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1. Introduction

The dynamics of shallow water waves constitute a rich and captivating area of research within the broader field of
Fluid Dynamics, due to their complex behaviors and relevance in both theoretical and applied contexts [1-10]. Numerous
mathematical models have been developed over the decades to describe various aspects of shallow water wave propagation,
dispersion, and nonlinearity. Among the most prominent are the Korteweg-de Vries (KdV) equation, the modified KdV
(mKdV) equation, the Boussinesq equation, the Kawahara equation, the Gear-Grimshaw system, the Bona-Chen model,
and the Zaeromaghaddam model, among others [11-18].
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These models can be broadly categorized based on the physical configurations they represent. The KdV, mKdV,
Boussinesq, and Kawahara equations typically describe wave motion in single-layer fluid systems, such as water waves
propagating along lakeshores or coastal regions. These models capture essential features such as dispersion, weak
nonlinearity, and solitary wave formation. In contrast, the Gear-Grimshaw, Bona-Chen, and Zaeromaghaddam models
address more complex configurations, particularly two-layered fluid systems, where interactions between different fluid
layers with varying densities or viscosities are taken into account. Such models are crucial for understanding internal
waves and stratified fluid flows in oceanography and atmospheric sciences.

The current paper focuses on the single-layer shallow water wave dynamics in the presence of various perturbation
terms for the first time. These perturbations arise from physical effects such as topography, variable bottom boundaries,
wind forcing, or dissipation, and they can be Hamiltonian (i.e., energy-conserving) or non-Hamiltonian (i.e., involving
dissipation or gain). Specifically, we examine perturbed versions of the KdV and mKdV equations, which serve as
canonical models for nonlinear wave evolution in shallow water settings [1, 3-5, 8, 9]

To analytically explore the solitary wave structures and shock-like solutions under the influence of these perturbations,
we employ the well-established G’ /G-expansion method [19, 20]. This method facilitates the systematic derivation of
closed-form solutions by reducing the governing nonlinear partial differential equations to ordinary differential equations
through a traveling wave transformation. The method’s algebraic framework enables the construction of exact solutions,
including solitons and shock waves, particularly when perturbations are treated as strong (i.e., non-negligible or dominant
in the dynamics).

In the remainder of the paper, we first provide a concise but comprehensive introduction to the governing equations,
followed by an in-depth discussion of their integrability properties. We then systematically derive exact solutions for the
perturbed KdV and mKdV models using the G’ / G-expansion method, highlighting the nature and behavior of the obtained
solitary and shock wave structures under different perturbation regimes.

2. Governing model

The main structure of the model that is going to be addressed in this paper is given as

qr + alF(q)%( + a2qxxx + 3G + 4G = GQXQxx + 6qm%( + Aqqxxx + Vqqxqxx + é%cq;cxx + WG xxxex T KGGxxxxx-

Here the first term is the temporal evolution of the wave while the functional F represents the nonlinearity structure.
Thus for F(g) = g, one obtains KdV equation while for F(gq) = ¢?, the mKdV equation is obtained. This paper will
therefore consider both cases along with the indicated perturbation terms. The dispersion terms are the coefficients of a;
for j =2, 3, 4 which collectively constitute the dispersion triplet. From the perturbation terms, the coefficients of 0, &,
A are from nonlinear dispersions, while y is from higher order dispersion and k¥ means higher order nonlinear dispersion.
Finally, v and & are also from nonlinear higher order dispersions. This model will now be addressed in details for the KdV
equation and the mKdV equation to recover the perturbed solitary and shock wave solutions. The details are exhibited
and enlisted in the subsequent two subsections.

2.1 Perturbed KdV equation

This section is devoted to explore some different types of solutions for KdV equation with perturbation terms. It is
remarkable to address that the perturbed KdV is addressed very first time in current study as follow:
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01 +a100x +a20xxx +a30xx + a4 Qi
= 000+ 6QmCIx +AQOxix + VOO Oxx + ngQxxx + VO xrex + KOO xxixx, (1

with Q = O(x, 1).
Utilizing T = — ot +x, where  is the speed of the wave, along with Q(x, t) = F(7), we have recovered the following
ordinary differential equation from the equation (1):

(—VF—0)F"—E,F" +aiF =8 (F)" — ) F' + (as0* — AF —a30+a) F"

+(—KF —y)F"" =0. @)

Gl
Next, equation (2) has been examined with the help of <G) -expansion method for m = 1, 2 to establish the new
analytic solutions as in subsequent sections.
G/
The el -expansion method plays a significant role in the analytical treatment of Nonlinear Evolution Equations

(NLEESs), particularly in soliton theory and mathematical physics [19, 20]. This method is widely regarded for its
simplicity, computational efficiency, and ability to yield a broad class of exact solutions, including solitons, periodic
waves, and rational-type solutions. One of the key strengths of the method lies in its algorithmic structure, which
transforms a nonlinear Partial Differential Equation (PDE) into an Qrdinary Differential Equation (ODE) via a wave

. . . G . .
transformation, followed by a systematic expansion in terms of G ) where G satisfies a second-order linear ODE.

This approach enables the construction of closed-form solutions without requiring a priori assumptions about the form

of the solution. The method is particularly advantageous for handling equations with polynomial-type nonlinearities
!

3
and derivative-dependent terms. Its flexibility allows for generalization, such as the (G) -expansion or the extended

! !
(F -expansion approaches, further enriching the solution space. In the context of the current study, the use of the [ — |-

expansion method facilitates the derivation of various solution structures. The analytical tractability of this method makes
it a valuable tool for exploring nonlinear wave phenomena in mathematical physics.

