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1. Introduction
Suppose that k is always an algebraically closed field whose characteristic is zero, and our work is to discuss the

modules of a nd-dimensional Hopf algebra Hn, d with Chevalley property (see Definition 1, also can see [1]), which is
neither pointed nor semi-simple. And Hn, d is just the dual Hopf algebra of Radford algebra up to isomorphim [2, 3].

The Hopf algebra Hn, d plays a significant role in constructing and classifying Hopf algebras and Nichols algebras.
Note that H4, 2 and H6, 2 are the unique neither pointed nor semi-simple 8-dimension and 12-dimension Hopf algebras
(see [4, 5]). In [6], García and Giraldi provided all finite dimensional Hopf algebras over the field k, of which the
coradicals generate H4, 2 up to isomorphism. Basing on this, the author [7] determined all finite dimensional Nichols
algebras in the category of Yetter-Drinfied module H4, 2

H4, 2
Y D . Furthermore, some new Hopf algebras without the dual

Chevalley property were obtained. In addition, some new Nichols algebras in H6, 2
H6, 2

Y D which are not of diagonal type
were given by the authors in [8, 9]. Several families of new Hopf algebras were provided, they are dimension 216. It is
noticed that the classification of finite dimensional Nichols algebras over H2n, 2 has been established in [10], and finite
dimensional Hopf algebras over H2n, 2 in general case has been given [11].

To describe the decomposition of the tensor product of finite dimensional modules is a classic problem in the
representation theory of Hopf algebras. For example, the author calculated the decomposition formulas of tensor product
of two indecomposable modules of kZn(q)/Id in [12]. Gunnlaugsdóttir [13] considered the representation theory of the
half part u+q of a class of quantum group uq, the decomposition formulas of the tensor product of two indecomposable u+q -
modules have also been constructed. More research of Hopf algebra can see [14]. It is remarked that the representations of
Radford algebra Rn, d have been researched [15, 16], the authors not only provided the finite dimensional representations
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of Rn, d , but also described its representation ring, which is characterized by generators with relations. In [4], the
representations and representation ring of H4, 2 have been given. Chen et al. [17] researched the representations
and representation rings of H2n, 2. However, the representations of Hn, d have not been studied yet for more general
situations. By this motivation, the aim of this paper is to classify all indecomposable modules over Hn, d , and provide
the decomposition formulas of the tensor product of two indecomposable modules of Hn, d . Moreover, the representation
ring of Hn, d is described by two generators with two generating relations.

In this paper, we focus on determining the decomposition formulas of the tensor product of finite dimensional Hn, d-
modules. In Section 2, some necessary symbols and concepts are introduced. The definition of the Hopf algebras Hn, d is
given, the readers can see [1, 3] for more details. It is shown thatHn, d is quasi-triangular if and only if n is even and d = 2.
In Section 3, all indecomposableHn, d-modules are listed. It is shown that there are nd finite dimensional indecomposable
Hn, d-modules up to isomorphism. The decomposition formulas of the tensor product of Hn, d-modules are established.
Finally, the representation ring of Hn, d is characterized. The representation ring is an invariant of a monoidal category,
it plays a significant role in the classification of monoidal categories. Our conclusion adds an example to research in this
field, and it also provides some insights for representation theory of the Hopf algebras and Nichols algebras over Hn, d .

2. The Hopf algebraHn, dHn, dHn, d

Throughout, we work on an algebraically closed field k whose characteristic is 0. Unless otherwise stated. Every
algebra, Hopf algebra and module are defined on k; every module is left module and finite dimensional; every map is
k-linear; dimk, ⊗k and homk are abbreviated as dim, ⊗ and hom. Some elementary knowledge and theory about Hopf
algebras and quantum groups, we refer to [18, 19].

Let n and d be two integers, such that n, d ≥ 2 and d | n. We set m =
n
d
and q be a parameter,

(n)q = 1+q+ · · ·+qn−1,

(n)q! = (n)q(n−1)q · · ·(1)q,

(
n
i

)
q
=

(n)q!
(i)q!(n− i)q!

.

