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Abstract: This study develops and analyzes mathematical models describing secondary infection with the Dengue Virus
(DENV), explicitly incorporating the effects of both non-specific and strain-specific antibodies. The first model introduces
two distributed time delays corresponding to monocyte infection and virion maturation. An extended model further
differentiates between latent and actively infected monocytes and includes two additional delays that represent the latency
and activation phases of monocyte infection. Analytical investigations focus on the non-negativity and boundedness of
model solutions, and the basic reproduction number (Rp) is derived to examine the existence and stability of equilibrium
points. Global stability of equilibria is established using Lyapunov technique. To validate the theoretical findings,
numerical simulations and sensitivity analyses are performed. Results demonstrate that incorporating latent infection and
time delays can reduce the value of Ry, suggesting that their omission may lead to overestimation of antiviral treatment
requirements. Moreover, prolonged delays can mimic the effects of antiviral interventions by slowing viral propagation,
indicating potential therapeutic strategies that target viral replication and maturation timing.
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1. Introduction

Dengue Virus (DENV) is a mosquito-borne virus mainly transmitted by Aedes aegypti and Aedes albopictus
mosquitoes. It causes dengue fever, which presents with symptoms such as high fever, severe headaches, eye pain, muscle
and joint aches, skin rash, and mild bleeding [1]. The disease is triggered by any one of the four distinct dengue virus
serotypes, labeled DENV-1 through DENV-4. Unlike diseases that spread through direct human contact, dengue is only
passed on through mosquito bites. After recovering from an infection, a person gains long-term immunity to that specific
serotype but remains susceptible to the other three [2]. Contracting dengue again with a different serotype increases the
risk of developing severe dengue fever [3]. Dengue infection causes a substantial number of fatalities, primarily in tropical
and subtropical regions worldwide. In 2024, the disease affected over 14 million individuals globally, leading to more
than 10,000 deaths [4].
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DENV is a single-stranded Ribonucleic Acid (RNA) virus from the Flaviviridae family and primarily targets
monocytes [5]. When a person is infected with DENV, the body’s innate and adaptive immune systems work together to
fight the infection [2]. As the infection progresses, the adaptive immune system becomes more active. When the immune
system detects an increase in the number of infected cells, it stimulates T-cells, which in turn activate B-cells. Cytotoxic T
Lymphocytes (CTLs) (CD8" T cells) target and destroy virus-infected cells, while helper T-cells (CD4™ T cells) support
the immune response by secreting signaling molecules. B-cells, once activated, produce virus-specific antibodies, which
help neutralize free viral particles and prevent further infection. This coordinated immune response plays a key role in
controlling the virus [5].

The use of mathematical models to describe natural phenomena is fundamental across various disciplines of applied
science. In fields like physics, chemistry, and biology, these models provide a structured framework for analyzing complex
systems and predicting real-world behaviors. In recent years, infectious diseases, including dengue fever [6-9], COVID-
19 [10], pneumonia [11], tuberculosis [12], monkeypox [13], ebola [14] have drawn significant attention in mathematical
modeling, helping researchers better understand disease dynamics and develop effective control strategies.

Dengue infection models are broadly categorized into epidemiological models and within-host models, each serving
a distinct purpose in understanding the disease. Epidemiological models focus on the transmission dynamics of dengue
within a population, helping to predict outbreaks and assess control measures. These models are instrumental in guiding
public health policies, optimizing resource distribution, and formulating intervention strategies to reduce disease burden.
On the other hand, within-host models explore the interactions between the DENV and the host’s immune system at
a cellular level. By examining viral replication, immune responses, and disease progression, these models offer crucial
insights into pathogenesis and treatment approaches. They play a key role in vaccine development, antiviral drug research,
and the study of severe dengue complications, such as Antibody-Dependent Enhancement (ADE) and cytokine storms.

In recent years, numerous investigations have concentrated on developing within-host models of primary DENV
infection. Nuraini et al. [15] introduced a within-host model that incorporates the role of CTLs. The combined effects of
the innate immune system and CTLs on primary DENYV infection were explored in [ 16]. Perera and Perera [17] constructed
a computational mathematical model that integrates both innate and humoral immune responses to analyze the within-
host behavior of DENV infection. The long-term behavior of the model introduced in [17] was further examined in [18].
Clapham et al. [19] examined the influence of antiviral therapy that inhibits viral replication in their DENV infection
model. In another approach, Ansari and Hesaaraki [20] applied the Beddington-DeAngelis functional form to describe
the interaction between DENV and monocytes. The model by Nuraini was further expanded by Thibodeaux et al. [21],
who considered monocyte production to be regulated by macrophage colony-stimulating factor. Liu et al. [22] extended
Nuraini’s framework by introducing stochastic elements to account for random fluctuations. Modak and Muthu [23]
analyzed the influence of stochastic noise on a delayed within-host model of DENV transmission. Additionally, models
that account for both CTL and humoral immune responses have been developed in works such as [2, 24, 25].

Several mathematical models for secondary DENV infection have been studied. Sasmal et al. [26] have included
both humoral and CTL immunities into the secondary DENV infection model. Boisov et al. [27] have investigated a
secondary DENV infection model with infectious and noninfectious dengue viruses taking into account both humoral
and CTL immunities. Camargo et al. [28] have developed a secondary DENV infection model in scenarios of infection-
enhancing and infection-neutralizing antibody competition. Nikin-Beers and Ciupe [29] have formulated two DENV
models for primary and secondary infections taking into consideration the influence of T cell cross-reactivity in disease
acuteness. The role of cross-reactive antibodies in disease enhancement in primary and secondary infections has been
studied in [30]. Ben-Shachar and Koelle [31] have developed a secondary DENV infection model and have shown that
how the T cells increase the production of cytokine which increase the risk of disease severity. Elaiw and Alofi [32] have
included the mobility of cells and viruses into the secondary DENV infection model. Alshaikh et al. [33] proposed a
model for secondary DENV infection that incorporates the virus’s ability to target and infect various types of host cells.
The model presented in [33] was further expanded in [34] to incorporate the spatial movement of both host cells and
viral particles. Alves Rubio et al. [35] examined a mathematical model to investigate antibody-dependent enhancement
during heterologous secondary DENV infections and evaluated the impact of restricted plasma cell cloning on the immune
response. Rashid et al. [36] explored a secondary dengue infection model that combines deterministic and stochastic
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dynamics, incorporating logistic cell growth and a nonlinear transmission rate. Their approach utilizes piecewise fractional
differential equations to capture the complexity of the system. Gujarati and Ambika [37] developed a model for secondary
DENYV infection that incorporates the dynamics of two distinct antibody types.

In a recent study, Elaiw et al. [38] developed a mathematical model for viral infection that incorporates the influence
oftwo different types of antibodies. The model presented in [38] captures the temporal dynamics of five key compartments:
target cells, M(t), infected cells, E(t), free virus particles, V (¢), non-specific antibodies, W" (¢), and strain-specific
antibodies, W5(¢), and is expressed as follows:

am
e 0 — oM — MV (1)
dt ~— e ad
production rate of target cells ~ death rate  infection rate
dE
— = KMV — OJE |, 2)
dt SN~ ~~
infection rate  death rate
av
N S
— = nE - pV - Bivw - pvw ; 3)
dt N~ ~—~ —— ——
generation rate of viruses  clearance rate  neutralization rate via WN  neutralization rate via WS
dw¥
N N
— = N + MVW AL “)
dt ~—~ = ——
generation rate of non-specific antibodies ~ antibody stimulation rate  death rate
dw?
S S
Tar » - VW — W’ )

generation rate of strain-specific antibodies ~ antibody stimulation rate  death rate

Models (1)-(5) do not incorporate time delays in the infection process or viral maturation. However, time delays are
crucial for accurately capturing the progression of infections, particularly in relation to how the virus infects host cells
and matures over time. In our proposed models, we introduce time delays to account for these natural lags in the infection
and maturation processes. This modification provides a more precise representation of the time-dependent dynamics of
the infection.

This paper aims to develop two mathematical models for secondary DENV infection, incorporating both strain-
specific and non-specific antibodies. The first model introduces two types of distributed time delays: one associated
with the formation of DENV-infected monocytes and another representing the maturation process of newly released
virions. The second model expands on this by distinguishing between latent and active DEN V-infected monocytes and
incorporating two additional delays: the time lag associated with the development of latently infected monocytes and
the subsequent delay before their activation. The study conducts a comprehensive analysis of fundamental and global
properties, performs sensitivity assessments, and validates theoretical findings through numerical simulations.

2. Model with two antibodies

This part offers a detailed description of the formulated model, constructed under the following set of assumptions:

(A1) The model consists of five populations: uninfected monocytes (M), DENV-infected monocytes (E), free DENV
particles (V'), non-specific antibodies (heterogeneous antibodies) (W"), and strain-specific antibodies (homogeneous
antibodies) (W*). These components are die at rates pM, SE, pV, yiW", and yo W5, respectively.
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(A2) There are two distinct populations of antibodies: non-specific antibodies, which were produced during the
primary infection against one of the DENV serotypes, and strain-specific antibodies, which target the new DENV serotype
during the secondary infection.

(A3) Uninfected monocytes, the primary targets of DENV, are produced at a rate of ¢ and become infected by DENV
at a rate of KMV (see Eq. (6)). In addition, the DENV-infected monocytes are formed at rate k MV (see Eq. (7)).

(A4) The DENYV particles are generated by DENV-infected monocytes at a rate NE (see Eq. (8)).

(A5) Non-specific and strain-specific antibodies neutralize the DENV particles at rates of B;VW" and B,VWS,
respectively (see Eq. (8)).

(A6) The non-specific and strain-specific antibodies are generated at rates y; and }», respectively, and proliferate in
response to the presence of DENV particles at rates 1 EWY and L, EWS, respectively (see Egs. (9)-(10)).

(A7) The model includes two types of distributed time delays, with the delay parameter 7 being randomly selected
according to a probability distribution function f;(7) over the time interval [0, &;], j = 1, 2, where h; is the limit superior
of the delay period. These two types are:

(I) The formation delay of DENV-infected monocytes. In this context, the expression fi(7)e™ " denotes the
probability that uninfected monocytes exposed to free DENV at time ¢t — T persist for 7 units and transition into DENV-

infected monocytes by time ¢, where, — is the average life time of the monocytes during the infection delay period.
m

1
(II) The maturation period of newly released virions is considered here. The term f>(7)e ™% represents the
probability that immature free DENV particles present at time ¢ — 7 remain viable over a duration 7 and complete
maturation by time ¢, where, — is the average life time of immature DENV virions during maturation delay period.

my
Denote

M, E, v, WN, W5 =M, E, v, WN, W¥)(1),
(Mﬁ E‘L’a V‘E) = (M7 Ev V)(f—f)-

Figure 1 presents a schematic representation depicting the dynamics involved in secondary DENV infection. Based
on the assumptions Al to A7 outlined above, we formulate a secondary DENV infection model with distributed-time
delays, represented as a system of five Delay Differential Equations (DDEs):

amM

W:q)*PM*KMV, (6)
E oh

% —x [ ' fi(t)e ™M Vedt — OE, )

av h —mT N S

GE=n [ e Ed - pv - VWY - VWS, (8)

dw¥N

7:7’1+11VWN—‘I/1WN, )

dws s s

ar =N +LVW’ —yW°. (10)
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Figure 1. The diagram illustrates the dynamics of secondary DENV infection.

