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Abstract: This study explores novel quiescent optical soliton solutions to the Radhakrishnan-Kundu-Lakshmanan (RKL)
equation, a significant model in nonlinear optics. Utilizing three distinct analytical methods, which are the modified
extended Tanh-function method, the addendum to Kudryashov method, and the Kudryashov’s auxiliary equation method,
we derive an array of new quiescent optical soliton solutions, including dark, singular, bright, and bright-dark solitons. The
novelty of this work lies in the comprehensive application of these advanced techniques to uncover previously unreported
quiescent optical soliton profiles, revealing the inherent diversity and richness of the RKL equation’s solution space. The
physical significance of these solutions is highlighted through detailed two-dimensional visualizations, offering deeper
insights into their structural characteristics and potential implications in nonlinear optics. This work not only expands
new analytical perspectives for solving the RKL equation but also contributes to a broader understanding of soliton wave
phenomena in complex nonlinear systems.
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1. Introduction

Nonlinear wave equations are indispensable tools in the study of complex physical systems, as they model the
interplay of various forces that shape wave dynamics [1-5]. These equations provide a mathematical framework to
understand phenomena such as the propagation of light in optical fibers, the motion of water waves in shallow or deep
fluids, and the intricate behaviors of plasma in high-energy astrophysical and laboratory environments [6—10]. Unlike
linear equations, which are limited to describing simple waveforms, nonlinear equations account for interactions between
waves, leading to phenomena such as wave steepening, dispersion, and energy localization. These nonlinear effects are
essential in capturing the richness of wave behavior observed in nature and technology.
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One of the most intriguing outcomes of nonlinear wave equations is the formation of solitary waves or solitons.
Solitons are self-reinforcing waveforms that maintain their shape and energy while traveling over long distances. This
stability arises from a delicate balance between nonlinearity, which tends to steepen the wave, and dispersion, which
tends to spread it out. Solitons are of particular importance because of their practical applications in fields such as optical
communication, where they enable high-capacity data transmission, and in hydrodynamics, where they describe wave
patterns in oceans and channels. Their robustness also makes them valuable in understanding energy transport in nonlinear
media and exploring fundamental wave dynamics.

The Radhakrishnan-Kundu-Lakshmanan (RKL) equation is a prominent example of a nonlinear wave equation that
captures the evolution of complex waveforms [11-15]. Originally formulated to describe the propagation of waves in
optical fibers, the RKL equation has been extended to other systems with similar nonlinear and dispersive characteristics.
The equation incorporates a wide array of physical effects, making it a versatile model for studying nonlinear wave
dynamics [16-20]. These effects include nonlinear Chromatic Dispersion (CD), which influences the wavelength-
dependent speed of wave components, and linear temporal evolution, describing the time-dependent behavior of waves.
The equation also accounts for higher-order dispersion effects, such as third-Order Dispersion (30D) and fourth-Order
Dispersion (40D), which become significant in ultrashort pulse dynamics. Additional phenomena captured by the RKL
equation include self-steepening, where the nonlinear interaction causes the leading edge of a wave to steepen, and the
self-frequency shift, which results from the nonlinear interaction between the wave’s components. Furthermore, the
equation models spatio-temporal dispersion effects, which describe the coupling between spatial and temporal variations
in waveforms. Together, these features make the RKL equation a powerful and comprehensive tool for investigating the
dynamics of optical solitons and other nonlinear waveforms [21-25].

The study of the RKL equation has been an area of significant interest due to its ability to support diverse solitary
wave solutions. Bright solitons, characterized by localized peaks of intensity, arise when nonlinearity balances anomalous
dispersion. These solitons are critical in applications like optical fiber communications, where their stability ensures
minimal signal degradation. Conversely, dark solitons, which manifest as localized intensity dips on a continuous
wave background, emerge under conditions of normal dispersion. Dark solitons have been observed in both optics and
hydrodynamics, providing insights into wave dynamics in various media. Singular solitons represent another intriguing
class of solutions. These solitons, distinguished by singularities in their profiles, exhibit unique mathematical and physical
properties. Hybrid solutions, such as bright-dark solitons, where bright and dark components coexist, add to the diversity
of wave phenomena described by the RKL equation. These solutions highlight the richness of nonlinear dynamics and
offer potential for novel applications in areas like signal processing and energy localization.

Despite significant progress, identifying novel solitary wave solutions to the RKL equation remains an active and
challenging area of research. Each new solution not only enriches the theoretical understanding of nonlinear systems
but also offers potential for practical applications. However, the complexity of the RKL equation often necessitates
advanced solution techniques to uncover previously unreported waveforms. In this work, we tackle this challenge
by employing three analytical methods: the Modified Extended Tanh-Function Method (METFM), the addendum to
Kudryashov method, and the Kudryashov auxiliary equation method. These methods are chosen for their robustness and
efficiency in solving nonlinear differential equations. By applying these techniques to the RKL equation, we derive a
comprehensive set of solitary wave solutions, including dark, bright, singular, and bright-dark solitons.