(1)

Suppose that ω ∈ k is a primitive n-th root of unity. First of all, we recall the concept of the Hopf algebra Hn, d .
Definition 1 The Hopf algebra Hn, d is generated by two elements g and x subject to the relations

gn = 1, xd = 0, gx = ωxg, (2)

as an algebra, whose coalgebra structure and an antipode are as follows:

∆(g) = g⊗g+
d−1

∑
k=1

ωd −1
(d − k)!ωm(k)!ωm

xd−kgkm+1 ⊗ xkg, ∆(x) = x⊗1+gm ⊗ x, (3)

ε(g) = 1, ε(x) = 0, (4)

Contemporary Mathematics 6244 | Shilin Yang, et al.



S(g) = g−1, S(x) =−g−mx. (5)

Note that if m = 1, then Hn, d is just n2-dimensional Taft algebra Hn(q) [20], which is a special case of Hopf algebra
Hn, d . It is easy to see that the set

{
xig j | 0 ≤ i ≤ d −1, 0 ≤ j ≤ n−1

}
(6)

is a basis of Hn, d .
Recall that the Radford algebra Rn, d [2], as an algebra, is generated by a and b subjecting to the relations

an = 1, bd = ad −1, ab = ωmba. (7)

In fact, Rn, d is a Hopf algebra whose coalgebra structure and antipode are as follows:

∆(a) = a⊗a, ∆(b) = b⊗1+a⊗b, (8)

ε(a) = 1, ε(b) = 0, S(a) = a−1, S(b) =−ba−1. (9)

It is well-known that Rn, d has the basis

{bsat |0 ≤ s ≤ d −1, 0 ≤ t ≤ n−1}. (10)

Consider the linear forms h and f on Rn, d defined on the basis {bsat |0 ≤ s ≤ d −1, 0 ≤ t ≤ n−1} by

⟨
h, bsat ⟩= δs, 0ω t and

⟨
f , bsat ⟩= δs, 1, (11)

for h, f ∈ R∗
n, d , it follows that Hn, d is just the dual Hopf algebra R∗

n, d of Radford algebra up to isomorphism.
Lemma 2 For 1 ≤ i ≤ m−1 and 0 ≤ j, k ≤ d −1, the following equations hold:

∆(gi) = gi ⊗gi +
d−1

∑
k=1

ω id −1
(d − k)!ωm(k)!ωm

xd−kgkm+i ⊗ xkgi; (12)

∆(x j) =
j

∑
k=0

(
j
k

)
ωm

x j−kgkm ⊗ xk; (13)
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∆(x jgkm+i) =
j

∑
l=0

(
j
l

)
ωm

x j−lg(l+k)m+i ⊗ xlgkm+i (14)

+
j

∑
l=0

d−1

∑
t=1

(
j
l

)
ωm

ω(km+i)d −1
(d − t)!ωm(t)!ωm

ω−ltmxd+ j−l−tg(t+l+k)m+i ⊗ xl+tgkm+i.

Proof. We prove the equation (12) by induction on i. Since xd = 0, one can get

∆(g)∆(gi) =

(
g⊗g+

d−1

∑
k=1

ωd −1
(d − k)!ωm(k)!ωm

xd−kgkm ⊗ xkg

)(
gi ⊗gi +

d−1

∑
k=1

ω id −1
(d − k)!ωm(k)!ωm

xd−kgkm+i ⊗ xkgi

)

= gi+1 ⊗gi+1 +
d−1

∑
k=1

ω id −1
(d − k)!ωm(k)!ωm

gxd−kgkm+i ⊗gxkgi

+
d−1

∑
k=1

ωd −1
(d − k)!ωm(k)!ωm

xd−kgkm+1+i ⊗ xkgi+1

= gi+1 ⊗gi+1 +
d−1

∑
k=1

ω(i+1)d −1
(d − k)!ωm(k)!ωm

xd−kgkm+i+1 ⊗ xkgi+1.

(15)

Therefore, the equation (12) holds. In a similar way, we can show that the equation (13) holds by induction on j.
According to the equations (12), (13) and the relations of Hn, d , one can get the equation (14).