It is important to note that the functions f;(7), where j = 1, 2 satisfy the conditions [39]:
hj hj
£i() >0, / filvydr =1, / Fi(0)eTdT < o0, ¢ > 0.
0 0

Let us define Aj(7) = fj(t)e ™" and  ; = fé’j Aj(t)dt, where j =1, 2, which ensures that 0 < / ; < 1. The initial
conditions for the model described in equations (6)-(10) are as follows:

M(6) =€1(0), E(6) =£(6), V(0) =&3(0), WY(0) = &4(0), W3(6) = &5(6),

(11)
€j(0)>0,0¢c[-1",0], g(0) e €([-7,0],R>9), j=1,2,---, 5,

where, T° = max {1, h2}, and € is the Banach space of continuous functions mapping from [—7*, 0] to R> with the
norm

lej|| = sup |gj(0)] fore;e€, j=1,2,---,5.

—7*<0<0

Based on the established theory of functional differential equations, the model described by Equations (6)-(10), along
with the initial conditions (11), possesses a unique solution, as shown by [40, 41].
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2.1 Preliminary results

We start by establishing that the model outlined in Equations (6)-(10) is well-posed, guaranteeing that its solutions
remain nonnegative and bounded in the long term. Next, we identify all potential equilibrium points and examine the
critical parameters that determine their existence and stability.

Lemma 1 The solutions to Equations (6)-(10), subject to the initial conditions (11), are guaranteed to be non-negative
and bounded over time.

Proof. We will demonstrate the non-negativity of the solutions to the model described by Equations (6)-(10).
Obviously,

dM dwn dws
|M 0=9>0, 7|WN:O =% >0, 7|WS:0 =%»>0.

Therefore, M(t) > 0, WN(¢) > 0, and W5(¢) > 0 for all t > 0. Moreover,

t h
E(t) = e Pg,(0) + k / ¢ 3=0) / "AL(T)M(0 — T)V(0 — 7)dTd6 > 0,
0 0

V(1) = e S (0B o+ 0)+1 / T (p+BiWN (x)+BoWS () / A2(7)E(8 — 7)d7d >0,

for any 7 € [0, 7*]. Thus, by recursive argumentation, we find that (E, V)(¢z) > 0 for any ¢ > 0.
Let’s demonstrate that the solution (M, E, V, WY, W5)(¢) is ultimately bounded. Eq. (6) gives tlim supM(r) < Q
—o0

where Q| = % To prove the ultimate boundedness of E(¢), we consider

h
%ﬁ:/ "Ay(T)MdT +E.
0

Then, we get

dsAq hy dM; dE
dt /o 1(7) dt (s dt
hy hy
_ / AL(T) (¢ — My — kM Ve) dT+ K / AL (T)M:Vedt — SE
0 0
/’l] /’l]
=0 Al(r)dr—p/ A (T)MdTt — SE
0 0

hy
<ori—7 {/0 AI(T)MrdT+E:|

§¢7<%%a
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where 7] = min{p, 8}. Hence, tl:m sup 4 (1) <y, and }Lm supE(t) < Qp, where Q, = % Define
oo oo |

S =V + §1WN+ﬁ2WS
2

Then, we get

dty _dv  BidW"N B, dw?
dt dt A dt A dt

h
=n/ zAg(r)ETd‘c—pV—B1VWN—/32VWS+&(y1+llVWN—1//1WN)
0

A
132 l S S
+A—2(y2+ VWS — yo W)
B Bimn ﬁz}’z Bivi_n By s
— / No(D)Eed+ 50+ B - py - BBy BB

Pn  Bove g ly  Pryny Prys

<nFa2n+ p» " > gy 7

§ri§22+ﬁm+ﬁi’/2 DA,
2
where 7 = min{p, yi, W, }. It follows that lim sup 7% (1) < Q3 where Q3 = < + Pin + P then limsupV (1) <
» Pl {—y00 = D MDD WD 1—re0
. . A1Q3 Q3
N s _ _
Q3, tlg{losupW (1) < Qq, and }Lrg supW=(t) < Qs where Q4 = B and Q5 = B O

Consequently, based on Lemma 1, the set

C={(M, E v, WY, W) €G3y M) < @1, [E] < Q. V]| <05, [WY] <0, WS < 05}

is positively invariant with respect to system (6)-(10).

Lemma 2 Let R be the basic reproductive number for system (6)-(10), then

() If Rg < 1, then there exists a unique infection-free equilibrium & Z.

(IT) If Ry > 1, then there exists an endemic equilibrium & &, in addition to & #.

Proof. The equilibrium points &2 = (M, E, V, WY, W) of model (6)-(10) are determined by solving the
corresponding system of algebraic equations:

0=¢—pM—xMV, (12)

0=Kkf MV —8E, (13)
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0="nF2E—pV —BVWY — BVW?, (14)

0=7+MVWN -y WV, (15)
0="p+LVWS —yoW5. (16)
Egs. (12), (13), (15) and (16) give
m=—2_ o K0PV
p+xV o(p+kV)
(17)
wN 4! S 2]

=—, W= ————.
l}/]-ﬂ,lv 1[/2—le

By substituting in Eq. (14), we obtain:

_ NKOFiF2 Bin B B
( p+5P+5VK+/11V—W1+/12V—W2>V0' (18)

Eq. (18) presents two possibilities. The first is V = 0 which corresponds to the infection-free equilibrium & %y =

(Mo, 0, 0, Wév, WOS), where My = %, Wév = %, and WOS = % The second possibility is when V # 0 and in this case
1 2
we have
KOF1F
_p+77¢ 1F2 Bivi N By o,
op+o6Vk  AMV—y1 ALV-—w
which gives
OV + 0V 0V 41
1V +6LVI+6V + L —0, (19)

(6p +8VK) (MV — 1) (Y — )

where

é] = 5[)3,1121(',

by =3ppridy —NMAKOF 1F 2 — 6Bi1ky — O Pakys — OpAakyi — SpAi Ky,

b= —06pLfiyi —6phifaye —Spplayi + N2k Wi F 1F 2+ 6k

—SppMvr +NAMKOYLF 1F 2+ OBiKY1 Yo + SpKY Y,
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by = SpPByyi +8pBiviva +0ppyive —NKOYIYLF 1 f 2.

Next, let’s define a function Z(V) = 01V3 +0,V2 4 03V + 44, then we find

ULCIET)

vip  y2p

Z(0)=—0p (Brvi+Biviva+pyiys) -1,
pp<

P (Wl) _ 0BinA (pAi +xyn) (sz 3 ‘lfl)

M A X M

P (‘lfz) _ B (P + k) (llfl ‘l’z)

2 2 Mk

lim Z(V) = .

y—roo
We have 2°(0) < 0 if the following condition is satisfied

nKor 1F 2

> 1. (20)
5pp<ﬁm+ﬁﬂ2+1)
vip  y2p
Observe that
v_w hdl p4]
12>7Ll=>f(ll)>0andg(lz)<0,
v_w wn p¢]
Az<11:>g(ll)<oandg(lz)>o’
Hence,

v v
f(mln{ll, 2Q})>0and,§¢’4<max{2q, M})<O.

If condition (20) holds, then Eq. (19) has three positive roots

n{W v
Vle<0, mm{/l], M})?
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It is evident from Eq. (17) that the solution V gives WY < 0 or W < 0; moreover, V yields W¥ < 0 and W < 0.
Thus, the only valid solution is V;, which results in

(0 KO F 1Vi
M, = >0, Ei=-——->0,
R YT S(p+ kW)
N S 72
wh=—"__ >0, w=—"=2__>o.
Ly - Py -V

Then we can define the basic reproductive number, Ry, as:

nKoF 1F»

B  Br >
Spp [0+ 22 4
PP (%P v2p

Ry =

The endemic equilibrium & 22| = (M, Ey, Vi, W)Y, W) is present when Ry > 1. In this context, Ry denotes the
average number of new infections generated by a single infected cell at the initial stage of infection [42]. O

2.2 Global stability

In this section, we examine the global stability of all equilibria for the model (6)-(10). A suitable Lyapunov function
is constructed [43, 44], and LaSalle’s invariance theorem [45], is applied. Define .# (1) = u— 1 —Inu, and let Q; represent
the largest invariant subset of

do;
,@]:{(M, E, V, WV, WS):dtJ:O}J:O, 1,

where ©; is a Lyapunov function candidate.

Theorem 1 The model described by Equations (6)-(10) exhibits global asymptotic stability at the infection-free
equilibrium & Z when Ry < 1. However, if Ry > 1, the equilibrium & &?( becomes unstable.

Proof. Define ®y(M, E, V, WN W) as:

N S
®0=M°$<M>+1E+ 8 _y,_Oh Wg",s,ﬂ(W)JréBZWOS.,%(W)

Mo)  FiC by mME b WY ) ek s WS
K hy t 6 hy t
K Al(r)/ M(0)V(0)d6d7 + / Ag(f)/ E(6)d6dr.
FiJo t—7T FilF2Jo -7
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We note that ©y (M, E, V, WN, W) > 0 for any (M, E, V, WN¥, WS) > 0 and ©) (M, 0, 0, WY, W) = 0.

do®
Calculating d—to along the solutions of (6)-(10) as:

d®0_<1 M0>dM 1 dE § av 5B (1 ng)dWN 5B (1 WOS)dWS

dt M W—‘_Flﬁ—i_nFleE nikriF» CWN ) dr Nl ifF» WS ) dr

h h
+—/ " AL (R) (MV = MoVy)dT+ —2 /zAg(r)(E—ET)dr.
0 FiF2Jo

From Egs. (6)-(10) we get

dQy My 1 h
- = (1 - M) (0 —pM —KkMV)+ 3 (K/O A ()M VidT — 6E>

b oB1 Wl
Ao (T)ELdT —pV — B VWY — VWS> (1—‘)) MVWN —yw¥
MY (n/o 2(T)EcdT —pV — B B LT v | e+ W)
of < Wos) s s K/h‘
7 (1-20 LVWS —uvo W)+ — [ A MV —M.V,)d
T2l 12 WS (p+1 V2 )+F1 A 1(7) ( Vi)dt
S th E—E.)d
JrFle./o 2(0) (E~Ec)dr.

