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Abstract: This paper recovers the shock waves and solitary wave solutions of the perturbed newly-proposed cubic
Boussinesq equation. The integration scheme is the G'/G-expansion. The perturbation terms arise in various physical
features in shallow water wave dynamics. The solutions are listed along with the parameter constraints for the existence
of such solutions.
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1. Introduction

The theory of shallow water wave dynamics occupies a central position within the broader field of Fluid Mechanics
due to its significant applications in natural and engineered settings [1—3]. This dynamic behavior is most prominently
observed along the shores of lakes and the beaches of seas and oceans, where wave patterns are shaped by both the
geometry of the shorelines and the interactions of the water with external forces such as wind and gravitational pull.
To model these shallow water wave dynamics, researchers have developed a wide range of mathematical formulations,
particularly in (1+1)-dimensional frameworks, which consist of one spatial and one temporal dimension [3—6]. These
models capture essential features of wave propagation and interaction in shallow water environments.
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Several key equations have been proposed and extensively studied in this context. Among the most notable are:
The Korteweg-de Vries (KdV) equation, which accounts for nonlinear and dispersive effects in shallow water waves
and provides solutions such as solitary waves or solitons [7]. The modified Korteweg-de Vries (mKdV) equation,
which introduces higher-order nonlinearities to model more complex wave interactions [8]. The Boussinesq equation,
which includes both nonlinear and dispersive terms and offers a more comprehensive description of shallow water wave
propagation, particularly when the effects of finite water depth are significant [9]. The Bona-Chen equation and the
Kawahara equation, which represent further generalizations or modifications of the basic models to incorporate additional
physical effects such as higher-order dispersion [10, 11]. The Camassa-Holmes equation, which is known for its role in
modeling peakon solutions and has connections to integrable systems [12].

In particular, various forms and modifications of the Boussinesq equation have been developed and analyzed to better
capture real-world wave phenomena. One significant refinement is the inclusion of surface tension effects, which leads
to the extended form of the Boussinesq equation, incorporating sixth-order dispersion terms that account for capillary
forces acting on the water surface. Another interesting variant is the cubic form of the Boussinesq equation, which was
proposed in recent studies [1]. This cubic form introduces cubic nonlinearities, enhancing the model’s capacity to describe
certain types of wave interactions and allowing for the derivation of solitary and shock wave solutions. Subsequently, the
cubic model was generalized to include power-law nonlinearities, and researchers successfully retrieved solitary wave
and shock wave solutions for these generalized systems. Moreover, the associated conservation laws for these equations
were identified and analyzed [2], revealing the mathematical structure underlying these physical phenomena.

The current paper focuses on a perturbed version of the cubic Boussinesq equation, where the perturbations comprise
a mixture of Hamiltonian and non-Hamiltonian terms. These perturbation terms introduce additional complexity to the
dynamics, simulating effects such as dissipation, external forcing, or irregularities in the medium. The primary objective
of this paper is to recover the shock waves and singular solitary wave solutions of the perturbed model, thereby extending
the understanding of the equation’s solution space in the presence of perturbations.

To achieve this goal, the study adopts the G’ /G-expansion method [11, 12], which is a well-established analytical
technique used to construct exact solutions to nonlinear differential equations. This method leverages the properties of the
ratio G’ /G, where G is an auxiliary function satisfying a second-order linear differential equation, to systematically build
solution forms for nonlinear equations. While there are numerous other integration methods available in the literature, such
as the tanh method, homogeneous balance method, exp-function method, and sub-ODE method, among others [13—16],
this paper deliberately restricts itself to the G’ /G-expansion approach to maintain a focused and concise presentation.

The application of the G’ / G-expansion method to the perturbed cubic Boussinesq equation successfully recovers the
desired wave solutions, including shock waves and singular solitary waves, which are explicitly exhibited in the results
section. Additionally, the study identifies the specific parametric constraints under which these solutions exist, thereby
providing a comprehensive characterization of the wave dynamics in the perturbed system.