The application of multiple analytical techniques namely, the METFM, the addendum to Kudryashov method, and
the Kudryashov’s auxiliary equation method has a significant impact on the diversity and completeness of the solution
space uncovered in this study. Each method possesses unique structural capabilities and algebraic formulations, allowing
for the extraction of distinct soliton profiles such as dark, singular, bright, and bright-dark solitons. By employing a
multi-methodological approach, we ensure a broader exploration of the RKL equation’s nonlinear characteristics, leading
to the identification of solution families that may remain hidden under a single method framework. This comparative
strategy not only validates the robustness and consistency of the results but also highlights the complementary strengths
of each method in capturing various dynamical behaviors inherent in the RKL model. Consequently, the combined use
of these techniques enriches the overall analytical depth and enhances the physical interpretability of the obtained soliton
structures within the context of nonlinear optical systems. Among the three analytical techniques employed in this study,
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the Kudryashov’s auxiliary equation method demonstrates a comparatively superior performance in terms of solution
versatility and computational efficiency. This method offers a structured and systematic framework that simplifies the
balancing process and allows for the direct construction of exact solutions without imposing restrictive ansatz assumptions.
In contrast, the METFM, while effective in generating standard soliton structures, is more sensitive to initial balancing
conditions and often requires additional steps to isolate nontrivial solutions. The addendum to Kudryashov method serves
as a valuable enhancement but tends to produce a narrower class of solutions. Overall, the auxiliary equation method
not only yields a richer variety of soliton profiles including both singular and compound forms but also facilitates easier
algebraic manipulation and implementation. Therefore, it stands out as the most efficient and flexible tool among the
applied approaches for analyzing the nonlinear dynamics of the RKL equation.

Although reference [21] explores equation (1) using methods such as the G’/G expansion, F-expansion, and
Kudryashov methods, our approach yields distinct analytical structures. While there are similarities in the qualitative
behavior of the solutions, such as solitary and periodic waveforms, our results differ in parameter constraints, functional
forms, and solution families due to the adopted method. The novelty of this study lies in the derivation of quiescent solitary
wave solutions that have not been reported previously in the context of the RKL equation. These solutions expand the
equation’s known solution space, offering new insights into its dynamics and potential applications. To emphasize the
physical significance of these solutions, we provide detailed two-dimensional plots that visually represent their structural
and dynamical properties. These visualizations not only aid in understanding the nature of the solutions but also highlight
their practical implications, such as in optical communication systems, where the stability and robustness of solitons are
paramount. This expanded investigation underscores the richness of the RKL equation and its capacity to model complex
nonlinear wave phenomena, paving the way for further exploration and application of its solutions in diverse scientific
and engineering domains.

1.1 Governing model

The perturbed RKL equation, incorporating nonlinear CD and additional higher-order effects, is given as [21]:

. 2 . 2 . 2 . 2 .
lqt+a(|q|nq)xx+b|q| q:l)L (|Q| f])x+lll (|q| )Xq+l6|(’I| 9x — N Qxxx — V2Gxxxx — V3Gxxt — Vaqxxxt - (1)

In this equation, ¢ = g(x, t) represents the wave profile, which is a function of spatial (x) and temporal () variables.
Each term in the equation captures a specific physical effect influencing the dynamics of nonlinear wave propagation.
The term ig; describes the linear temporal evolution of the wave profile. It represents the fundamental time-dependent
behavior of the wave, capturing how the wave’s amplitude and phase vary over time. The term a (|g|" g),, represents
nonlinear CD. Here, a quantifies the effect of dispersion that depends on the wave’s intensity |g|", where n is a nonlinearity
parameter. This term models the wavelength-dependent speed of the wave components, a key factor in systems such as
optical fibers. The term b |q\2q arises from the Kerr effect. This term describes how the wave’s intensity modifies its
refractive index, driving nonlinear phase modulation and contributing to the wave’s evolution. The term i <|q|2 q)
represents self-steepening, where A is the self-steepening coefficient. This nonlinear effect leads to the steepening o)ic’
the leading edge of the wave, preventing the formation of shock waves and introducing asymmetry in the wave profile.
The term iy (|q\2) g accounts for higher-order dispersion effects. The coefficient y quantifies the contribution of these
effects, which are pxarticularly significant in ultrashort pulse dynamics, where the interplay of nonlinearity and dispersion
becomes complex. The term i |¢|” gx stems from the self-frequency shift phenomenon, where 8 quantifies the effect. This
term models the redshift of the wave’s frequency due to nonlinear interactions, commonly observed in optical solitons.
The terms —iY; gy and —Y5 g represent 30D and 40D, respectively. Here, 7 and 9 are coefficients quantifying the
effects of these higher-order dispersions. These terms are essential for capturing the behavior of waves in systems where
higher-order dispersion plays a dominant role, such as in ultrafast optics. The terms —3¢.y and —Ys4¢.r describe spatio-
temporal dispersion effects. These terms, characterized by the coefficients y3 and 74, model the coupling between spatial
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and temporal variations in the wave profile. Such effects are crucial in describing the propagation of waves in media with
significant spatio-temporal interactions.

When specific parameters are set to zero (n =t = 0 = 9 = 13 = ¥4 = 0), the equation reduces to the standard RKL
equation [11-20]. This familiar form captures the essential dynamics of nonlinear wave propagation without the additional
higher-order effects, making it a foundational model for studying solitary waves in simpler contexts. This generalized
form of the RKL equation provides a versatile framework for analyzing the rich dynamics of nonlinear wave systems,
accounting for both fundamental and higher-order effects. Its comprehensive nature allows researchers to explore a wide
range of physical phenomena and identify novel wave structures in diverse applications.

