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1. Introduction
The dynamics of shallow water waves constitute a rich and captivating area of research within the broader field of

Fluid Dynamics, due to their complex behaviors and relevance in both theoretical and applied contexts [1–10]. Numerous
mathematical models have been developed over the decades to describe various aspects of shallowwater wave propagation,
dispersion, and nonlinearity. Among the most prominent are the Korteweg-de Vries (KdV) equation, the modified KdV
(mKdV) equation, the Boussinesq equation, the Kawahara equation, the Gear-Grimshaw system, the Bona-Chen model,
and the Zaeromaghaddam model, among others [11–18].
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These models can be broadly categorized based on the physical configurations they represent. The KdV, mKdV,
Boussinesq, and Kawahara equations typically describe wave motion in single-layer fluid systems, such as water waves
propagating along lakeshores or coastal regions. These models capture essential features such as dispersion, weak
nonlinearity, and solitary wave formation. In contrast, the Gear-Grimshaw, Bona-Chen, and Zaeromaghaddam models
address more complex configurations, particularly two-layered fluid systems, where interactions between different fluid
layers with varying densities or viscosities are taken into account. Such models are crucial for understanding internal
waves and stratified fluid flows in oceanography and atmospheric sciences.

The current paper focuses on the single-layer shallow water wave dynamics in the presence of various perturbation
terms for the first time. These perturbations arise from physical effects such as topography, variable bottom boundaries,
wind forcing, or dissipation, and they can be Hamiltonian (i.e., energy-conserving) or non-Hamiltonian (i.e., involving
dissipation or gain). Specifically, we examine perturbed versions of the KdV and mKdV equations, which serve as
canonical models for nonlinear wave evolution in shallow water settings [1, 3–5, 8, 9]

To analytically explore the solitarywave structures and shock-like solutions under the influence of these perturbations,
we employ the well-established G′/G-expansion method [19, 20]. This method facilitates the systematic derivation of
closed-form solutions by reducing the governing nonlinear partial differential equations to ordinary differential equations
through a traveling wave transformation. The method’s algebraic framework enables the construction of exact solutions,
including solitons and shock waves, particularly when perturbations are treated as strong (i.e., non-negligible or dominant
in the dynamics).

In the remainder of the paper, we first provide a concise but comprehensive introduction to the governing equations,
followed by an in-depth discussion of their integrability properties. We then systematically derive exact solutions for the
perturbed KdV andmKdVmodels using theG′/G-expansion method, highlighting the nature and behavior of the obtained
solitary and shock wave structures under different perturbation regimes.

2. Governing model
The main structure of the model that is going to be addressed in this paper is given as

qt +a1F(q)qx +a2qxxx +a3qxxt +a4qxtt = θqxqxx +δqmqx +Λqqxxx +νqqxqxx +ξ qxqxxx +ψqxxxxx +κqqxxxxx.

Here the first term is the temporal evolution of the wave while the functional F represents the nonlinearity structure.
Thus for F(q) = q, one obtains KdV equation while for F(q) = q2, the mKdV equation is obtained. This paper will
therefore consider both cases along with the indicated perturbation terms. The dispersion terms are the coefficients of a j

for j = 2, 3, 4 which collectively constitute the dispersion triplet. From the perturbation terms, the coefficients of θ , δ ,
Λ are from nonlinear dispersions, while ψ is from higher order dispersion and κ means higher order nonlinear dispersion.
Finally, ν and ξ are also from nonlinear higher order dispersions. This model will now be addressed in details for the KdV
equation and the mKdV equation to recover the perturbed solitary and shock wave solutions. The details are exhibited
and enlisted in the subsequent two subsections.

2.1 Perturbed KdV equation

This section is devoted to explore some different types of solutions for KdV equation with perturbation terms. It is
remarkable to address that the perturbed KdV is addressed very first time in current study as follow:
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Qt +a1QQx +a2Qxxx +a3Qxxt +a4Qxtt

= θQxQxx +δQmqx +ΛQQxxx +νQQxQxx +ξ QxQxxx +ψQxxxxx +κQQxxxxx, (1)

with Q = Q(x, t).
Utilizing τ =−ωt+x, where ω is the speed of the wave, along with Q(x, t) = F(τ), we have recovered the following

ordinary differential equation from the equation (1):

(
(−νF −θ)F ′′−ξ F ′′′+a1F −δ (F)m −ω

)
F ′+

(
a4ω2 −ΛF −a3ω +a2

)
F ′′′

+(−κF −ψ)F ′′′′′ = 0. (2)

Next, equation (2) has been examined with the help of
(

G′

G

)
-expansion method for m = 1, 2 to establish the new

analytic solutions as in subsequent sections.

The
(

G′

G

)
-expansion method plays a significant role in the analytical treatment of Nonlinear Evolution Equations

(NLEEs), particularly in soliton theory and mathematical physics [19, 20]. This method is widely regarded for its
simplicity, computational efficiency, and ability to yield a broad class of exact solutions, including solitons, periodic
waves, and rational-type solutions. One of the key strengths of the method lies in its algorithmic structure, which
transforms a nonlinear Partial Differential Equation (PDE) into an Ordinary Differential Equation (ODE) via a wave

transformation, followed by a systematic expansion in terms of
(

G′

G

)
, where G satisfies a second-order linear ODE.

This approach enables the construction of closed-form solutions without requiring a priori assumptions about the form
of the solution. The method is particularly advantageous for handling equations with polynomial-type nonlinearities

and derivative-dependent terms. Its flexibility allows for generalization, such as the
(

G′

G

)2

-expansion or the extended(
F ′

F

)
-expansion approaches, further enriching the solution space. In the context of the current study, the use of the

(
G′

G

)
-

expansion method facilitates the derivation of various solution structures. The analytical tractability of this method makes
it a valuable tool for exploring nonlinear wave phenomena in mathematical physics.

2.1.1Solutions to (2) for m = 1

Firstly, we consider m = 1 for (2) and then equation (2) is rewritten as follows:

(
(−νF −θ)F ′′−ξ F ′′′+a1F −δ F −ω

)
F ′+

(
a4ω2 −ΛF −a3ω +a2

)
F ′′′

+(−κF −ψ)F ′′′′′ = 0. (3)

Next equation (3) has been examined with the help of extended
(

G′

G

)
-expansion method for recovering the new

analytic solutions as in subsequent portions of this paper: Speculating the homogeneous balance among highest order
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derivative term and highly non linear terms in equation (3) leads to the following solution structure for the equation (3)
[19, 20]:

F(τ) = α0 +α1

(
G′(τ)
G(τ)

)
+α2

(
G′(τ)
G(τ)

)2

, (4)

with G(τ) following the auxiliary equation

G′′+λG′+µG = 0, (5)

It is worthy to notice that α0, α1, α2 are parameters, to be evaluated in the mean process of calculations. Utilizing
(4) into (3), along with (5), we furnish the subsequent parameter values for extracting the solutions to equation (3) as per
mentioned details:

Λ =−
3
(
−κ λ 2α2 +8

(
λ +

√
λ 2 −4 µ

)
α2κ λ −12α2κ µ −16κ α0 −16ψ

)
α2

,

ν =−60κ
α2

, ξ =−10κ
√

λ 2 −4 µ

ω =−
4
(
λ 2 −4 µ

)
Z1

α2
,

θ =
2
(

7κ λ 2α2 +24
(

λ +
√

λ 2 −4 µ
)

α2κ λ −76α2κ µ −48κ α0 −78ψ
)

α2
,

a1 =−36κ λ 3
√

λ 2 −4 µ −32κ λ 4 +144κ λ µ
√

λ 2 −4 µ +184κ λ 2µ +
72κ λ 2α0

α2

−224κ µ2 − 288κ µ α0

α2
+

72λ 2ψ
α2

+δ − 288µ ψ
α2

,

α1 =
(

λ +
√

λ 2 −4 µ
)