Let Bi(1 ≤ i ≤ m−1) (resp. Td) be the space spanned by the basis

{
x jgkm+i | 0 ≤ k, j ≤ d −1

}(
resp.

{
gms′xt ′ | 0 ≤ s′, t ′ ≤ d −1

})
. (16)

By Lemma 2, we have the following Lemma.
Lemma 3 As coalgebras

Hn, d =
m−1⊕
i=1

Bi ⊕Td . (17)

Td is isomorphic to d2-dimensional Taft algebra Hd(q) as Hopf algebras, and Bi is a simple subcoalgebra of Hn, d .
Proof. In Td , we have

(gm)d = 1, gmx = ωmxgm, xd = 0. (18)
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∆(gm) = gm ⊗gm, ∆(x) = x⊗1+gm ⊗ x, (19)

ε(gm) = 1, ε(x) = 0, S(gm) = (gm)−1 , S(x) =−g−mx. (20)

Therefore, Td is isomorphic to d2-dimensional Taft algebra as Hopf algebras.
In Bi(1 ≤ i ≤ m−1), one can get that ∆(x jgkm+i) ∈ Bi ⊗Bi by equation (14). Hence, Bi is a subcoalgebra of Hn, d .

Now let 0 ̸= a =
d−1
∑

j, k=0
b j, kx jgkm+i ∈ Bi, there are 0 ̸= b j, k ∈ k. Let

j0 = min{ j|b j, k ̸= 0}, k0 = min{k|b j0, k ̸= 0}. (21)

We have b j0, k0 ̸= 0 and yield that gk0m+i ∈Bi by equation (14). Andwe conclude that xlgk0m+i ∈Bi for all 0≤ l ≤ d−1
by equation (12). Repeating the application of equation (14) and (12), one can get that gsm+i ∈ Bi for all 0 ≤ s ≤ d − 1.
and all x jgsm+i ∈ Bi for all 0 ≤ j ≤ d −1 and 0 ≤ s ≤ d −1, it implies that Bi has no subcoalgebra. Hence, Bi is a simple
subcoalgebra of Hn, d .

The proof is complete.
On the basis of Lemma 3, we can induce the coradical and Jacobson radical of Hn, d . Let C0 and rad(Hn, d) denote

the coradical and Jacobson radical of Hn, d , respectively. we have

C0 =
m−1⊕
i=1

Bi ⊕
d−1⊕
k=0

kgkm

and rad(Hn, d) is the space spanned by the set
{

gix j | 0 ≤ i ≤ n−1, 1 ≤ j ≤ d −1
}
. Moreover gkm(0 ≤ k ≤ d − 1) are

all group-likes of Hn, d . This implies that if m ̸= 1, Hn, d is a neither pointed nor semisimple Hopf algebra.
Proposition 4 The Hopf algebra Hn, d is quasi-triangular if and only if n is even and d = 2. In other cases the Hopf

algebras are not almost cocommutative.
Proof. Let

R = ∑
0≤i, j≤n−1
0≤u, v≤d−1

du, v
i, j gixu ⊗g jxv ∈ Hn, d ⊗Hn, d (22)

be an invertible element such that ∆′R = R∆, where ∆′ stands for the opposite comultiplication and du, v
i, j ∈ k. Since

∆′(gm)R = R∆(gm), we have

∑du, v
i, j gm+ixu ⊗gm+ jxv = ∑du, v

i, j ω−m(u+v)gm+ixu ⊗gm+ jxv. (23)

It means that du, v
i, j = 0 if d ∤ u+ v. It is noted that ∆(x) = x⊗1+gm ⊗ x, we have following

Volume 6 Issue 5|2025| 6247 Contemporary Mathematics



∑ω− jdu, v
i, j gixu ⊗g jxv+1 +∑ω−idu, v

i, j gixu+1 ⊗gm+ jxv

=∑du, v
i, j gixu+1 ⊗g jxv +∑ω−mudu, v

i, j gm+ixu ⊗g jxv+1,

(24)

if u = v = 0, then

ω−id0, 0
i, j = d0, 0

i, j+m, ω− jd0, 0
i+m, j = d0, 0

i, j , (25)

and if u ̸= 0, v ̸= 0, u+ v = d, then

ω− jdu, v−1
i, j +ω−idu−1, v

i, j−m = du−1, v
i, j +ω−mudu, v−1

i−m, j . (26)