The organization of the paper is structured to guide readers through the theoretical derivation, analysis, and discussion
of the results systematically: Section 2 is dedicated to exploring the derivation of novel quiescent solitons using three
distinct analytical approaches: The METFM is employed to derive exact soliton solutions by transforming the nonlinear
differential equation into a more manageable form. The method introduces modifications to the traditional tanh-function
approach to improve its versatility and applicability in nonlinear systems. The detailed step-by-step implementation of
this method, including its assumptions, mathematical transformations, and the derivation process, is provided to ensure
reproducibility. This section presents an augmentation of Kudryashov’s classical method to address nonlinear equations
that feature complex behaviors, such as quiescent solitons. The refinements enhance the robustness of the approach
in deriving closed-form solutions. Each step is meticulously documented, including the selection of trial functions,
the derivation of necessary parameter constraints, and the interpretation of the resulting soliton solutions. Here, the
auxiliary equation method is introduced as a complementary tool for generating soliton solutions. The paper outlines the
construction of auxiliary equations and how they are systematically used to uncover a broad class of solutions. Detailed
derivations highlight the theoretical framework and the conditions required for the solitons’ existence. This section
emphasizes the theoretical underpinnings of these methods, their mathematical rigor, and their effectiveness in addressing
the governing nonlinear Schrodinger equation. It also compares the strengths and limitations of each approach, providing
a comprehensive understanding of their applicability in soliton theory. Section 3 presents a detailed analysis of the
soliton solutions obtained using the methods described in Section 2. The results are visualized through a series of figures
(Figures 1-4), each focusing on a specific type of soliton: In Figure 1, the characteristics and dynamics of dark solitons
are depicted, showcasing their intensity profiles and the conditions under which they emerge. The discussion includes
the influence of key parameters such as the nonlinearity coefficient and temporal evolution on the soliton’s stability and
propagation. In Figure 2 illustrates singular solitons, highlighting their distinctive peaked profiles and the mathematical
conditions ensuring their existence. The paper delves into their physical relevance, particularly in optical systems, and
discusses the potential challenges in realizing these solutions experimentally. The bright soliton solutions are depicted in
Figure 3, showcasing their localized energy concentration and smooth profiles. The discussion addresses their formation,
stability criteria, and the impact of perturbations on their propagation dynamics. Figure 4 introduces a hybrid soliton
structure, combining bright and dark soliton characteristics. The analysis explores the conditions leading to such straddled
configurations and discusses their potential applications in complex optical communication systems. The discussion
section ties the results back to the theoretical methods introduced in Section 2, highlighting the consistency and physical
significance of the solutions. It also includes a comparative analysis of the solitons, focusing on their unique features,
stability, and potential applications in nonlinear optics. Section 4 synthesizes the key findings of the paper, emphasizing
the novelty and significance of the derived soliton solutions. It reiterates the effectiveness of the METFM, the addendum
to Kudryashov method, and the Kudryashov’s auxiliary equation method in addressing the nonlinear Schrédinger equation.
Furthermore, it highlights the broader implications of the results for advancing soliton theory and applications in optical
systems. Suggestions for future work are provided, including extending the methods to other forms of nonlinear equations
and exploring experimental validations of the theoretical findings.
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Figure 1. A dark soliton with an emphasis on its amplitude
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Figure 2. A singular soliton with an emphasis on its amplitude
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Figure 3. A bright soliton with an emphasis on its amplitude
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Figure 4. A straddled bright-dark soliton with an emphasis on its amplitude
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2. Quiescent solitons

The quiescent soliton profile is fundamental to understanding the behavior of soliton solutions in the context of
the RKL equation. This section provides a detailed breakdown of each component and the significance of the derived
expressions.

The soliton profile is expressed as:

qlx, 1) = U (kx)e'®+9) )

where ¢(x, t) represents the soliton solution, a complex-valued function describing the amplitude and phase of the wave.

U (kx) is a real-valued function representing the spatial profile of the soliton. The argument kx indicates that the profile
(wr+6)

is scaled by the inverse width parameter k, directly affecting the soliton’s width and localization. e’
phase factor with angular frequency @ and phase constant 8. This phase component governs the soliton’s oscillatory
nature in time. The term U (kx) implies that the soliton width scales inversely with k. Larger k values lead to narrower

introduces a

soliton profiles, while smaller k values produce broader solitons. This parameter plays a critical role in modulating
soliton characteristics such as peak amplitude and energy distribution. The frequency o is directly related to the soliton’s
wavenumber, controlling the temporal oscillations of the soliton. A larger w results in faster oscillations, impacting the
soliton’s stability and interaction with the background medium. The phase shift 8 provides an additional degree of freedom,
influencing the initial soliton phase. This parameter is essential when considering soliton interactions and phase-sensitive
applications like optical modulators.

To determine the explicit form of the soliton profile, Eq. (2) is substituted into the RKL equation (1). This substitution
separates the real and imaginary parts of the equation, leading to two critical conditions:

PUUD) — 3l 0UU" + ak*n(n+1)U"(U')? + ak?(n+ 1)U'"7"U" — 0oU? +bU* = 0, 3)
and
(7 + me)UU" —k(3A +2u + §)U U’ =0. @)
To achieve integrability, it is necessary to have:
n=1, ®)
Y+ no=0, (6)
and
3A+2u+68=0. (7
The application of these modifications to the system results in a revised version of the governing equation (1), which
reads:
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igi+a(lalq)+bla’a =it (laPa) +iu(laP) a+i81aP 6= Mg — Pl — Blor — Vidos (8)

Following this, Eq. (3) reduces to:
Pk U — p0k*U" + 20k (U')? 4 2ak*UU" — 0U +bU> = 0. 9)

2.1 Modified extended Tanh-function method

The METFM distinguishes itself from classical methods by offering enhanced flexibility and broader applicability
to nonlinear Partial Differential Equations (PDEs). Key innovations include: Unlike the standard Tanh-function method,
the METFM incorporates a more adaptable trial solution, allowing for the construction of soliton profiles that capture
higher-order nonlinear effects and complex dispersive characteristics. This expanded ansatz accommodates mixed soliton
structures (e.g., bright-dark solitons) and singular solutions, which are challenging to derive using traditional approaches.
The METFM effectively addresses equations with cubic-quartic or higher-order nonlinearities, a domain where classical
methods often fall short. This makes it invaluable for models like the RKL equation, where multiple nonlinear and
dispersive terms interact simultaneously. By modifying the transformation functions, the METFM can derive bright, dark,
singular, and bright-dark solitons within a unified framework. This versatility is crucial for systems where diverse soliton
behaviors emerge under different parameter regimes.