α2,

a2 =− Z2

α22 , (6)

with
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Z1 = −4
√

λ 2 −4 µα2
2κ λ 3 −4κ α2

2λ 4 −2
√

λ 2 −4 µα2
2κ λ µ +6κ λ 2µ α2

2 +18
√

λ 2 −4 µα0α2κ λ

+8κ λ 2α0α2 +22α2
2κ µ2 +9

√
λ 2 −4 µα2λ ψ +4α0α2κ µ −18κ α0

2 +18α2µ ψ −18ψ α0,

Z2 = 288 µ ψ a3α0α2 −72λ 2ψ a3α0α2 +288κ µ a3α0
2α2 +72λ 2µ ψ a3α2

2 −64κ µ2a3α0α2
2 −72κ λ 2a3α0

2α2

−8κ λ 2µ2a3α2
3 +32κ λ 4a3α0α2

2 +88κ λ 4µ a3α2
3 −114944κ2λ 6µ2a4α0α2

3 +35712κ2λ 8µ a4α0α2
3

−165888 µ3ψ2a4α0α2 +165888κ µ2ψ a4α0
3 −41472λ 2µ ψ2a4α0

2 −124416λ 2µ3ψ2a4α2
2

+10368κ λ 4ψ a4α0
3 −41472κ2λ 2µ a4α0

4 −36864κ2µ3a4α0
3α2 +67392λ 4µ2ψ2a4α2

2

+202752κ µ5ψ a4α2
3 −15552λ 6µ ψ2a4α2

2 −198656κ2µ4a4α0
2α2

2 −4608κ2λ 6a4α0
3α2

+45056κ2µ5a4α0α2
3 −75200κ2λ 4µ4a4α2

4 +1536κ2λ 2µ5a4α2
4 +17280κ2λ 8µ2a4α2

4

+4992κ2λ 6µ3a4α2
4 +8512κ2λ 8a4α0

2α2
2 −5632κ2λ 10µ a4α2

4 +27648κ λ 2µ2ψ a4α0
2α2

−230400κ λ 2µ3ψ a4α0α2
2 +24192κ λ 4µ ψ a4α0

2α2 +266112κ λ 4µ2ψ a4α0α2
2

−79488κ λ 6µ ψ a4α0α2
2 −5760κ λ 4µ3ψ a4α2

3 +153600κ2λ 2µ4a4α0α2
3

+309120κ2λ 4µ2a4α0
2α2

2 −26496κ λ 6µ2ψ a4α2
3 +7488κ λ 8ψ a4α0α2

2

+60160κ2λ 4µ3a4α0α2
3 −91264κ2λ 6µ a4α0

2α2
2 +10944κ λ 8µ ψ a4α2

3 −1152α2
3κ λ 10ψ a4

−3328α2
3κ2λ 10a4α0 +512α2

4κ2λ 11a4
√

λ 2 −4 µ −16α2
3κ λ 5a3

√
λ 2 −4 µ +36α2

2λ 3ψ a3
√

λ 2 −4 µ

+16α2
3κ λ µ

√
λ 2 −4 µ +48α2

2κ λ α0
√

λ 2 −4 µ −82944κ λ 2µ ψ a4α0
3 −10368λ 4µ ψ2a4α0α2

+82944λ 2µ2ψ2a4α0α2 −112κ λ 2µ a3α0α2
2 −288 µ2ψ a3α2

2 −32κ µ α0α2
2 +48κ λ 2µ α2

3

+32κ λ 2α0α2
2 +123904κ2µ6a4α2

4 +4 µ ψ α2
2 −48κ α0

2α2 +11λ 2ψ α2
2 +16κ µ2α2

3

−48ψ α0α2 −165888κ µ4ψ a4α0α2
2 −24192α2

2κ λ 5µ ψ a4α0
√

λ 2 −4 µ

−27648α2
2κ λ 3µ2ψ a4α0

√
λ 2 −4 µ +124416α2κ λ 3µ ψ a4α0

2
√

λ 2 −4 µ
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+202752α2
2κ λ µ3ψ a4α0

√
λ 2 −4 µ −248832α2κ λ µ2ψ a4α0

2
√

λ 2 −4 µ

+512α2
4κ2λ 12a4 −16α2

3κ λ 6a3 −16α2
3κ λ 3

√
λ 2 −4 µ +24α2

2λ ψ
√

λ 2 −4 µ

−16α2
3κ λ 4 −4608α2

4κ2λ 9µ a4
√

λ 2 −4 µ −3328α2
3κ2λ 9a4α0

√
λ 2 −4 µ

+9088α2
4κ2λ 7µ2a4

√
λ 2 −4 µ +16000α2

4κ2λ 5µ3a4
√

λ 2 −4 µ

−1152α2
3κ λ 9ψ a4

√
λ 2 −4 µ +6912α2

2κ2λ 7a4α0
2
√

λ 2 −4 µ −39936α2
4κ2λ 3µ4a4

√
λ 2 −4 µ

−22528α2
4κ2λ µ5a4

√
λ 2 −4 µ −10368α2κ2λ 5a4α0

3
√

λ 2 −4 µ +5184α2
2λ 5µ ψ2a4

√
λ 2 −4 µ

−5184α2λ 5ψ2a4α0
√

λ 2 −4 µ −41472α2
2λ 3µ2ψ2a4

√
λ 2 −4 µ +56α2

3κ λ 3µ a3
√

λ 2 −4 µ

+82944α2
2λ µ3ψ2a4

√
λ 2 −4 µ +72α2

2κ λ 3a3α0
√

λ 2 −4 µ +32α2
3κ λ µ2a3

√
λ 2 −4 µ

−144α2
2λ µ ψ a3

√
λ 2 −4 µ +29056α2

3κ2λ 7µ a4α0
√

λ 2 −4 µ −60288α2
3κ2λ 5µ2a4α0

√
λ 2 −4 µ

+8640α2
3κ λ 7µ ψ a4

√
λ 2 −4 µ −51840α2

2κ2λ 5µ a4α0
2
√

λ 2 −4 µ

−60416α2
3κ2λ 3µ3a4α0

√
λ 2 −4 µ +4608α2

2κ λ 7ψ a4α0
√

λ 2 −4 µ

−8640α2
3κ λ 5µ2ψ a4

√
λ 2 −4 µ +82944α2

2κ2λ 3µ2a4α0
2
√

λ 2 −4 µ

+198656α2
3κ2λ µ4a4α0

√
λ 2 −4 µ −50688α2

3κ λ 3µ3ψ a4
√

λ 2 −4 µ

+82944α2κ2λ 3µ a4α0
3
√

λ 2 −4 µ +55296α2
2κ2λ µ3a4α0

2
√

λ 2 −4 µ

−15552α2κ λ 5ψ a4α0
2
√

λ 2 −4 µ +82944α2
3κ λ µ4ψ a4

√
λ 2 −4 µ

−165888α2κ2λ µ2a4α0
3
√

λ 2 −4 µ +41472α2λ 3µ ψ2a4α0
√

λ 2 −4 µ

−82944α2λ µ2ψ2a4α0
√

λ 2 −4 µ −288α2
2κ λ µ a3α0

√
λ 2 −4 µ

−55296κ2λ 2µ2a4α0
3α2 −9216κ λ 2µ4ψ a4α2

3 −4608κ λ 6ψ a4α0
2α2
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−271360κ2λ 2µ3a4α0
2α2

2 +34560κ2λ 4µ a4α0
3α2 +82944 µ2ψ2a4α0 −352κ µ3a3α2

3

+5184λ 4ψ2a4α0
22 +82944 µ4ψ2a4α2

2 +1296λ 8ψ2a4α2
2

+5184κ2λ 4a4α0
4 +82944κ2µ2a4α0

4 −202752κ µ3ψ a4α0
2α2

It’s worth to mention that all the obtained parameter values are laced with α0, α2, a3, ψ, κ, δ as free parameters.
As a result, with the help of solution of equation (5) and using (6) and (4) along with τ = −ωt + x, F(τ) = q(x, t),

we have obtained following solutions structures for equation (1):
Regrading the instance λ 2 −4µ > 0, we have extracted following solution structure for equation (1):

Q(x, t) = α0 +


√

λ 2 −4 µ
(

w1 sinh
(

1
2
(x− ω t)

√
λ 2 −4 µ

)
+w2 cosh

(
1
2
(x− ω t)

√
λ 2 −4 µ

))
2w2 sinh

(
1
2
(x− ω t)

√
λ 2 −4 µ

)
+2w1 cosh

(
1
2
(x− ω t)

√
λ 2 −4 µ

) − λ
2


2

α2

+

2
√

λ 2 −4 µ
(

w1 sinh
(

1
2
(x− ω t)

√
λ 2 −4 µ

)
+w2 cosh

(
1
2
(x− ω t)

√
λ 2 −4 µ

))
2w2 sinh

(
1
2
(x− ω t)

√
λ 2 −4 µ

)
+2w1 cosh

(
1
2
(x− ω t)