In particular, we have d0, 0
0, 0 = d0, 0

0, m and d0, 0
0, 0 = d0, 0

m, 0.Butω−md0, 0
m, m = d0, 0

0, m and d0, 0
m, m =ω−md0, 0

m, 0, so either (ω
m)2 = 1

or d0, 0
i, j = 0 for all (i, j). If d0, 0

i, j = 0 for all (i, j), then

R = ∑
0≤i, j≤n−1
1≤u, v≤d−1

du, v
i, j gixu ⊗g jxv, (27)

according to xd = 0, it follows that R is a nilpotent element, and it is not invertible. Hence, at least one d0, 0
i, j is non-zero,

it follows that ω2m = 1 and n | 2m by ω is a primitive n-th root of unity. Therefore, d = 2 and n = 2m. On the other hand,
all universal R-matrices of H2m, 2 are given in [17, Theorem 1.6].

3. Representations ofHn, dHn, dHn, d

In this section, we mainly focus on classifying all representations of Hn, d .
SinceHn, d is a Nakayama algebra,Hn, d is of finite representation type. Suppose thatM (l, i)(0≤ l ≤ d−1, i∈Zn)

is a vector space, and {x(i)0 , · · · , x(i)l } is a basis of M (l, i), then M (l, i) is a Hn, d-module as follows:

g · x(i)j = ω j−ix(i)j , 0 ≤ j ≤ l.

x · x(i)j =


x(i)j+1, 0 ≤ j ≤ l −1,

0, j = l,

(28)

and M (l, i) is an indecomposable uniserial Hn, d-module.
Proposition 5 Up to isomorphism, the following set
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{M (l, i) | 0 ≤ l ≤ d −1, i ∈ Zn} (29)

consists of all indecomposable Hn, d-modules.
Let M and N be two H -modules, where H is a Hopf algebra, then M ⊗N is also an H -module, the action of

H on M ⊗N as follows:

h · (u⊗ v) = ∑
(h)

h(1) ·u⊗h(2) · v (30)

for all h ∈ H and u ∈ M , v ∈ N .
Let I and Jd be two sets, such that I = {0} or I = Zn, and if d ∈ N, then Jd = {0, · · · , d − 1}; if d = ∞,

then Jd = N. Next we consider a ring, which is a free commutative group, and generated by the elements [θ , σ ], where
(θ , σ) ∈ I ×Jd , it has a Z-basis

{[θ , σ ]|(θ , σ) ∈ I ×Jd} . (31)

The addition law is denoted by⊕. One can endowwith a multiplication structure to this group, and the multiplication
law is denoted by ⊗. We stipulate that if σ < 0, then [θ , σ ] = 0.

We need assume that the following equations hold true:

[θ , 0]⊗ [δ , 0] = [θ +δ , 0],

[0, 1]⊗ [δ , ρ] = [δ , ρ +1]⊕ [δ −1, ρ −1] for 0 ≤ ρ ≤ d −2,

(32)

and

[0, 1]⊗ [δ , d −1] = [δ , d −1]⊕ [δ −1, d −1] (33)

where θ , δ ∈ I and ρ ∈ Jd , and these equations are symmetrical about multiplication law.
Lemma 6 For θ , δ ∈ I and σ , ρ ∈ Jd , the equations are correct:

1. [θ , σ ]⊗ [δ , ρ] =
min(σ , ρ)⊕

l=0
[θ +δ − l, σ +ρ −2l] for u+ v ≤ d −1.

2. [θ , σ ]⊗ [δ , ρ] =
e⊕

l=0
[θ +δ − l, d−1]⊕

min(σ , ρ)⊕
l=e+1

[θ +δ − l, σ +ρ−2l] for σ +ρ ≥ d−1where e=σ +ρ−(d−1).