The METFM s ability to yield exact soliton solutions carries significant implications for understanding and predicting
physical phenomena in nonlinear systems, particularly in optics and photonics. In nonlinear optical fibers and waveguides,
solitons play a pivotal role in maintaining stable pulse transmission over long distances. The solutions derived using the
METFM describe how solitons evolve under higher-order dispersion and nonlinearity, essential for designing high-speed
optical communication systems. The method provides insights into phase-stable solutions, crucial for applications in
nonlinear optics, Bose-Einstein condensates, and plasma physics. The exact solutions help in predicting the formation of
quiescent (stationary) solitons and their interactions, enhancing the development of advanced photonic devices.

In summary, the METFM’s novelty lies in its ability to handle complex nonlinear PDEs with diverse soliton structures,
while its physical significance is rooted in its broad applicability to real-world nonlinear phenomena, from optical fiber
communications to high-energy plasma dynamics.

We will focus on the model equation [22]:

G(Qa xy qts gxty Gxx, ):07 (10)

where the spatial-temporal variables x and ¢ are used to describe the optoelectronic wave field g = g(x, ).
Take into account the wave form:

q(x, 1) =U(§), & =p(x—w), (11)

where the wave velocity is represented by v, the wave variable by £, and the wave width by u. Hence, equation (10)
results in

P(U, —poU’, uU', u?u”, ...)=0. (12)
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Step 1 In the presence of (11), the simplified model confirms the solution structure

N .
UE) =0+ Y [ (€)+ it . (13)

through the application of the ancillary equation
R (&) =Q+R*(&). (14)

Thus, we arrive at the soliton wave profiles.
Dark soliton solution:

Ri(€) = —V—Qtanh(v—QE&), (15)
Singular soliton solution:
Ry(&) = —V/—Qcoth(v—QE), (16)
Complexion solution:
R3(&) = —v/=€ (tanh(2V/~Q¢) + isech(2v/=QE) ) (17)

Dark soliton solution:

Q—/—Qtanh(v/—Q&)

Ra(8) = 1 +v/—Qtanh(v—QE)’ (18)
Straddled soliton solution:
)~ e S
Singular periodic solutions:
Rs(&) = VQtan(VQE), (20)
R1(&) = —VQcot(VQE), @1)

Volume 6 Issue 4]2025| 4317 Contemporary Mathematics



Rs(€)=VQ (tan (2\795) +sec (2@&)) , 22)

Vo) (1 —tan(\@g))
1+tan(v/QE)

Ro(8) =— (23)

VQ (4 -5 cos(2x/§§)>

Riole) = 34 5sin(2v/QE)

24

Step 2 Combining (13) and (14) within (12), we establish a system of equations that leads to the determination of
the unknown constants in (15) through (24).

Balancing the terms (U’)2 or UU" with U? in (9) yields N = 2. In this integration process, the solution structure (13)
is presented in a simplified form as

U (E) = Ao+ ATR(E) + DL 4 AR(E) +

R(E) REP @

The combination of (25) with (14) into (9) leaves us with the equations:
120B,Q%k*p +20B5Q%ak® + B3b =0, (26)
24B1 QYK y, +24B B Q*ak* + 3B B3b = 0, (27)
240B,Q%k*p 4 1240B2 Q% ak? + 6BIQ2ak® — 6B, Q%K w3 + 32B5Qak® + 3A0B3b + 3B3Byb = 0, (28)

40B1 Q% ks + 4A0B1 Q% ak’ 4 4A | ByQ%ak* — 2B Q2> 0y + 36B1 ByQak* + 6AgB 1 Bab +3A 1 Bab + Bib =0,  (29)
136B2Q%k* p + 16A0B,Qak* + 8B1Qak’ — 8B,Qk> 0y + 12B3ak® 4+ 3A3Bab + 3A¢Bib
+6A1B1Byb+3A,B3b — Byow = 0, (30)
16B1Q%k*p 4 4A0 B Qak® + 4A| By Qak* — 2B\ Qk* 03 + 12B1 Byak® + 3A3B1b + 6A0A | Byb
+3A1B2b+6A2B1Bb—B1o =0, (31)
16A2Q°K* p +4A0A2Q%ak> + 2A2Q%ak? — 24, Q%K 0ys + 16B,Qk* 1 + 4AoByak® + 2B ak?

—2Byk* 03 + AYb + 6A0A1B1b + 6AgA2Brb 4 3A2Brb + 3A2Bib — Agw = 0, (32)

Co iporary Math tics 4318 | Yakup Yildirim, et al.




