2+
th Jo T R Ja

Lo +p/2H1p—1

aslo ptgtq— L -2 | TP o amptl
— 2 ag+o+q—p/2

IN

oattgtg—p/2

B / iy 2agty\ ~ 4T
< Z 0p+10+q—5 192
<2lls (G

Combining (36) and (38) we obtain

-2
np/2ragrg-) 2y \ T
/ anm
Q
2 5 ap+h+y-1 g+ B +p-1
< o oy1-2 g2 2asty (2asty\ n asty (2aety\ TP
T a3 R?2 \ BR? R2 \ BR2 (39)
og+5+19-1
w81 o253 (15 T
<ay eV Tty R2 )
where a7 depending only on n, p, g, a and c satisfies
a+5+1p-1 o+ 5 +ip-1
Ltto—1 2a 2as \ artT a 2ac\ T AT
g2 o 25(5> L s < 6
a3 \ B asty \ Bro

Thus

1 1 __ 1
2 — 0 R E— 2\ g—pHI 1 2\ g=pHI
an ay+g+p/2—1 < a7e0‘0+ro+g—1 Vl/Oq t()“o*’o*l’ﬂ*‘ <t0 ) < agV‘Tl <t0 ) ,

R2

L%1(Q)

where ag depending only on n, p,q, a and c satisfies

3 1o
ey 7
ag = ay suptoa0 021 jag gt -1
tp>1

Since 1 = 1 in B3g/4, we obtain that
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1 t(% g—p+1
1l o < a9 ()"

Thus, we complete the proof of this lemma. O

3.4 Moser iteration

Lemma 12 Let (M, g) be a complete manifold with Ric > —(n— 1) k. Assume u is a solution to equation (1) on the
geodesic ball B(o, R) C M and f = |Vu|?. Then there exists aj; = aj;(n, p, g) > 0 such that

(1+VkR)?
2

1 1|8 a(0)) < @117
Proof. We discard the first term of the left hand side of (33) to obtain

+1—1 2 D
%eftov%R72Hf%+§nH o Sa5t3R72/ fa()+lj+t71n2+% fao+§+l71|vn|2. (40)
Ln=2 JO JO

R R . . . o
Letry = 5 + * and Q = B, (0). It is easy to see that there exist cut-off functions 1, € C* () satisfying

Cc4k
0<m <1, |Vl < R

M =1inB, (o),

where k =1, 2, 3, ---. Substituting 1 into (40) instead of 1, we arrive at
oy +t—1 2
a3eft0V% f 0 +§nk‘ o Sastgl/ fao+§+t—lnlg+a4R2/ foco+%+t71 |V77k|2
Ln-2 (Qk) B Qk Qk
< (a5z§z+c216k) / footit-l (41)
P Qk

noy .
1;, and letting ¢ = #; such that

By picking 0.1 =
n—

tk+§+ao—1:ak,

we can deduce from (41) that
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a(fy )

where k=1,2,3 ---

On the other hand, we can choose ag = ag(n, p, ¢, a, ¢) which satisfies

agly > max {a5t§ ((X0—|-t0—|- g - 1) , Cz}
since

< 16. Then we have
n—2

n=2
it itz ) "
a3 1 nkn
Q

B power of the both sides of (42), we obtain
k

< DagrdeoV 16K [ fo%.
Q
Taking —

o2\ g
1l @) < (2a96€0V 77 ) % 16% |
Noting

n =k
A and Y <,
1,”_2 20 " kzlak

we can derive

_ 1
1Al =(Bg n(0)) < @10V T FllLo (Byp 4 0))
/ /

where ajg depending only on n, p, g, a, c satisfies

3 0\ Te 1 el &
aio > (2aotye) 21 167" %

In view of (34), we obtain

(14 +/xR)?
1l Brpt0)) < 11—

iporary Math

k
<eovf% <615f§ (t0+§+a0—1) (nnZ) +C216k> A f‘x",
k
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where aj; = ajpasgci(n, p, q, a, c). O
Proof of Corollary 4 Choosing k¥ = 0 in Theorem 1 implies

1
sup [Vu| <Cp, p g r

. (43)
Bg/(0) R

By letting R — o in (43), we obtain

Vu=0.

Hence v is a constant and A,v = 0, |Vu| = 0. This contradicts to equation (1) if » # 0. We complete the proof. [J
Next, we provide the proof of Theorem 5.
Proof of Theorem 5 Letting R — o in the estimate in (1), we have

1
Vil < G, p, g, a, K0P70. (44)

Let d = d(x, a) be the distance between a and x. For any arc minimizing geodesic segment y(¢) : [0, d] — M which
connects a and x, we have

d
) = ua)+ [ worn)r (45)
We infer from (44) that
d 1
S 0o )| = [ (U0, 0] < RO < o g K75, #6)

It follows from (45) and (46) that

1
u(x) (@) < o p. g, 0, KTFDd(x, ),

which implies (2). O
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