√
λ 2 −4 µ

) −λ


(

λ
2
+

√
λ 2 −4 µ

2

)
α2, (7)

equipped with w2, w1 as free parameters.
Case 1 Significantly, we have observed that considering w1 = 0 in (7) results into singular solitary waves as:

Q(x, t) = α0 +

(
1
2

√
λ 2 −4 µ coth

(
1
2
(−ω t + x)

√
λ 2 −4 µ

)
− λ

2

)2

α2

+

(
1
2

√
λ 2 −4 µ coth

(
1
2
(−ω t + x)

√
λ 2 −4 µ

)
− λ

2

)(
λ +

√
λ 2 −4 µ

)
α2. (8)

Case 2 Significantly, we have observed that considering w2 = 0 in (7) results into shock wave solutions:

Q(x, t) = α0 +

(
1
2

√
λ 2 −4 µ tanh

(
1
2
(−ω t + x)

√
λ 2 −4 µ

)
− λ

2

)2

α2

+

(
1
2

√
λ 2 −4 µ tanh

(
1
2
(−ω t + x)

√
λ 2 −4 µ

)
− λ

2

)(
λ +

√
λ 2 −4 µ

)
α2. (9)
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2.1.2Solutions to (2) for m = 2

Now considering m = 2, the equation (2), turns out subsequently as

(
(−νF −θ)F ′′−ξ F ′′′+a1F −δ (F)2 −ω

)
F ′+

(
a4ω2 −ΛF −a3ω +a2

)
F ′′′

+(−κF −ψ)F ′′′′′ = 0. (10)

Homogeneous balance among highest order linear and most nonlinear derivative containing terms in equation (10)
is carried out, hence leading to generate following solution structure for equation (10):

F(τ) = α0 +α1

(
G′(τ)
G(τ)

)
+α2

(
G′(τ)
G(τ)

)2

, (11)

with αi, i = 0, 1, 2 are constants, to be determined in the mean process of calculations and G(τ) following the auxiliary
equation (5). Using (11) in equation (10), along with (5), we have furnished following possibility to explore variety of
solutions for equation (1):

δ =−3
7

−95κ λ 2α2 +240
(

λ/2−1/2
√

λ 2 −4 µ
)

α2κ λ +140κ µ α2 +13Λα2 −240κ α0 +4θ α2

α22 ,

ν =− 60κ
α2

, α1 = λ −
√

λ 2 −4 µ

ω =
Z3

14α2
2 , ξ = 10κ

√
λ 2 −4 µ,

ψ =
61κ λ 2α2

168
− 1

7
α2κ λ

√
λ 2 −4 µ − 7

6
κ µ α2 −

Λα2

56
− 2

7
κ α0 −

θ α2

84
,

a1 =−1
7

Z4

α22 ,

a2 =− Z5

1176α24 , (12)

with
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Z3 = 2608κ µ2α0α2
2 −4α2

2λ 2θ α0 −4680κ µ α0
2α2 +64α2

2µ θ α0 +18Λλ 2µ α2
3

+8Λλ 2α0α2
2 +124Λ µ α0α2

2 −922κ λ 4µ α2
3 +928κ λ 4α0α2

2 +2810κ λ 2µ2α2
3

+12λ 2µ θ α2
3 +90κ λ 2α0

2α2 −4680α2
2κ λ µ α0

√
λ 2 −4 µ +104α2

3κ λ 5
√

λ 2 −4 µ

+4Λα2
3λ 3
√

λ 2 −4 µ −2α2
3λ 3θ

√
λ 2 −4 µ +2160α2κ λ α0

2
√

λ 2 −4 µ

−24α2
2λ θ α0

√
λ 2 −4 µ −202α2

3κ λ 3µ
√

λ 2 −4 µ +90α2
2κ λ 3α0

√
λ 2 −4 µ

+1304α2
3κ λ µ2

√
λ 2 −4 µ +62Λα2

3λ µ
√

λ 2 −4 µ +32α2
3λ µ θ

√
λ 2 −4 µ

−78Λα2
2λ α0

√
λ 2 −4 µ +1440α0

3κ −3284κ λ 2µ α0α2
2 +58Λ µ2α2

3 −13Λλ 4α2
3

−8 µ2θ α2
3 +7κ λ 6α2

3 −78Λα0
2α2 +1624κ µ3α2

3 −4λ 4θ α2
3 −24θ α2α0

2,

Z4 = 15α2
2κ λ 3

√
λ 2 −4 µ −344κ λ 4α2

2 +1380α2
2κ λ µ

√
λ 2 −4 µ +1282κ λ 2µ α2

2

+39Λα2
2λ
√

λ 2 −4 µ −4Λλ 2α2
2 −1440α2κ λ α0

√
λ 2 −4 µ +12α2

2λ θ
√

λ 2 −4 µ

+30κ λ 2α0α2 −1064κ µ2α2
2 +2α2

2λ 2θ −62Λ µ α2
2 +2760κ µ α0α2 −32α2

2µ θ

+78Λα0α2 −1440κ α0
2 +24θ α0α2,

Z5 = 6523200Λκ µ a4α0
4α2

2 −95616Λ µ θ a4α0
3α2

3 +190272κ2λ 10a4α0α2
5

+13951296κ2λ 2µ5a4α2
6 +219360Λλ 2µ2θ a4α0α2

5 −991056Λκ λ 6µ2a4α2
6

−962784κ λ 4θ a4α0
3α2

3 +8217144κ2λ 8µ2a4α2
6 +3900Λκ λ 10a4α2

6

+1032864Λκ λ 4µ3a4α2
6 +10464λ 4µ2θ 2a4α2

6 +528Λλ 8θ a4α2
6 −216Λ2λ 6µ a4α2

6

+52254744κ2λ 4µ4a4α2
6 −66336Λλ 4µ θ a4α0α2

5 +86304Λ2µ3a4α0α2
5

−4992Λ2λ 6a4α0α2
5 −919688064κ2λ 2µ3a4α0

2α2
4 −32164704Λκ λ 2µ2a4α0

2α2
4
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+11461632κ λ 2µ3θ a4α0α2
5 −15168λ 4µ θ 2a4α0α2