1641Q%k* s + 12A41A2Q%ak? + 4A0A 1 Qak® — 2A1Qk* 03 + 4A2 B Qak® + 3A3A1b + 6ApA,B1b
+3A2B1b+6A1A2Bb — A 1w =0, (33)

136A4,Q%1*p + 12A43Q%ak” 4 16A0A2Qak’ 4 8A2Qak® — 84, Qk> wy; + 3A5A2b + 3A0ATh

+6A1A3B b +3A5Bb — Ay = 0, (34)
40A,Qk* s 4 36A1A2Qak® + 4A0A ak® — 2A1 k> 0y; + 4A2Brak® + 6A0A1Asb +ASb +3A3B1b =0, (35)
2404,Qk*y, + 3243Qak® + 12A0A2ak”> 4 6ATak* — 6Ak> @Y + 3A0A3b + 3A2A2b = 0, (36)
24A1k*p + 2441 Arak® + 3A1A3b = 0, (37)
120A2k* > 4 20A3ak* + A3b = 0. (38)

Upon solving these equations, one uncovers the outcomes:

Ag=AQ, A1 =0, Ay=A), B=0, B,=0, k=k,

e T
2Q%k 8A5Q? 16Q2k*
The inclusion of (39) with the help of (15) into (25) results in the dark soliton solution as:
qi(x,t) = (AZQ —A,Qtanh (@kx) 2) PG (40)
Incorporating both (39) and (16) into (25) leads to the singular soliton solution:
¢ (x, 1) = <A2Q — AxQcoth (@kx)z) H(@rt0) (41)
When (39) is employed with the application of (17) within (25), the complexion solution is obtained as
g3(x, 1) = (AZQ A0 (tanh (2@/@) +sech (2@ kx) i) 2) ol(@1+0), 42)
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Incorporating both (39) and (18) into (25) leads to the structuring of the dark soliton solution

2
Ay (Q —+/—Qtanh (v/—Qk .
ga(x, 1) [ AQ ¢ 2 anh ( X)z) i(01+6) (43)
(1 + v/ —Qtanh (\/ —Qkx))
When (39) is incorporated with the help of (19) within (25), we retrieve the straddled soliton solution as
2
ArQ (5 —4cosh (2v/—Qk .
as(x,1) — [ Apq— A2 —deosh( 0))" ) oo, (44)
(3+4sinh (2v/—Qkx))
The wave profiles, as characterized in (40) through (44), are defined as
Q<0. (45)

2.2 Addendum to Kudryashov method

The addendum to Kudryashov method builds upon the classical Kudryashov approach by refining the handling of
nonlinear differential equations, particularly those involving higher-order and mixed nonlinearities. The key novelties
include: The addendum introduces an expanded polynomial form for trial solutions, enabling the method to address higher-
order nonlinear Schrédinger equations and complex systems with cubic-quartic nonlinearities. This modification allows
for more accurate modeling of nonlinear wave phenomena that standard Kudryashov methods might oversimplify. By
incorporating additional free parameters into the solution framework, the method achieves greater flexibility in capturing
a broader range of soliton behaviors. This enhancement is crucial for modulating soliton amplitude, width, and phase
characteristics. Unlike the classical Kudryashov approach, which primarily balances lower-order terms, the addendum
extends the balance principle to higher-order derivative and nonlinear interaction terms, enabling the derivation of multi-
peak, singular, and composite soliton solutions. The method’s refinement allows it to be applied to nonlinear optical
systems, plasma physics, and fluid dynamics models, demonstrating its utility across a diverse range of physical problems.

The addendum to Kudryashov method plays a pivotal role in advancing the understanding of nonlinear phenomena,
particularly in systems governed by the cubic-quartic Nonlinear Schrédinger (NLS) equation and related models. The
method is essential for exploring quiescent optical solitons, such as those found in magneto-optic waveguides and
fiber lasers. The derived solutions provide insights into the behavior of bright, dark, and singular solitons, which are
fundamental to pulse shaping and stable light transmission in nonlinear optical media. By addressing complex soliton
structures, the method aids in predicting soliton interactions, energy transfer, and stability criteria in nonlinear systems.
This is particularly relevant for high-power laser systems, nonlinear metamaterials, and Bose-Einstein condensates.

In conclusion, the addendum to Kudryashov method enhances the classical approach by enabling the derivation
of complex soliton solutions across various nonlinear models. Its physical significance lies in its broad applicability to
modern nonlinear optics, plasma physics, and wave dynamics, offering deeper insights into soliton behavior and energy
localization in diverse physical systems.

Step 1 According to the addendum to Kudryashov method, the solution form is constructed as follows [23, 24]:

N
U(E)=Ao+Y [AR (§)], (46)
=
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where A; are the parameters to be determined later with Ay # 0 and R(&) is the solution of the following equation:

R (€)= \JRER(1-zRP ()2 (K),  0<K#1, 7)

where ¥ is an arbitrary constant and p is a positive integer. Moreover, the fucntion R (§) has the solution:

1
4L »
R = 48
() {(4L2 1) cosh (EpIn(K)) 1 (4L7 — ) sinh (& pln(mJ “48)
where L is a nonzero constant. Particularly, if y = 4L, the bright soliton is:
| 1
P
R(&)= [ﬂlsech(épln(l())] . (49)

Step 2 According to the homogeneous balance rule, the relation between p and N is formed as:

Setting D[9(&)] = N, D[¢'(€)] =N+ p, D[¢" (€)] = N+2p, therefore D [¢7)(€)] =N+ rp,and D [¢°(£)9)(&)]
=(s+1)N+rp.