Proof. In [13, Proposition 3.1], i+ 1 is replaced by θ − 1; i+ j+ 1 is replaced by θ + δ − 1; m is replaced by d;
i+ j+ l is replaced by θ +δ − l; j+1 is replaced by δ −1, and i+ j+ l+1 is replaced by θ +δ − l−1. Then the proof
is the same as the proof of [13, Proposition 3.1].

Now we return to the decomposition of the tensor product of Hn, d-modules, we have following several lemmas.
Lemma 7 If 0 ≤ r ≤ d −1 and τ, i, τ + i ∈ Zn, then we have
1. M (0, i)⊗M (r, τ)∼= M (r, τ)⊗M (0, i)∼= M (r, τ + i);
2. M (r, τ)∼= M (0, τ)⊗M (r, 0)∼= M (r, 0)⊗M (0, τ).
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Proof. In order to computer the decomposition formulas of M (0, i)⊗M (r, τ) and M (r, τ)⊗M (0, i), where
0 ≤ r ≤ d −1 and i, τ ∈ Zn, we have

g · (v(i)0 ⊗u(τ)j ) = ω j−τ−iv(i)0 ⊗u(τ)j , 0 ≤ j ≤ r.

x · (v(i)0 ⊗u(τ)j ) =


ω−miv(i)0 ⊗u(τ)j+1, 0 ≤ j ≤ r−1,

0, j = r.

(34)

we set

a j = (ω−mi)( j−1)v(i)0 ⊗u(τ)j . (35)

Then Hn, d-module M(0, i)⊗M(r, s) has a new basis {a j | 0 ≤ j ≤ r} as a vector space, and

g ·a j = ω j−τ−ia j, 0 ≤ j ≤ r.

x ·a j =


a j+1, 0 ≤ j ≤ r−1,

0, j = r.

(36)

Moreover,

g · (u(τ)j ⊗ vi
0) = ω j−τ−iu(τ)j ⊗ v(i)0 , 0 ≤ j ≤ r.

x · (u(τ)j ⊗ v(i)0 ) =


u(τ)j+1 ⊗ v(i)0 , 0 ≤ j ≤ r−1,

0, j = r.

(37)

Therefore, the first conclusion holds. In a similar way, one can prove the statement (2).
Lemma 8 Suppose that 1 ≤ l ≤ d −2 and d ≥ 2, then we have

M (1, 0)⊗M (l, 0)∼= M (l, 0)⊗M (1, 0)∼= M (l +1, 0)⊕M (l −1, −1). (38)

Proof. In order to consider the decomposition formulas of M (1, 0)⊗M (l, 0) and M (l, 0)⊗M (1, 0), where
1 ≤ l ≤ d −2 and d ≥ 2, we have
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g · (v(0)0 ⊗u(0)j ) = ω jv(0)0 ⊗u(0)j , 0 ≤ j ≤ l.

x · (v(0)0 ⊗u(0)j ) =


v(0)1 ⊗u(0)j + v(0)0 ⊗u(0)j+1, 0 ≤ j ≤ l −1,

v(0)1 ⊗u(0)l , j = l.

g · (v(0)1 ⊗u(0)j ) = ω j+1v(0)1 ⊗u(0)j , 0 ≤ j ≤ l.

x · (v(0)1 ⊗u(0)j ) =


ωmv(0)1 ⊗u(0)j+1, 0 ≤ j ≤ l −1,

0, j = l.

(39)

Set

β j =
1−ωm j

1−ωm v(0)1 ⊗u(0)j−1 + v(0)0 ⊗u(0)j , 0 ≤ j ≤ l,

βl+1 =
1−ωm(l+1)

1−ωm v(0)1 ⊗u(0)l ,

γt =−ωmv(0)0 ⊗u(0)t+1 +
1+ωm + · · ·+ω(l−1−t)m

ω(l−1−t)m
v(0)1 ⊗u(0)t , 0 ≤ t ≤ l −1.