5 −95040κ λ 2θ a4α0
4α2

2

−59226864κ2λ 6µ a4α0
2α2

4 −1347840Λκ a4α0
5α2 +7918944κ2λ 8a4α0

2α2
4

−7560κ λ 2a3α0
2α2

3 −1574160Λκ λ 2µ4a4α2
6 −4483584κ µ2θ a4α0

3α2
3

+26880 µ2θ 2a4α0
2α2

4 −77952κ λ 4a3α0α2
4 −41603184κ2λ 6µ3a4α2

6

+996864κ µ4θ a4α0α2
5 −237120Λκ λ 8a4α0α2

5 −136416κ µ3a3α2
5

+316873728κ2λ 2µ4a4α0α2
5 −76992κ λ 8θ a4α0α2

5 +77448κ λ 4µ a3α2
5

+4704λ 4θ 2a4α0
2α2

4 +50824704κ2µ5a4α0α2
5 −155904κ µ5θ a4α2

6

−25728λ 2µ3θ 2a4α2
6 +3861792κ λ 4µ θ a4α0

2α2
4 −12848256κ λ 2µ2θ a4α0

2α2
4

+2453760κ µ θ a4α0
4α2

2 −1512Λλ 2µ a3α2
5 +22464Λθ a4α0

4α2
2

+44078040κ2λ 4a4α0
4α2

2 +1130304Λκ µ5a4α2
6 +49056Λ2λ 4a4α0

2α2
4

+3935232κ λ 2µ θ a4α0
3α2

3 −5568Λ µ4θ a4α2
6 −7488Λ2λ 2a4α0

3α2
3

+37968Λ2µ2a4α0
2α2

4 −116064Λ2µ a4α0
3α2

3 −219072κ µ2a3α0α2
4

+768λ 6θ 2a4α0α2
5 +3456000κ2λ 6a4α0

3α2
3 −1440λ 6µ θ 2a4α2

6

−80870400κ2µ a4α0
5α2 −4523040κ λ 4µ2θ a4α0α2

5 +8587872Λκ λ 4µ a4α0
2α2

4

−128640κ λ 6θ a4α0
2α2

4 −2038848κ λ 2µ4θ a4α2
6 +1038144Λκ λ 6µ a4α0α2

5

−2832κ λ 10θ a4α2
6 −1008λ 2µ θ a3α2

5 −10416Λ µ a3α0α2
4 −672Λλ 2a3α0α2

4

−245749728κ2λ 4µ3a4α0α2
5 +1984512κ µ3θ a4α0

2α2
4 +1351392κ λ 4µ3θ a4α2

6

+354939984κ2λ 4µ2a4α0
2α2

4 +674400κ λ 6µ θ a4α0α2
5 −6400512Λκ λ 4µ2a4α0α2

5

+11156544Λκ λ 2µ a4α0
3α2

3 −17051328κ2λ 8µ a4α0α2
5 +100032κ λ 8µ θ a4α2

6
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−3106368Λκ λ 4a4α0
3α2

3 −202232160κ2λ 4µ a4α0
3α2

3 −896640Λκ µ3a4α0
2α2

4

+36504Λ2a4α0
4α2

2 −106080Λλ 2µ θ a4α0
2α2

4 −5376 µ θ a3α0α2
4

−5824κ λ 2µ α2
5 −10920κ λ 2α0α2

4 −50393856κ2µ4a4α0
2α2

4 +120λ 8θ 2a4α2
6

+43680κ µ α0α2
4 +384 µ4θ 2a4α2

6 +15824256κ2µ6a4α2
6

−118402560κ2µ3a4α0
3α2

3 −589128κ2λ 10µ a4α2
6 +1555200κ2λ 2a4α0

5α2

+336λ 2θ a3α0α2
4 +29568Λλ 4θ a4α0

2α2
4 +1152λ 2θ 2a4α0

3α2
3

+393120κ µ a3α0
2α2

3 −236040κ λ 2µ2a3α2
5 +4056Λ2λ 4µ2a4α2

6

+3456θ 2a4α0
4α2

2 −6144 µ3θ 2a4α0α2
5 −18432 µ θ 2a4α0

3α2
3

−1167624α2
6κ2λ 9µ a4

√
λ 2 −4 µ −15888Λα2

6κ λ 9a4
√

λ 2 −4 µ

+1165704α2
5κ2λ 9a4α0

√
λ 2 −4 µ +5851344α2

6κ2λ 7µ2a4
√

λ 2 −4 µ

−5160α2
6κ λ 9θ a4

√
λ 2 −4 µ −19212144α2

6κ2λ 5µ3a4
√

λ 2 −4 µ

+120Λα2
6λ 7θ a4

√
λ 2 −4 µ +1296000α2

4κ2λ 7a4α0
2
√

λ 2 −4 µ

+40034304α2
6κ2λ 3µ4a4

√
λ 2 −4 µ −8808Λ2α2

6λ 5µ a4
√

λ 2 −4 µ

+25412352α2
6κ2λ µ5a4

√
λ 2 −4 µ −1824α2

6λ 5µ θ 2a4
√

λ 2 −4 µ

+12552Λ2α2
5λ 5a4α0

√
λ 2 −4 µ +16176Λ2α2

6λ 3µ2a4
√

λ 2 −4 µ

+25948080α2
3κ2λ 5a4α0

3
√

λ 2 −4 µ +1248α2
5λ 5θ 2a4α0

√
λ 2 −4 µ

+4800α2
6λ 3µ2θ 2a4

√
λ 2 −4 µ +43152Λ2α2

6λ µ3a4
√

λ 2 −4 µ

−3072α2
6λ µ3θ 2a4

√
λ 2 −4 µ −11232Λ2α2

4λ 3a4α0
2
√

λ 2 −4 µ
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+3888000α2
2κ2λ 3a4α0

4
√

λ 2 −4 µ +1728α2
4λ 3θ 2a4α0

2
√

λ 2 −4 µ

+16968α2
5κ λ 3µ a3

√
λ 2 −4 µ +73008Λ2α2

3λ a4α0
3
√

λ 2 −4 µ

+37324800α2κ2λ a4α0
5
√

λ 2 −4 µ −7560α2
4κ λ 3a3α0

√
λ 2 −4 µ

−109536α2
5κ λ µ2a3

√
λ 2 −4 µ +6912α2

3λ θ 2a4α0
3
√

λ 2 −4 µ

−5208Λα2
5λ µ a3

√
λ 2 −4 µ −2688α2

5λ µ θ a3
√

λ 2 −4 µ

+6552Λα2
4λ a3α0

√
λ 2 −4 µ −181440α2

3κ λ a3α0
2
√

λ 2 −4 µ

+2016α2
4λ θ a3α0

√
λ 2 −4 µ +32640Λ µ3θ a4α0α2

5 +264480Λ2λ 2µ2a4α0α2
5

−177603840α2
4κ2λ µ3a4α0

2
√

λ 2 −4 µ −6528α2
5λ 3µ θ 2a4α0

√
λ 2 −4 µ

+37968Λ2α2
5λ µ2a4α0

√
λ 2 −4 µ +108000Λα2

3κ λ 3a4α0
3
√

λ 2 −4 µ

+2160Λα2
4λ 3θ a4α0

2
√

λ 2 −4 µ +352961280α2
3κ2λ µ2a4α0

3
√

λ 2 −4 µ

−190080α2
3κ λ 3θ a4α0

3
√

λ 2 −4 µ +26880α2
5λ µ2θ 2a4α0

√
λ 2 −4 µ

−174096Λ2α2
4λ µ a4α0

2
√

λ 2 −4 µ −202176000α2
2κ2λ µ a4α0

4
√

λ 2 −4 µ

−27648α2
4λ µ θ 2a4α0

2
√

λ 2 −4 µ −3369600Λα2
2κ λ a4α0

4
√

λ 2 −4 µ

+44928Λα2
3λ θ a4α0

3
√

λ 2 −4 µ −1036800α2
2κ λ θ a4α0

4
√

λ 2 −4 µ

+393120α2
4κ λ µ a3α0

√
λ 2 −4 µ +87936Λκ λ 6a4α0

2α2
4

−88608Λλ 2µ3θ a4α2
6 −60672Λ2λ 4µ a4α0α2

5 +104833248κ2λ 6µ2a4α0α2
5

−414720κ θ a4α0
5α2 +336λ 4θ a3α2

5 +13046400Λα2
3κ λ µ a4α0

3
√

λ 2 −4 µ

−143424Λα2
4λ µ θ a4α0

2
√

λ 2 −4 µ +4907520α2
3κ λ µ θ a4α0

3
√

λ 2 −4 µ
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+2280672Λα2
5κ λ 5µ a4α0

√
λ 2 −4 µ +1027872α2

5κ λ 5µ θ a4α0
√

λ 2 −4 µ

−6071904Λα2
5κ λ 3µ2a4α0

√
λ 2 −4 µ −3033216α2

5κ λ 3µ2θ a4α0
√

λ 2 −4 µ

+3256416Λα2
4κ λ 3µ a4α0

2
√

λ 2 −4 µ −896640Λα2
5κ λ µ3a4α0

√
λ 2 −4 µ

−16224Λα2
5λ 3µ θ a4α0

√
λ 2 −4 µ +1755648α2

4κ λ 3µ θ a4α0
2
√

λ 2 −4 µ

+1984512α2
5κ λ µ3θ a4α0

√
λ 2 −4 µ −12604032Λα2

4κ λ µ2a4α0
2
√

λ 2 −4 µ

+86016Λα2
5λ µ2θ a4α0

√
λ 2 −4 µ −6725376α2

4κ λ µ2θ a4α0
2
√

λ 2 −4 µ

−556320κ λ 6µ2θ a4α2
6 +21424704Λκ λ 2µ3a4α0α2

5 +960Λλ 6θ a4α0α2
5

+24672Λλ 4µ2θ a4α2
6 +193056Λκ λ 8µ a4α2

6 −588κ λ 6a3α2
5 −4872Λ µ2a3α2

5

+1110Λ2λ 8a4α2
6 +8736α2

6κ2λ 11a4
√

λ 2 −4 µ −624Λ2α2
6λ 7a4

√
λ 2 −4 µ

+96α2
6λ 7θ 2a4

√
λ 2 −4 µ −8736α2

5κ λ 5a3
√

λ 2 −4 µ −336Λα2
5λ 3a3

√
λ 2 −4 µ

+168α2
5λ 3θ a3

√
λ 2 −4 µ +21840κ λ µ α2

5
√

λ 2 −4 µ +14928Λα2
6κ λ 7µ a4

√
λ 2 −4 µ

−7736784α2
5κ2λ 7µ a4α0

√
λ 2 −4 µ +49488α2

6κ λ 7µ θ a4
√

λ 2 −4 µ

+33936Λα2
5κ λ 7a4α0

√
λ 2 −4 µ −725760Λα2

6κ λ 5µ2a4
√

λ 2 −4 µ

+80550864α2
5κ2λ 5µ2a4α0

√
λ 2 −4 µ −33600α2

5κ λ 7θ a4α0
√

λ 2 −4 µ

−523152α2
6κ λ 5µ2θ a4

√
λ 2 −4 µ +2309664Λα2

6κ λ 3µ3a4
√

λ 2 −4 µ

−7824Λα2
6λ 5µ θ a4

√
λ 2 −4 µ −85620240α2

4κ2λ 5µ a4α0
2
√

λ 2 −4 µ

−213765504α2
5κ2λ 3µ3a4α0

√
λ 2 −4 µ +1247232α2

6κ λ 3µ3θ a4
√

λ 2 −4 µ

−1289952Λα2
4κ λ 5a4α0

2
√

λ 2 −4 µ +2115840Λα2
6κ λ µ4a4

√
λ 2 −4 µ
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+7104Λα2
5λ 5θ a4α0