2.1.1 Solutions to (2) for m = 1

Firstly, we consider m = 1 for (2) and then equation (2) is rewritten as follows:

(~VF—8)F"—EF" +a1F —5F — 0) F'+ (440 — AF —a30 +a) F”

+ (—K‘F _— F" _ . 3)

. . . G . .
Next equation (3) has been examined with the help of extended el -expansion method for recovering the new

analytic solutions as in subsequent portions of this paper: Speculating the homogeneous balance among highest order
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derivative term and highly non linear terms in equation (3) leads to the following solution structure for the equation (3)
[19, 20]:

G (1) G (1)\?
F(1)= 4
= aan (G ) ves(Gie)) @
with G(7) following the auxiliary equation
G'+AG +uG=0, (5)

It is worthy to notice that oy, ¢, o are parameters, to be evaluated in the mean process of calculations. Utilizing
(4) into (3), along with (5), we furnish the subsequent parameter values for extracting the solutions to equation (3) as per
mentioned details:

3 (—K/lzoc2+8 (/l+\/m> kA —120mKH — 16K 0y — 161//)
(0%)

A=—

i

60
v:—%, E=—10x\/22—4p
2

4(A%—4p)z

)

w=—
(0%}

2(7K7Lza2+24 (7L+\//1274/.L) O£2K7tf760621<‘uf481(‘0(07781[1)
6:
(05)

)

72K A2
a1 = —36KA3/AZ Al — 32K A%+ 144 KA i /AZ—dp+ 184 KA 4 KM%

(05)
2
akp? 288K U o n 727 w+5_ 288;11//’
(0%) (0%) (0%)
oy = (14—\//12—4#) 00,
V%)
aZ__aizzv (6)

with
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Zi= —4 /A2 =4’k A’ — 4k 0’ A =2/ A2 — 4’k A+ 6 kAP o’ + 181/A2 — 4 ogon k A
+8KkA a0 + 22007k +9/A2—dpopd y+ 4 apankp — 18K o® + 18 aap y — 18y ap,
7y =288 LW azon0n — T2 A% wazonon + 288 K tLaz o> on + T2 A% 1 wazon® — 64k plazopon® — 712 k Aaz o’ o
— 8k A2 lazon’® + 32k Atazan 00’ + 88 k At azan® — 114944 k2 A p2ason 00> + 35712 k° A8t asop o
— 165888 13 ylas 000 + 165888 k 2 wason® — 41472 A2 p P ason® — 124416 A2 1P was o0
+10368 k A wagon® — 41472 K2 A% L ag o — 36864 k2wl ason’ ap + 67392 A4 2 ylason®
+202752 kK I wagon® — 15552 181 w2ag00% — 198656 K2 utason® o> — 4608 K2 Alas 00’ o
+45056 K> as0p 00> — 75200 KA utason + 1536 K2 A2l ason® + 17280 k2 A8 u2as o0
+4992 k220 agont + 8512 k2 A8 as002 an? — 5632 K2 A agont + 27648 k A2l was o o
—230400 k A2l wagop0n? 4+ 24192 kK A4 1 wagon® o + 266112 k A4 u? wag o 00>
—79488 k A% was 000> — 5760 k A* P wasan® + 153600 K2 At as o o
+309120 K214 2 ags 0% 0 — 26496 Kk AS 2 wag0n> + 7488 k ASwas oo
+ 60160 K°A* 13 azon0n® — 91264 K2 A0 ason’ 0n + 10944 K A3 wason® — 115203 kA 0y ay
—3328° kKA Pay 0+ 512 0 kKA ay /A2 —dp — 16 kA a3 /A2 — 4 p + 36 2 A3 waz /A2 —4pu
F1600° KA /A2 — 4 +48 07 kA apy/A2 — 4 — 82944 kK A2 wason® — 10368 A4 1 ywPas 000,
+ 82944 A2y a0 00 — 112K A2 L azopon® — 288 w2 wasz o — 32k w ogon® + 48 kK A2 1 oy
+32 KA %0000 + 123904 kK2 pubason® +4p won® — 48k oo + 11 A2y an® + 16 k o
— 48y ooty — 165888 Kk W as0p0” — 24192 0> K AL wasop /A2 — 4

—27648 >k AP P wason /A2 — 4+ 124416 o k A wason* /A2 — 4
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+202752 02k A P was /A2 — 41 — 248832 ok A P wasan’ /A2 —4p

+5120 kA 20y — 16 0 kA %a3 — 16 02k A3 /A2 —4pu + 24 0’ A w /A2 —4p

— 16 kA% — 4608 o kKA was /A% — 4 — 3328 00> kK2 A as 000 /A2 — 41

+9088 0 k247 % ag\ /A2 — 41+ 16000 ar* kK2 A wias /A2 —4u

—11520° k A0 Was /A2 — 4 + 6912002 K2 A as 000> /A2 — 4 1 — 39936 0 k2 A3 b ag /A2 — 4
—22528 0 kA wlas /A2 — 4 — 10368 kA as 0> /A2 — 4+ 5184 a2 A wPas /A2 —4p
—5184 A YPas 00 /A2 — 4 — 41472 02 A3 PPy Pag\ /A2 — 4+ 56 P k AP pas\ /A2 —ap

+ 82944 0% A p3yPas /A2 — 4+ 12 002k Alazao /A2 — 4 + 320 kA plazN /A2 —4p

— 14402 A pwasy/A2 — 41429056 0> kK2 A7 ag o /A% — 4 1 — 60288 0 kK247 ulas o0 /A2 — 4
+8640 00k A7 Was /A2 —4p — 51840’ KPA° pLason® /A2 —4u

— 60416 00> K2 A3 as00 /A% — 411+ 4608 0>k AT wagog /A2 — 4

— 86400 K O P yas /A2 — 41+ 82944 a2 12 A3 ulag 0 /AT — 4

+ 198656 02 K2 A 't as o /A2 — 41 — 50688 0k AP was /A2 —4pu

+ 82944 0t KA L as 0p° /A2 — 4 11+ 55296 0 KA P ason> /A2 — 4

— 1555200k AP Waso® /A2 — 41+ 82944 0Pk A it wag /A2 —4p

— 165888 oty k2 A 2 as00° /A2 — 4+ 41472 0p AP Ly as o0/ A2 — 4

— 82944 oA Wl ason/ A2 — 4 — 288’k A azop /A2 —4u

— 55296 K° A2 plag00 o — 9216 K A2 utwagon® — 4608 Kk ASwason’ oy
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— 271360 K2 A2 p3 ag 0> 0% + 34560 K244 1 ag 0> o + 82944 uylagon — 352 k plaz o
+5184 A4y as00® + 82944 it wPasn® + 1296 A3 ylason?
+5184 K2 A *ag00* + 82944 K2 P ag ot — 202752 k Wy ason’’on

It’s worth to mention that all the obtained parameter values are laced with &, 0, az, Y, k, 0 as free parameters.