(40)

Obviously, as a vector space, {β j, γt | 0≤ j ≤ l+1, 0≤ t ≤ l−1} is a new basis ofHn, d-moduleM (1, 0)⊗M (l, 0),
and

g ·β j = ω jβ j, 0 ≤ j ≤ l +1.

x ·β j =


β j+1, 0 ≤ j ≤ l,

0, j = l +1.

g · γt = ω t+1γt , 0 ≤ t ≤ l −1.

x · γt =


γt+1, 0 ≤ j ≤ l −2,

0, j = l −1.

(41)
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It follows that M (1, 0)⊗M (l, 0)∼= M (l +1, 0)⊕M (l −1, −1) for all 1 ≤ l ≤ d −2 and d ≥ 2.
On the other hand,

g · (u(0)j ⊗ v(0)0 ) = ω ju(0)j ⊗ v(0)0 , 0 ≤ j ≤ l.

x · (u(0)j ⊗ v(0)0 ) =


u(0)j+1 ⊗ v(0)0 +ωm ju(0)j ⊗ v(0)1 , 0 ≤ j ≤ l −1,

ωmlu(0)l ⊗ v(0)1 , j = l.

g · (u(0)j ⊗ v(0)1 ) = ω j+1u(0)j ⊗ v(0)1 , 0 ≤ j ≤ l.

x · (u(0)j ⊗ v(0)1 ) =


u(0)j+1 ⊗ v(0)1 , 0 ≤ j ≤ l −1,

0, j = l.

(42)

We set

δ0 = u(0)0 ⊗ v(0)0 , δ j = u(0)j ⊗ v(0)0 +(1+ωm + · · ·+ωm( j−1))u(0)j−1 ⊗ v(0)1 , 1 ≤ j ≤ l,

δl+1 = (1+ωm + · · ·+ω lm)u(0)l ⊗ v(0)1 ,

bt = u(0)t+1 ⊗ v(0)0 − (ω(t+1)m +ω(t+2)m + · · ·+ω lm)u(0)t ⊗ v(0)1 , 0 ≤ t ≤ l −1.

(43)

It is easy to check that {δ j, bt | 0 ≤ j ≤ l +1, 0 ≤ t ≤ l −1} forms a basis of M(l, 0)⊗M(1, 0), and

g ·δ j = ω jδ j, 0 ≤ j ≤ l +1.

x ·δ j =


δ j+1, 0 ≤ j ≤ l,

0, j = l +1.

g ·bt = ω t+1bt , 0 ≤ t ≤ l −1.

x ·bt =


bt+1, 0 ≤ t ≤ l −2,

0, t = l −1.

(44)

Hence, we have
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M (l, 0)⊗M (1, 0)∼= M (l +1, 0)⊕M (l −1, −1) (45)

for all 1 ≤ l ≤ d −2 and d ≥ 2.
Lemma 9 M (1, 0)⊗M (d −1, 0)∼= M(d −1, 0)⊗M (1, 0)∼= M (d −1, 0)⊕M (d −1, −1).
Proof. Considering the tensor product M (1, 0)⊗M (d −1, 0) and M (d −1, 0)⊗M (1, 0), we have

g · (v(0)0 ⊗u(0)0 ) = v(0)0 ⊗u(0)0 +
ωd −1

(d −1)!ωm
v(0)1 ⊗u(0)d−1

g · (v(0)0 ⊗u(0)j ) = ω jv(0)0 ⊗u(0)j , 1 ≤ j ≤ d −1.

x · (v(0)0 ⊗u(0)j ) =


v(0)1 ⊗u(0)j + v(0)0 ⊗u(0)j+1, 0 ≤ j ≤ d −2,

v(0)1 ⊗u(0)d−1, j = d −1.

g · (v(0)1 ⊗u(0)j ) = ω j+1v(0)1 ⊗u(0)j , 0 ≤ j ≤ d −1.

x · (v(0)1 ⊗u(0)j ) =


ωmv(0)1 ⊗u(0)j+1, 0 ≤ j ≤ d −2,

0, j = d −1.