√
λ 2 −4 µ +14064Λα2

6λ 3µ2θ a4
√

λ 2 −4 µ

+272833920α2
4κ2λ 3µ2a4α0

2
√

λ 2 −4 µ −50393856α2
5κ2λ µ4a4α0

√
λ 2 −4 µ

−407376α2
4κ λ 5θ a4α0

2
√

λ 2 −4 µ +498432α2
6κ λ µ4θ a4

√
λ 2 −4 µ

−4944Λ2α2
5λ 3µ a4α0

√
λ 2 −4 µ +16320Λα2

6λ µ3θ a4
√

λ 2 −4 µ

−98720640α2
3κ2λ 3µ a4α0

3
√

λ 2 −4 µ −588Λα2
5λ
√

λ 2 −4 µ −2304Λλ 6µ θ a4α2
6

−150960Λ2λ 2µ a4α0
2α2

4 −8402688Λκ µ2a4α0
3α2

3 +86016Λ µ2θ a4α0
2α2

4

+54000Λκ λ 2a4α0
4α2

2 +6552Λa3α0
2α2

3 +1092Λλ 4a3α2
5

−173776320κ2λ 2µ a4α0
4α2

2 +4231680Λκ µ4a4α0α2
5 +20184Λ2µ4a4α2

6

+46464λ 2µ2θ 2a4α0α2
5 +275856κ λ 2µ a3α0α2

4 −20352λ 2µ θ 2a4α0
2α2

4

+1440Λλ 2θ a4α0
3α2

3 +861Λλ 2α2
5 −728 µ θ α2

5 +12441600κ2a4α0
6 −2268Λ µ α2

5

−1176Λα0α2
4 −10192κ µ2α2

5 +182λ 2θ α2
5 +2093κ λ 4α2

5 +65190κ2λ 12a4α2
6

−79728Λ2λ 2µ3a4α2
6 +176480640κ2µ2a4α0

4α2
2 −5460κ λ 3α2

5
√

λ 2 −4 µ

+721025280κ2λ 2µ2a4α0
3α2

3 −120960κ a3α0
3α2

2 +2016θ a3α0
2α2

3 +672 µ2θ a3α2
5,

equipped with a3, α0, α2, Λ, κ, θ as free parameters.
Using solution of equation (5) along with parameter values (12) and (11), we may write the subsequent solution for

equation (1), by reverting back to original variables x, t:
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Q(x, t) =


√

λ 2 −4 µ
(

w1 sinh
(

1
2
(−ω t + x)

√
λ 2 −4 µ

)
+w2 cosh

(
1
2
(−ω t + x)

√
λ 2 −4 µ

))
2w2 sinh

(
1
2
(−ω t + x)

√
λ 2 −4 µ

)
+2w1 cosh

(
1
2
(−ω t + x)

√
λ 2 −4 µ

) − λ
2


2

α2 +α0

+


√

λ 2 −4 µ
(

w1 sinh
(

1
2
(−ω t + x)

√
λ 2 −4 µ

)
+w2 cosh

(
1
2
(−ω t + x)

√
λ 2 −4 µ

))
2w2 sinh

(
1
2
(−ω t + x)

√
λ 2 −4 µ

)
+2w1 cosh

(
1
2
(−ω t + x)

√
λ 2 −4 µ

) − λ
2


(

λ −
√

λ 2 −4 µ
)

α2, (13)

with w1, w2 as arbitrary parameters.
The solution (13) results into shock waves for w1 ̸= 0, w2 = 0, while for w2 ̸= 0, w1 = 0, obtains singular solitary

waves.

2.2 Perturbed mKdV equation

The investigation of various exact solutions for modified KdV model with perturbation terms is the focus of this
section. It is noteworthy that the current work addresses the perturbed modified KdV for the first time in the following
manner:

Qt +a1Q2Qx +a2Qxxx +a3Qxxt +a4Qxtt

=θQxQxx +δQmqx +ΛQQxxx +νQQxQxx +ξ QxQxxx +ψQxxxxx +κQQxxxxx, (14)

with Q = Q(x, t).
From the equation (14), we have extracted the following ordinary differential equation using τ = −ωt + x and

Q(x, t) = F(τ):

(
(−νF −θ)F ′′−ξ F ′′′+a1F2 −δ (F)m −ω

)
F ′+

(
a4ω2 −ΛF −a3ω +a2

)
F ′′′

+(−κF −ψ)F ′′′′′ = 0. (15)

To establish the new analytic solutions equation, (15), the
(

G′

G

)
-expansion approach has been implemented for

m = 1, 2 as shown in upcoming subsections.

2.2.1Solutions to (15) for m = 1

After taking into account that m = 1 for (15), the equation is rewritten as follows:
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(
(−νF −θ)F ′′−ξ F ′′′+a1F2 −δ F −ω

)
F ′+

(
a4ω2 −ΛF −a3ω +a2

)
F ′′′

+(−κF −ψ)F ′′′′′ = 0. (16)

The following solution structure for equation (16) is produced as a result of homogeneous balancing between the
highest order linear and most nonlinear derivative-containing terms:

F(τ) = α0 +α1

(
G′(τ)
G(τ)

)
+α2

(
G′(τ)
G(τ)

)2

, (17)

with αi, i = 0, 1, 2 are constants, to be determined in complete computations and G(τ) following the auxiliary equation
(5). We have provided the following opportunity to investigate a range of solutions for equation (14) by using (17) in
equation (16) and (5):

α1 =
(

λ −
√

λ 2 −4 µ
)

α2, ξ = 10κ
√

λ 2 −4 µ, ν =− 60κ
α2

a1 =
3
7
−120α2κ λ

√
λ 2 −4 µ +25κ λ 2α2 +140κ µ α2 +13Λα2 −240κ α0 +4θ α2

α22 ,

ψ =
61κ λ 2α2

168
− 1

7
α2κ λ

√
λ 2 −4 µ − 7

6
κ µ α2 −

Λα2

56
− 2

7
κ α0 −

θ α2

84
,

δ =
1
7

Z6

α22 , ω =− 1
14

Z7

α22 ,

a2 =− Z8

1176α24 , (18)

with

Z6 = 15α2
2κ λ 3

√
λ 2 −4 µ −344κ λ 4α2

2 +1380α2
2κ λ µ

√
λ 2 −4 µ +1282κ λ 2µ α2

2 +39Λα2
2λ
√

λ 2 −4 µ

−4Λλ 2α2
2 −1440α2κ λ α0

√
λ 2 −4 µ +12α2

2λ θ
√

λ 2 −4 µ +30κ λ 2α0α2 −1064κ µ2α2
2 +2λ 2θ α2

2

−62Λ µ α2
2 +2760κ µ α0α2 −32 µ θ α2

2 +78Λα0α2 −1440κ α0
2 +24θ α0α2,
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Z7 = −104α2
3κ λ 5