Collecting terms and using ¢ = pMo, 71 = yiW}', and p» = yo W, we obtain

2 2
A8 _  pM-Mo)’ By (WV-W)"  SByn (WS -Wp) My — 9P
dt M nMrFiF» wN nArFiF» ws 0 nkiF
__%h WV — op: WSV
nkikFa2 nFrifF»2

It follows that

d® _  pM-My)’  piy WY =W’ 8By (WS-W§)’

dt M CNMFF wN CMMFiFa WS

Sﬁl W(g\,* 5132 WOS* 5/’ 1%
nrifF2 nkiF2 nkiF2

pM-M)®  Spiyi (WY By (WS-WE)’

M CNMFLE WN CMAFif wS
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+[’<¢_ ép <ﬁ171+ﬁ2}’2+1)]v
P nFEiF2\vip y2p

Finally, we obtain

@ _ _pM—Mp)’  Spiyi (WN-WY)  Spyn (W)

dr M nMfiFa WY nlafifba WS

)
p (1317’1+l327’2+1

) [Ro— 1]V.
nFiF2 \vip yp

do do
When Ry < 1, then TtO < 0. Furthermore, Tto =0 when M = My, WV = Wé", WS = Wg, and (Ry—1)V =0.
The solutions of the system defined by (6)-(10) tend toward the set 2y, as established in [40]. Every element within 2,
satisfies M = Mo, WN = WY, WS =W}, and

(Ro—1)V =0. 21

The analysis can be divided into two distinct cases:
Case (A) Ry = 1, then from Eq. (6)

am
0=—"=0—pMy—xkMV = V(1)=0 foranyr. (22)
From Eq. (8) we have
dv ha
0= o — / Ay(T)Erdt = E(t)=0 foranyt. (23)
0

Then 2, = {& P, }.

Case (B) Ry < 1, then Eq. (21) leads to V = 0 and Eq. (23) results in E = 0. Therefore, the set 2, reduces to the
singleton {& P }.

LaSalle’s Invariance Theorem (LIT) [45], gives that & £? is Globally Asymptotically Stable (GAS).

The characteristic equation corresponding to the model (6)-(10) evaluated at the equilibrium point &£ can be
expressed as follows:

(et p)(x+ 1) (x4 y2) A (x) =0, (24)

where x is the eigenvalue, .4 (x) = @yx? + o1 x + @y and

W = Ppy1y2,
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o1 = Bypyi +Biyipva+Spyi v +ppyiva,
o = B20p W1+ B17i6p Y2 +0pp i Ya —NKOWIYLL 1 f 2,

where ;= [,7 fj(t)e"tm)Tdt, j= 1, 2. Obviously, A (0) = 8p (Baovi + Binva +pwiya) (1 —Ro) <0if Ry > 1
and lgn A (x) = oo, This implies that Eq. (24) has a positive real root, which means that & & is unstable. O
X—>00

Theorem 2 The model (6)-(10) is GAS around an endemic equilibrium & if Ry > 1.
Proof. Construct ® (M, E, V, WV, W¥) as:

M 1 E ) 14 3B N (WN> 3B s (W5>
O =M )+—E2(=)+ (=) +—"L whVe (o) + -2 wie(
L= <M1> i <E1> ks (w) nara VWY ) T, T\ WS

E O’” As(7) /tt & <Eg})) d6dr.

-7 1

+F£1M1v1 /Ohl Al(r)/tt g(M(e)V(e)> d6dt +

-7 MVi FiF2

Differentiating ®, along the trajectories of the system defined by (6)-(10) yields:

de; _ M, 1 _E " _
e <1 - M) (0 —pM —xMV) + 2 <1 - E) (K/O A (T)MVidT 6E>

+5<1—Vl)< /th(T)EdT— V—ﬁVWN—BVWS>
N v 710 2 T p 1 2

0 WN k) WS
B ) (g

K hy MV M.V; M.V, 5 hy E E; E;
B v [ A _ +In dt+ E/ A | = — 25 o (=) | ar.
M)A )[MM MV, (MV i), 20 E T E E

Summing the terms, we obtain

do®, . M, K hy M. V.E| o 5p

0 ha EV 51) 5ﬁ1 N 5[52 S
— A (T drt + Vi + Viwt 4+ —VvViw
F1F2/0 0 nFiF2 ' MFiFy nEiFs !
5B ( WlN) N B 3P ( W1S) s
0P (- D) () — why 1= L) (- yoW
+T?3~1F1Fz wN (n=ww?) nriF, ! Jr77/12F1F2 wS (=)
0B

K h WV,
W1SV+7M1V]/ A](‘L’)lﬂ( i T)dr—l—
0

hz ET
E A (T)In| — | dr7.
F wv L), A0 ( )

E

_nF1Fz FiF2
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Using the equilibrium conditions of & Z;:
¢ =pM;+xM,\Vy,
KF 1MVy = OE,,
NF2E = pVi+ BViw) + BViwy,

Y= — VW) +ywl,

B = —LVIW + W,

we obtain
2 2
e _ pM-Mi)’ By (WN-W)T 5By (WS-WP) +<1_Ml) KM,V
dt M nAMF k2 wN nAF 1F 2 wS M

5 WN 6 WS K hl MVE
B (1 1) Vi — 52 (1_1)V]W1S—|—KM1V—FM1V1/ Ai(1) - de
1 0

T nFiFa \C WN nFLF WS MV\E
) 1) ) hy E.V, ) ) 1)

+ 2P y_ El/ mo@) EVr 9Py OBy OB s
F1 nkiFa FiF2 0 EWV nkikFa nkikFa; nkikFa

0 why of

K hy W, Vs ) ) hy (ET )
- - WSV + —M,V, Ai(7)In dt+ E Ay (7)In dr.
NnFiF2 ! nFiF2 ! F1 i 0 1(7) ( ! 2(7) E

wV FiFa ' Jo E

To prove this theorems, we will use following equalities:
MV, MV E M VIE
In ) =In il +1In -1 +In Ml ,
MV M\VIE M VE;

E E E
In(==)=In il +1In Ev ,
E E\V EV,

which leads to

2 2
e, pM-M)*  pyi (WV-WY) Srya (WP —W7) I
. = - N - S +(1—— KMV,
dt M nAF1F2 w NnAF 1F 2 w M
WN N WS S
oo (1= e e = 2B (1 T v
nrira W 4 nkiF2 we W
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) ) ) \% hy M V.E 6
+(KM1V1— Prywn_ 9P s P V1>—KM1V1 A0 gy O,
nkiFa UIBT) UIET) i Fa M\V\E F1
) hy EV, 5[) K hy [ (MTVfEl) (Ml > (VlE >:|
— E/ As(T dt+ Vi+—MV, A1(7) |In +In{ — | +In{ — | | d7T
nny MOy r s T M MO I e M VE,
hy E Vi EIV):| 0P N 6B N
+ E Ar(7) [In +In| — ) |dt— Wi+ ViW.
S )[ (E1V> (EV1 nFiF, e,
) 6
_ % Viw + L AR
nkiF2 nrifF2
Obviously, we can see that
1) ) ) Vv
<KM1V1— Bl 1 1N— ﬁz V]Wls— p V])_O
nrifF2 nkiF2 nkikF i

Hence, we get

2 2 2
d®, _ pM-M)* gy WV-WY) By (WO -W) 8p (WY —w) v
dr M naFiF, WV nlfiF, WS nFifF, WV !
2
8B (WS —wp) (M1 <M1>) K I M.V, E, 5
+ ViekMVy [ — —1—In( =) ) - =MV, | Az dt+ —E
NFiF, WS : Y\ M M M MO G o
__9 E/th(r)E’VIdr+KMV+£MV/hlA(r) {m(MTV’El)Hn(VIEHdT
Fifa "o "2V EWV AR M\V\E VE
h E.V, E\V
+ E A (7) |1 +In| — ]| d~.
Faf o (5 ) o (7 )]
Then
2 2 2
d®, _ pM-M)* By (WV-WY)T SRy (WS -W) 8p (WN—w) v,
dt M nMrifF» wN nArfiF» wS nFiF2 wN

8B (WS- W15)2
WS

Ai(7) {
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o hy E;V, E.V
_ El/ A2(T)|: i 1—1—111( ! 1):|dT.
FifF2 0 E\V E\V

i N v V23

From the equilibrium conditions, we have V, = and V; — . It follows that
d b )»1 MWN b lz leIS
2 2
I UESTS  N UASL S S UL R ()
dt M NMFiFa WNWN  nlafiF, WSWS Y\ M

hy M. V.E ) hy E.V
—LMIVI/ AI(T)$< A 1)dT— E]/ AZ(T)X( ! 1>dT.
Fi 0 MV\E FiF2 Jo E\V

d®, do®,
Thus, ——= <0 forany (M, E, V, W, WS) > 0. Furthermore, — = 0 when (M, WN, WS) = (M, WY, W5) and

dt
M.V E E.V
MT VTEl = ETVI = 1. Then, solution of model converge to ,02’ Any element in 2}, we have M = M|, wh = WlN , and
1V 1

M dw"  aw?

WS =W5. Then o A 0 and from Eqs. (6) and (8), we get
0= C%/[ =p—-oM—oMV = V(t)=V, foranyt,
and then
0= ‘;—‘t/ =7 /Oh2 Ay (T)Edt — pVi — BVIWN — BViW;  —  E(t) = E; forany1.
Consequently, 2 = {& % }. LIT implies that &% is GAS.

3. Model with latent reservoirs

The objective of this section is to expand on the model (6)-(10) presented in section 2 by including the effect of
latently infected cells. These cells contain virions but do not release them until they are activated. We propose our model
by considering the factors (A1)-(A7) outlined in section 2, along with the additional factors:

(A8) There are two classes of infected monocytes, latently DENV-infected monocytes, EL, and actively DENV-
infected monocytes, EA. These compartment die at rates @E- and SE4, respectively. A portion & € [0, 1], of target
cells becomes active, while the rest of the portion 1 — & remain latent. The activation rates of latently DENV-infected
monocytes by uE”L (see Egs. (26) and (27)).

(A9) We add two more types of time delays:

() The formation delay of latently DENV-infected monocytes. The likelihood that uninfected monocytes contacted
by free DENV at time ¢ — T survived 7 time units and become latently DENV-infected monocytes at time ¢ is represented by
g1(7)e™™7", where 1/n;, represents the mean lifespan of monocytes throughout the phase in which they become latently
infected.