(46)

We set

β ′
0 = v(0)0 ⊗u(0)0 − 1

(d −1)!ωm
v(0)1 ⊗u(0)d−1,

β ′
j = v(0)0 ⊗u(0)j +(1+ωm + · · ·+ωm( j−1))v(0)1 ⊗u(0)j−1, 1 ≤ j ≤ d −1,

γ ′t = ωmv(0)0 ⊗u(0)t+1 +
1−ωm −·· ·−ω(d−1−t)m

ω(d−1−t)m
v(0)1 ⊗u(0)t , 0 ≤ t ≤ d −2,

γ ′d−1 = v(0)1 ⊗u(0)d−1.

(47)

It is easy to check that {β ′
j, γ ′t | 0 ≤ j ≤ d−1, 0 ≤ t ≤ d−1} forms a new basis of Hn, d-module M(1, 0)⊗M(d−

1, 0), and
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g ·β ′
j = ω jβ ′

j, 0 ≤ j ≤ d −1.

x ·β ′
j =


β ′

j+1, 0 ≤ j ≤ d −2,

0, j = d −1.

g · γ ′t = ω t+1γ ′τ , 0 ≤ t ≤ d −1.

x · γ ′t =


γ ′t+1, 0 ≤ t ≤ d −2,

0, t = d −1.

(48)

It follows that M (1, 0)⊗M (d −1, 0)∼= M (d −1, 0)⊕M (d −1, −1).
On the other hand,

g · (u(0)0 ⊗ v(0)0 ) = u(0)0 ⊗ v(0)0 +
ωd −1

(d −1)!ωm
u(0)d−1 ⊗ v(0)1 ,

g · (u(0)j ⊗ v(0)0 ) = ω ju(0)j ⊗ v(0)0 ,

x · (u(0)j ⊗ v(0)0 ) =


u(0)j+1 ⊗ v(0)0 +ωm ju(0)j ⊗ v(0)1 , 0 ≤ j ≤ d −2,

ωm(d−1)u(0)d−1 ⊗ v(0)1 , j = d −1.

g · (u(0)j ⊗ v(0)1 ) = ω j+1u(0)j ⊗ v(0)1 , 0 ≤ j ≤ d −1.

x · (u(0)j ⊗ v(0)1 ) =


u(0)j+1 ⊗ v(0)1 , 0 ≤ j ≤ d −2,

0, j = d −1.

(49)

We set

δ ′
0 = u(0)0 ⊗ v(0)0 − 1

(d −1)!ωm
u(0)d−1 ⊗ v(0)1 ,

δ ′
j = u(0)j ⊗ v(0)0 +(1+ωm + · · ·+ωm( j−1))u(0)j−1 ⊗ v(0)1 , 1 ≤ j ≤ d −1,
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b′t = u(0)τ+1 ⊗ v(0)0 − (ω(τ+1)m +ω(τ+2)m + · · ·+ωmd)u(0)t ⊗ v(0)1 , 0 ≤ t ≤ d −2,

b′d−1 =−u(0)d−1 ⊗ v(0)1 .

(50)

It is easy to check that {δ ′
j, b′τ | 0 ≤ j ≤ d −1, 0 ≤ t ≤ d −1} forms a new basis of M (d −1, 0)⊗M (1, 0), and

g ·δ ′
j = ω jδ ′

j, 0 ≤ j ≤ d −1.

x ·δ ′
j =


δ ′

j+1, 0 ≤ j ≤ d −2,

0, j = d −1.

g ·b′t = ω t+1b′t , 0 ≤ t ≤ d −1.

x ·b′t =


b′t+1, 0 ≤ t ≤ d −2,

0, t = d −1.

