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Abstract: This study introduces a novel linear operator incorporating both the Mittag-Leffler function and Lambert
series to establish a new subclass of analytic functions denoted as AJ (ξ , ρ, ψ). We first obtain sufficient conditions for
functions to be members ofAJ (ξ , ρ, ψ).Consequently, we examine key properties including extreme points, coefficient
constraints, and the radii of Univalency and starlikeness for functions in this subclass. In addition, by the means of Robin’s
inequalities, we provide some coefficients’ lower bounds when applicable.
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1. Background and context
The single-parameter Mittag-Leffler function, denoted as Eα(z) for α ∈ C, with R(α) > 0 (see [1] and [2]), is

expressed by the power series:

Eα(z): =
∞

∑
n=0

zn

Γ(αn+1)
, z ∈ C. (1)

Wiman [3] expanded this concept to include a two-parameter version. For α, β ∈ C, with R(α), R(β ) > 0, the
two-parameter function Eα, β (z) takes the form:

Eα, β (z): =
∞

∑
n=0

zn

Γ(αn+β )
, z ∈ C. (2)

Various mathematicians have explored different generalizations of this function (see [4]). Our focus centers on the
generalization proposed by Salah and Darus [5]:
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qFθ , k
α, β =

∞

∑
n=0

q

∏
j=1

(θ j)k jn

(β j)α jn
· zn

n!
. (3)

In this formation, (θ)v represents the Pochhammer symbol, defined as:

(θ)v: =
Γ(θ + v)

Γ(θ)
=


1, if v = 0, θ ∈ C\{0},

θ(θ +1) . . .(θ +n−1), if v = n ∈ N , θ ∈ C,

(4)

(1)n = n!, n ∈ N0, N0 = N ∪{0}, N = {1, 2, 3, . . .}, (5)

and

(q ∈ N , j = 1, 2, 3, . . .q; R{θ j, β j}> 0, and R(α j)> max{0, R(k j)−1; R(k j)}; R(k j)> 0) . (6)

In number theory, the Lambert series proves valuable for certain problems due to its connection with significant
arithmetic functions (see [6–9]), such as:

∞

∑
n=1

σ0(n)xn =
∞

∑
n=1

xn

1− xn , (7)

where σ0(n) = d(n) is the number of positive divisors of n.

l(z) =
∞

∑
n=1

σα(n)xn =
∞

∑
n=1

nα xn

1− xn , (8)

where σα(n) is the higher-order sum of divisors function of n.
Our examination specifically focuses on the series expressed in the second equation. Whenα = 1, we denote σ1(n) =

σ(n), where σ(n) represents the sum of divisors function that appears in elementary statements equivalent to the renowned
Riemann Hypothesis.

We distinguish between the Lambert series discussed here and the Lambert W function, which emerges naturally in
various scientific and engineering problem solutions [10].

In 1984, Robin [11] demonstrated that

σ(n)< eγ n log logn+
0.6483n
log logn

, n ≥ 3. (9)

Furthermore, he established that the Riemann hypothesis is equivalent to
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σ(n)< eγ n log logn, n > 5040, (10)

where γ = 0.57721 · · · , represents the Euler-Mascheroni constant.
This paper does not attempt to prove or disprove Robin’s inequality or the Riemann hypothesis. For deeper

exploration of these topics, readers are directed to references [12–17].

2. Fundamental concepts
Let A denote the class of analytic functions expressed as:

f (z) = z+
∞

∑
n=2

anzn, z ∈ D: = {z ∈ C: |z|< 1}, (11)

and S denote the subclass of A comprising univalent (or one-to-one) functions on D.
The significance of the coefficients in the power series formulation emerged during the early development of

univalent function theory.
This research aims to establish a linear operator that defines a new subclass of analytic functions.
We begin by recalling the definition of the Hadamard product (convolution). For functions f ∈ A of the form given

above and g ∈ A expressed as:

g(z) = z+
∞

∑
n=2

bnzn, z ∈ D, (12)

the convolution (∗) of these functions is computed as:

( f ∗g)(z): = z+
∞

∑
n=2

anbnzn, z ∈ D. (13)

We employ the Lambert series L (z), with coefficients given by the sum of divisors function σ(n):

L (z) =
∞

∑
n=1

nzn

1− zn =
∞

∑
n=1

σ(n)zn = z+
∞

∑
n=2

σ(n)zn, z ∈ D. (14)

Since qFθ , k
α, β is not a member of class A , we normalize it by introducing:

qFθ , k
α, β =

q

∏
j=1

(β j)α j

(α j)k j

(qFθ , k
α, β −1) = z+

∞

∑
n=2

q

∏
j=1

(β j)α j

(α j)k j

·
(θ j)k jn

(β j)α jn
· zn

n!
. (15)