1.1 Governing model

This section is dedicated to exploring various types of solutions for the generalized cubic Boussinesq-type model with
perturbation terms. Notably, this study is the first to address the perturbed form of the generalized cubic Boussinesq-type
model, as presented below:

qrt — kzq,rx +a19x + 02Gxxxx T 3G + AaGu 1 as (q2n+] )

XX

(1)
=01qxqxx + 24" qx + 339G xxx + 849 qxGxx + I54xGnx + O6Grrvex + 879G rrrxx,

with ¢ = g(x, t), represents the amplitude of wave while the independent variables ¢ and x act as the temporal and spatial
variables. From the perturbation terms, the coefficients of §; fror j = 1, 2, 3 are from nonlinear dispersions where m
represents degree of nonlinearity, and 64 means higher order nonlinear dispersion. Finally, 8s, 8¢ and 0; are also from
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nonlinear higher order dispersions. Since the considered model (1) is highly nonlinear, complex, and computationally
intensive to execute, we have taken n = 1 to investigate the dynamics of solution structure this model.

Utilizing T = —@r + x, along with ¢(x, ) = F(7), we have recovered the following Ordinary Differential Equation
(ODE) from the equation (1):

((—F (7) 84 — 8) Frz — 85Free — & (F (7)) Fz + (3a5 (F (1))} + 0 — a0 — k2) Fee
(2)
+6asF (1) Fi* — &F (T) Fror + (®2f14 —0Oas +f12) Frere +(—67F (7) — 66) Frorer = 0.

Next, we have planned for detailed strategic execution of the generalized (—/) -expansion technique to equation (2)

G
G
[L1, 12]. This method entails a comprehensive and systematic analysis of the considered model (1), enabling an efficient
approach to obtain its exact solutions. By transforming equation (1) into ordinary differential equations (2) via appropriate
variable substitutions, we have successfully derived several novel exact solitary wave solutions for equation (1).
Precisely, equation (2) has been examined with the help of generalized (%)-expansion method for m =1, 2 to

establish the new analytic solutions as in subsequent sections.

2. Shock waves and singular solitary waves
21m=1

Firstly, we have considered m = 1 for (2) and then equation (2) is rewritten as follows:

(—F (7) 84 — 8) Frz — 85Fzer — & (F (7)) Fr + (3 as (F (1)) + @2 —a1®—k2> Fee
(3
+6asF (T) Fi* — 83F () Frer + (0%as — ©a3 + a2) Freee + (—81F (T) — 8) Freeer = 0.

Speculating the homogeneous balance among highest order derivative term and highly non linear terms in equation
(3) leads to the following solution structure for the equation (3) [11, 12]:

F(t) = ap+ o (((_’;((2) +a2<f;'((;))2, @

with G(7) following the subsequent auxiliary equation:

G'+AG +uG=0. 5)

It is worthy to notice that ¢y, ), o are parameters, to be analyzed in mean way of computations. By substituting
(4) along with (5) into (3) using Maple, we have derived the following parameter values for obtaining solutions to equation
(3), as detailed below:
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where the parameters A, Ay, Az, A4, As, Ag, A7, Ag, Ao, Ajo, A1, A12, A1z and A4 are defined in Appendix. It is
important to note that o, o, 0, k, ©, aj, az, a4, 64 are considered as free parameters in all of the obtained parameter
values.

Thus, utilizing (6) and (4) in conjunction with T = —@¢ +x, F(t) = g(x, t) and the solution of equation (5), we have
got the following solution structures for equation (1).

Category: A2 —4u > 0.