As a result, with the help of solution of equation (5) and using (6) and (4) along with T = —t +x, F(1) = g(x, 1),
we have obtained following solutions structures for equation (1):

Regrading the instance 12 — 4y > 0, we have extracted following solution structure for equation (1):

2
A2—4u (wlsinh(;(xa)t) 124u>+wzcosh(;(xa)t) 124/4)) A
Q(x7t):a0+ - A5 (05}

2w; sinh (; (x— o) \/m> + 2wy cosh <; (x— ot) 12—4u> 2

2/A2—4pu <w1 sinh (;(x— ) Az—4u> +wycosh (;(x— ot) 12—4,u>>

1 1
2wy sinh (z(x— or) /12—4,u.> +2wj cosh (2(x— wt) 12—4;1)

+ )

2 _
@ +V’L24“) , ™

equipped with wy, wy as free parameters.
Case 1 Significantly, we have observed that considering w; = 0 in (7) results into singular solitary waves as:

2
O(x, 1) =0ap+ (; /A2 =4 i coth <; (—ot +x) AZ_‘W) _l) o

2

+ <; VA% —4pucoth <; (—ot+x) \//12—4,u> —i) (A—H/AZ—ML) 0. (8)

Case 2 Significantly, we have observed that considering w, = 0 in (7) results into shock wave solutions:

2
O(x,t) = o+ (; \/Mtanh <; (—wt+x) 124M> — g) o
2

+ (g VA (7 Cort)VE=) - 1) (VISR e )
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2.1.2 Solutions to (2) for m = 2

Now considering m = 2, the equation (2), turns out subsequently as
((va —Q)F" —EF" yaiF —8(F)* — w) F'+ (a40* — AF — a3 0+ ay) F""
+(—kF —y)F" =0. (10)

Homogeneous balance among highest order linear and most nonlinear derivative containing terms in equation (10)
is carried out, hence leading to generate following solution structure for equation (10):

F(t) = ap+a (z((;)) +a2(g((f)))2, (1)

with ¢, i = 0, 1, 2 are constants, to be determined in the mean process of calculations and G(7) following the auxiliary

equation (5). Using (11) in equation (10), along with (5), we have furnished following possibility to explore variety of
solutions for equation (1):

3 —95x 120, +240 <),/2— 1/2«/&2—4u> kA +140xpno0p+13A0p —240Kap +46 ap

6 =
7 0622

)

v:—62—K7 o =A—+/A2—4pu

2

Z e
a):14732, éZlOK 12—4“,,
(2%}

61K A? 1 7 A 2 6
y/:&—7&2K1\/12—4u—gkua2—%—fxao—ﬂ

168 7 84’
gL 2
1= 7 azzv
Zs
_ 12
2T T 76 0* (12)

with
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Z3 = 2608 k 12ty 0n> — 4 0’ A% 0 ag — 4680 k 1 0> 0t + 64 a1 6 0 + 18 AL 1 o
+8AA o> + 124 A otgon® — 922 k A* L an® + 928 k A apon® + 2810 k A2’ o
+ 120710 i + 90k A2 o oty — 4680 0’k A L ato /A2 — 4 + 104 >k A0 /A2 —4p
FAAP AN AZ —Ap — 203030/ A2 — 4 +2160 00k A > /A2 —4p
—240°A 0 0/ A2 =4 —20203 Kk AP /A2 — 4 +90 0>k Ao /A2 — 4
+ 1304003k A 2 /A2 — A+ 2A A U /AZ — A +320° A 6 /A2—4pu
—T8AMA 0 /A2 — 41+ 1440 > k — 3284 Kk A2 p g 0® + 58 AP e — 13A A o
—8ut0 o’ + Tk A8 — T8 Aap’on + 1624 k o — 4440 an® — 246 a0,

Zi = 1502k A3 /A2 — 4 — 344 k A% 0% + 1380 02k At /A2 — 4 1 + 1282 kK A2 o
+39A A VAZ =4 —4AL 02 — 1440 0n Kk A otg /A2 — 4+ 120024 6 /A2 —4p
+30Kx A %0000 — 1064 K 12 0® +2 0p°A%0 — 62 Al 0> + 2760 K L 0tg 0 — 32 0211 O
+ T8 A ooy — 14401(‘06()2+2490(0062,

Zs = 6523200 A k [ as 0t 0p* — 95616 A 1 0 ag’ o> + 190272 k> A ay a0 0°
413951296 K2 A% 13 as005 + 219360 A A2 1?0 ay0 0> — 991056 Ak A8 u2ay00°
— 962784 k A*0 asap® > + 8217144 kK2 A8 2 as 0® + 3900 A k A 0y 0000
+1032864 Ak A4 P as00° + 10464 14 1?02 as00° + 528 AA3 0 s — 216 A’ A8 ago®
+ 52254744 kK2 A utag00° — 66336 AA* 11 0 ason 00 + 86304 A% ag o 0

— 4992 A’ A%ay 000007 — 919688064 k*A2 3 as0n’ on* — 32164704 A k A u’ason’ on?
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+11461632k A2 U0 ay0p0n° — 15168 14 1 02 as0000° — 95040 K A20 a0 o>
—59226864 K2 A% ason’ o — 1347840 A K as 09> 0 + 7918944 k% A8 as 0> o

— 7560 K A2az 0> 0> — 1574160 A k A2 ason® — 4483584 126 asor o
+26880 u%6%as 00 0t — 77952 Kk At az oo — 41603184 K2 A8 3 ay 008

+ 996864 k u*0 agopay’ — 237120 Ak ABasan0n® — 136416 k paz o
+316873728 KA utason o’ — 76992 k AB0 asap 0’ + 77448 K A4 L az o’

+4704 A*0%as 002 o + 50824704 K2 13 as 09 00> — 155904 K 170 as00°

— 2572822117 0%a400° + 3861792 k A* 11 0 agotn® o — 12848256 K A2 1?0 as 0 o
+2453760 Kk 1L 0 as 0t 0 — 1512 A A% pazon’ + 22464 A 0 azon’* o®

+ 44078040 K2 A ag 09 0 + 1130304 A i 1 a4 00° + 49056 A% A*ag 00> o
+3935232k A2 O ag0p’ 0 — 5568 At 0 ag0° — 7488 A2 A ag 0’ o

+37968 A2 u%as 0’0 — 116064 A2 aso® o — 219072 k 2 az oo
+7681.°0%a,0000° + 3456000 K> ASas 00’ 0 — 1440 A 1 6% a400°

