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Abstract: Identities for the variance of the sum of dependent/independent random variables are well known in
undergraduate text books. But we are aware of no such identities for the product of dependent/independent random
variables. In this note, we derive such identities in the most general forms.
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1. Introduction

Suppose X, Xa, ..., X, are random variables with finite variances and finite covariances. It is well known that

i, j=1,i<j

Var(iX,)zzn:Var(Xi)—&—Z Z Cov (X;, X;). (1)
i=1 i=1

If X, X5, ..., X, are independent random variables then

Var <i X,’) = ival‘ (X,) (2)
i=1 i=1

Both these results can be found in most undergraduate textbooks on mathematical statistics.

Often the interest is with product of two or more random variables. Apart from Lemma 1 in Skarupski and Wu [1],
which gives an expression for the variance of the product of two independent random variables, we are not aware of any
result similar to (1) or (2) for products of random variables.

Products of two or more (independent or dependent) random variables come up in various practical contexts,
especially in fields like finance, physics, and engineering. Some real world examples are
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* When considering inflation as one variable and investment returns as another, their product can yield useful insights
into potential future profits or losses [2].

* The joint distribution obtained from Bayesian networks exemplifies how the product of probabilistic outcomes
across different random variables can be structured. The joint probability distribution can thus be derived as the product
of individual probabilities of each random variable, as outlined by Saputro et al. [3]. This is especially significant in
decision-making models where the dependencies between variables significantly influence outcomes.

* Product distributions have been extensively studied in relation to specific types of random variables, such as
triangular and Gaussian distributions. For instance, Glickman and Xu demonstrated the derivation of probability density
functions for the product of independent triangular random variables through integral calculus, highlighting unique
properties embodied in this mathematical relationship [4]. Similarly, the distribution of the product of independent
Gaussian random variables has been well characterized, which is crucial for applications in areas ranging from signal
processing to statistics [5, 6].

* In communication systems, the influence of environmental factors on signal strength can lead to products of
multiple random variables impacting the overall yield of the communication signal. Pizon discusses how the product
of random variables associated with different communication channels can provide a comprehensive forecasting model
[7]. Furthermore, computational methods established by Glen et al. facilitate the calculation of the probability density
function for such products, allowing researchers and practitioners to model complex scenarios efficiently [8].

* Investigations into tail behaviors of products of non-negative random variables reveal significant applications,
particularly in financial mathematics and reliability engineering. For example, the product of variables representing
interest rates and portfolio values can exhibit different stability characteristics compared to the initial variable, which
can influence long-term forecasts and risk measures [9, 10].

The purpose of this note is to extend (1) and (2) for products of random variables. The main results are derived in
Section 3. Some of their particular cases are stated in Section 4. Some conclusions and future work are noted in Section
5. The proof of the results in Section 2 requires a technical lemma which is stated and proved in Section 2.

Throughout, we define

Cov (X, Xiy, ..., Xi,) =E{[X;, —E (X;))][X;, —E (X3,)]--- [Xi, —E (X;,)] } -

17

2. A technical lemma

The following lemma is needed for Section 3.
Lemma 2.1 We have

n

n n n n
[T@+b)=[Jai+][]bi+ Y a [I b
=1 k=l

i=1 =1 k=1, ki

n

n
+ Z lail aj, H by
i1<ip

i1, =1, k=1, kiy, iz

n

+ Z lailaiz . '(l,‘wl H bk

i1, 025 <oy Ip—1=1, i1 <ip<-<ip—y k=1, kiy, i3y -y In—1

Proof. By prove by induction. The result is obvious for n = 1. Assume the result forn = m. Forn =m+1,

iporary Math tics 3636 | Talal Kurdi, ef al.




m+1

m
1 (@i +5i) = (am1 +bwir) [ (ai +b2)
i=1 i=1

m
= am+1 Haz +am+1 Hb +am+1 Z ai H by,

l]fl k= 1, k;éil
n m
tami1 Y, anai, [ B«
i1, =1, i1<iz k=1, k#iy, i

m m

+ amy1 Z lail Qjy - A, H by

i1, 82, s I =1, 1<l < <ijp—y k=1, k#iy, iz, ...y

=
L

n m
+ by Hai + by Hbi
i=1 k=1

m m
tbmir Y, a, [ B

i1=1 k=1, ki,

m m
+bmi1 Y, anai, [ o]+
i1, =1, i1<ip k=1, k#iy, i

m m
+ bt Z lail ai, - aj, H by

i1, 82, ey I =1, 1<l <+ <ijp—y k=1, k#iy, i3, -y im—1
Rearranging the terms, we see that the result is proved forn =m+ 1. O