Step 3 When we substitute (46) and (47) into (9), equating the all coefficients of R(&) to zero, then we obtain an
algebraic system. Using the homogeneous balance rule, the relation between U () and UU" from (9) results the equation
N+4p =2N+2p, thus N =2p is acquired.

If we put p = 1, then N = 2. In this case, we have the simplified form as:

U(E)=Ao+AIR(E) +AR(E)?, (50)

through the application of the ancillary equation

R (&) = \/REP(1 - R (E)) In¥(K). 1)

Thus, we arrive at the soliton wave profiles

4L
R() = (4L2 + x)cosh (EIn(K)) + (412 — ) sinh (€ In(K)) (52)
If y = 4L, the bright soliton is:
R(&) = isech(& In(K)). (53)

The combination of (50) with (51) into (9) leaves us with the equations:
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Ao (Afb—w) =0, (54)

(pIn(K)*k* — k* (—2A0a+wps) In(K)* + 3bA5 — w) A| =0, (55)

w

164275 In(K)*k* — 4k* (—aAT + Az (—2A0a +wys)) In(K)* + 3bAgAT +3 (bAg -3

)Az —0, (56)

2
ArAo+—1 )b
107, In(K)*k* 24 ( 20 >
184, | -2 ntK)Kx n(9 ) kx+(A2a+X( 09“+W73))k21n<1<)2+3 6/ 1o, 57)

3ayxA? —24
1204, In(K)*K y + 16 (— “g Ly <A2a+ 3 g” W) ) Ag) KR In(K)? +3A2b (Apdy +A2) =0,  (58)
341 (8yk*x* In(K)* — 842ak*y In(K)* + A3b) =0, (59)
Az (120pK* x* In(K)* — 20A,ak* x In(K)? + A3b) = 0. (60)

Upon solving these equations, one uncovers the outcomes:

201n(K)%k*ay

0= AT T 6k In(K)2ys + 5)b’

640ak* In(K )* he 40a® (4k* In(K)*y3 4 1) 1)
3b(16k2In(K)2y +5) 3b(16k2In(K )2y +5)

The inclusion of (61) with the help of (52) into (50) results in the bright soliton solution:

6b0
|28(TY:%szt)k4]n(K)4+9ﬁln(l()2bk2ey3+15b8
5i

(x, 1) = 5In(K)*k2aysech?(kxIn(K)) | b(162 (K 235 5)°
= (16k%1In(K)2y; +5) bL?

(62)

2.3 Kudryashov’s auxiliary equation method

The Kudryashov’s auxiliary equation method introduces an analytical framework that systematically derives exact
soliton solutions by reducing complex nonlinear PDEs to simpler auxiliary equations. This method’s novelty lies in several
key aspects: Unlike conventional methods that directly tackle nonlinear PDEs, this approach transforms the original
equation into an auxiliary Ordinary Differential Equation (ODE). The auxiliary equation has well-known solutions,
enabling a more straightforward and structured pathway to soliton solutions. The method employs a general polynomial
ansatz for the soliton profile, accommodating a wide variety of nonlinearities (e.g., cubic, quartic, and higher-order). This
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flexibility allows for the derivation of bright, dark, singular, and periodic solitons without requiring separate solution
strategies for each case. The Kudryashov’s method systematically balances nonlinear and dispersive terms by leveraging
the auxiliary equation form, simplifying the derivation of soliton solutions. This direct approach eliminates iterative
guesswork, making it computationally efficient and precise. The method is not confined to a specific class of PDEs. It
can be applied to Nonlinear Schrodinger (NLS) equations, Korteweg-de Vries (KdV) equations, and Boussinesq equations,
demonstrating its versatility across diverse nonlinear models.

The method plays a crucial role in advancing the theoretical understanding and practical modeling of nonlinear wave
phenomena across multiple fields, particularly in nonlinear optics, fluid dynamics, and plasma physics. In nonlinear
optical systems, soliton solutions derived using this method describe stable light pulses that propagate through fibers
and waveguides without distortion. This has direct applications in optical communication technologies, where solitons
maintain signal integrity over long distances. The auxiliary equation method facilitates the derivation of phase-coherent
soliton structures, crucial for modeling quiescent solitons in magneto-optic media and laser cavities. This enables the
design of mode-locked lasers and optical switches that rely on soliton dynamics. The method’s ability to produce
singular solitons highlights its significance in describing energy localization, rogue waves, and shock structures. These
phenomena are particularly relevant in plasma physics and fluid dynamics, where energy focusing can lead to critical
system instabilities. In fluid dynamics, Kudryashov’s method describes soliton interactions and energy transfer in shallow
water waves and atmospheric dynamics, offering insights into nonlinear wave breaking, soliton fission, and dispersion
management.

The novelty of Kudryashov’s auxiliary equation method lies in its ability to transform complex nonlinear PDEs
into tractable auxiliary equations, providing a unified framework for deriving diverse soliton solutions. Its physical
significance spans nonlinear optics, plasma physics, and fluid dynamics, offering essential tools for modeling and
predicting soliton behavior in real-world nonlinear systems.