— 80870400 k% as0ty’ 0t — 4523040 k A* 10 as 09 0° + 8587872 Ak At ago® o
— 128640k 1°0 as0> o — 2038848 Kk 121t 0 ay 00 4+ 1038144 Ak A0 ag o0
—2832k A0 a400% — 1008 A2 1 O az 0 — 10416 A pazonon® — 672 A A azopon?
— 245749728 K2 A P ag 000> 4+ 1984512 1 1 0 ag o’ o + 1351392 k A 1?0 ag0°
+ 354939984 K° A4 12 as 00 0t + 674400 k A% 11 0 ascn 00’ — 6400512 Ak A4 2 ay o0 00°

+ 11156544 Ak A2 L as o’ o> — 17051328 k2 A8 L as o0’ + 100032 k A3 1 6 as0®
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— 3106368 A k A*as 0t an® — 202232160 kA4 L ag o> 0 — 896640 Ak 1 ag 0% 0*
+36504 A2as0t0* 0 — 106080 AA% 1 6 asot> o™ — 5376 1 6 az oo

—5824 K% 0> — 10920 Kk A2 otg 0t — 50393856 k2 utas oo +120A86%a400°
+ 43680 Kk 1t 00t + 384 11* 0% a0 + 15824256 k2 11Cas 0°

— 118402560 k> 3 as ot on® — 589128 K2 A0 ay00® + 1555200 k%A% as 00 ot
+336 420 azop0n* +29568 AA*0 asap’ ot +1152426%a00° 0

+393120 k L az 0’ o> — 236040 k A2 a3 o0’ +4056 A2 A4 2 as 008

+3456 0%a400* a0 — 6144 1> 0 as 00 00° — 18432 1 0% a0t o

— 1167624 0 K> A%t as /A% — 4 — 15888 A 0Ok Aay /A2 — 4

+ 1165704 0> kA% as0t0/A2 — 4t + 5851344 o, O k2 A7 P as /A2 — 4

—51600°k A0 as /A% — 4 — 19212144 0,0 k2 A lag /A2 — 4

+120A 0007 0 ag\/A2 — 4 1 + 1296000 o * kK2 A7 agot0> /A2 — 4 1

440034304 0,0 k223 utag /A2 — 4 — 8808 A2 A pag /A2 —4p

425412352 0,0 k%A wlas /A2 — 4 — 1824 ,°A° 1 6%ay\ /A2 —4p

+ 12552 A%’ A agan /A2 — 41+ 16176 A2 002 n2ag /A2 — 4
425948080 02> k245 a4000° /A2 — 4 1t + 1248 0" A 0% as 00/ A% — 4

+4800 00043 u?0%as\/A2 — 4 + 43152 A2 00 wPas /A2 —4u

—30720%A 13 0%as /A% — 4 — 11232 A% 0 Aason> /A2 —4u
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+ 3888000 > kK2 A3 as 00t /A2 — 4 11+ 1728 0% A3 0%ag 0>\ /A2 — 4

+ 16968 0 kK A3 az\/A% — 411473008 A20° A ag0p® /A2 — 4

137324800 00 k2 A as 0t /A2 — 41 — 7560 0 k AP az 00 /A2 — 4

— 109536 0 Kk A a3 /A2 — 4+ 6912 0> A 0%as00° /A2 — 4

— 5208 A0 A pas\ /A2 — 4 —2688 0’ A B az\/A2 —4pu

+6552A 0  Aazog\ /A2 — 4 — 181440 0 kK A az 0> /A2 — 4

+201600* 4 B azotg\/A2 — 4 1t + 32640 A 0 ag ot 06> + 264480 A> A2 as 0 0
— 177603840 a* k224 P as 00’ /A2 — 4 — 6528 00° A 1 02 as 000/ A2 — 41t
+37968 A20° A p2ag00\/A2 — 411 4 108000 A > k APas00° /A2 — 4
+2160A 0% A3 0 ag0y? /A2 — 4 1 + 352961280 0> k2 A pas 00 /A2 — 4

— 190080 0> k A30 agonp> /A2 — 4 11 +26880 0° A u?0%as00\/A2 — 41

— 174096 A2 * A pasag® /A% — 4 — 202176000 00> k%A paso* /A2 — 4
— 27648 02 A 11 02a5 00> /A2 — 4 1 — 3369600 A 02k A ascty* /A2 — 4
+44928 A 034 0 ayotg> /A2 — 411 — 1036800 02>k A O agaty* /A2 —4p
+393120 0 Kk A azagy/A2 — 4 1 + 87936 A k APas ot o

— 88608 AAZ U0 ayn® — 60672 A A* L ason o + 104833248 k2 A0 a0 000
— 414720k 0 a400° 0ty + 336 140 az 0> + 13046400 A 0>k A pras 0 /A% — 41

— 143424 A ay* A 11 0 ag 0> /A2 — 4 +4907520 0 Kk A B agag® /A2 —4p
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+2280672 Ao kK A pasainn/A2 — 41+ 1027872 00 Kk A 0 asoi0 /A2 — 4

— 6071904 A 0 Kk A3 pas000/A2 — 4 — 3033216 0  k A3 0 as0n0\ /A2 — 4 1

43256416 Ao Kk A3 as o0’ /A2 — 4 11 — 896640 A 0  k A pagon /A% — 41

— 16224 A0’ A3 B ag0p /A2 — 41+ 1755648 0 Kk AP 1 0 agorg® /A2 — 4

+ 19845120 kK A 130 asot9\ /A2 — 41 — 12604032 A 0 k A 2 ason> /A2 — 4

+ 86016 A 0> A 120 agop\/A2 — 4 — 6725376 0  k A >0 agay>/A2 —4p
—556320 K A°u%0 as 000 + 21424704 A k A>3 ascpon’ + 960 AL00 agop

+ 24672 AL %0 as00° + 193056 Ak A8 L as 00 — 588 k ACazan® — 4872 A’ az o’
+ 1110A2A8a40° + 8736 O kP A agn /A2 — 4t — 624 N> 0% A ay /A2 — 4
+960,°470%a4\/A2 — 4 — 8736 0 kK A0 az /A2 — 4 — 336 Ao  APaz /A2 —4p
+ 168007430 az\/A2 — 4 +21840 kA Lo’ /A2 — 41+ 14928 A 0Ok AT prag /A2 —4p
— 7736784 0 K2 A7 pLas oo/ A% — 411 + 49488 00k ATt 0 ag\ /A2 — 4
+33936 A’ kAT as0t0\/A2 — 4 — 725760 A o0k A p2as /A2 —4p