The following solution structure for equation (1) is generated:

\/M(wl sinh (% (x—0O1) \/M) -+ wp cosh (% (x—01) \/M)) 1

q(x, 1) =0+ a DY
| 2w sinh (% (x—01) \/m> +2wj cosh (% (x—O1)/A? —4;1) 2
()
VA= 44 (wysinh (3 (x—©1) /A7 =441) +wycosh (5 (x—©1) VA= 4u)) ’
+ o _ 2 7

2wasinh (1 (x—©1) /A7 =4p) + 2w cosh (} (x—01) A2~ 4p) 2

along with wy, w» as arbitrary parameters.
Case-1: Importantly, we have found that taking w; = 0 into account in (7) leads to singular solitary waves as:
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q(x, t) =0+ (; MCoth (; (x—0O1) 12_4‘1) _;A)
(®)
2
+m <; VA2 —4 i coth (; (x—01) \/W) ;1) )

Case-2: Notably, we have shown that following shock wave solutions are produced when w, = 0 is taken into account
in (7):

Cl(xat):ao-i-al(;\/mmnh(;(x—@t) 12_4;1)_;,1)
©)

| 2

+a2(émtanh<;<x_@t> ;Lz_w)_ék)_

22m=2

Here, equation (2) is considered for m =2 for talioring new exact solitions in uniform way, thus equation (2) has
been turned out subsequently as

<(—F (7) 84— 81) Fer — 8sFere — 8 (F (r))z) Fot (3 as (F (1))* + ©% — ;0 — kz) Fee
(10)
+6asF (1) Frz —&F (7) Froo + (®2a4 —0a; +‘12) Frror+ (—=6;F (t) — 06) Freree = 0.

The equation (10) is examined to carry out homogeneous balance among highest order linear and most nonlinear
derivative containing terms, thus subsequent solution structure for equation (10) is given as [11, 12]:

- (5) (55

here @;, i = 0, 1, 2 are constants, which are to be analyzed through computations and G(7) is satisfying the auxiliary
equation (5).

The following parameter values are obtained for constructing solutions to equation (1) by substituting equations (11)
along with (5) into equation (10) and collecting the same power coefficients, with the assistance of Maple:

1 Z
O L nZy (1612 —8A2 + A%)’
40 Z;
as = ———
5 3wz’
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where the parameters Z1, Z», Z3, Z4, Zs, Zgs, Z7, Z3, Z9, Z10, Z11, Z12, Z13, Z14, Z15 and Z;¢ are detailed in Appendix. Also,
o, O, 0, k, ©, ay, az, as, O, are considered as free parameters in all of the obtained parameter values.

Furthermore, (11) has been reproduced by utilizing solution of equation (5) and parameter values obtained in (12),
followed by transformation to original variables x, ¢ and finally, we have recovered the following solution structures for
equation (1):

Category: A% —4u > 0:

We have derived the solution structure as below:

VAT 4p (wl sinh (% (x—@)t)w/lz—4u) —&-wzcosh(% (x—@t)\/ﬂ—w)) |
qlx, 1) =+ o _22
1 szsinh(% (x—@t)\/lz—4u)+2w1cosh(% (x—©1) 12—4;1) 2

(13)
27 =4p (wisinh (4 (r—01) AZ=4R) +wrcosh (1 (= 01) /A7 =4p))

+ 0 _71 7
2wzsinh(% (x—O1) \/M)—kalcosh(% (x—O1) /12—4;1) 2

accompanied with w;(i = 1, 2) as free parameters.
The extracted solution (13) yields singular solitary waves for w, # 0, w; = 0 and turns up into shock waves for
w1 75 0, Wy = 0.

3. Results and discussion

Figures 1 and 2 present a detailed visualization of the dynamic behaviors of a singular solitary wave and a shock wave,
respectively, each governed by distinct analytical solutions. Specifically, Figure 1 corresponds to the singular solitary wave
expressed by the solution g(x, ), as derived in Equation (8), while Figure 2 illustrates the shock wave characterized by
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the solution ¢(x, t), as given by Equation (9). In both cases, the evolution of the wave profiles is analyzed at a fixed time
t = 1, with all parameters held constant: g =1, ¢ =1, =1,A =3, u=1,and ®@ = 1.