√
λ 2 −4 µ −4Λα2

3λ 3
√

λ 2 −4 µ +2α2
3λ 3θ

√
λ 2 −4 µ +3284κ λ 2µ α0α2

2

−8Λλ 2α0α2
2 −124Λ µ α0α2

2 −18Λλ 2µ α2
3 +922κ λ 4µ α2

3 −928κ λ 4α0α2
2

−2810κ λ 2µ2α2
3 −12λ 2µ θ α2

3 −90κ λ 2α0
2α2 −2608κ µ2α0α2

2 +4λ 2θ α0α2
2

+4680κ µ α0
2α2 −64 µ θ α0α2

2 +4680α2
2κ λ µ α0

√
λ 2 −4 µ +202α2

3κ λ 3µ
√

λ 2 −4 µ

−90α2
2κ λ 3α0

√
λ 2 −4 µ −1304α2

3κ λ µ2
√

λ 2 −4 µ −62Λα2
3λ µ

√
λ 2 −4 µ

−32α2
3λ µ θ

√
λ 2 −4 µ +78Λα2

2λ α0
√

λ 2 −4 µ −2160α2κ λ α0
2
√

λ 2 −4 µ

+24α2
2λ θ α0

√
λ 2 −4 µ −1440α0

3κ −1624κ µ3α2
3 −58Λ µ2α2

3 +78Λα0
2α2

+13Λλ 4α2
3 −7κ λ 6α2

3 +24θ α0
2α2 +8 µ2θ α2

3 +4λ 4θ α2
3,

Z8 = −6528α2
5λ 3µ θ 2a4α0

√
λ 2 −4 µ +37968Λ2α2

5λ µ2a4α0
√

λ 2 −4 µ

+108000Λα2
3κ λ 3a4α0

3
√

λ 2 −4 µ +2160Λα2
4λ 3θ a4α0

2
√

λ 2 −4 µ

+352961280α2
3κ2λ µ2a4α0

3
√

λ 2 −4 µ −190080α2
3κ λ 3θ a4α0

3
√

λ 2 −4 µ

+26880α2
5λ µ2θ 2a4α0

√
λ 2 −4 µ −174096Λ2α2

4λ µ a4α0
2
√

λ 2 −4 µ

−202176000α2
2κ2λ µ a4α0

4
√

λ 2 −4 µ −27648α2
4λ µ θ 2a4α0

2
√

λ 2 −4 µ

−3369600Λα2
2κ λ a4α0

4
√

λ 2 −4 µ +44928Λα2
3λ θ a4α0

3
√

λ 2 −4 µ

−1036800α2
2κ λ θ a4α0

4
√

λ 2 −4 µ +393120α2
4κ λ µ a3α0

√
λ 2 −4 µ

+14928Λα2
6κ λ 7µ a4

√
λ 2 −4 µ −7736784α2

5κ2λ 7µ a4α0
√

λ 2 −4 µ

+49488α2
6κ λ 7µ θ a4

√
λ 2 −4 µ +33936Λα2

5κ λ 7a4α0
√

λ 2 −4 µ

−725760Λα2
6κ λ 5µ2a4

√
λ 2 −4 µ +80550864α2

5κ2λ 5µ2a4α0
√

λ 2 −4 µ
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−33600α2
5κ λ 7θ a4α0

√
λ 2 −4 µ −523152α2

6κ λ 5µ2θ a4
√

λ 2 −4 µ

+2309664Λα2
6κ λ 3µ3a4

√
λ 2 −4 µ −7824Λα2

6λ 5µ θ a4
√

λ 2 −4 µ

−85620240α2
4κ2λ 5µ a4α0

2
√

λ 2 −4 µ −213765504α2
5κ2λ 3µ3a4α0

√
λ 2 −4 µ

+1247232α2
6κ λ 3µ3θ a4

√
λ 2 −4 µ −1289952Λα2

4κ λ 5a4α0
2
√

λ 2 −4 µ

+2115840Λα2
6κ λ µ4a4

√
λ 2 −4 µ +7104Λα2

5λ 5θ a4α0
√

λ 2 −4 µ

+14064Λα2
6λ 3µ2θ a4

√
λ 2 −4 µ +272833920α2

4κ2λ 3µ2a4α0
2
√

λ 2 −4 µ

−50393856α2
5κ2λ µ4a4α0

√
λ 2 −4 µ −407376α2

4κ λ 5θ a4α0
2
√

λ 2 −4 µ

+498432α2
6κ λ µ4θ a4

√
λ 2 −4 µ −4944Λ2α2

5λ 3µ a4α0
√

λ 2 −4 µ

+16320Λα2
6λ µ3θ a4

√
λ 2 −4 µ −98720640α2

3κ2λ 3µ a4α0
3
√

λ 2 −4 µ

−177603840α2
4κ2λ µ3a4α0

2
√

λ 2 −4 µ +4800α2
6λ 3µ2θ 2a4

√
λ 2 −4 µ

+43152Λ2α2
6λ µ3a4

√
λ 2 −4 µ −3072α2

6λ µ3θ 2a4
√

λ 2 −4 µ

−11232Λ2α2
4λ 3a4α0

2
√

λ 2 −4 µ +3888000α2
2κ2λ 3a4α0

4
√

λ 2 −4 µ

+1728α2
4λ 3θ 2a4α0

2
√

λ 2 −4 µ +16968α2
5κ λ 3µ a3

√
λ 2 −4 µ

+73008Λ2α2
3λ a4α0

3
√

λ 2 −4 µ +37324800α2κ2λ a4α0
5
√

λ 2 −4 µ

−7560α2
4κ λ 3a3α0

√
λ 2 −4 µ −109536α2

5κ λ µ2a3
√

λ 2 −4 µ

+6912α2
3λ θ 2a4α0

3
√

λ 2 −4 µ −5208Λα2
5λ µ a3

√
λ 2 −4 µ

−2688α2
5λ µ θ a3

√
λ 2 −4 µ +6552Λα2

4λ a3α0
√

λ 2 −4 µ

−181440α2
3κ λ a3α0

2
√

λ 2 −4 µ +2016α2
4λ θ a3α0

√
λ 2 −4 µ
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−1167624α2
6κ2λ 9µ a4