+ 80550864 0> k247 asotg /A% — 4 — 33600 0 Kk A7 0 asoto\ /A2 — 4
—5231520,0k A2 120 ag\ /A% — 411 42309664 A ok Al ag /A2 —4p

— 7824 AN 1 B ay\/A? — 4 — 85620240 o KPA L asotg> /A2 — 4

— 213765504 0> kK> A3 ag 0 /A2 — 41+ 1247232 0,0k A3 P 0 ag /A2 — 4

— 1289952 Aotk APayan> /A2 — 4+ 2115840 A bk A uag /A2 —4u
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+7104A 0’ A’ 0 as00\/A2 — 4 1+ 14064 A ° A3 20 ay /A2 — 4

4272833920 0 * k2 A3 2 as 00 /A% — 4 — 50393856 0 K2 A ptasong /A2 —4p

— 407376 0 K A2 0 ay0ty> /A2 — 411 + 498432 0,0k A 0 ag\ /A2 — 4

— 4944 A0 A3 ag o/ A? — 41+ 16320 A 00 20 ag /A2 —4p

— 98720640 0> KA pasa® /A2 — 4 — 588 A’ A /A2 — 4 — 2304 AN 6 as00°
— 150960 A2 A%t asop® ot — 8402688 A k (2 as ot > + 86016 A 1?0 asop” o

+ 54000 A k Aago0* an® 4+ 6552 Aaz o 0> + 1092 A A a3 o

— 173776320 K’ A2 a0t on® + 4231680 A k uas o0 420184 A% utags 008
+46464 1% 1%0%as0000° + 275856 K A2 L azopon® — 20352 1% 1 6%as00° o

+ 1440 AA%0 asot’ o> + 861 AL 06 — 728 11 0 02> + 12441600 K24 0t° — 2268 A 1t 0
— 1176 Aagon* — 10192 k 0> + 182126 a® + 2093 Kk A4 ot + 65190 k%4 2y 028

— 79728 A2A2 3 a4 000 4 176480640 k% 12ay ot 0% — 5460 k A3 0> /A2 — 4
+721025280 k%A% as 00> 0 — 120960 k az 0’ 0> +2016 6 az o> 0> + 672 4?0 az o>,

equipped with a3, &, o, A, k, 0 as free parameters.
Using solution of equation (5) along with parameter values (12) and (11), we may write the subsequent solution for
equation (1), by reverting back to original variables x, ¢:
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A2 —4p (wl sinh (; (—or+x) 124;1) +wy cosh (; (—ot+x) 7Lz4/,t>)
O(x, 1) = i ] ) 0+ 0
2w, sinh (2 (—wr+x) 12—4u> +2wj cosh (2 (—wr+x) ),2—41.1)

A2—4u <wlsinh <; (—ot+x) 12—4[4) +wy cosh <; (—or4x) /A2 —4/.L>)

2w, sinh (; (—ot+x) /22 —4u> +2w; cosh (; (—ot+x) /22 —4u>

A
+ _ =

(xfm) o, (13)

with wy, wy as arbitrary parameters.

The solution (13) results into shock waves for wy # 0, wp, = 0, while for wy # 0, w; = 0, obtains singular solitary
waves.

2.2 Perturbed mKdV equation

The investigation of various exact solutions for modified KdV model with perturbation terms is the focus of this
section. It is noteworthy that the current work addresses the perturbed modified KdV for the first time in the following
manner:

O +a; QZQX + a2 Qqxxx +a30xx + a4 Qxit
=000+ 8QmQX +AQQx + V00,0 + ‘ngQxxx + VOxxnex + KOO xxxxx (14)

with Q = O(x, 1).
From the equation (14), we have extracted the following ordinary differential equation using T = —of + x and

O(x, 1) = F(1):
(—VF—0)F"'—EF" +aiF? —§ (F)" — 0) F' + (440> — AF —az0 +ay) F”

+(—kF —y)F"" =0. (15)

/

To establish the new analytic solutions equation, (15), the ( G > -expansion approach has been implemented for

m =1, 2 as shown in upcoming subsections.

2.2.1Solutions to (15) form =1

After taking into account that m = 1 for (15), the equation is rewritten as follows:
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(~VF—0)F'—EF" +a1F> — 8 F — 0) F' + (a40* — AF —az0 +ay) F"
+(—kF —y)F"" =0. (16)

The following solution structure for equation (16) is produced as a result of homogeneous balancing between the
highest order linear and most nonlinear derivative-containing terms:

i (89) (5"

with o, i = 0, 1, 2 are constants, to be determined in complete computations and G(7) following the auxiliary equation
(5). We have provided the following opportunity to investigate a range of solutions for equation (14) by using (17) in
equation (16) and (5):

o = (VAT —ap) o, E= 10k 22— dp, v=—"F

3 —12000KA /A2 —4u+25kA%00 + 140K o + 13 A0 — 240K 0p +4 0 o

ai
7 OC22

)

61KkA> 1 7 A 2 0
1;/:ﬂ—iazkl\/lz—ztu—gkuaz—%—fkao—ﬂ

168 7 84’
1 Zg 1 77
= —, w:_777
7 0622 14 0622
Z3
_ 18
2= 760" (18)

with

Ze = 15002k A3 /A2 — 4 — 344k A a? + 1380 02k At /A2 — 4+ 1282k A2 on® + 39 Ao’ A /A2 —4p
—4AN 02 — 1440 00K A 0tg\ /A2 — 4+ 1200% A 0 /A2 —4u + 30k A2 apon — 1064 k 0> +2 426 o,

—62A 1 0% +2760 K 1 oo — 321 6 0 + T8 Aoty — 1440 K 0> + 24 0 oty
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Zr= — 104003 kA V/A2 =4 —4A03 A3 /A2 =4+ 203430 /A2 — 4+ 3284 K A2 oo
—8AA on® — 124 A ogan® — 18 AL o + 922 k A4 o — 928 k A ooty ?
—2810K A% 1% — 122210 an® — 90 Kk A2 oty on — 2608 k 2 oo +4 126 ap oy
+4680 K 1t 0> 0ty — 64 11 0 0ty 0> + 4680 > Kk A 1 otg\/AZ — 4L +202 0  k A3 /A2 —4p
—90m kAP otg /A2 — 4 — 1304 003k A /A2 —4p — 62 Ao A /A2 —4p
—320°A U0 \/A2 —4u+T8A A g\ /A2 — 41— 216000k A 0> /A2 —4p
+24 00220 0g\/A2 — 4 — 1440 > k — 1624 K 1 0> — 58 A o> + T8 A g’y
+13AL ° — Tk A0 +240 0?0 + 8120 0 + 4140 o>,