In the presence of (46), the simplified model confirms the solution structure [25]:

U(E)=Ao+AIR(E) +AR(E)?, (63)

through the application of the ancillary equation

R (€)= \/8RE? (11 - 1R(E) — 13R(E)?). (64)
Thus, we arrive at the soliton wave profile

4x1
R = 65
“ (40123 +23) VAR + 2000 0 VRS ©

or the bright-dark soliton solution:

o (545)
X=X (1—tanh (%))2

R(S) = (66)

The combination of (63) with (64) into (9) leaves us with the equations:
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C

A3b—Agw =0, (67)

20 k4 i 3bA?Z
2<x1722 b (ato - B0 2oV2V>Alo, (68)
Bw
3 (ado — = ) X241
1524, b4 o2 | @X1AT ( ) ) Bw 2
16(%11‘\2 a3 >X1k K"+ 8k 5 g + X142 (aAo > ) K
4 3bApA2 434, (bAg - g) —0, (69)

3 2
<4X1X3 - )262> Ay

—65 3 + 04 | et
w w
Sa} 2(ato =)\ sk (ao— T e
+18 | — L a4, — Al — k*k? 4+ 6bApA1Ar +bAT =0, (70)

9

A Tx?
~120 (—"Zﬁ“ A, (xm . 1’?)) K

Bw
_ 361)(314% _ 2161){2A1A2 3 (aAO B 7) X3

+16 5 A | apds . 2 KK +3bA; (AgAs +A}) =0, (71)
A 4x3A
16873 (szz n 7‘371> Kprt — 18424 (%2142 n X;l> K22 4 3bA1A2 = 0, (72)
120423k 6y — 204303k K> +A3b = 0. (73)
Upon solving these equations, one uncovers the outcomes:
10)2ak*> k%3 20ak* k23

=0 A= e —sn) T b (g - )

X Sk*ktaxs 10a% 3 (x3k2 K2 — 4x3)
N=——-—-, w= 2 =-— 7
6b (x3k>K2y —513) 3b (X3k2K2 —5x3)

. (74)
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The inclusion of (74) with the help of (66) into (63) results in the bright-dark soliton wave profile:

q(x, 1)
2 2 2 2
Kkxy | — );—2 Kkxy [ — ;C?Z Kkxy | — );—2 Kkxy [ — 7;—2
3 3 3 3
10x%k2a k2 sech? — 1 2sech? —1 + tanh? — |- 2tanh — |- 3
T 2 2 2
Kkxy | — );—2 Kkxy | — );—2
b (3K - 573) | tanh? | —L 2 |~ 2ranh | — 2| -3
X (68b(x§k21<273—513)2+5k4x4a2;(§t)
% 66 b(x%kzxzﬁ—5Z3)2 . (75)
The wave profile, as characterized in (75), is defined as
x3 <O0. (76)

3. Results and discussion

This section presents a comprehensive analysis of quiescent soliton solutions derived from the RKL equation. Figures
1 through 4 depict different soliton structures, dark, singular, bright, and bright-dark solitons, under varying inverse width
parameters k. The fixed parameters A =1, K=e¢, ¥y =1,a=1, k =1, and y» = 1 are applied consistently across all
figures, ensuring a controlled environment for studying the effect of k. Each figure explores the influence of increasing k
values: k=1,1.5,1.9,2.4,29,3.8,4.8,7.

Figure 1 illustrates the modulus of the quiescent dark soliton described by equation (40). Dark solitons are
characterized by a localized dip in intensity against a uniform background, a signature trait resulting from destructive
interference. The 2D plots depict how the soliton evolves as the inverse width parameter k increases. Atk = 1, the soliton
manifests as a broad, shallow dip. As k increases to k = 1.5 and k = 1.9, the soliton narrows, and the minimum intensity
deepens, reflecting stronger localization. By k = 2.9, the soliton dip becomes more distinct, with sharper gradients
along the soliton edges. At k = 4.8 and k = 7, the soliton width is significantly reduced, and the dip nears zero at the
center, representing maximum intensity depletion. This progressive narrowing aligns with the well-established property
of dark solitons, where k directly correlates with inverse soliton width. Physically, increasing k corresponds to stronger
nonlinearity or reduced dispersion. The sharper dips at higher k values indicate a more pronounced phase shift across the
soliton, critical for applications in optical communication, where dark solitons are employed to maintain signal stability
over long distances.

Figure 2 visualizes the modulus of the quiescent singular soliton governed by equation (41). Singular solitons, unlike
their regular counterparts, exhibit an amplitude peak that diverges at the soliton center, reflecting infinite localization. At
k =1, the soliton exhibits a sharp central peak with finite side lobes. As k increases, the soliton becomes steeper and
more confined around the center, with the side lobes diminishing in intensity. At k = 3.8 and beyond, the peak approaches
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singularity, sharply rising while the surrounding field approaches near-zero levels. By k = 7, the singular soliton is highly
localized, demonstrating intense energy concentration at the central point. The singularity represents a scenario where
nonlinear effects dominate over dispersion, producing self-focusing phenomena. This solution is crucial for modeling
phenomena like filamentation in nonlinear optics and self-focusing in plasma physics. The robustness of the singular
soliton across varying k values reinforces the stability of the derived analytical solution, indicating its feasibility for
practical physical systems.

Figure 3 highlights the modulus of the quiescent bright soliton, dictated by equation (62). Bright solitons represent
localized peaks of light intensity within a low background, a fundamental feature arising from constructive interference.
At k = 1, the bright soliton appears as a wide, shallow peak. Increasing k to 1.5 and 1.9 results in a noticeable sharpening
of the peak. By k = 2.9, the soliton profile becomes narrow, with enhanced amplitude at the center. At k = 7, the soliton is
tightly confined, demonstrating maximum localization with minimal side lobes. The growth in amplitude with increasing
k underscores the role of inverse width in intensifying soliton strength. The bright soliton’s evolution under varying k
showecases its adaptability in highly dispersive or nonlinear media. Bright solitons are integral to nonlinear fiber optics,
where they enable the transmission of intense, localized light pulses without spreading. The observed narrowing and peak
growth at higher k values align with physical expectations for bright solitons in environments with increasing nonlinearity
or decreasing dispersion.

