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1. Introduction

Suppose that k is always an algebraically closed field whose characteristic is zero, and our work is to discuss the
modules of a nd-dimensional Hopf algebra /%, ; with Chevalley property (see Definition 1, also can see [1]), which is
neither pointed nor semi-simple. And J%, ; is just the dual Hopf algebra of Radford algebra up to isomorphim [2, 3].

The Hopf algebra .77, 4 plays a significant role in constructing and classifying Hopf algebras and Nichols algebras.
Note that 73 » and % » are the unique neither pointed nor semi-simple 8-dimension and 12-dimension Hopf algebras
(see [4, 5]). In [6], Garcia and Giraldi provided all finite dimensional Hopf algebras over the field k, of which the
coradicals generate .77 , up to isomorphism. Basing on this, the author [7] determined all finite dimensional Nichols

algebras in the category of Yetter-Drinfied module ﬁj i@ 2. Furthermore, some new Hopf algebras without the dual

Chevalley property were obtained. In addition, some new Nichols algebras in jfg z@ 2 which are not of diagonal type
were given by the authors in [8, 9]. Several families of new Hopf algebras were provided, they are dimension 216. It is
noticed that the classification of finite dimensional Nichols algebras over 7%, , has been established in [10], and finite
dimensional Hopf algebras over .74, , in general case has been given [11].

To describe the decomposition of the tensor product of finite dimensional modules is a classic problem in the
representation theory of Hopf algebras. For example, the author calculated the decomposition formulas of tensor product
of two indecomposable modules of kZ,(q)/I; in [12]. Gunnlaugsdéttir [13] considered the representation theory of the
half part u;; of a class of quantum group u,, the decomposition formulas of the tensor product of two indecomposable u;r-
modules have also been constructed. More research of Hopf algebra can see [14]. It is remarked that the representations of
Radford algebra %, 4 have been researched [15, 16], the authors not only provided the finite dimensional representations
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of %y, 4, but also described its representation ring, which is characterized by generators with relations. In [4], the
representations and representation ring of 7 , have been given. Chen et al. [17] researched the representations
and representation rings of 7%, ». However, the representations of 7, ; have not been studied yet for more general
situations. By this motivation, the aim of this paper is to classify all indecomposable modules over .7, 4, and provide
the decomposition formulas of the tensor product of two indecomposable modules of 7, ;. Moreover, the representation
ring of J7;, 4 is described by two generators with two generating relations.

In this paper, we focus on determining the decomposition formulas of the tensor product of finite dimensional /7, 4-
modules. In Section 2, some necessary symbols and concepts are introduced. The definition of the Hopf algebras J7;, 4 is
given, the readers can see [ 1, 3] for more details. It is shown that .7, ; is quasi-triangular if and only if  is even and d = 2.
In Section 3, all indecomposable .7, 4-modules are listed. It is shown that there are nd finite dimensional indecomposable
4, 4-modules up to isomorphism. The decomposition formulas of the tensor product of .7, ;-modules are established.
Finally, the representation ring of .7, 4 is characterized. The representation ring is an invariant of a monoidal category,
it plays a significant role in the classification of monoidal categories. Our conclusion adds an example to research in this
field, and it also provides some insights for representation theory of the Hopf algebras and Nichols algebras over 77, 4.

2. The Hopf algebra J4, 4

Throughout, we work on an algebraically closed field k whose characteristic is 0. Unless otherwise stated. Every
algebra, Hopf algebra and module are defined on k; every module is left module and finite dimensional; every map is
k-linear; dimy, ®j, and homy, are abbreviated as dim, ® and hom. Some elementary knowledge and theory about Hopf
algebras and quantum groups, we refer to [18, 19].

Let n and d be two integers, such that n, d >2 and d | n. We set m = g and g be a parameter,

(n)g=1+g++q"",

(n)g! = (n)g(n—1)g--- (1),

Suppose that @ € k is a primitive n-th root of unity. First of all, we recall the concept of the Hopf algebra J7;, 4.
Definition 1 The Hopf algebra 77, , is generated by two elements g and x subject to the relations

M

gn = la xd = 07 8x = wxg, (2)

as an algebra, whose coalgebra structure and an antipode are as follows:

d—1

d_
A(g)=g®g+2( o~
k=1

d—k _km+1 k A _ 1 m 3
Al @s & oxe () =x®1+g"®x, (€)

g(g) =1, 8(}():07 4)
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Note that if m = 1, then JZ, , is just n?-dimensional Taft algebra H,(q) [20], which is a special case of Hopf algebra