(51)

It follows that M (d −1, 0)⊗M (1, 0)∼= M (d −1, 0)⊕M (d −1, −1).
Example 10 Suppose that n = 4 and d = 2, then H4, 2 is just (A′′

C4
)∗. In [4], Lemma 3.3 has decomposed the tensor

product of (A′′
C4
)∗-modules. We also have the following decomposition formulas of the tensor product of (A′′

C4
)∗-modules

by Lemma 7-9:
1. M (0, i)⊗M (0, j)∼= M (0, j)⊗M (0, i)∼= M (0, i+ j);
2. M (0, i)⊗M (1, j)∼= M (1, j)⊗M (0, i)∼= M (1, i+ j);
3. M (1, i)⊗M (1, j)∼= M (1, j)⊗M (1, i)∼= M (1, i+ j)⊕M (1, i+ j−1),

where i, j, i+ j, i+ j−1 ∈ Z4.
Next, let’s summarize the main conclusions of this section as follows.
Theorem 11 Suppose that 0 ≤ σ , ρ ≤ d −1 and i, j ∈ Zn, then
1. if σ +ρ ≤ d −1, then

M (σ , i)⊗M (ρ, j)∼=
min(σ , ρ)⊕

k=0

M (σ +ρ −2k, i+ j− k); (52)

2. if σ +ρ ≥ d −1, set t = σ +ρ − (d −1), then

M (σ , i)⊗M (ρ, j)∼=
t⊕

k=0

M (d −1, i+ j− k)⊕
min(σ , ρ)⊕

k=t+1

M (σ +ρ −2k, i+ j− k). (53)
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Proof. In the category ofHn, d-modules, by Lemma 6, we have that the decomposition formulas of the tensor product
of simple Hn, d-modules, it implies all simple Hn, d-modules can be generated by [M (0, 1)]. By Lemma 7 and 9, one
can get that the decomposition formulas of the tensor product of indecomposable Hn, d-modules, it follows that arbitrary
indecomposable Hn, d-modules is generated by [M (0, 1)] and [M (1, 0)]. And the proof follows from Lemma 6 and
Lemma 7-9.

As everyone knows that if Hopf algebra H is quasi-triangular, then the representation ring of H is a commutative
ring. In general, Hn, d is not quasi-triangular. However, Theorem 11 implies that the multiplication law⊗ is commutative
in the category of Hn, d-modules. Therefore, we have following corollary.

Corollary 12 Let M and N be two arbitrary Hn, d-module, then M ⊗N ∼= N ⊗M .
By Theorem 11 we have that the representation ring r(Hn, d) ofHn, d is generated by [M (0, 1)] and [M (1, 0)]with

the relations:

[M (0, 1)]n = [M (0, 0)], (54)

([M (0, 1)]− [M (1, 0)]− [M (0, 0)])
[ d−1

2 ]

∑
i=0

(−1)i
(

d −1− i
i

)
[M (0, 1)]i[M (1, 0)]d−1−2i = 0, (55)

where [M (0, 0)] is the unit element of r(Hn, d).
The analogous statements as in [21], the representation ring r(Hn, d) of Hn, d can be easily characterized as follows.
Remark 13 As a ring, we have r(Hn, d)∼= Z[y, z]/I , where I is the ideal generated by

yn −1, (z− y−1)
[ d−1

2 ]

∑
i=0

(−1)i
(

d −1− i
i

)
yizd−1−2i. (56)

Based on the above remark, we can give several representation rings of Hopf algebras as follows.
Example 14
If n = 2 and d = 2, then r(H2, 2)∼= Z[y, z]/

⟨
y2 −1, (z− y−1)z

⟩
(also can see [22]);

If n = 4 and d = 2, then r(H4, 2)∼= Z[y, z]/
⟨

y4 −1, (z− y−1)z
⟩
(also can see [4]);

If n = 6 and d = 3, then r(H6, 3)∼= Z[y, z]/
⟨

y6 −1, (z− y−1)(z2 − y)
⟩
;

If n = 9 and d = 3, then r(H9, 3)∼= Z[y, z]/
⟨

y9 −1, (z− y−1)(z2 − y)
⟩
;

If n = 12 and d = 4, then r(H12, 4)∼= Z[y, z]/
⟨

y12 −1, (z− y−1)(z3 −2yz)
⟩
.

Remark 15 If n is a odd or d ̸= 2, then Hn, d is not quasi-triangular, however, the representation ring of Hn, d is a
commutative ring. It begs a question: if the representation ring of a Hopf algebra H is a commutative ring, then What are
the properties of H?
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