Figure 4 depicts the modulus of the quiescent bright-dark soliton described by equation (75). This soliton structure
merges features of bright and dark solitons, resulting in a hybrid state where a bright peak exists within a dark soliton dip.
At k = 1, the bright component is broad and shallow, while the surrounding dark dip is gentle. As k increases, the bright
peak narrows and intensifies, while the dark soliton’s depth increases. By k = 3.8, the bright peak is sharply confined, and
the dark dip becomes prominent, creating a high-contrast bright-dark profile. At k = 7, the bright soliton component is
maximally localized, and the dark background reaches near-zero intensity at the center. Bright-dark solitons are essential
in applications involving multicomponent fields, where intensity modulation between bright and dark regions can facilitate
optical switching and data encoding. The ability to control the balance between the bright and dark components by tuning
k suggests potential use in photonic circuits and optical lattices. The coexistence of bright and dark states enhances the
soliton’s stability, enabling applications in optical fiber systems that require complex modulation formats.

Across Figures 1-4, the inverse width parameter & consistently governs soliton localization, amplitude, and profile
sharpness. The trend of narrowing solitons with increasing & is evident in all soliton types, emphasizing the central role of
this parameter in controlling soliton dynamics. This universal behavior highlights the adaptability of the RKL equation in
modeling diverse soliton structures, demonstrating its relevance for practical applications in nonlinear optics, waveguide
design, and optical communication systems. The results confirm that quiescent soliton solutions derived from the RKL
equation provide a rich mathematical framework for studying soliton interactions under various nonlinear and dispersive
conditions, reinforcing the equation’s significance in contemporary photonic research.

4. Conclusions

This study has presented a comprehensive analysis of solitary wave solutions to the perturbed RKL equation, which
serves as a versatile model for nonlinear wave propagation in various physical systems. By employing three advanced
analytical techniques, which are the METFM, the addendum to Kudryashov method, and the Kudryashov’s auxiliary
equation method, we successfully derived a broad spectrum of solitary wave solutions. These include dark solitons,
bright solitons, singular solitons, and hybrid bright-dark solitons, each characterized by unique structural and dynamical
properties.

The novelty of this work lies in the identification of quiescent solitary wave solutions, which have not been previously
reported in the context of the RKL equation. These solutions expand the equation’s known solution space and reveal
new dynamical regimes governed by the interplay of various physical effects. The RKL equation incorporates nonlinear
CD, higher-order dispersion terms (such as third- and fourth-order dispersion), self-steepening, self-frequency shift, and
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spatio-temporal terms. This richness makes it an exceptional framework for modeling the behavior of nonlinear waves in
environments such as optical fibers, plasmas, and fluid systems.

The solutions derived here provide deeper insights into the underlying mechanisms that govern nonlinear wave
dynamics. For example: Bright solitons illustrate the balance between nonlinearity and anomalous dispersion, creating
localized peaks that maintain their energy over long distances. Dark solitons arise from the interaction of normal
dispersion with nonlinearity, forming intensity dips on a continuous wave background. Singular solitons showcase unique
mathematical features, with solutions that exhibit singularities under specific conditions. Hybrid bright-dark solitons
highlight the coexistence of opposing characteristics, further enriching the diversity of waveforms possible in nonlinear
systems.

To emphasize the physical relevance of these solutions, detailed two-dimensional graphical representations were
presented. These plots visualize the structural features of each soliton type, providing intuitive insights into their spatial
behaviors. Such visualizations not only aid in understanding the solutions themselves but also highlight their potential
implications for real-world applications. For instance, bright solitons are critical for optical communication systems due
to their stability, while dark solitons are significant in hydrodynamic and plasma studies.

From a practical perspective, the findings of this study hold promise for a range of applications. The stability
and energy-preserving characteristics of the solitary wave solutions make them ideal candidates for high-capacity data
transmission in nonlinear optical fibers. The unique properties of the derived solitons could be utilized in advanced signal
processing techniques, including soliton-based filters and modulators. Singular and hybrid solitons could serve as models
for localized energy transport in plasma, fluid dynamics, and other nonlinear systems. From a theoretical standpoint, this
study enhances the understanding of the RKL equation as a unifying model for nonlinear wave dynamics. The methods
used here demonstrate the efficacy of advanced analytical techniques in uncovering novel solutions to complex equations,
thereby expanding the analytical toolkit available for researchers.

While this study has successfully derived and characterized an extensive set of solitary wave solutions, several
avenues for future research remain open: Future studies could explore additional physical effects, such as inhomogeneities,
external potentials, or multi-dimensional extensions of the RKL equation, to uncover even richer solution spaces. Also,
experimental efforts in optical fibers, plasmas, or fluid systems could validate the practical relevance of these solutions,
bridging the gap between theory and real-world applications [26—30].

In conclusion, this work makes significant contributions to the study of nonlinear wave dynamics by expanding
the known solution space of the perturbed RKL equation. The solitary wave solutions derived here not only deepen the
theoretical understanding of nonlinear systems but also highlight the practical potential of these solutions in advanced
technologies. By addressing both analytical techniques and physical implications, this study underscores the RKL
equation’s versatility as a model for investigating and leveraging the complex interplay of nonlinearity and dispersion
in diverse applications. This research sets the stage for future explorations of the RKL equation and similar nonlinear
systems, paving the way for both theoretical advancements and practical innovations.
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