Hy, 4. It is easy to see that the set

{¥g/|0<i<d—1,0<j<n—1}

is a basis of J7;, 4.
Recall that the Radford algebra %, , [2], as an algebra, is generated by a and b subjecting to the relations

d'=1, b'=a"—1, ab=w"ba.
In fact, %, 4 is a Hopf algebra whose coalgebra structure and antipode are as follows:

Ala) =a®a, Ab)=bx1+a®b,

It is well-known that %, 4 has the basis
{Pd0<s<d—1,0<t<n—1}.
Consider the linear forms 4 and f on %, 4 defined on the basis {*a’'|0 <s <d—1,0<r<n—1} by

<l’l7 bsat> = 55’ 0(1)1 and <f, bsat> = 6& 1,

forh, fe %:; 4» it follows that J7, ; is just the dual Hopf algebra %, , of Radford algebra up to isomorphism.

Lemma2For 1 <i<m—1and0 < j, k <d— 1, the following equations hold:

d—1 ol —1

Alg)=gwg+) (
k=1

d—k  km-+i xk i
4Rl (Qlgn & X8

sy (1) o

(6)

(7

®)

)

(10)

(11)

(12)

(13)
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‘ , i/ .
A(xjgkrn+z) _ Z <J> x]flg(l+k)m+z ®xlgkm+l (14)
wlTl

i y ( ) okmtid —q ltm d+j—I—t (k) mti o I+ kmti
+ w— n’lx j_—g m l®x gm l.
—0t= 1 l N (d_t)!wm(t)!wm

Proof. We prove the equation (12) by induction on i. Since x? = 0, one can get

; -l -1 d_1
A(2)A ®g+ —dkkm®)g( ® + —xdkkn1+l®x
(8)A(g") = (g g Z (d— ) opn (K) L m g||geg Z (d— k) Loy (k) 1o ¢

d— id
. . —1
i+1 i+1 d k km+z
=gt +) —— ®gx
8 8 P (d—k)lgn (K)! mmg 8 g

(15)
d—1 ol —1

L T Ol Wl

xd*kgknri’l“rl ®xkgl+l

T~ et N IS TR S
=g ®g +,;—(d—k)!wm(k)!wmx g Rxgm.

Therefore, the equation (12) holds. In a similar way, we can show that the equation (13) holds by induction on j.
According to the equations (12), (13) and the relations of 7, 4, one can get the equation (14). O
Let B;(1 <i<m—1) (resp. Ty) be the space spanned by the basis

{xjgkm+i | 0 S k, ]Sd_ 1} (resp. {gmslxﬂ | 0 S Sl, t/ S d— 1}) (16)

By Lemma 2, we have the following Lemma.
Lemma 3 As coalgebras

m—1

Sy a =BT, (17)
i=1

Ty is isomorphic to d>-dimensional Taft algebra H,(q) as Hopf algebras, and B; is a simple subcoalgebra of I, d
Proof. In T;, we have

(gm)d =1, g"x=aw"xg", x =0. (18)
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Alg") =g"®g¢", Ax)=x®1+g"®x, (19)

eg") =1, e(x)=0, S(g=1(g") ", Sk =-g"x (20)

Therefore, Ty is isomorphic to d-dimensional Taft algebra as Hopf algebras.
In B;(1 <i<m—1), one can get that A(x/g" %) € B; @ B; by equation (14). Hence, B; is a subcoalgebra of 7, 4.

d-1 A
NowletO#a= Y b; x/gh"ti € B, thereare 0 #b; y € k. Let
J, k=0

Jo=min{j|b; r #0}, ko=min{k|bj, r # 0}. 21

Wehave b, , # 0andyield that g™+ € B; by equation (14). And we conclude thatx' gk + € B; forall0 </ <d—1
by equation (12). Repeating the application of equation (14) and (12), one can get that g”"* € B; forall 0 < s < d — 1.
and all x/g""+ € B, forall0 < j < d—1and 0 < s < d — 1, it implies that B; has no subcoalgebra. Hence, B, is a simple
subcoalgebra of /7, 4.

The proof is complete. O

On the basis of Lemma 3, we can induce the coradical and Jacobson radical of 77, 4. Let Cy and rad(77,, ;) denote
the coradical and Jacobson radical of J7;, 4, respectively. we have

m-1 d-1
Co=PBoPke™
=1 k=0

and rad(.%%, ;) is the space spanned by the set {g'x/ [0 <i<n—1,1<j<d—1}. Moreover g"(0 <k <d—1) are
all group-likes of .7, 4. This implies that if m # 1, 57, 4 is a neither pointed nor semisimple Hopf algebra.