√
λ 2 −4 µ −15888Λα2

6κ λ 9a4
√

λ 2 −4 µ

+1165704α2
5κ2λ 9a4α0

√
λ 2 −4 µ +5851344α2

6κ2λ 7µ2a4
√

λ 2 −4 µ

−5160α2
6κ λ 9θ a4

√
λ 2 −4 µ −19212144α2

6κ2λ 5µ3a4
√

λ 2 −4 µ

+120Λα2
6λ 7θ a4

√
λ 2 −4 µ +1296000α2

4κ2λ 7a4α0
2
√

λ 2 −4 µ

+40034304α2
6κ2λ 3µ4a4

√
λ 2 −4 µ −8808Λ2α2

6λ 5µ a4
√

λ 2 −4 µ

+25412352α2
6κ2λ µ5a4

√
λ 2 −4 µ −1824α2

6λ 5µ θ 2a4
√

λ 2 −4 µ

+12552Λ2α2
5λ 5a4α0

√
λ 2 −4 µ +16176Λ2α2

6λ 3µ2a4
√

λ 2 −4 µ

+25948080α2
3κ2λ 5a4α0

3
√

λ 2 −4 µ +1248α2
5λ 5θ 2a4α0

√
λ 2 −4 µ

+2280672Λα2
5κ λ 5µ a4α0

√
λ 2 −4 µ +1027872α2

5κ λ 5µ θ a4α0
√

λ 2 −4 µ

−6071904Λα2
5κ λ 3µ2a4α0

√
λ 2 −4 µ −3033216α2

5κ λ 3µ2θ a4α0
√

λ 2 −4 µ

+3256416Λα2
4κ λ 3µ a4α0

2
√

λ 2 −4 µ −896640Λα2
5κ λ µ3a4α0

√
λ 2 −4 µ

−16224Λα2
5λ 3µ θ a4α0

√
λ 2 −4 µ +1755648α2

4κ λ 3µ θ a4α0
2
√

λ 2 −4 µ

+1984512α2
5κ λ µ3θ a4α0

√
λ 2 −4 µ −12604032Λα2

4κ λ µ2a4α0
2
√

λ 2 −4 µ

+86016Λα2
5λ µ2θ a4α0

√
λ 2 −4 µ −6725376α2

4κ λ µ2θ a4α0
2
√

λ 2 −4 µ

+13046400Λα2
3κ λ µ a4α0

3
√

λ 2 −4 µ −143424Λα2
4λ µ θ a4α0

2
√

λ 2 −4 µ

+4907520α2
3κ λ µ θ a4α0

3
√

λ 2 −4 µ +8736α2
6κ2λ 11a4

√
λ 2 −4 µ

−624Λ2α2
6λ 7a4

√
λ 2 −4 µ +96α2

6λ 7θ 2a4
√

λ 2 −4 µ −8736α2
5κ λ 5a3

√
λ 2 −4 µ

−336Λα2
5λ 3a3

√
λ 2 −4 µ +168α2

5λ 3θ a3
√

λ 2 −4 µ
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+21840κ λ µ α2
5
√

λ 2 −4 µ −5460κ λ 3α2
5
√

λ 2 −4 µ −588Λλ α2
5
√

λ 2 −4 µ

−1176Λα0α2
4 +12441600κ2a4α0

6 −2268Λ µ α2
5 −728 µ θ α2

5 −5824κ λ 2µ α2
5

+1110Λ2λ 8a4α2
6 +20184Λ2µ4a4α2

6 +36504Λ2a4α0
4α2

2 +1092Λλ 4a3α2
5

−4872Λ µ2a3α2
5 +6552Λa3α0

2α2
3 −10920κ λ 2α0α2

4 +65190κ2λ 12a4α2
6

+120λ 8θ 2a4α2
6 +15824256κ2µ6a4α2

6 +384 µ4θ 2a4α2
6 +3456θ 2a4α0

4α2
2

−588κ λ 6a3α2
5 −10192κ µ2α2

5 +861Λλ 2α2
5 +2093κ λ 4α2

5 +182λ 2θ α2
5

+44078040κ2λ 4a4α0
4α2

2 −50393856κ2µ4a4α0
2α2

4 +4704λ 4θ 2a4α0
2α2

4

−118402560κ2µ3a4α0
3α2

3 −6144 µ3θ 2a4α0α2
5 +1555200κ2λ 2a4α0

5α2

−79728Λ2λ 2µ3a4α2
6 +1130304Λκ µ5a4α2

6 +49056Λ2λ 4a4α0
2α2

4

−5568Λ µ4θ a4α2
6 +86304Λ2µ3a4α0α2

5 −7488Λ2λ 2a4α0
3α2

3

−589128κ2λ 10µ a4α2
6 +190272κ2λ 10a4α0α2

5 −414720κ θ a4α0
5α2

+77448κ λ 4µ a3α2
5 −77952κ λ 4a3α0α2

4 −236040κ λ 2µ2a3α2
5

−1008λ 2µ θ a3α2
5 −7560κ λ 2a3α0

2α2
3 −219072κ µ2a3α0α2

4

+336λ 2θ a3α0α2
4 +393120κ µ a3α0

2α2
3 −5376 µ θ a3α0α2

4 +8217144κ2λ 8µ2a4α2
6

−2832κ λ 10θ a4α2
6 −41603184κ2λ 6µ3a4α2

6 +7918944κ2λ 8a4α0
2α2

4

+52254744κ2λ 4µ4a4α2
6 +13951296κ2λ 2µ5a4α2

6 −1440λ 6µ θ 2a4α2
6

+3456000κ2λ 6a4α0
3α2

3 +768λ 6θ 2a4α0α2
5 +10464λ 4µ2θ 2a4α2

6

+50824704κ2µ5a4α0α2
5 −155904κ µ5θ a4α2

6 −25728λ 2µ3θ 2a4α2
6

+219360Λλ 2µ2θ a4α0α2
5 +11156544Λκ λ 2µ a4α0

3α2
3 −106080Λλ 2µ θ a4α0

2α2
4
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+674400κ λ 6µ θ a4α0α2
5 −4523040κ λ 4µ2θ a4α0α2

5 +3861792κ λ 4µ θ a4α0
2α2

4

+11461632κ λ 2µ3θ a4α0α2
5 −12848256κ λ 2µ2θ a4α0

2α2
4 +3935232κ λ 2µ θ a4α0

3α2
3

+87936Λκ λ 6a4α0
2α2

4 −1574160Λκ λ 2µ4a4α2
6 +960Λλ 6θ a4α0α2

5

+24672Λλ 4µ2θ a4α2
6 −60672Λ2λ 4µ a4α0α2

5 −88608Λλ 2µ3θ a4α2
6

+264480Λ2λ 2µ2a4α0α2
5 −3106368Λκ λ 4a4α0

3α2
3 +4231680Λκ µ4a4α0α2

5

+29568Λλ 4θ a4α0
2α2

4 −150960Λ2λ 2µ a4α0
2α2

4 −896640Λκ µ3a4α0
2α2

4

+32640Λ µ3θ a4α0α2
5 +193056Λκ λ 8µ a4α2

6 +54000Λκ λ 2a4α0
4α2

2

−8402688Λκ µ2a4α0
3α2

3 +1440Λλ 2θ a4α0
3α2

3 +86016Λ µ2θ a4α0
2α2

4

+6523200Λκ µ a4α0
4α2

2 −95616Λ µ θ a4α0
3α2

3 −237120Λκ λ 8a4α0α2
5

−991056Λκ λ 6µ2a4α2
6 +1032864Λκ λ 4µ3a4α2

6 −2304Λλ 6µ θ a4α2
6

−95040κ λ 2θ a4α0
4α2

2 −4483584κ µ2θ a4α0
3α2

3 +2453760κ µ θ a4α0
4α2

2

+275856κ λ 2µ a3α0α2
4 −17051328κ2λ 8µ a4α0α2

5 +100032κ λ 8µ θ a4α2
6

+104833248κ2λ 6µ2a4α0α2
5 −76992κ λ 8θ a4α0α2

5 −556320κ λ 6µ2θ a4α2
6

−59226864κ2λ 6µ a4α0
2α2

4 −245749728κ2λ 4µ3a4α0α2
5 +1351392κ λ 4µ3θ a4α2

6

+354939984κ2λ 4µ2a4α0
2α2

4 +316873728κ2λ 2µ4a4α0α2
5 −128640κ λ 6θ a4α0

2α2
4

−2038848κ λ 2µ4θ a4α2
6 −202232160κ2λ 4µ a4α0

3α2
3 −136416κ µ3a3α2

5

+336λ 4θ a3α2
5 −919688064κ2λ 2µ3a4α0

2α2
4 −15168λ 4µ θ 2a4α0α2

5

+721025280κ2λ 2µ2a4α0
3α2

3 −962784κ λ 4θ a4α0
3α2

3 +996864κ µ4θ a4α0α2
5

+46464λ 2µ2θ 2a4α0α2
5 −173776320κ2λ 2µ a4α0

4α2
2 +1984512κ µ3θ a4α0

2α2
4
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−20352λ 2µ θ 2a4α0
2α2

4 +672 µ2θ a3α2
5 +1038144Λκ λ 6µ a4α0α2

5

−6400512Λκ λ 4µ2a4α0α2
5 +8587872Λκ λ 4µ a4α0

2α2
4 +21424704Λκ λ 2µ3a4α0α2

5

−66336Λλ 4µ θ a4α0α2
5 −32164704Λκ λ 2µ2a4α0

2α2
4 −120960κ a3α0

3α2
2

+2016θ a3α0
2α2

3 +43680κ µ α0α2
4 +37968Λ2µ2a4α0

2α2
4

−116064Λ2µ a4α0
3α2

3 +176480640κ2µ2a4α0
4α2

2 +1152λ 2θ 2a4α0
3α2

3

+26880 µ2θ 2a4α0
2α2

4 −80870400κ2µ a4α0
5α2 −18432 µ θ 2a4α0

3α2
3

+3900Λκ λ 10a4α2
6 −1347840Λκ a4α0

5α2 +22464Λθ a4α0
4α2

2

−1512Λλ 2µ a3α2
5 −672Λλ 2a3α0α2

4 −10416Λ µ a3α0α2
4

+528Λλ 8θ a4α2
6 −216Λ2λ 6µ a4α2

6 −4992Λ2λ 6a4α0α2
5 +4056Λ2λ 4µ2a4α2

6.