(IT) The activation delay of latently DENV-infected monocytes. The probability that latently DENV-infected
monocytes persist for a duration 7 before activating at time ¢ is represented by g»(7)e 27, where 1/n; denotes the average
lifespan of monocytes during the activation phase.
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Figure 2. The diagram illustrates the dynamics of secondary DENV infection latent reservoirs

Figure 2 presents a schematic representation depicting the dynamics involved in secondary DENV infection. The
above assumptions allow us to formulate the following model:

am

dEL ki —nT L

?:(1—5)1(/0 g1 (t)e M. Vedt — (1 + @)EL, (26)
dEA f —-mT k2 —nyT L A

? = é’( 0 f](”L')e MTVTdT‘i’IJ 0 gz(f)e ETdT75E , (27)
av h —myT A N s
ki L(t)e ™ EzdTt —pV —[IVWT — BVW?, (28)
awn
o n + VWY —y W, (29)
aws s s

a = /)/2+}1/2VW —yW-. (30)

The starting conditions for the system described by Equations (25)-(30) are given as follows:

(Ma EL7 EA7 V7 WNa WS)(G) = (815 &, &3, &, &5, 86)(9)a (31)
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8](0) 207 0 € [71-*7 0]7 61(9) e%([fﬁr*a 0]7 RZO)? .]: 17 27 Ty 67

where 7 = max {hy, ha, ki, ko}. We define I1(7) = g;(7)e " and Y; = f(;(j ITj(t)dt, j =1, 2, which ensures that
0< Tj <1

3.1 Preliminary results

We start by showing that the model (25)-(30) is well-posed, guaranteeing that the solutions remain both nonnegative
and bounded. Next, we identify all potential equilibria and determine the basic reproductive number that affect the
existence and stability of these equilibria.

Lemma 3 The solutions to the system given by (25)-(30), together with the initial conditions (31), remain non-
negative and are eventually bounded over time.

Proof. Let us demonstrate the non-negativity of the solutions for the model (25)-(30). It is evident that the Eqs.
(25), (29), and (30) imply that

dM dwnN dws
*|M -0 =9¢>0, 7|WN:0 =% >0, 7|WS:O =%»>0.

Hence, for all 1 > 0, M(t) > 0, WN(¢) > 0, and W5(¢) > 0. Moreover, we have
t k
EL(1) = e B9V gy(0) + (1 — E)k / o (1r9)-0) / T (£)M(6 — 7)V(6 — 7)ded6 > 0,
0 JO
k
EA(r) = / 5(:-6) {gx/ NIC; )V(G—T)dr—i—,u/ZHZ(T)EL(G—T)dT 6 >0,
0

V() = o~ Jo(PHBIWN (1) +BoWS (x 0)+7 / o (P+BIWN (x)+B2W5 (x) / Az (7)EA(6 — 7)dtd6 > 0.

forallt € [0, 7*]. Therefore, through recursive reasoning, we conclude that (EL, E4, V)(¢) > 0 forallz > 0. Consequently,
M, EL, EA, vV, WY, and W¥ are nonnegative.
Let’s demonstrate that the solution (M, EX, EA, V, WV, W) is ultimately bounded. Eq. (25) gives

To establish the ultimate boundedness of EX(t), we define

ki
o =(1 —5)/0 I (t)M.dt + E~.

Then, we obtain
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d -
+dt

do dM dEL
71 — _6 / H] T

ki ky
:(pg)/o HI(T)(qﬁprrfKMTVT)dTJr(lfé)K/O T ()M, Vedt — (1t + @) E-
= (-8 [ W@ar-(1-&)p [ WMz (u+ g)5*

< (1-E)9T1 —w {(1 —g)/ok1 Hl(r)MTdT—i—EL}
=(1-8)¢p—wi01,

_ _ _ 1—
where vi = min{p, u+ ¢}. It follows that, tle sup O (t) < €y, and then }Lm supEL(t) < Q, where Qp = (vﬂ
- e |

Define

hy
- / AL (T)MdT+EA.
0

Then, we get

o
Q_g/ AL (%) (9 — pMs — KM:Vi) dT+Ex / A1 (T)MeVedt + 1 / M, (v)ELdt — SE*
0

ko "
_§¢/ Av(T)dT— pE Al()MTdT+u/O T (7)ELdt — SE

~ hy
<EQF 1+ U~V {5/0 Al(r)MrerrEA]

<EP+ 1y — 0y,

_ _ Q _
where v, = min{p, 6}. It follows that tlim sup O (1) < Q3, where Q3 = M’ then tlim supEA(¢) < Q3. Now, let
—o0 o) —o0
us define
05— ﬁl WN B B2 B2 s
A
Then, we get
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where v; = min{p, w1, y»}. It follows that }Lm sup 03 (t) < Q4, where Q4 =
MO - _ Ay
B

Qu, lim supW™ (1) < Qs, and lim supW3(t) < Qg, where Q5 =

4oy _av  paw"  paw’
dt dt A dt Ay dt

h
_ n/ * Aa(D)EMT - pV — VWY — By + P (v —yw)
0 1

A

+ % (1 + 2VWS -y, W)
2

Bin | B Biwi

hy
n/o 2(T)EZdT+ gy + 7 pVv g w
=  Bin  Bp Bion, Bs
< Qs+ ——+—=— V+—W —W
<NF2Q3+ A + T V3 +7L] +/12
ST]QH—BM +l3272_v3ﬁ37
Al Yy

Q
n 2+l31}’1+ﬁ27’2

5Q_
B

As a result of Lemma 3, the set

, then limsupV () <

O

P={(M, BL B, WY, W) €4S M| < B, [EX) < 0o, BV < Qs V] < Gy W] < s, [WS)] < B}

is positively invariant for the system described by Equations (25)-(30).
Lemma 4 Let R represents the basic reproductive number for system (25)-(30). Then, the following holds:

(I) If Ry < 1, there is a unique infection-free equilibrium & 2.
(IT) If Ry > 1, an endemic equilibrium & | exists in addition to & 2.
Proof. Let the R.H.S. of Egs. (25)-(30) be zero

0=¢—pM—xMV,

0= (1-&)KY 1MV — (u+9)E",

0=EKF MV +uY,EL — SEA,

0="nF2E*—pV —BVWYN — BV W5,

0=7+4LVWN —y WV,

iporary Math tics
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(34

(35)

(36)
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0="7+ VWS —yoW5. (37)
From Egs. (32), (33), (35)-(37), we have

0 gl (1=8)xp1V

M= ) T N~ )
p+KV (H+o)(p+xV)
(38)
EA — Pk PV N__ N wS—__ P
S(u+o)(p+xv)’ vi—AV’ Vo — AV’
where Z = pu(1—-&)Y 1Yo+ &(u+ @)F 1. By substituting in Eq. (34), we obtain:
nKof 7 Pin By )
—p+ + + V=0 39
< P o(u+o)p+xV) MV—-yr LV-y (39)

Eq. (39) outlines two possible scenarios. The first scenario is when V = 0, which corresponds to the infection-free
equilibrium & 2y = (M, 0, 0, 0, WY, W;). The second scenario occurs when V # 0, in this case

nKkor,7 Bin B:r

—p+ =0,
P o(u+o)p+xV) MV-yi LV-y

which gives

6_1V3+€_2V2+£73V+l74 -0 (40)
S(u+o)p+xV)(MV —y)(V—vyr)

where
0y =8phidak(u+ @),
b =8pplida(U+ @) —NA Ak PF 2 — Mok (1 + @) — S fokya (U + @)
—0plakyi(u+ @) —Splikys(u+ o),
3= =3pbafivi(t+¢) —SphiPap(u+ ) —Spplayi (L + @) +Nakd Y1 PF 2+ SBakrayi (U + @)
=Sppriva(p+ @)+ Nhikdya PF 2+ 3Bikniva(p + @)+ Spryiva(p +¢),
ly = 3pBoroyi (1 + @)+ 3pPiriva (ki + @)+ 8ppyiya (i + @) —NKPYI Y 2T o
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Next, let’s define a function 2 (V) = 01V3 + 0,V? 4 I3V + 14, then we find

nKk¢ZF 1

Z(0)==8p(u+0) (Br2vi +Biyiva+pyivs) ﬁm
opp(L+o) (Bm wip + — + 1)

j(ll/l) _ oBinia(p+o)(pA +kyi) (1,/2 1,,1)

M o A

g (V2 _SBrhi(uto)lplatkyn) (Vi W2
A M A

Hence, Z°(0) < 0 holds true provided that the following condition is met.

nKkg ZF,
3pp(u+ @) (ﬁm Py, | 1)

> 1. (41)

+
Vip VP

Analogous to the argument presented in Lemma 2, it can be shown that there exists E; € (O mln{ 1/1 112 })
1A

satisfies Eq. (40). It follows that

My — ¢ >0, EL— (1-8)k¢Y 1V 7
p+KV| (H+o)(p+xW1)
A Ok PV, N T s )
= W=——"—7—7>0, W =—"-"7"-—>0.
P S(uto)(p+xW) v Py -
The basic reproductive number, R, can therefore be defined as:
5 UL A
Ro= Bin ﬁz?’z
Spp(u+ (‘ +222 1)
pp(u+ o) vio | vop

The endemic equilibrium &2, = (M;, EXy, E4y, Vi, WY, W) is present when Ry > 1.

3.2 Global stability

Let ® be the potential Lyapunov function and CID’]- be the largest invariant set of
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do;
cp,-:{(M, EY BNV, WY W) s = },ij, L.

Theorem 3 The system described by Equations (25)-(30) exhibits global asymptotic stability at the infection-free
equilibrium & 22 when Ry < 1. However, if Ry > 1, this equilibrium loses stability.
Proof. Define ®y(M, EX, EA, V, WV, W) as:

S(u+o)
V4
nF, niif

N
@ = PM.L (;j) FUT2EE + (1 + @)EA + P KE) v o <W >
0

0 N
W

0B (u+ o) wS ki '
+WWOS$ (Wos> ﬂm(l—é)Yz/o H1(T)/I4M(9)V(6)d9dr

hy t ky t
+§K(u+(p)/0 Al(r)/l M(0)V(8)d0dt + u(i + o) Hz(‘L’)/ EL(0)d0dt

-7 0 t—7

h t
Lot 2A2(r)/ EA(8)d6dr.
F2 0 Jt—1

We note that @ (M, EL, EA, v, WN, WS) > 0 for any (M, EL, EA, V, WNa, W¥) > 0 and ©y(Mo, 0, 0, 0, W',

. dO, .
WOS ) = 0. Calculating aTO along the solutions of (25)-(30) as:

M

A

do, | My dM
dt

dE" dE*  S(u+e@)dv  SBi(u+o) W\ dwV
ar T T G e T (l_WN)dt

AR (1 W ) aws
wS

k)
Nl 2 74#1’((1—5)1’2/0 I (t) (MV —M;V;)dt

hy ko
+§-1<(u+<p)/0 Al(r)(MV—MTVT)dT—i—(qu(p),u/O IL(7) (EX —EL)dt

+ 6(‘:(”)/0]72 Ao (1) (E* —ED) dr.