Figure 1 comprehensively demonstrates the characteristics of the singular solitary wave through three distinct visual
representations. In Figure 1(a), the surface plot reveals the sharp, localized peak of the singular solitary wave, which
reflects its non-smooth, unbounded nature at the singularity point. This singularity is a hallmark of the hyperbolic
cotangent function, and it manifests prominently as a sharp spike, indicating a discontinuous derivative. Figure 1(b), the
corresponding contour plot, further emphasizes the abrupt gradient changes surrounding the singular point. The contour
lines are densely packed near the center, illustrating the rapid variation in amplitude, which is a distinctive feature of
singular solitary waves. Figure 1(c), the 2D line plot, reinforces these observations by displaying a steep rise and fall
around the singularity, showing a clear asymptotic behavior where the wave diverges near the origin. These visualizations
collectively underscore the unique behavior of the singular solitary wave, which differs markedly from regular solitary
waves due to the presence of a singularity in the wave profile.

qx, 1)

X

(a) Surface plot (b) Contour plot
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(c) 2D plot

Figure 1. Profile of a singular solitary wave
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Figure 2. Profile of a shock wave

In contrast, Figure 2 showcases the characteristics of the shock wave using the hyperbolic tangent solution. Figure
2(a) presents the surface plot of the shock wave, where the smooth, sigmoidal transition from one asymptotic state to
another is evident. Unlike the singular solitary wave, the shock wave depicted here features a continuous, monotonic rise
without divergence, reflecting the inherent stability and dissipative nature of shock phenomena. Figure 2(b), the contour
plot, captures the gradual and steady gradient change across the wave front. The contour lines are more uniformly spaced
compared to the singular solitary wave, indicating a smooth transition zone. Figure 2(c), the 2D plot, clearly illustrates
the typical profile of a shock wave: a sharp but continuous increase from one plateau to another plateau. This behavior
exemplifies a classical shock structure, where the wave profile flattens on both sides and transitions rapidly through a
narrow region, symbolizing the compressive nature of shock waves.

Comparative analysis of Figures 1 and 2 reveals critical insights into the fundamental differences between singular
solitary waves and shock waves. The singular solitary wave is marked by a localized, unbounded peak with a non-
differentiable point, demonstrating extreme steepness and potential for modeling phenomena with singular behavior, such
as blow-up solutions or phase discontinuities. Conversely, the shock wave embodies a more physically realistic transition
between states, with smooth, bounded gradients and a well-defined propagation front, making it suitable for modeling
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discontinuities in fluid dynamics, traffic flow, and other conservative systems [11-14]. Overall, these figures provide a
comprehensive understanding of the structural distinctions and mathematical properties of these two wave forms under
identical parameter settings, highlighting their unique roles in nonlinear wave theory.

4. Conclusions

The current paper recovered the shock waves and solitary wave solutions to the perturbed cubic Boussinesq equation
by the aid of G’ / G-expansion approach. the solutions are listed with their respective parametric constraints that guarantees
the existence of such waves. This paper did avoid using the Lie symmetry approach to integrate the model to retrieve
such wave solutions. It must be noted tha the paper clearly failed to recover solitary wave solutions to the model. This is
a clear indication that the adopted scheme of integration has its limitations. In future, the model will be addressed using
additional methodologies to retrieve the much sought after solitary wave solutions.

Lie symmetry analysis of generalized cubic Boussinesq-type equation with perturbation terms has revealed that the
only continuous symmetries admitted by this perturbed model are time and space translations, given by: t* — ¢ + &€,
x* — x4+ € with € € R. The absence of additional symmetries—such as scaling, Galilean boosts, or phase shifts—
indicates that this model maintains invariance solely under uniform shifts in the independent variables as are time and
space translations. This invariance structure leads to creation of a traveling wave ansatz u(x, t) = f(7), where T =x — 61,
with 6 being the wave speed. Substitution of this ansatz into the governing equation reduces the partial differential
equation to an ODE with independent variable as 7, allowing for a systematic analysis for producing new physically
relevant solutions.

The results in the paper carry a lot of promise. The model sill be next considered for two-layered flow. Later
additional integration schemes would be implemented to obtain several forms of solitary waves including the inverse
scattering transform approach [16-22]. The results of those research activities would be disseminated all across the
board.
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