It is important to note that α0, α2, a3, Λ, κ, δ are used as free parameters in all of the obtained parameter values.
Then after, using (18) and (17) in conjunction with τ =−ωt +x, F(τ) = q(x, t) and the solution of equation (5), we

have got the following solution structures for equation (14):
Regrading the instance λ 2 −4µ > 0, we have extracted following solution structure for equation (1):

Q(x, t) = α0 +


√

λ 2 −4 µ
(

w1 sinh
(

1
2
(x− ω t)

√
λ 2 −4 µ

)
+w2 cosh

(
1
2
(x− ω t)

√
λ 2 −4 µ

))
2w2 sinh

(
1
2
(x− ω t)

√
λ 2 −4 µ

)
+2w1 cosh

(
1
2
(x− ω t)

√
λ 2 −4 µ

) − λ
2


2

α2

+


√

λ 2 −4 µ
(

w1 sinh
(

1
2
(x− ω t)

√
λ 2 −4 µ

)
+w2 cosh

(
1
2
(x− ω t)

√
λ 2 −4 µ

))
2w2 sinh

(
1
2
(x− ω t)

√
λ 2 −4 µ

)
+2w1 cosh

(
1
2
(x− ω t)

√
λ 2 −4 µ

) − λ
2


(

λ −
√

λ 2 −4 µ
)

α2, (19)

equipped with w2, w1 as free parameters.
The solution (19) recovers shock waves for w1 ̸= 0, w2 = 0, while obtains singular solitary waves for w2 ̸= 0, w1 = 0.
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2.2.2Solutions to (15) for m = 2

Taking into account m = 2, the equation (15) now becomes as follows:

(
(−νF −θ)F ′′−ξ F ′′′+a1F2 −δ (F)2 −ω

)
F ′+

(
a4ω2 −ΛF −a3ω +a2

)
F ′′′

+(−κF −ψ)F ′′′′′ = 0. (20)

The solution structure for equation (20) is generated by achieving homogeneous equilibrium between the highest
order linear and most nonlinear derivative containing terms:

F(τ) = α0 +α1

(
G′(τ)
G(τ)

)
+α2

(
G′(τ)
G(τ)

)2

, (21)

whereG(τ) follows the auxiliary equation (5), andαi, i= 0, 1, 2 are constants that must be found in computation procedure.
Together with (5), we have recovered the following parameter values for obtaining solutions for equation (14) by using
(21) in equation (20):

Λ =
1
3

κ
(
λ 2 −4 µ

)
, ν =− 60κ

α2
,

ω =−
α2
(
23κ λ 6 −276κ λ 4µ +1104κ λ 2µ2 −39λ 4θ −1472κ µ3 +312λ 2µ θ −624 µ2θ

)
252

,

ψ =
α2
(
32κ λ 2 −128κ µ −θ

)
84

, ξ = 10κ
√

λ 2 −4 µ,

a1 =
1
7

148κ λ 2 +7δ α2 −592κ µ +12θ
α2

,

α0 =−7λ 2α2

12
+

(
λ
2
− 1

2

√
λ 2 −4 µ

)
α2λ +

4
3

µ α2,

α1 =
(

λ −
√

λ 2 −4 µ
)

α2,

a2 =−
α2
(
λ 2 −4 µ

)
Z9

63504
, (22)

with
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Z9 = 529κ2λ 10a4α2 −10580κ2λ 8µ a4α2 +84640κ2λ 6µ2a4α2 −1794κ λ 8θ a4α2

−338560κ2λ 4µ3a4α2 +28704κ λ 6µ θ a4α2 +677120κ2λ 2µ4a4α2 −172224κ λ 4µ2θ a4α2

+1521λ 6θ 2a4α2 −541696κ2µ5a4α2 +459264κ λ 2µ3θ a4α2 −18252λ 4µ θ 2a4α2

−459264κ µ4θ a4α2 +73008λ 2µ2θ 2a4α2 −97344 µ3θ 2a4α2 +5796κ λ 4a3 −46368κ λ 2µ a3

+92736κ µ2a3 −9828λ 2θ a3 +179424κ λ 2 +39312 µ θ a3 −717696κ µ +9828θ .

It is important to note that α2, a3, θ , κ, δ are all free parameters in all of the obtained parameter values.
Then after, (21) is updated using the solution of equation (5) and parameter values obtained in (22), followed by with

reverting back to original variables x, t and we have got the following solution structures for equation (14):
Considering instance λ 2 −4µ > 0:
For equation (14), we have derived the solution structure as follows:

Q(x, t) =


√

λ 2 −4 µ
(

w1 sinh
(

1
2
(x− ω t)

√
λ 2 −4 µ

)
+w2 cosh

(
1
2
(x− ω t)

√
λ 2 −4 µ

))
2w2 sinh

(
1
2
(x− ω t)

√
λ 2 −4 µ

)
+2w1 cosh

(
1
2
(x− ω t)

√
λ 2 −4 µ

) − λ
2


2

α2

+


√

λ 2 −4 µ
(

w1 sinh
(

1
2
(x− ω t)

√
λ 2 −4 µ

)
+w2 cosh

(
1
2
(x− ω t)

√
λ 2 −4 µ

))
2w2 sinh

(
1
2
(x− ω t)

√
λ 2 −4 µ

)
+2w1 cosh

(
(x/2−1/2ω t)

√
λ 2 −4 µ

) − λ
2


(

λ −
√

λ 2 −4 µ
)

α2 −
7λ 2α2

12
+

(
λ
2
− 1

2

√
λ 2 −4 µ

)
α2λ +

4
3

µ α2, (23)

accompanied with w1, w2 as free parameters.
The recovered solution (23) yields singular solitary waves for w2 ̸= 0, w1 = 0 and it unfolds into shock waves for

w1 ̸= 0, w2 = 0.

3. Results and discussion
Figures 1 and 2 present a comprehensive visual analysis of two distinct wave structures: the singular solitary wave

and the shock wave, respectively. These waves are governed by exact analytical solutions denoted as Q(x, t) for the
singular solitary wave, derived from solution (8), and Q(x, t) for the shock wave, derived from solution (9). Both figures
investigate the wave evolution at a fixed temporal point, t = 1, under a shared set of parameter values: α0 = 1, α2 = 1,
λ = 3, µ = 1, ψ = 1, and κ = 1.
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Figure 1. Analyzing the characteristics of a singular solitary wave

Figure 1 depicts the evolution of the singular solitary wave through three visual representations. Figure 1a shows
the surface plot of Q(x, t), where the wave exhibits a sharp, localized peak with an inherent vertical asymptote at the
singularity point. This vertical spike confirms the non-regular nature of the wave, which diverges to infinity at a finite
location in space-time, reflecting the classic behavior of singular solitons. Figure 1b, the contour plot, complements this
interpretation by showing steep gradient transitions with tightly packed contour lines near the singular region. These
contours emphasize the abrupt amplitude change and sharp localization typical of singular solitary waves. In Figure 1c,
the 2D profile further clarifies the nature of the singularity, where the wave amplitude tends to infinity sharply at the
singular point and decays symmetrically on either side, confirming the solitary yet singular behavior of the wave.

In contrast, Figure 2 illustrates the evolution of a shock wave governed by Q(x, t). Figure 2a shows a smooth surface
plot that transitions gradually from negative to positive amplitude, characteristic of a hyperbolic tangent profile. Unlike
the singular solitary wave, the shock wave maintains a bounded and continuous structure without any asymptotic blow-up,
highlighting its regular and non-singular nature. Figure 2b provides a contour plot that reveals a steep but finite gradient
zone, marking the location of the shock front. The contour lines here are more evenly spaced compared to those of
the singular wave, indicating a more gradual change in amplitude. Figure 2c, the 2D plot of the shock wave, distinctly
captures the core feature of a shock wave: a sharp yet continuous transition zone that separates two asymptotic states.
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This jump-like behavior, though steep, remains smooth and finite, distinguishing it from the infinite peak of the singular
wave.

Figure 2. Analyzing the characteristics of a shock wave

Overall, Figures 1 and 2 provide a side-by-side comparison of singular and shock wave dynamics. The singular
solitary wave, with its unbounded and asymmetric peak, represents an extreme localized energy concentration, potentially
modeling physical scenarios involving singular perturbations or energy spikes. In contrast, the shock wave’s bounded
and monotonic transition reflects physical processes such as fluid shocks or nonlinear diffusion fronts. The consistent
parameter setting across both figures ensures a fair comparison of the waveforms, thereby highlighting the intrinsic
differences between singular solitary and shock wave structures in nonlinear dispersive media. As a result, these figures
effectively visualize the distinct behaviors of two important nonlinear wave types, offering both mathematical clarity and
physical interpretation for singular and shock wave solutions in nonlinear dynamical systems.
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4. Conclusions
This paper recovered the solitary and shock waves for the perturbed KdV and mKdV equation. The integration

algorithm that was adopted in the paper is G′/G-expansion scheme. The parameter constraints that naturally emerged
from the integration scheme are also presented. The simulations of the two kinds of waves are also included. The results
of the work do hold a lot of promise in this context. This scheme will be next applied to several forms of two-layered
shallow water waves. This would give a wider perspective to the model. The results of such research activities are under
way and once available they will be disseminated in various journals.
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