From Egs. (25)-(30) we get

d®y My
dt

(1= M) (0 —pM—xkMV)+uY, ((1 é)K/Oklnl(T)MTVTdT(‘qu(p)EL)

+(1L+o) (5 K/Ohl A (T)MVedT+ 1 /0k2 I, (t)ELdT — 5EA)
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h
+ 5(5;(’)) (n | ’ Ay (T)EAdT —pV — BVWN — ﬁszs)
2

0P (u+ o) ( Wév) N Ny, OB (u+ o) ( W(f) s s
OPRETY (1~ 2o MVWY —yyw) 4 SE2E T o MLVWS — yoW
T, w ) (02 W) + Nk 2 ws ) (pth yaI’)

ky hy
+NK(1*§)T2/O Hl(T)(MV*MrVr)dTJriK(MJr(P)/O A1) (MV —M:Vy)dt

S(u+e) ("

ko
+ 1+ | Th(7) (E' —EL)dt+ |
2

Ao (T) (E* —ED) dr.

Collecting terms we get

d® M OB (u+ wy SBo(u+ A
= (152 ) 0 -omn+ SRR (158 ) O - + 2L (158 ) (v

op(u+o), Pi(ute),n, OSP(1te)

+ Kk PMV —
0 nr nFa 0 nFs

WSV
Using ¢ = pMo, 71 = yiW}', and p» = yo Wy, we obtain

~ 2 2
4@ _  pPM—My)’ SPivi(u+o) W' W) Spwn(ute) W-WG)" . Spu+e),
4% _ _ _ _ v P te)
dt M naf 2 W Niaf 2 W nk

_Pi(ute) Wiy — 5B (1 +9) Wsv.
nks nkra

It follows that

d®  pPM-My)’ SBivi(u+e) (W —wd)? AR (WS —wg)’

dr M nAF 2 WN nAF 2 wS

. [K@MO_ OBu(it+9) o _ BBk t0) s 5p(u+<p)] v
nka nr. nr,

PP (M—-My)? SPivi(u+o) WY—WY)  SBvn(utoe) (W W)
M NnALF 2 WN niaF 2 wS

n {’“P@ _Op(u+9) (ﬁl% L Bew —H)] v
[y nk2 vip  y2p
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Finally, from the definition of Ry, we obtain

d® _ p2 (MM Spiyi(ute) W -WY)  SByn(ute) (WS-Ws)’

dr M NnALF 2 WN Nl F

N Sp(u+o) <Bm N By

1) [Ro—1]V.
nF2 \vip | wap )[0 ]

wS

_ de, d® _
Since Ry < 1, then Tzo < 0. Furthermore, Tzo — 0 when M = Mo, WN =W, WS =W§, and (Ry— 1)V = 0. The
solutions of system (6)-(10) tend toward the set &j, as time progresses [40]. Every element within &j, satisfies M = Mp,

WN =W, wS =W, and

(Ro—1)V =0.

The analysis can be divided into two distinct scenarios:
S-1. Ry = 1, then from Eq. (25)

dM
0= o =¢—pMy—xMyV = V(t)=0 foranyr.
From Eq. (28) we have
av hy A A
== n/ M (T)Efdt = E%(t)=0 foranyt.
0
Eq. (27) implies that
dE* k2
== ,u/ I(t)Efdt — EX(t)=0 foranyt.
0

Then @) = {& P }.

S-2. Ry < 1, Eq. (42) leads to V = 0 and from Eqgs. (44)-(45), it follows that E4 = EL

reduces to the infection-free equilibrium {& % }.
Applying LIT, we obtain that & & is GAS.
The characteristic equation corresponding to & % is given by:

(x+p)(x+ 1) (x+ y2) A (x) =0,

where x is the eigenvalue, .4 (x) = ¥5x° + 9x? + Syx + ¥ and
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= 0. Therefore, the set |,
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U3 = pyiyy,

0= Boropyi +Bivipva +0pviva +ppyivn +pyivn (L + @),

% = Brbpyi+Brpvi(L+ @)+ Binépya+Binpva(u+¢)+6ppyiy,
+opyiva (i +@)+ppyiya(i+ @) —nKOyiyaSF i F 2,

Y = Brr20pyi(L+ @)+ Bindpya(u+o)+Sppyiya(u+ o)
—nKouy (1 —E)T Vol 2 — Ko yiva(u+0)F 1 2,

where [ j = f;’j fi(t)e & Hm)Tdr and Y; = _f(;('f gj(v)e”F)%dr, j=1, 2. Clearly, if Ry > 1, then

N(0)=8p (Boyi +Biviva+pyiys) (1 —Rp) <O.

Moreover, lim N(x) = . This indicates that Eq. (46) has a positive real root when Ry > 1. Consequently, if
X—>00

Ry > 1, the equilibrium point & & becomes unstable. O
Theorem 4 The endemic equilibrium & %7 of model (25)-(30) is GAS when Ry > 1.
Proof. Construct ©; (M, EX, EA, V, WN, W9) as:

- M E* EYN  d(p+o) VY, 0Bi(u+e) wh
0= ML = | +unELe (= By )+ 2y 2 )+ BT N o ( 2
: : <M1>+u 2 <E1L>+(H+(P) ! (Ef‘>+ nry (V1>+ nray <W1N>

S WS ky 1 MOV (6
# Ut DDy (05 ) = [ o) [ (PR doas

+Ex(u+ Q)M Vy /O.hl Al(r)[tTD?(AW) dedr—i—u(u—i—(p)ElL/Oszg(r)/:Tg<EL(9))dedT

S(u+o) A/’” /f <EA(6)>
hAl 24 ;) A )
+ = iy 2(7) tir,,iﬂ £l dedr

The derivative of @, is given as:

d®, M\ dM EL\ dE® EAN\ dEA S(u+o) Vi dv
=21l ) S (1) = 1--L )= 2 2 ()
dr 9( M) a T 2( g)ar TWEEOU ) w Y Tam v ) dr
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LB te) (| WY AW Sa(ut) (| Wi WS
nALF 2 wN dt niaF wS dr

f MY MV, M.V,
1—&)Yr kM V; II(7 ———+In{ —— | |d7T
+u(1=8)YakM, 1'/0 1 ( ){MM M1V1+H(Mv )]

hy MV MV, MV,
KM, V; A (T — 1 drt
+ (1 +@)E kM, 1/0 1 )|:M1V1 M1V1+H<MV )]

ka EL  EL EL S(u+o EA E2 EA
EL [ 1T — In 7EA/ As( — = 4+In| =% )
Tt OmE J “”[w gt (5)] 4=+ 2 [Ef Ef*“(EAﬂ“

By substituting the equations from model (25)-(30), we obtain

L

ddizl e (1 - 1}‘3) (¢ — pM — KMV) + Y <1 - ?L) ((1 —g)x/okl I, (1)M.Ved T — (u—Hp)EL)

E4 h ky
+(u+o) (1—E;> <¢§x/ A1(T)M1Vrdr+u/ Hz(r)Egdc—aEA>
0 0

h
+M (1VI> <”/ 2Az(T)E?dTPVﬁlVWNﬁZVWS)
nF2 4 0

L oBi(n+o) (1 w

OB+ W,
niir2 WN>(%+MVWN ‘I/IWN)+M(1 1

1oF 2 W S) (B +LVWS —y W)

k
+u(l_§)Y2KM1V1/01H1(T){MV MV (MTVT)]M

MV, MV, MV

MV M;V; <MTVT>] dt

hy
+(u+<P)§KM1V1/0 Ai(7) |:M1Vl AT T

+(u+(p)uE1L/0 (T ){EL—ELHn (ELﬂerrWE{‘/thAz(r) [EA—E?—Hn (E?)}dr.

2 E{ Ef EA
Gathering the terms results in the following expression
do,

M, M V.EE

ky
dt_@(lM> (6~ pM)+ KMV — (1~ E)0ax [ 10 dT+ W (1 + 9)E}
hy M.V, EA ky ELEA Sp(u+
—(u+9)x A A (1) TEZ‘ Ldt—(u+o)u A (1) EAldr+(u+<p)85;L pgzqu(p)V
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drt 6p(u+<p)v1 n 6B1(u+<p)VlWN+ 0B (1 +9)
\% nkrs nr» nra

h A
M/O ZAZ(AL-)ETVl V]WS

F

L 8Bt o) (1 W1N> (1 — yaw)y = SBLEH @) vy | 3B+ @) (1 W

1 _ WS
nAiF 2 wN nF» ! naF > WS) (72 V2 )

_ Ba(uto)
nr»

WSV 4 u(l— )Y KMV/le(r)ln McVe ) 40
v +u 2kMi V- Th MV

i M.V, L [l EL
)RV [ Ai(0)n ar+(u+ puEt [ o (25 ) de
0 MV 0 E

S(u+e) 4 (™ E}
+TE1/() A2<‘L’)ll‘l EA dr.

Using the equilibrium conditions of & &
0 = pM, + KM, Vi,
(1-&)kTiMVi = (u+@)ET,
ExIF M Vi + UL EF = SEY,
NFEL = pVi+BViw) + By,

=MWy W),

B=—0LVIW + W,

we get
(L+@)BE! = (u+@)EkF \MV) + (1 + @)Y Ef
=(u+@)SxF (M Vi+u(l =&)Y 1 X2xM V)
= PKkM,V;.
We then derive
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dt M nirks WN nAf o wS

2 2
0@ p2M-M)’ Spvilute) WN-WY)  spya(u+e) (W W) W’(I—Af}) -

N S
_8Bi(u+o) (1 B W]> VW — Ba(1+9) (1 B W]> VWS + (K@Mlvl B 6p(u+<p)v1

Nk wN nk» wS Nk
PP S < ) s, 0
o+ B (et gy [ MMV gyt [ nzmg;ﬁdr
(s @)SER 5(qu2L<p)E? thAz(T)fE;;\‘//ldH 6p§7u;:<p)vl N 6[311(1#;</>)V1WN+ 5ﬁ21(7‘;j¢)vlws

k h
+”(1*5)]@"1‘41"1/0 () (A:;“;r)dTJr(“ﬂL(P)éKMlVl/O "Ay(7)In (vaf>dr

MV

ko EEL S(u+o) hy EZ
L T A T
+(u+(p)uE1/0 Ix(7)In (EL>dr+ Fz E; /0 Az(7)In (EA)dr

LBy SBO), Ly SRR ) s OBt e), s
nF» nF2 nF: nF2
Clearly, it’s evident that
(m@Mlvl o)y, BBt o)y, 552(“+‘P)W§v1> V_o
nk2 nk: nF2 Vi
It follows that
_ 2 2
d®, _ p2M-M)’ SBvi(ut+e) WN-WN)"  SByn(u+e) (W W) M,
— = — - - “r«@ 1—— KM1V1
dt M nAF2 wN niF > wS M

w@WW)Ww‘W(zWW)ws
o whwN )T weowp)
M.V, EF
MV{EL

ky
—u(1=&rakmVi [ () dt +ua(p + 9)E}
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—(u+ )gxMV/h'A() Ve (o) EL/'kzn()ELE?dr
u+o llolMlVEA N‘PH102ELEA

S(u+ hy E3V,
e o)aEt - IO [ p 0 B e (o )k b+ (1 - iy,
1

ki M:Vy " MVy
+u(1—§)Y2KM1V1/O H1(1)1n< i >d7+(“+¢)€KM1V1/O Al(‘L')ll‘l< MV )d‘L’

k L .
v pust [ naom (5 v 2O g o (£ e

To prove this theorem, we will use following equalities:

M.V, M. V.EE M VIEL
In( =28 ) =In | L) 4 (=L ) +In [ ,
MV MV{EL M VEFL
MTVT _ MTVTEf n M I V| EA

O \MVEA M VE} )’
()-w() ()
ELEA ELE;
EAV1 E{V
+1In ,
EfvV EAV)

n;\m

which leads to

do, pPM—M)® Pyt ) (W =W sByn(u+e) (WS -w) M,
— = - — + 21— KMV,
dt M Nk wnN Nt wS M

L OBiute) W W) 8Ba(ute) (WD)
ul wn ul ws

rVr 1

M\V\EL

ky
—u(1—<§)Y2KM1V1/O I (7) dT +uYXa(u+ @)E}

hy VT { L ko ELEA
oz [ @MV E e st [P a(e Q=

SRS

o(u+ E Vi
(1t 9)SE! — (“F (pE"/ Ao(®) Fir T+ (0 Q)ERF IMIVi + (1= E)Y I TakMi Vi

1
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ky M, V.EE M, V,EL
1— YKMV/ I (7) |1 1 In(— | +1 dt
+H( 5) 2 Vi 0 1( )|:H<M1V1EL>+ H(M +In VE{‘

hy M, V.E4 M, V,EA
M,V A | 1 In(— | +1 d
+(u+@)éxM Vv, A I(T)[H<M1V1EA)+n<M>+n(VEf)] T

ka ELEA ELEA
EL [ "IL(7) [1 Tl In{ == )|dz
+ (U + @) UE; 0 2( )[H<E1LEA>+ n(ELEz]L\

h A A
+ME{‘ 2/\2(17) [In <E1V1>+IH<E1V)]dT.
2 0

Then we obtain

a0 pPM-M) Spvi(ute) W W) yalutg) (WS- W)’

dr M Nk wN niaf 2 wS

s (Mllln <M1>) ey, + OBt e) (WY —w)” L 9B(u+o) (ws—w§)’

M M Nk wN T gy

MrVrElL M‘;VTEIL
—1—1In art
M{VIEL M{V{EL

_‘u(l —5)Y2KM1V1 Aki H](T) |:

hy MV E4 M. V.E4
- KM,V Ai(T L_1-1 L) |dr
(L+@)ExM, 1/0 1 ){MIVIEA n(M1V1EA>]

ko ELEA ELEA
— EF | Th(t) |t —1—-In( 2L )|dr
(lH-(P)ll 1 0 2( ) |:E1LEA n (Ef‘EA

h A A
_L““”)E?/ 2Az(r) {ETAVI —1-In (Efv‘ﬂdr
Fa 0 E{V v

1—E)YokM,V, 1 om (VED) 4
+u(l—=§)YaxM,; 1/0 1(T)H(VEIL> T

ExMV, " Ao (VEYY
+(u+@)ExM,; 1/0 I(T)H(VE?) T

ka ELEA
EL/ (t)In ( == )4
+Hut QuEy | Z(T)H<ELE11‘\> T

wS

Vi
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h A
+ ME{*/ " As(t)In (E' v ) dr.
0

FZ EAV1
From the equilibrium conditions, we obtain V| — 1)/%1 =— M?VIN and V| — % — _ )L;svls _This leads to the conclusion
that
_ 5 )
e, Pga(M—Ml)2 B opin(u+o) (WN—WIN) B 8By (L +9) (WS_WIS)
a M nhts wAw Nk 2 WSWS

MTVTEIL> 4

M, ki
A (M) K'M1V1—‘LL(1—<§)Y2K'M1V1/O I, (1).¥ <M1V1EL

Iy MTVTE’IL‘ L & ELEIIA
~(u+ @)k, | Adr)f(MlVlEA)df—wHP)#EI/0 ()2 | grgs ) 9°

h A
_ Mﬁ/ " Aa(0).Z (E;VI > dr.
F2 0 ETV

d® . . d®
Hence, d—tl < 0 for any (M, EL, EA, vV, WN, W5) > 0 in addition to d—tl =0 when (M, WN, W5) =
(M, WY, W) and
M V:EL  MV:E{ E'E{ E}v |
M\VIEL — M\V\EA — ELEA — EfV

Then, solution of model converge to @/, for any element in ), we find M = M;, W¥ =W}, and W = W?. Then

dM  dwN  aws
- ar . dr from Egs. (25), (27), (2 t
= a4 = g~ 0andfromEgs. (25), (27), (28), we ge

dM
= =p—oM,—aM\V = V(t)=V; foranyt,

av k2 A N s A A

0= E:n/ Ag(r)ETdr—pvl—[ﬁVlWl —ﬁ2V1W1 = E (Z‘)ZEl for any 7.
0

dE k2 L A L L

O:W:EKF1M1V1+[J/ Iy(t)E;dt—O6E] = E“(t)=Ey foranyr.
0

Consequently, ®| = {& 7 }. LIT implies that &7 is GAS.
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4. Effect of latent reservoirs and time delays on the DENV dynamics

An analysis of the dynamics of DENV in the presence of latent reservoirs and time delays (L, D) is presented.
Consider antiviral drug therapy with drug efficacy x € [0, 1], aimed at blocking virus production [2]. The model (25)-(30)
under the influence of RTI is as follows:

aMm

7 ¢ —pM—xkMV,
dE" k1
?:(l—é)KA H](T)MfVTdT_(u+(P)EL7
dEA hy ky
o =ex [ M(oMVdr+p [ (et - 5B,
0 0
47)
av hy A N S
T (1 77()”/0 Ay (T)EfdT—pV — BIVWY — BVW>,
N
d% =N+uVW —ywh,
dw?
= n VW W,

The basic reproduction number of system (47) is defined as

RLD) () — (L=x)negu1 =i T2+S(H+Q)FilF2 _ — R ().

Bin PBr )
Spp(u+ (++1
pp(u+ o) wip vp

Here, RSL’ D)(O) represents the basic reproductive number of model (25)-(30) in the absence of treatment. Given that
R(()L’ D) (0) > 1, the infection-free equilibrium & & for system (25)-(30) loss it stability. Our goal is to determine the range
of treatment effectiveness, denoted by y, that guarantees the stability of the infection-free equilibrium & & in system
(47), while satisfying the condition Rg“’ D)( x) <1

~(L,D
LD) _ Rf) '(0) -1

1 2 X Z Xmin R(L’ D)(O) (48)
0

To assess how latent reservoirs and time delays influence the minimum required drug efficacy for achieving stability
at the infection-free equilibrium, we examine the system defined by (1)-(5), which assumes no latency and no delay (No
Latency, No Delay (NL, ND)), under the effect of treatment as:
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aM

I == (p _pM— KMV,

‘;—f = kMV — SE,

oy = (L= 0)ME—pV = BVWT — BV W", (49)
dwn

7 A+ MVWN —y W,

aws

TR + VWS —ypo WS,

and the basic reproduction number of model (49) is provided as:

RéNL,ND)(X) _ ([; —x)nﬁ:¢ —(1 _X)RE)NL,ND)(O)'
opp (171 422 1>
vip  y2p

Here, RBNL’ ND)(O) represents the basic reproductive number of (49) in the absence of RTI. Let us assume that
RgNL’ ND)(O) > 1. We determine the value of drug efficacy x that guarantees RgNL’ ND)( x) < 1, thereby stabilizing the
infection-free equilibrium & & of the system described in (49), as outlined below:

(NL, ND)
1> g > NN Ry (0)—1
Z X Z Xmin RgNL, D) ()

Since f j, Yj<1for j=1,2,and & <1, then

RBL,D)(O) _ nxou(d =&Y +E(u+@)Fi]F 2

Bin By )
5 + <++1
pp(u+o) vir | wop

< ROl =5)+5(u+9)]
opp(p+o) (MJerH)

vip  y2p
_uh+8e nKko
vip  y2p
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_ I«::r é(p(P RgNL, ND) (0) < RgNL, ND)(O).

In comparison, we find that xg“i;lD) < xr(nlf; “ND) " This indicates that accounting for latently infected cells and time

delays will lower the required antiviral drug dosage to stabilize the system at the infection-free equilibrium & 22 and
eliminate the DENV from the body. Latently infected monocytes and time delays contribute to lowering the basic
reproductive number. Consequently, disregarding these factors in the DENV infection model may result in prescribing
unnecessarily high doses of antiviral drugs.

5. Numerical simulations

In this section, we perform numerical simulations using MATLAB’s dde23 solver for the model described by (6)-(10)
and the model with effect of latently infected cells described by (25)-(30), in order to complement the theoretical results
presented in Theorems 1-2 and Theorems 3-4. The parameter values for the models are listed in Table 1.

Table 1. Model parameters

Parameter ~ Value Parameter  Value  Parameter  Value

(0] 10 B> 0.1 13 0.3
p 0.01 N 5 u 0.4
K Varied r 3 () 0.1
1) 0.5 A 0.01 n; 1
n 10 A 0.002 m; 1
p 3 v 0.1 T 0.1
Bi 0.3 ) 0.1 ; 0.1
(73 varied

5.1 Simulation results for model (6)-(10)

This subsection presents numerical simulations to validate the global stability of equilibria in the system governed by
Equations (6)-(10). For this purpose, the model incorporating distributed time delays is reformulated into a discrete-delay
version using a specific probability distribution—namely, the Dirac delta function D (.). Specifically, we define

[i(t)=Ds(t—7), j=1,2.
When hj — oo, j=1, 2, it follows that
/Omfj(f)d‘i =land f ;= /Ome(r—fcj)e*mﬂdT e, =1, 2.
Then,

/ Df(T_T])eimITMTVTdT: eimlTerlVTl, / Df(T_Tz)eimszde: e*leTzETz.
0 ’ 0 ’

Volume 6 Issue 4|2025| 4555 Contemporary Mathematics



Thus, model (6)-(10) becomes:

M
a;—t =@ —pM—xMV,
dE
E = KeimlrlelVTl — 6E7
av —myT; N S
T =ne "MRE;, —pV —BiVWY — BVW?, (50)
dwn
o on + VWY —yy W,
dws
T + VWS — gy WS,

The basic reproductive number of model (50) are defined as follows:

n K(Pef(m] T1+my )

Ry = .
Spp(m+m+l>

vip  yap

5.1.1 Stability of equilibria

We perform numerical simulations for the system described in Egs. (50), utilizing the parameter values listed in
Table 1. To evaluate the stability of the equilibrium points in system (50), we fix 7o = 0.1 and begin the simulations with
different sets of initial points inspired by the research of Song et al. [46]:

M(6) 700+ 10sin(8) — 50k
E(0) 5+0.5sin(0) + 1.5k
v(e) |=| 1+o02sin(0)+03k |,
wN () 30+3sin(0) + 7k

wS(0) 20+ 2sin(0) + 3k

0c[-0.1,0, k=1,2, .., 12.