Zg = — 6528 A1 0%as00\/A% — 411+ 37968 A2 > A puason0\/A2 —4p
+108000A 0>k Alascty® /A2 — 4+ 2160 A * A0 as0> /A2 — 4
4352961280 ot k22 pas > /A2 — 4 — 190080 > k A0 asot> /A2 —4p
426880 02° A 126%as000\/A2 — 4 1 — 174096 A2 A pagog® /A2 —4u
— 202176000 02 K2A [ g0y /A2 — 4 — 27648 a* A p 0%asot> /A2 — 4
—3369600A 0>k A as00* /A2 — 41+ 44928 Ao’ A O ason /A2 — 4
— 1036800 0>k A 0 agycty* /A2 — 411 +393120 00 Kk A az o /A2 — 4
+ 14928 Ak A7 rag /A2 — 4 — 7736784 > KA pagon /A2 — 4
+ 49488 0,0k A7 O ag\/A2 — 41 +33936 A’ kA as00\ /A2 — 4

— 725760 A 0k A3 2 as\/A% — 4 + 80550864 0 k2 A 2 as o\ /A2 — 4
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—336000° kA7 0 azan/A2 — 4 — 523152 0,0k A2 20 as /A2 —4p
+2309664 A o0k A3 pPas /A2 — 4 — 7824 A A O as /A2 —4p

— 85620240 kKA paga® /A2 — 4 — 213765504 o kK2 AP i as 00 /A2 — 4
+1247232 00k A3 30 ag\ /A2 — 4 — 1289952 Ao k A as 00 /A2 — 4
+2115840 A Kk A ptas /A2 — 4 + 7104 A0 270 as0n0\/A2 —4p

+ 14064 A 02043 120 ay /A2 — 4 + 272833920 o kK243 2 ag 0> /A2 — 4
— 50393856 > kA ptasonn/A2 — 4 — 407376 o k A2 O agap® /A2 — 4
+498432 0,0k A 0 ag /A2 — 41 — 4944 A2 0 A pagog /A2 — 4
+16320A 02 130 as\/A2 — 41 — 98720640 0> kK2 A as o /A2 — 4

— 177603840 0* kA (P as o> /A% — 4 1 + 4800 004> u20%as\ /A2 — 4
+43152 A2 pPag\ /A2 — 4 — 30720004 13 0%as /A2 —4p

— 11232 A 0* A3 ag 0> /A2 — 4 11+ 3888000 0> k> A ag o0t /A2 — 4
+1728 0, A% 02y 0007 /A2 — 41 + 16968 0 Kk A3 paz /A2 —4p

+ 73008 A2003 A ag o> /A2 — 4 11 + 37324800 00 k> A agotg® /A2 — 41
—7560 00tk A3az o\ /A2 — 41— 109536 0  k A ulaz /A2 —4p

+ 69120032 0%a400° /A2 — 41 — 5208 A’ A praz /A2 —4pu
—26880° A 0 az\/A2 — 4+ 6552 A0 A azog\ /A2 —4p

— 181440 0p° k A az0p> /A2 — 41 +2016 0 * A O az 00/ A2 —4 1
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— 1167624 00 K2 A% prag /A2 — 411 — 15888 A 00k Aas /A2 —4p

+ 1165704 0> K2 A%as 000/ A2 — 4y + 5851344 0,0 kA % ag\ /A2 — 4

— 516000k A0 as\ /A2 — 4 — 19212144 0,0 k2 A wlag /A2 — 4

+ 120 A 0°A7 0 ag /A2 — 4 11+ 1296000 0 * kA7 as000% /A2 — 4

140034304 0,0k A 3t asn /A2 — 4 — 8308 A2° A as\ /A2 — 4
125412352 0,0 k2 A pias /A2 —4p — 1824 007 1 02as\/A2 — 4

+ 12552 A20° M as 00/ A2 — 4 + 16176 A2 0,043 2 ag /A2 — 4

+25948080 06> K2 A% a4 000° /A2 — 41+ 1248 0’ A2 02aq 00/ A2 — 4
+2280672A 0 K AP L asoig\/A2 — 4+ 1027872 00° kK A2 1t @ as 00N/ A2 — 41
— 6071904 A o>k A3 2 ag o9\ /A2 — 41t — 3033216 Kk A0 ason0\ /A2 — 4
13256416 Ao kAP L as o /A2 — 4 — 896640 A 0  k A t3ason /A2 — 4

— 16224 A0’ A3 0 agotg\ /A2 — 411+ 1755648 an* Kk A3 O agotg> /A2 —4p
11984512 kA 130 agop /A2 — 4 1 — 12604032 A i  k A P aso0> /A2 — 4
+ 86016 A A 120 as0n0\/A2 — 4 — 6725376 o kA 120 asotg® /A2 — 4

+ 13046400 A 0>k A pras0g® /A2 — 41t — 143424 A 0* A 11 @ as 000> /A2 — 41
+4907520 0° kA 1L O asaty® /A2 — 4 +8736 00 k2 A as /A2 —4p

— 624 A2 00 as /A2 — A +96 OA70%as /A2 — 4 — 8736 0 kA az /A2 —4u
—336 A’ APaz /A2 —4pu+16800° A0 a3\ /A2 —4p
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+21840 KA pt 0p° /A2 — 4 — 5460 Kk A3 0> /A2 — 4 — 588 AL /A2 —4p

— 1176 A otgon™ + 12441600 K% a4 0% — 2268 Apt o™ — 728 11 0 0 — 5824 k A2 o’
+1110A%A8a400° + 20184 A2 u*as00° 4 36504 A2as00* 0n® + 1092 A A az 0