3. Main results

Theorem 3.1 derives the analog of (1) for the product of n random variables. Corollary 3.1 derives the analog of (2)
for the product of n random variables.
Theorem 3.1 Let X, X, ..., X, be random variables with finite means and finite variances. Then

n
Var <HX,~> =FE
i=1

where
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n n
E|[]Xi| =Cov(Xi, Xz, ..., Xa) + [] E (X))
i=1 k=1
n n
+ COV(X,‘I,X,' ) E(Xk) +--
i1, ip=1, i1<ip k:l,k#il,iz
n n
+ Cov (Xi,, Xiy, =+ Xiy ) E (Xy)
i1y B2y ey Iy 1=1, 1 <Bp<e <y k=1, ki, iny ey in—1
and
n n 2
E\[TX?| =Cov (X2, X3, ..., x2) + [T { Var (X)) + [E (%)}
i=1 k=1
n ) ) n 2
LY |covx x2) Var () +[E () }| +-+-
i1, h=1, i1<ip k=1,k75i1,i2
c 2 2 2 - 2
+ Cov (X2, X2, -+, X2 { Var (%) + [E (X0 |
i1y 82, oy Ip—1=1, 1] <ip <+ <y k=1, k#iy, i3y s In—1
Proof. Let AX; = X; — E (X;) and QX? = X? - E (Xiz) fori=1, 2, ..., n. By Lemma 2.1, we can write
Xi =] [1AXi + E (X;)]
i=1 i=1
n n
=[[axi+]]EX)
i=1 k=1
n n
+Y |ax, J] EMx
i=1 k=1, ki,
n n
+ Y |axaax, I EX)|+--
i1, =1, i1<ip kil,k#ihiz
n n
+ AXilAXiz o 'AX[’171 E (Xk)
015 825 vy Ip—1=1, i <ip<--<ip—y k=1, k#iy, i, ..y ip—1
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and

n n
QXZ 2 2
+ Z ingiz H E(Xk) +-
i1, =1, i1<ip k=1, k;ﬁih in
$ QXZQXZ 2 < 2
+ Z i 2y ”QXin—l H E (Xk)
i15 025 vy Ip—1=1, i1 <ip<--<ip—y k=1, kiy, i, ..., in—1

Taking expectations and noting that EAX;, =0, EQX? =0 and E (X2) = Var (X;) + [E (X¢)]?, we obtain the result. [J
Corollary 3.1 Let X, X, ..., X, be independent random variables with finite means and finite variances. Then

N

i)

i=1 i=1

4. Particular cases

Corollaries 4.1 to 4.4 are particular cases of Theorem 3.1 forn =2, 3, 4.
Corollary 4.1 If X, X, are random variables with finite means and finite variances then

2
Var (XiX,) = Cov (X7, X3 +H{Var (Xz)]Z}
i=1

—[Cov (X1, Xo)+E (X)) E (X2)]*.

If X1, X, X3 are random variables with finite means and finite variances then
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3
Var (X1 X2X3) = Cov (X7, X3, X3) +H{Var (X,-)]Z}

i=1

+ Cov (}(227 X32) {Var (X1)+[E (X, )]2}
+Cov (X7, X2) {Var (Xa) + [E (Xz)]z}

+Cov (X7, X2) {Var (X3) + [E (X3)]2}
- {COV (X1, X2, X3) +ﬁE(Xi)

+Cov (Xp, X3)E (X)) + Cov (X1, X3)E (X2)

+ Cov (Xl, Xz)E(X3> } .

If X1, X5, X3, X, are random variables with finite means and finite variances then

+Cov (X2, X2 {Var X))+
+COV Xz,

X3
+ Cov Xz, X3
£, Xi
£ X3)

+ Cov X] X7

iporary Math

Var (X1 X2X3X4) = Cov (X7, X3, X3, X4)+f[{Var(Xi)+[E (Xi)]z}

i=1

Var

Var (X
Var (X, 2

XP)
) {Yar )+ £ )P}
) {Yar () + £GP}
) {Yar 02+ £ )P}
{Var 02+ £GP}
) {Yar (69 + £GP}

Var (X 2
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+Cov (X2, X3, X3) { Var (X) + [E (X))

+Cov (X2, X3, X2) { Var (X3) + [E (X3))?

+Cov (X2, X2, X2) { Var (X2) + [E (X2))?

N~ = = =

it
) v
) v
it

+Cov (X7, X3, X?) { Var(X1) + [E (X1)]?