Varying the parameter k leads to two different scenarios:

Scenario 1: Global stability of the infection-free equilibrium & Zy: In this case, we consider the parameter value
Kk = 0.0005, which results in a basic reproduction number Ry = 0.39 < 1. Under this condition, the disease cannot
sustain itself within the host. As illustrated in Figure 3, the trajectories of the system, starting from a wide range of initial
conditions, all approach the infection-free equilibrium point & 22 = (1,000, 0, 0, 50, 30) over time. This observation
aligns with the result of Theorem 1, which establishes the global asymptotic stability of & Z?. Biologically, this implies
that the DENV will be completely cleared from the host, allowing the population of uninfected monocytes to recover to
its baseline level.
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Scenario 2: Persistence of infection and stability of the endemic equilibrium & £7;: In this scenario, we set the
infection parameter kK = 0.005, yielding a basic reproduction number Ry = 3.9 > 1, which exceeds the epidemic threshold.
As depicted in Figure 4, the system’s trajectories originating from biologically feasible initial conditions converge to the
endemic equilibrium point &2 = (360.23, 11.58, 3.55, 77.54, 32.29). This numerical result is in agreement with
Lemma 2 and Theorem 2, which confirm the existence and global asymptotic stability of &<?;. From a biological
perspective, this indicates that the dengue virus persists within the host, leading to a chronic infection state.

(a)
1,000 T T T
800 T 1
600 T 1
s 51
= 400 1 E
200 T 1
K
% 200 400 600 800 %% 5 10 15 20
t t
Uninfected monocytes DENV-infected monocytes
(d
T 120 T T T T
k9
T 100 ¢ T

146)

w6

0 5 10 15 20 205 20 40 60 80 100
t t

Free DENV Non-specific antibodies

©
60 - . . :

50 )

:
:

BRI
hreg ey
LY
c3
’4

W)

209 20 40 t 60 80 100
Strain-specific antibodies

Figure 3. Global asymptotic stability of the infection-free equilibrium point & %2y = (1,000, 0, 0, 50, 30)
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Figure 3 showed simulation for Scenario 1 illustrates the global asymptotic stability of the infection-free equilibrium
point &y = (1,000, 0, 0, 50, 30). When the basic reproduction number satisfies Ry < 1, all trajectories of system
(50), initiated from a wide range of biologically feasible initial conditions, converge to &7 as time increases. This
behavior confirms that the infection cannot persist in the population under this threshold, regardless of the initial
distribution of the state variables.

(a) (b)
700 : : : : 100 : :
600 1 %0 |
500 -
60 -
< 400 5 1 2
E AN 4 = 40 .
300 P -
200 : 20 |
100 50 100 150 200 250 0 100 150 200 250
t t
Uninfected monocytes DENV-infected monocytes
(©) (d)
30 T T T T P . - - -
. 140 [ 3% 1
: b
= 5%
- PR |
| 120 F5%

< < 100 E
< S
| 80 3
60 T
0 % | | 40 | | | | | .
0 50 100 , 150 200 250 0 50 100 , 150 200 250
Free DENV Non-specific antibodies
(e)
60 T T

50

30

20 50 100 150 200 250

t
Strain-specific antibodies

Figure 4. Global asymptotic stability of the endemic equilibrium point
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Figure 4 showed the simulation for Scenario 2 demonstrates the global asymptotic stability of the endemic equilibrium
point &7 = (360.23, 11.58, 3.55, 77.54, 32.29). When the basic reproduction number satisfies Ry > 1, all solution
trajectories of system (50) originating from a broad range of biologically plausible initial conditions converge to &%
over time. This result indicates that the infection persists in the population above this threshold, irrespective of the initial
state configuration.

5.2 Simulation results for model (25)-(30)

This subsection provides numerical simulations to support the global stability analysis of the equilibria associated
with the system given by Equations (25)-(30). Using Dirac delta function D,(.), the model with distributed-time delay
(25)-(30) is converted into a discrete form. Define

gj(1) =Dg(t—w)), j=1,2.
In case k; — o0, j=1, 2, we have
/Ooogj(r)dr =landY; = /Oong(ff wj)e tdt=e"% j=1,2.
Then,
/0 ) Dy(T—1)e " M VedT = e M My, Vi, /O ) Dy(t—p)e ™ ELdT = e 2 2Ey, .

Thus, model (25)-(30) becomes:

am
dE™ _
— - = (1=8)Kke " Mo, Voo, — (1 + @)E",
dEA —m| Ty —nyn L A
7dl‘ = 57('6‘ M‘L’] V‘L’I +‘LL€ Ea)2 - 8E )
(51)
av
= ne "RE; —pV —BVWN — VW,
dwV
o n +MVWN —y W,
dws
—=rTt LVWS —y, WS,
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The basic reproductive number for model (51) are outlined as follows:

7 TIK¢[H(1 _ é)e—(nlwl+ilza>z+"lzfz) _'_é(“ 4 (P)e—(m111+m212)]
0= .

(52)
Bin | Bp
opp(n+o <++1
( ) vip  y2p
5.2.1 Stability of equilibria
We fix 7, = 0.1 and consider the following set of initials:
M(0) 750+ 10sin(0) — 50k
EL(0) 2+0.5sin(6) + 0.8k
EA(9) | 3+0.8sin(0)+ 1.0k (53)
V(6) | 05+0.1sin(0)+02k |’
wN () 30+3sin(0) + 7k
w5(0) 20+ 2sin(6) + 3k

0e[-0.1,0,k=1,2, .., 12.

By selecting various values of x and applying the parameters from Table 1 along with the initial points outlined
above. We observe the following cases:

Figure 5 showed simulation for Scenario 1 illustrates the global asymptotic stability of the infection-free equilibrium
point & Z = (1,000, 0, 0, 0, 50, 30). When the basic reproduction number satisfies Ry < 1, all trajectories of the system
with latent reservoirs (51), initiated from a wide range of biologically feasible initial conditions, converge to & & as time
increases. This behavior confirms that the infection cannot persist in the population under this threshold, regardless of the
initial distribution of the state variables.

Figure 6 showed simulation for Scenario 4 demonstrates the global asymptotic stability of the endemic equilibrium
point £, = (411.62, 7.45, 8.59, 2.86, 70.02, 31.82). When the basic reproduction number satisfies Ry > 1, all
solution trajectories of the system with latent reservoirs (51), originating from a broad range of biologically plausible
initial conditions, converge to over time. This result indicates that the infection persists in the population above this
threshold, regardless of the initial state configuration.

Scenario 3: Global stability of the infection-free equilibrium & & (with latent reservoirs): In this setting, we take
k = 0.0003, resulting in a basic reproduction number Ry = 0.31 < 1, indicating that the infection is not sustainable within
the host. As shown in Figure 5, all solution trajectories, initiated from diverse biologically relevant states, converge
toward the infection-free equilibrium point & %y = (1,000, 0, 0, 0, 50, 30). This convergence supports the theoretical
result presented in Theorem 3, which guarantees the global asymptotic stability of &£y under this parameter regime.
Biologically, this means that both latently and actively infected monocytes, along with free DENV particles, are eventually
cleared, and the host returns to a disease-free state.

Scenario 4: Stability of the endemic equilibrium & &7 (with latent reservoirs): In this case, we set k¥ = 0.005, leading
to a basic reproduction number Ry = 3.15 > 1, which allows for the persistence of the virus. Figure 6 illustrates
that, regardless of the initial conditions, all trajectories of the system converge to the endemic equilibrium &% =
(411.62, 7.45, 8.59, 2.86, 70.02, 31.82). This numerical behavior is consistent with Theorem 4, confirming that EP
is GAS. In this scenario, both latently and actively infected monocytes, along with circulating DENV particles, persist in
the host, characterizing a chronic infection state.
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Figure 5. Global asymptotic stability of the infection-free equilibrium point & %2y = (1,000, 0, 0, 0, 50, 30)
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Figure 6. Global asymptotic stability of the endemic equilibrium point & %7, = (411.62, 7.45, 8.59, 2.86, 70.02, 31.82)

5.2.2 Effect of treatment on the dynamics of DENV infection with latency

In this section, we investigate how antiviral therapies or immunostimulatory agents influence the progression of
DENV infection in the presence of latent reservoirs [2, 21].

Effect of antiviral treatment

To model the effect of antiviral therapy that inhibits viral production, the parameter 1] is modified to (1 — x)n, where
X € [0, 1] represents the drug efficacy [2]. The resulting system of equations is as follows:
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(39)

(60)

Based on Eq. (60), it is clear that increasing the drug efficacy parameter ), while holding all other parameters
constant, leads to a decrease in Ry(x) (refer to Table 2). As a result, the value of ¥ can have a notable impact on the
stability of the equilibrium point & Z?. For this study, we set ¥ = 0.005 and 7, = 0.1, and examine several values of x:
0.0, 0.1,0.4,0.7, and 0.9. We also consider the following initial condition:
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M(0) 700+ 10sin(0)
EL(6) 2.8+0.5sin(0)
EA(0) | | 4+08sin(0)

V(0) | 0.7+0.1sin(0) |’
wN(9) 60 + 3sin(0)
w5(0) 31+2sin(6)

0 € [-max{7|, T, ®;, »}, 0].

(61)

Contemporary Mathematics



Table 2. The variation of Ry()) with respect to drug efficacy parameter x

X Ro(x)
0 3.14513
0.1 2.83062
0.4 1.88708
0.682048 1
0.7 0.943539
0.9 0.314513

Subsequently, we aim to determine the critical value of the drug efficacy parameter, denoted by x’, at which a
change in the stability of & 2, occurs. This transition is governed by the condition Ry(x") = 1. When this condition
holds, &% becomes stable, indicating that:

Ro(x) <1 forall y > x.

Hence, when y satisfies y > x", &%y will be globally stable. Utilizing the parameter values provided in Table
1, we calculate y“" = 0.682048. Consequently,

(i) When x > 0.682048, the condition Ry(x) < 1 is satisfied, guaranteeing that & % is GAS. This indicates that the
DENV infection will be successfully eliminated.

(ii) For values of x within the interval 0 < y < 0.682048, the Ry(y) satisfies RO(x) > 1, causing &P to lose
stability. As a result, the equilibrium point & #?; becomes GAS, indicating the continued persistence of the infection.

Figure 7 depicts the effect of antiviral treatment on the system’s trajectories. An increase in ) leads to a rise in the
concentration of uninfected monocytes, M, while the concentrations of other compartments such as EL EA VvV, WY, and
W5 decline. These results highlight that increasing the antiviral drug dosage plays a significant role in mitigating the
progression of DENV infection in patients.

Figure 7 showed solutions of the system described by (54)-(59) are analyzed under the influence of the drug
efficacy parameter ). As ) increases, the concentration of uninfected monocytes rises, while the concentrations of other
compartments decrease. For y < 0.682048, the infection remains chronic. When y > 0.682048, the system’s solutions
converge to the infection-free equilibrium & &, indicating viral clearance.