— 4872 A a3 o + 6552 Aaz oo — 10920 k A2 oo + 65190 k24 2 ay 00

+ 120A80%a,00° 4 15824256 k2 ulay 0% + 384 u* 0% ay a0 + 3456 0% a0 o

— 588k ACazan® — 10192k 206> + 861 AA%a° +2093 k A a® + 182426 o

+ 44078040 k2 A ag 00t an? — 50393856 K> 1t a0’ 0t + 4704 A4 0% as 00> ot

— 118402560 k2 13 as0’ 0> — 6144 13 0% as0000° + 1555200 K2 A2as00 o

— 79728 A’ A% 13 as00° + 1130304 A k P ag00° 4+ 49056 A2 A ag 0% 0*

— 5568 A 1u*0 as00° + 86304 A2 ason 0’ — 7488 A2 A2 as 00> o’

—589128 K24 01 ay0® + 190272 KA Cas 0000 — 414720 K 0 ag0° 0

+ 77448 k A azon® — 77952 k A*azapon® — 236040 k A2 a3 o’

—1008A%u 6 a3’ — 7560 k A2az oo’ — 219072 k ulazonon®

+336A20 azap0n* +393120 k L az o o — 5376 1L O azopon’ + 8217144 kA8 u%as00°
—2832k 290 a50° — 41603184 K2 A3 as00° + 7918944 k* A8 a0 o

+ 52254744 K2 A4t ag 005 + 13951296 K2 A2 o as 000 — 1440 151 6% a4 000

+ 3456000 K> ASas 00 on® + 768 1602 as00000° 4+ 10464 14 > 0% as0°

+ 50824704 kK2 as 000> — 155904 k 1> 0 as00® — 25728 121> 02 as0°

+219360A A% 10 as0p0n’ + 11156544 Ak A2 L aso’ o> — 106080 AA% 1 6 agor> ot
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+ 674400 k A 0 ag 0000 — 4523040 K A4 120 agonon’ + 3861792 k A4 1 0 azop’ ot
+11461632 k A2 130 agopan® — 12848256 Kk A2 120 as 0> o + 3935232 kK A% 1 6 as 0’ o’
+87936 Ak A%as 00> 0t — 1574160 A k A2 u*as00® +960 AA°6 ayon 0

+ 24672 AL 1?0 ay00° — 60672 A’ A* wagonon® — 88608 AA? 130 agon®

+ 264480 A’ A2 a0 00° — 3106368 Ak A ason® an® + 4231680 A k uas o0’
+29568 AA*0 ayon’ o — 150960 A2A° wason’ 0n* — 896640 A k i ay 0 o
+32640 A 130 agon0® + 193056 A k A8 aso0® + 54000 A k A2as o o®

— 8402688 Ak 12as 060> 0> + 1440 AA%0 a0 0> + 86016 A 1126 ag 0> ot

+ 6523200 A K pLas ot 02> — 95616 A 0 as 0’ o> — 237120 A k A3 as 090

— 991056 A k A°uas00° 4+ 1032864 Ak A4 3 ag 008 — 2304 AAS 1 6 ag 0

—95040 K 120 ag00* 0 ® — 4483584 K 1120 as 0> o> + 2453760 K 1 6 ag 0t o
4275856 k A2 azag 00t — 17051328 k2 A8 ascn0n® + 100032 k A8 1 0 as0°

+ 104833248 K*AS uas 0000’ — 76992 Kk 230 asap 00’ — 556320 k A8 1126 as00°

— 59226864 kA8 1 agon? oan® — 245749728 K2 A ulas o 00 4+ 1351392 Kk A* 13 0 ag00°
+ 354939984 K° A4 a0’ ot + 316873728 kA% ntas o on® — 128640 k A°0 asa® o
—2038848 Kk A2 1u*0 as 00 — 202232160 K2 A%t ag o’ o — 136416 k uiaz o’
+336 140 azan® — 919688064 k2 A% uasan’ o — 15168 A4 1 0% ag000°

4721025280 K° A2 uas 00’ 0 — 962784 k A*0 asot® o> + 996864 k 11t 0 as g0’

+ 46464 1212 0% as0000° — 173776320 K2 A% 1 ag ot on® + 1984512 k 130 ag o> o
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—20352A%1 0%as0p’ 0t + 672 120 az o> + 1038144 A k A% ag ot 0

— 6400512 A Kk A4 2 as o000 + 8587872 Ak At asap? ot + 21424704 A k A2 ulasap 00’
— 66336 AL 1L 0 agonan® — 32164704 A k A2 ason’ o — 120960 k az 06> o

+2016 6 az 0> o> + 43680 k 1 otgot* + 37968 A2 a4 060”0t

— 116064 A% 1 as 0> 0> + 176480640 k> 1% as 0t 0n® + 1152 A2 0% as 0 o

426880 12 0%as 00> o — 80870400 k2 ag 0 0y — 18432 1 6% as0° o>

+3900A k A '%a,00° — 1347840 A k as 0t oty + 22464 A 0 as 0™ 0

—1512AA % pazon® — 672 A A% az 0000 — 10416 A 1 azopon®

+528 AA80a400° — 216 A2A%1 ay 0 — 4992 A2 ACag 0y + 4056 A2 A% 2 as00°.

It is important to note that o, 0, az, A, k, 8 are used as free parameters in all of the obtained parameter values.

Then after, using (18) and (17) in conjunction with T = —or +x, F(T) = ¢(x, t) and the solution of equation (5), we
have got the following solution structures for equation (14):

Regrading the instance 12 — 4y > 0, we have extracted following solution structure for equation (1):

2
A2—4u <w1sinh<;(x—a)t) ),2—4,u)+wzcosh(;(x—a)t) 2,2—4;1)) A
Q(-x7t):a0+ - 5 O

2w; sinh (; (x— o1) \/M) +2wj cosh (; (x— ot)\/A? —4/,L> 2

A2—4u (wlsinh<;(x—a)t) ),2—4u>+wzcosh<;(x—a)t) 12—4;1)) A

_l’_ - —
. 1 1 2

2w, sinh (2(x—a)t) 7Lz—4/.1>+2w1cosh (z(x—a)t) 12—4/4)

(l—M) o, (19)

equipped with wy, wy as free parameters.
The solution (19) recovers shock waves for w; # 0, wy = 0, while obtains singular solitary waves for w, # 0, w; =0.
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2.2.2 Solutions to (15) for m =2

Taking into account m = 2, the equation (15) now becomes as follows:
((va OV —EF" +a F2 - § (F)? — w) F' + (040* — AF — a3 0+ ay) F”"
+(—kF —y)F"" =0. (20)