4
- {COV (X1, X2, X3, Xa) + [ E (%)
i=1

+ Cov (X37 X4)E(X1)E(X2) + Cov (XQ, X4)E(X1)E(X3)
+ Cov (Xz, X3)E (X] )E (X4) + Cov (X], X4)E (Xz)E (X3)
+Cov(Xy, X3)E (Xp)E (X4) +Cov (X1, Xo) E (X3) E (X4)

+Cov(Xy, Xp, X3)E (X4) +Cov (X;, X2, X4) E (X3)

2
‘|‘COV(X17 X3, X4)E(X2)+COV(X2, X3, X4)E(X1)} .

Corollary 4.2 If X, X, X3 are pairwise independent random variables with finite means and finite variances then

3
Var (X, X2X3) = Cov (X2, X2, X3) +] {Var (X,-)]z}

i=1

3 2
- {Cov (X1, X2, X3) +] [ E (%) } .

i=1

If X1, X5, X3, X4 are pairwise independent random variables with finite means and finite variances then
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jam >

Var (XXX Xs) = Cov (X7, X3, X3, X3) +] {Var(X,-) +IE (x,-)}z}

1

+Cov (X7, X3, X3) { Var (X4) + [E (Xa)]?

+Cov (X2, X7, X) { Var (X3) + [E (X3))?

+Cov (X2, X2, X}) { Var (X2) + [E (X2))?

+Cov (X3, X2, X) { Var (X1) + [E (X))

it
) {var
) {var
it

M~ = = =

4
— {COV(X1, X2, X3, X4)+HE(Xi)

i=1

+Cov (X1, Xp, X3)E (X4) +Cov (X1, Xo, X4) E (X3)

2
‘|‘COV(X17 X3, X4)E(X2)+COV(X2, X3, X4)E(X1) } .

In the following corollary, we suppose X1, X», ..., X, are Gaussian random variables with zero means and
iy iy, i = Cov (X, Xy -, X)) = E (X3, Xy -+ Xi,)
and
Git,ia, i = CoV (X2, X3, o, X3) = E{[X2 —E(X])] X2 —E(X2)] - [X7 —E(X7)]}-

Corollary 4.3 If X|, X, are Gaussian random variables as stated then

Var (X1X2) = 61,2+ 01,102, 2 — 012, 2-

If X;, X», X3 are Gaussian random variables as stated then

3
Var (X1X2X3) =61, 2,3 +H0i, i+62,301,1+G1,302, 2+61,203,3 — 612, 2.3
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If X1, X5, X3, X4 are Gaussian random variables as stated then

4
Var (X1 X>X3X4) = 61,2, 3, 4+H0i, i+ 63,401,102, 2+ 62,401,103, 3+ 62,301, 104, 4

i=1
+G1,402, 203,31+ G1,302, 204,41+ G1,203,304, 4+ G1, 2,304, 4+ G1,2,403, 3+ G1, 3,402 2
2
+62,3,401,1— 07 2 3, 4-

The final corollary is motivated by the theory of normal mean-variance mixtures [11-15]. Suppose that Z; and Z,
are correlated Gaussian random variables with the joint probability density function

3 +23—2pu2

1
fZ1,Zz(ZhZ2):meXp 2(1—p?)

for -1 < p <1, —e0 < z1 <ooand —oo < 75 < oo, Suppose further that Z3 is a gamma random variable independent of
(Z1, Z,) with the probability density function

2 exp(—23)

fzy(z3) = T'a)

1 . 1Y\ .
for a > 0 and z3 > 0. Define X; = |Z;|2™, X, = Z; and X3 = Z§, where ¢ € (0, 2) is a constant.

The product X;X,X3 arises in the theory of normal mean-variance mixtures with applications, see [11-15] and
references therein for details. It is not difficult to see that

Cov (X1, X») =0, Cov (X1, X, X3) =0, Cov (X, X3, X3) =0,

Cov (X1, X3) =0, Cov (X7, X3) =0, Cov (X3, X3) =0, Cov (X3, X3) =0,

Cov (X7, X3) = T 2T(2—¢)—T(1—c)],

_28 (3 e _ _T(cta)
E(Xl)_ﬁl"<4 2)’ E(X2) =0, E(X3) = O
Var(X)) = 2 P(1—e)= 2 2(3—;>7 Var (X,) = 1,

and
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I(2c+a) [F(CH)]Z

Var(¥) = = r) )

Hence, we have the following corollary.
Corollary 4.4 Let X, X», X3 be random variables as stated. Then

1 1

217¢ [(2c+a) p2227°¢
r(l—c)+1

va O TR T

I'2c+a)

Var (X1X2X3) = r(a)

(1—2¢)T(1 —¢)

To the best of our knowledge, the result presented in Corollary 4.4 is new and original.

5. Conclusions

We have derived general identities for the variance of the product of n dependent or independent random variables.

We have also given particular cases for n = 2, 3, 4. Future work is to derive similar identities for the element wise

variances of the product of complex random variables or random matrices.
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