Proposition 4 The Hopf algebra /7, , is quasi-triangular if and only if n is even and d = 2. In other cases the Hopf
algebras are not almost cocommutative.

Proof. Let

R= Z d:»f’jvgixu@gjxv €Iy 4RI 4 (22)
0<i, j<n—1
0<u, v<d—1

be an invertible element such that A’R = RA, where A’ stands for the opposite comultiplication and dl” ’ jv € k. Since
A'(g")R = RA(g™), we have

P e T N L S T (23)

It means that d;” jv =0ifdfu+v. Itis noted that A(x) = x® 1 + g" ® x, we have following
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Z w_jdf"jvgix“ ®gjx"+1 + Z w—idlft,jvgixuﬂ ® gm-‘rjxv

(24)
:Zdl{fajvgixu+1 ®gjxv + Z w—mudl{f,]}’gm-&-ixu ® gjx"'H,
if u =v =0, then
—i ;0,0 _ ;0,0 —i 40,0 50,0
o ’dw. 7dl.7 O /dier_’jfdl.’j, (25)
andifu=0,v#0, u+v=d,then
o d ) oTid = o (26)

. 0,0 ;0,0 0,0 ;0,0 “m 40,0 _ 50,0 0,0 0,0 . 2
In particular, we have dyy’ o =dy’ , and dyy’ o =d, . But @ "dyi, m = dy ,, and dy, = 0~ "d so either (0™) =1

m, 0°
ordy ) =0forall (i, j). Ifd =0 forall (i, j), then

R= ) dijgx" g, @7
o0<i. jen—1
1<u, v<d—1

according to x4 = 0, it follows that R is a nilpotent element, and it is not invertible. Hence, at least one dg’ jO is non-zero,
it follows that ®>" = 1 and n | 2m by @ is a primitive n-th root of unity. Therefore, d = 2 and n = 2m. On the other hand,
all universal R-matrices of .743,, , are given in [17, Theorem 1.6]. O

3. Representations of J%;, 4

In this section, we mainly focus on classifying all representations of .77, .
Since .77, 4 is a Nakayama algebra, .77, 4 is of finite representation type. Suppose that .Z (1, i)(0<1<d—1, i€ Z,)
is a vector space, and {x(()l), ey xl(’)} is a basis of .Z (I, i), then .Z (I, i) is a 7, 4-module as follows:

0<i<i—1 (28)

and . (1, i) is an indecomposable uniserial .7, ;-module.
Proposition 5 Up to isomorphism, the following set
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{#(,1)|0<I<d—-1,i€Zy} (29)
consists of all indecomposable /7, ;-modules.

Let .4 and .4 be two 7#-modules, where 5 is a Hopf algebra, then .#Z & .4 is also an 7#-module, the action of
S on M QN as follows:

h’(M@V):Zh(1)~u®h(2)~v (30)
(h)

forallhe s andue #,ve . N.

Let .# and _Z,; be two sets, such that .# = {0} or & =Z,, and if d € N, then ¢Z; ={0, ---, d —1}; if d = o,

then ¢, = N. Next we consider a ring, which is a free commutative group, and generated by the elements [0, ¢], where
(6, 0) € F x _Z4, it has a Z-basis

{[6, c][(6, o) € I x Fa}. (€29)
The addition law is denoted by . One can endow with a multiplication structure to this group, and the multiplication
law is denoted by ®. We stipulate that if o < 0, then [0, 6] =0.
We need assume that the following equations hold true:

[6,0]®[5, 0]=[0+4, 0],

(32)
0, 1]®[8, p]=1[6, p+1]@[6 -1, p—1] for 0<p <d-2,

and

0, 1]®[8,d—1]=[8,d—1]a[6—1,d—1] (33)

where 6, 8 € . and p € _Z, and these equations are symmetrical about multiplication law.

Lemma 6 For 6, § € . and 6, p € _#,, the equations are correct:
min(c, p)

1.[6, o]®[6,p]l= D [0+06—1, 0+p—2foru+v<d-—1.
1=0

e min(o, p)

2.16,0|[6,p]=B[6+6-1,d—1]® & [0+6—1,0+p—2lforo+p>d—1wheree=0c+p—(d—1).
1=0 I=e+1

Proof. In [13, Proposition 3.1], i+ 1 is replaced by 6 — 1; i+ j+ 1 is replaced by 6 + & — 1; m is replaced by d;

i+ j+1isreplaced by 6 +6 —1I; j+ 1 isreplaced by 6 — 1, and i+ j+ 1+ 1 is replaced by 8 + 8 — [ — 1. Then the proof

is the same as the proof of [13, Proposition 3.1].