(a) (b)
1,000 : — 30 .
5 "'"—Z)T" - — =0 ==iy=0.1 x=04
— =0 == 2=0. =y =0.7""" =09
900 - ’V’J_ 7=0722 =09 >~ 251 8
C’
800 rd E 20F J
”’ '
v d
S 700 1 = 15] 1
600 £ 101 A
4
l/ =
500 1 5 b §
e T P —
400 L — ¥ ¥ ¥ 0‘0‘ pu—— Jr— - I o
0 50 100 150 200 250 300 0 50 100 150 200 250 300

Contemporary Mathematics

t
Uninfected monocytes

t
Latently DENV-infected monocytes

4564 | A. M. Elaiw, et al.



(d)

T 10

— =0 =:7=01 ;=04
—_ =07 7=09

40]

[=y=0 =+y=01 z=04
_X:0.7lll X:09

” e v - - 0
50 100 150 200 250 300 0 50 100 150 200 250 300
1 1
Actively DENV-infected monocytes Free DENV
(e ()
110 T : r : : 35 T : T . .
—X:O —IX:O.I ){:04 —){:0 —-)(:0.1 X:04
=y =0.7=22 y=09 -y =07s22 y=09
100k X X 34l X X |
90+r
33F 1
8 80 S
S T 32t ]
701 = oy, ,/-“—-—-—-—-—-_-_
\’/ T S —— s’
31 ]
60 ‘\
50_\.,____________________ 30 ™ e e o oo o e o e 5 e 5 e e o |
40 : - : - : 29 . . : : :
50 100 150 200 250 300 0 0 100 1?0 200 250 300

t
Non-specific antibodies

Figure 7. Concentration changes of uninfected monocytes

Effect of immunostimulatory treatments

Strain-specific antibodies

Immunostimulatory therapies aim to enhance the immune response by increasing its effectiveness and activity [21,
47]. Within this framework, the immune activation rates A; for i = 1, 2, can be amplified by a factor of (1 + €), where
€ €[0, e™*] [21]. The upper bound €™** must be carefully chosen to reflect safe and physiologically acceptable levels of
immune stimulation [47]. The modified model incorporating the effects of immunostimulatory intervention is expressed

as follows:

aMm

dt

dE™
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dEA
dt

av
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It is important to note that the basic reproduction number for the system defined by Equations (62)-(67) remains
unchanged from that given in (52), as Ry is independent of the parameters A;, for i = 1, 2. In this case, we fix Kk =
0.005 and 1, = 0.1, and evaluate the system dynamics for various values of the immunostimulatory efficacy parameter €:
0.0,0.2,0.4, 0.6, and 0.8. The simulation is conducted using the following initial condition:

M(0) 440+ 10sin(0)
EL(9) 5.840.5sin(0)
EA(0) | | 8+0.8sin(0)
V(0) | 22+0.1sin(0) |’
wN(0) 75+ 3sin(6)
w5(6) 32.2+2sin(H)

6 €[-0.1, 0].

As illustrated in Figure 8, increasing the value of € leads to higher concentrations of M, WY, and W5. Conversely,
the concentrations of EL, E4, and V decline. These results suggest that immunostimulatory treatments contribute to the
control of DENV infection. However, since Ry is independent of €, increasing £ does not facilitate the attainment of
the infection-free equilibrium & (. Therefore, while immunostimulatory treatments are effective in suppressing the
progression of DENV infection, they are insufficient for complete viral eradication.

Figure 8 showed solutions of the system described by (62)-(67) are analyzed under the influence of the immunostimu-
latory efficacy parameter €. As € increases, the concentrations of uninfected monocytes, non-specific antibodies, and
strain-specific antibodies rise, while the concentrations of other compartments decrease.
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Figure 8. Changes in the concentrations of uninfected monocytes, nonspecific antibodies, and strain-specific antibodies under the influence of the

immunostimulatory efficacy parameter €

5.2.3 Effect of time delays on the dynamics of DENV infection with latency

We illustrate the impact of the time delay 7, on the system’s solutions and the stability of & %?y. From Eq. (52), it
is evident that increasing the delay parameter 7,, while keeping all other parameters constant, results in a reduction of Ry
(see Table 3). Consequently, the stability of & & can be significantly influenced by 7,. Now, let us set k = 0.005, and
vary 1, as follows: 7, = 0.0, 0.1, 0.5, 1.4 and 1.8. Additionally, we take into account the starting condition given by (61):

Table 3. The variation of Ry with respect to the delay parameters 7,

o Ry
0 3.47591
0.1 3.14513
0.5 2.10824
1.24586 1
1.4 0.857148
1.8 0.574564
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We proceed to determine the critical delay value 75" at which the stability of the infection-free equilibrium & %
changes, satisfying the condition Ry (Tf’) = 1. As aresult, the system remains stable, i.e.,

Ry <1forall o, > 15"

Thus, if 70 > 757, then &P is GAS. Using the values of parameters given in Table 1, we obtain 75" = 1.24586.
Consequently,

(i) If 7, > 1.24586, then Ry (12) < 1, and &2 is GAS. This shows that the DENV will be cleared.

(ii) If 0 < 15 < 1.24586, then Ry (12) > 1 causing &% to become unstable. Consequently, & 22| will be GAS,
leading to the persistence of the infection.

Figure 9 demonstrates how the time delay influences the trajectories of the system. As 7, increases, the concentration
of uninfected monocytes, M, rise, whereas the concentrations of other compartments such as EX, EA, V, WV, and W*
decline. As the delay period increases, it becomes evident that time delays can contribute to managing DENV progression
in patients, demonstrating an effect comparable to drug efficacy. Therefore, incorporating time delays may be vital in
designing innovative and effective treatment strategies.

Figure 9 showed solutions of the system described by (51) are analyzed under the influence of the time delay 7,. As
T, increases, the concentration of uninfected monocytes rises, while the concentrations of other compartments decrease.
For 7, < 1.24586, the infection remains chronic. When 1, > 1.24586, the system’s solutions converge to the infection-free
equilibrium & &, indicating viral clearance.
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Figure 9. Changes in the concentration of uninfected monocytes under the influence of time delay 7,

5.2.4 Sensitivity analysis of Ry

Sensitivity analysis plays a crucial role in modeling complex interactions, especially in fields like pathology and
epidemiology [48]. By examining sensitivities, we can assess our capacity to manage the spread of diseases. To
evaluate the biological effects of parameter variations in a model, several methods can be employed, such as direct
differentiation, the Latin hypercube sampling method, or linearizing the system and solving the resulting equations [48].

For our system described by (51), we utilize derivative-based sensitivity analysis, computed analytically using partial
derivatives with respect to the model parameters. The normalized forward sensitivity index for Ry is typically expressed
as:

R _ ORo ¥

where 7 is a parameter. When setting k¥ = 0.005 and 7, = 0.1, the sensitivity index for each parameter is presented in
Table 4 and Figure 10.

Table 4. Sensitivity index of Ry

Parameter S[;O Parameter Sl;" Parameter 51;0

n 1 0 ~0.1256 n ~0.0628
K 1 Bi —0.7143 my —0.0372
¢ 1 B> ~0.1429 - ~0.1000
m 0.1256 7 ~0.7143 o —0.0628
£ 0.1027 b2} —0.1429 T —0.0372
6 —1 Y 0.7143 [0 —0.0628
P -1 v 0.1429 12 ~0.1000
P ~0.1429 n ~0.0628

According on the sign of the indices, we obtain that:
* The parameters 1, &, ¢, iU, &, W1, and Y, all have positive sensitivity indices, indicating they have a positive impact
on Ry. Thus, these parameters play a significant role in the progression of DENV within the body. Among these, 7, k,
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and ¢ exhibit the highest positive indices, followed by y; while y», i, and & show the lowest positive sensitivity indices.
For instance, a 10% increase (or decrease) in y; will lead to a 7.143% increase (or decrease) in the R value.

* The parameters 0, p, p, @, B1, B2, 71, 12, 11, N2, My, M2, @1, Ty, @, and T, are associated with negative indices,
indicating that they exert a negative influence on Ry. That means when the values of these parameters increase (or
decrease), the value of Ry decreases (or increases). As an example, the sensitivity index of p is —0.1429. This means that
a 10% increase (or decrease) in p will lead to a 1.429% decrease (or increase) in the value of Ry. It is worth mentioning
that 0 and p have the most negative sensitivity index.

T T T T T T T T

T — T
noK Gy, T mwwmy Ty, 9 By, p iy 5L

Forward sensitivity indices

Parameters

Figure 10. Sensitivity analysis of the basic reproduction number Ry

Figure 10 showed analysis quantifies the relative influence of key biological parameters on Ry. Parameters exhibiting
higher sensitivity indices significantly impact infection outcomes and are therefore considered primary candidates for
therapeutic modulation.

6. Conclusion and discussion

This study develops two models to analyze DENV dynamics. The first model consists of five compartments:
uninfected monocytes (M), DENV-infected monocytes (E ), free DENV particles (V'), non-specific antibodies (W"), and
strain-specific antibodies (W3). The model includes two forms of distributed time delays: one associated with the
development of DENV-infected monocytes and the other representing the maturation process of newly produced virions.
The second model expands on the first by incorporating the presence of latently infected cells, and including two additional
delays: one for the formation of latently infected monocytes and another for their activation. The solutions derived from
these models exhibit key properties of non-negativity and boundedness. Within this framework, two key equilibrium
points were identified: the infection-free equilibrium & &2 and the endemic equilibrium & &7;. To evaluate the existence
and stability of these equilibrium points over time, we calculated the basic reproductive number for both models. The
Lyapunov function and LIT are utilized to analyze the system’s long-term behavior by investigating the global asymptotic
stability of the equilibrium points. Our investigation on both models revealed two key findings:

(1) The infection-free equilibrium, & Z, is always present and remains globally asymptotically stable when the basic
reproductive number is less than or equal to one. This indicates that under these conditions, DENV will be eradicated
from the system.

(i1) The endemic equilibrium, & &1, is present and globally asymptotically stable when the basic reproductive number
exceeds one. This suggests that DENV infection will persist within the infected individual.

To verify our theoretical results, we performed numerical simulations, and the outcomes were consistent with the
analytical solutions. Furthermore, a sensitivity analysis identified key factors affecting the system’s behavior, providing
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deeper insights into DENV dynamics. We examined the impact of latently infected monocytes and time delays on
secondary DENV infection. Our analysis revealed that these factors play a crucial role in reducing the basic reproductive
number. As a result, overlooking them in the DENV infection model could lead to the administration of excessively high
antiviral drug doses. Additionally, our findings indicate that prolonging the delay can substantially decrease the basic
reproductive number, thereby limiting DENV progression. This insight opens new possibilities for designing treatments
that focus on extending the delay period to help control the infection.
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