We reference a linear operator recently explored by Salah [18]. For a function f ∈A of the previously defined form,
we define the linear operator J (L , F)(z): A −→ A as:

Contemporary Mathematics 6514 | Jamal Salah



J (L , F)(z): = (qFθ , k
α, β ∗L )(z) = z+

∞

∑
n=2

q

∏
j=1

(β j)α j

(α j)k j

·
(θ j)k jn

(β j)α jn
· σ(n)

n!
anzn, z ∈ D. (16)

Based on this operator, we propose the following definition:
A function f ∈ A of the form (11) is considered a member of class AJ (ξ , ρ, ψ) if it satisfies:

Re
{

ξ
J (L , F)(z)

z
+ρ(J (L , F)(z))′

}
> ψ, z ∈ D, ξ , ρ > 0, and 0 ≤ ψ ≤ ξ +ρ ≤ 1. (17)

In this study, we apply the well-known approach in the theory of geometric functions, that is involving special
functions to introduce new subclasses of univalent functions and hence evoking various properties such as duality,
coefficients bounds, extreme values and subordination, see for example [19–24].

3. Charactering the extreme points ofAJ (ξ , ρ, ψ)AJ (ξ , ρ, ψ)AJ (ξ , ρ, ψ)

Theorem 1 A function f ∈ A of the form (11) belongs to class AJ (ξ , ρ, ψ) if and only if f (z) can be expressed
as:

f (z) = z+
∫
|x|=1

(
∞

∑
n=2

q

∏
j=1

(α j)k j(β j)α jn

(β j)α j(θ j)k jn
· n!xn−1

(ξ +ρn)σ(n)
zn

)
dµ(x), (18)

where µ(x) is the probability measure on the set X = {x: |x|= 1}. For fixed parameters ξ , ρ andψ , the classAJ (ξ , ρ, ψ)

and the probability measures {µ} defined on X establish a one-to-one correspondence through this expression.
Proof. From condition (17), we know that f (z) ∈ AJ (ξ , ρ, ψ) if and only if:

ξ
(

J (L , F)(z)
z

)
+ρ(J (L , F)(z))′−ψ

ξ +ρ −ψ
∈ P, (19)

where P represents the normalized class of analytic functions which have positive real part.
Utilizing Herglotz expressions of functions in P:

ξ
(

J (L , F)(z)
z

)
+ρ(J (L , F)(z))′−ψ

ξ +ρ −ψ
=
∫
|x|=1

1+ xz
1− xz

dµ(x), (20)

or equivalently:

ξ
ρ

(
J (L , F)(z)

z

)
+(J (L , F)(z))′ =

1
ρ

∫
|x|=1

ξ +ρ +(ξ +ρ −2ψ)xz
1− xz

dµ(x). (21)

Therefore:
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z−
ξ
ρ

∫ z

0

[
ξ
ρ

(
J (L , F)(t)

t

)
+(J (L , F)(t))′

]
t

ξ
ρ dt =

1
ρ

∫
|x|

=1
[

z−
ξ
ρ

∫ z

0

ξ +ρ +(ξ +ρ −2ψ)xt
1− xt

t−
ξ
ρ dt
]

dµ(x).

(22)

This expression equates to:

J (L , F)(z) =
1

ξ +ρ

∫
|x|=1

[
(2ψ −ξ −ρ)z+2(ξ +ρ −ψ)

∞

∑
n=0

(ξ +ρ)xnzn+1

(n+1)ρ +ξ

]
dµ(x), (23)

that is:

J (L , F)(z) = z+
∫
|x|=1

(
∞

∑
n=2

2(ξ +ρ −ψ)

ξ +nρ
xn−1zn

)
dµ(x). (24)

This formulation is equivalent to the expression in Theorem 1. The reasoning process is reversible, proving the
first part of the theorem. Additionally, since both probability measures {µ} and class P , as well as class P and class
AJ (ξ , ρ, ψ), establish one-to-one correspondences, the second part of the theorem is validated.

Corollary 1 The extreme points of class AJ (ξ , ρ, ψ) are functions defined as:

fx(z) = z+
∞

∑
n=2

q

∏
j=1

(α j)k j(β j)α jn

(β j)α j(θ j)k jn
· n!xn−1

(ξ +ρn)σ(n)
zn, |x|= 1. (25)

Proof. Using notation fx(z), the expression in Theorem 1 can be rewritten as:

fµ(z) =
∫
|x|=1

fx(z)dµ(x). (26)

By Theorem 1, the map µ → fµ is one-to-one, confirming the assertion.
Corollary 2 For a function f defined by (6) that belongs to class AJ (ξ , ρ, ψ):

|an| ≤
q

∏
j=1

(α j)k j(β j)α jn

(β j)α j(θ j)k jn
· n!
(ξ +ρn)σ(n)

, n ≥ 2. (27)

This result is sharp.
Proof. The coefficient bounds reach their maximum at extreme points, thus following from Corollary 1.
The following result is directly derived from Corollary 2:
Corollary 3 For a function f defined by (11) that belongs to class AJ (ξ , ρ, ψ), when |z|= r < 1:
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| f (z)| ≤ r+
∞

∑
n=2

q

∏
j=1

(α j)k j(β j)α jn

(β j)α j(θ j)k jn
· n!
(ξ +ρn)σ(n)

rn. (28)

We now establish lower bounds for coefficients an using Robin’s inequalities from (9) and (10), with the latter referred
to as the Riemann hypothesis.