The solution structure for equation (20) is generated by achieving homogeneous equilibrium between the highest
order linear and most nonlinear derivative containing terms:

F(t) = ap+ o (‘é((;)) +a2(g((f)))2, @1

where G(7) follows the auxiliary equation (5), and ;, i =0, 1, 2 are constants that must be found in computation procedure.
Together with (5), we have recovered the following parameter values for obtaining solutions for equation (14) by using
(21) in equation (20):

oo 2 (23K —276 kA% + 1104 Kk A2u* — 39440 — 1472k + 312171 6 — 624 14%6)
T 252 ’

2 _ _
ll/:ocg(321<), 841281<u 6)’ £ 10%\/A2 4,

1 148kA2+780n—592Kkp+126
_7 (07)

ai

)

12

TA? A1 4
oy = — a2+<2—2\//12—4u>a2)»+3ua27

oy = (/’L— \/12—4;1) o,

(073 (12—4}1)29
_ 22
@ 63504 (22)

with
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Zo =529 Kk*A 0as00 — 10580 K?A8 L ason + 84640 K2 A0 u%as00 — 1794 Kk AB0 ay0n
—338560 K°A* 3 as0n 4+ 28704 k AS 1 0 ayon 4+ 677120 kKA % utason — 172224 k A* 20 ason
+1521A°0%a400 — 541696 K2 as0n + 459264 k A2 10 azon — 18252 A4 1 0% asan
— 459264 1 u* 0 agon + 73008 A2 12 0%as0n — 97344 13 0% as0n + 5796 kK Aaz — 46368 Kk A2 a3
+92736 kK u?az — 9828 420 a3 + 179424 k A> +39312 1 6 a3 — 717696 k 1 + 9828 6.

It is important to note that o, as, 0, k, § are all free parameters in all of the obtained parameter values.

Then after, (21) is updated using the solution of equation (5) and parameter values obtained in (22), followed by with
reverting back to original variables x,  and we have got the following solution structures for equation (14):

Considering instance 1> —4u > 0:

For equation (14), we have derived the solution structure as follows:

A2—4pu <w15inh<;(x—a)t) 12—4u)+wzcosh<;(x—a)t) 12—4;1)) A
2w sinh <2 (x— ot) 7Lz4u) +2wj cosh (2 (x— wr)\/A? 4/.L>

A2 —4p (wlsinh <; (x— o1) 124[,1) +wy cosh <; (x— o1) 124;1)) A

Jr
2w, sinh (; (x— 1) /A2 —4u> +2w) cosh ((x/Z— 1/201) /A2 —4;1)

722 A1 4
(z,_wrz_zw)az— +( 55 VAT -4n)ed+ s e, (23)

12 2 2

accompanied with wy, wy as free parameters.
The recovered solution (23) yields singular solitary waves for wy # 0, w; = 0 and it unfolds into shock waves for
wi 75 07 Wy = 0.

3. Results and discussion

Figures 1 and 2 present a comprehensive visual analysis of two distinct wave structures: the singular solitary wave
and the shock wave, respectively. These waves are governed by exact analytical solutions denoted as Q(x, ) for the
singular solitary wave, derived from solution (8), and Q(x, 7) for the shock wave, derived from solution (9). Both figures
investigate the wave evolution at a fixed temporal point, # = 1, under a shared set of parameter values: o =1, op = 1,
A=3,u=1Lwy=1,andx=1.
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Figure 1. Analyzing the characteristics of a singular solitary wave

Figure 1 depicts the evolution of the singular solitary wave through three visual representations. Figure 1a shows
the surface plot of Q(x, ), where the wave exhibits a sharp, localized peak with an inherent vertical asymptote at the
singularity point. This vertical spike confirms the non-regular nature of the wave, which diverges to infinity at a finite
location in space-time, reflecting the classic behavior of singular solitons. Figure 1b, the contour plot, complements this
interpretation by showing steep gradient transitions with tightly packed contour lines near the singular region. These
contours emphasize the abrupt amplitude change and sharp localization typical of singular solitary waves. In Figure Ic,
the 2D profile further clarifies the nature of the singularity, where the wave amplitude tends to infinity sharply at the
singular point and decays symmetrically on either side, confirming the solitary yet singular behavior of the wave.

In contrast, Figure 2 illustrates the evolution of a shock wave governed by Q(x, ¢). Figure 2a shows a smooth surface
plot that transitions gradually from negative to positive amplitude, characteristic of a hyperbolic tangent profile. Unlike
the singular solitary wave, the shock wave maintains a bounded and continuous structure without any asymptotic blow-up,
highlighting its regular and non-singular nature. Figure 2b provides a contour plot that reveals a steep but finite gradient
zone, marking the location of the shock front. The contour lines here are more evenly spaced compared to those of
the singular wave, indicating a more gradual change in amplitude. Figure 2c, the 2D plot of the shock wave, distinctly
captures the core feature of a shock wave: a sharp yet continuous transition zone that separates two asymptotic states.
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This jump-like behavior, though steep, remains smooth and finite, distinguishing it from the infinite peak of the singular
wave.
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Figure 2. Analyzing the characteristics of a shock wave

Overall, Figures 1 and 2 provide a side-by-side comparison of singular and shock wave dynamics. The singular
solitary wave, with its unbounded and asymmetric peak, represents an extreme localized energy concentration, potentially
modeling physical scenarios involving singular perturbations or energy spikes. In contrast, the shock wave’s bounded
and monotonic transition reflects physical processes such as fluid shocks or nonlinear diffusion fronts. The consistent
parameter setting across both figures ensures a fair comparison of the waveforms, thereby highlighting the intrinsic
differences between singular solitary and shock wave structures in nonlinear dispersive media. As a result, these figures
effectively visualize the distinct behaviors of two important nonlinear wave types, offering both mathematical clarity and
physical interpretation for singular and shock wave solutions in nonlinear dynamical systems.
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4. Conclusions

This paper recovered the solitary and shock waves for the perturbed KdV and mKdV equation. The integration
algorithm that was adopted in the paper is G'/G-expansion scheme. The parameter constraints that naturally emerged
from the integration scheme are also presented. The simulations of the two kinds of waves are also included. The results
of the work do hold a lot of promise in this context. This scheme will be next applied to several forms of two-layered
shallow water waves. This would give a wider perspective to the model. The results of such research activities are under
way and once available they will be disseminated in various journals.
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