Corollary 4 For a function f defined by (11) in class AJ (ξ , ρ, ψ), if:

|an|=
q

∏
j=1

(α j)k j(β j)α jn

(β j)α j(θ j)k jn
· n!
(ξ +ρn)σ(n)

, (29)

then:

|an|>
1

(ξ +ρn)
· (n−1)! log logn

eγ(log logn)2 +0.6483
·

q

∏
j=1

(α j)k j(β j)α jn

(β j)α j(θ j)k jn
, n ≥ 3. (30)

Proof. This follows directly from Corollary 1 and inequality (9).
Corollary 5 For a function f defined by (11) in class AJ (ξ , ρ, ψ), assuming the Riemann hypothesis holds true,

and:

|an|=
q

∏
j=1

(α j)k j(β j)α jn

(β j)α j(θ j)k jn
· n!
(ξ +ρn)σ(n)

, (31)

then:

|an|>
1

(ξ +ρn)
· (n−1)!

eγ log logn
·

q

∏
j=1

(α j)k j(β j)α jn

(β j)α j(θ j)k jn
, n > 5040. (32)

Proof. This follows from Corollary 1 and inequality (10).

4. Examining univalency and starlikeness radii
Theorem 2 For a function f defined by (6) in class AJ (ξ , ρ, ψ), f (z) is univalent within |z|< R(ξ , ρ, ψ), where:

R(ξ , ρ, ψ) = inf
n

{
q

∏
j=1

(β j)α j(θ j)k jn

(α j)k j(β j)α jn
· (ξ +ρn)σ(n)

n ·n!

} 1
n−1

. (33)

This result is sharp.
Proof. It is sufficient to demonstrate that:
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| f ′(z)−1|< 1. (34)

For the left side of this inequality:

∣∣∣∣∣ ∞

∑
n=2

nanzn−1

∣∣∣∣∣≤ ∞

∑
n=2

n|an||z|n−1, (35)

this expression is less than 1 when:

|z|n−1 <
q

∏
j=1

(β j)α j(θ j)k jn

(α j)k j(β j)α jn
· (ξ +ρn)σ(n)

n ·n!
. (36)

To establish that R(ξ , ρ, ψ) is optimal, consider f (z) ∈ A defined as:

f (z) = z−
q

∏
j=1

(α j)k j(β j)α jn

(β j)α j(θ j)k jn
· n!
(ξ +ρn)σ(n)

zn. (37)

If τ > R(ξ , ρ, ψ), then there exists n ≥ 2 such that:

{
q

∏
j=1

(β j)α j(θ j)k jn

(α j)k j(β j)α jn
· (ξ +ρn)σ(n)

n ·n!

} 1
n−1

< τ. (38)

Since f ′(0) = 1 and

f ′(τ) = 1−
q

∏
j=1

(α j)k j(β j)α jn

(β j)α j(θ j)k jn
· n ·n!
(ξ +ρn)σ(n)

τn−1 < 0, (39)

there exists τ0 ∈ (0, τ) where f ′(τ0) = 0, indicating f (z) is not univalent within |z|< τ , which completes the proof.
Theorem 3 For a function f defined by (11) in class AJ (ξ , ρ, ψ), f (z) is starlike of order δ (0 ≤ δ < 1) within

|z|< R0, where:

R0 = inf
n

{
q

∏
j=1

(β j)α j(θ j)k jn

(α j)k j(β j)α jn
· (ξ +ρn)(1−δ )σ(n)

2(n−δ )n!

} 1
n−1

. (40)

Proof. Using techniques similar to Theorem 2, this result is established by showing:
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∣∣∣∣ z f ′(z)
f (z)

−1
∣∣∣∣< 1−δ . (41)

5. Conclusion
This research has established a new subclass AJ (ξ , ρ, ψ) by integrating a generalized form of the Mittag-Leffler

function with the Lambert series. We have characterized this subclass by determining its extreme points, deriving
coefficient boundaries, and calculating the radii of Univalency and starlikeness. Where applicable, we have incorporated
Robin’s inequalities to derive additional results. This study can be extended to other subclasses of analytic functions such
as bi-valent functions and p-valent functions. By the means of Robin’s inequalities, coefficients’ lower bound can also be
provided.
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