O
Now we return to the decomposition of the tensor product of 77, 4-modules, we have following several lemmas.
Lemma7If0<r<d-—1and7, i, T+i€ Z,, then we have

1. A0, )@ (r, ©) = M(r, T)Q.#(0, i) = M (r, T+i);
2. .M (r, T) =2 M0, T)R .M (r,0) = A (r, 0)®.#(0, 7).
Volume 6 Issue 5[2025| 6249
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Proof. In order to computer the decomposition formulas of .Z (0, i) ® .#(r, T) and .# (r, T) @ #(0, i), where

0<r<d-1landi, t €Z,, we have

g ( g) ®u§r)) = wjff*ivéi) ®u§7)7 0<j<r

w*%@@ugp 0<j<r—1,
X- (v(()l> ® uﬁr)) =
0, j=r

we set

aj= (a)f'"i)(jfnv(()i) ® ui.r).

Then 7, 4-module M(0, i) ® M(r, s) has a new basis {a; | 0 < j < r} as a vector space, and

gaj=w""a;, 0<j<r

Moreover,

Therefore, the first conclusion holds. In a similar way, one can prove the statement (2).
Lemma 8 Suppose that 1 </ < d—2 and d > 2, then we have

(1, 0)@.4(1,0)= (1, 0)@.4(1, 0) = A (1+1,0)@.4(1—1, -1).

(34

(35)

(36)

(37

(39%)

Proof. In order to consider the decomposition formulas of .Z (1, 0) @ .# (I, 0) and .# (I, 0) @ .# (1, 0), where

1<I<d-2andd > 2, we have
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0 0 0 0 .
o Weoul v oul), 0<j<i-1,
X (vé)@)ug.)):
v%o)@)ul(o)7 j=1
(39)
g-(v50)®u§.0)):wj+lv< >®u§0), 0<j<I
. (0 0 ,
. a)v(1>®u§+>1, 0<j<I—1,
(Y oul?y =
0, j=1
Set
L—o™ o © . 0 © ,
sz 1_wmv1 ®uj71—|—v0 ®uj , 0<j<
l_a)m(l+l) ) 0)
ﬁl+1:wvl Qu;, (40)
w0 (0 LFo" 4ol g )
Y=—0"vy Qu '+ v ®u 7, 0<t<I—1.

=1-t)m

Obviously, as a vector space, {Bj, 7 |0 < j<I+1,0<r<[—1}isanew basis of 7%, 4-module .7 (1,0)®.#(l,0),

and
g-Bj=wp;, 0<j<I+1.
ﬁj-‘rl? OS]SZa
0, j=1+1.

(41)
g =0Ty 0<r<Ii—I.
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It follows that .Z (1, 0) @ # (1, 0) = #(1+1,0)®.#(1—1, —1) forall 1 </ <d—2andd > 2.
On the other hand,

g (M;O) ®v(()0)) = a)juﬁ.o) ®v(()0)7 0<j<L

((B] ®v(<)0)+a)’”fu(~o>®vgo), 0<j<I-1,

u.
J J
X- (u;0)®véo>) =
0 0 .
wmlu§)®v(1>, j=1L
(42)
g (ugo) ®v(0)) = /0 ®v<10), 0<j<lI
W oV, 0<j<i-1,
x () ©u") =
0, j=1
We set
do=ul@vy, &=u v’ +(1+a"+ -+l 0v? 1< <1,
51+1 _ (1 +(Dm+"'+wlm)ul(0) ®v(10)’ (43)
b, = ut(?&-)l ®v(<)0) _ (w(t+l)m + w(t+2)m NN wlm)ut(o) ®V§O), 0<t<i—1.
It is easy to check that {8, b, |0 < j <I+1, 0 <r <[—1} forms a basis of M(/, 0) @ M(1, 0), and
g 8=w'8, 0<j<I+1.
6j+1a OS.]Sla
x~5j=
0, j=1+1
(44)

Hence, we have
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MU0V M1, 0= A(1+1,0)D4(1—1, —1) (45)

forall1</<d-—2andd > 2. ]
Lemma9 .Z(1,0)@.#(d—1,0)=2M(d—1,0)0.#(1,0)=.#(d—-1,0)d.#(d-1, —1).
Proof. Considering the tensor product .Z (1, 0) @ #(d —1, 0) and .#(d — 1, 0) @ .# (1, 0), we have

We set

d
0 0 0 0 ‘-1 (o 0
g 00 @) =" o+ e,

g-(v(()0>®u5.0)) = a)-ivéo)®u5.0), 1<j<d—1.

Wed” v ou®, 0<j<d-2,
X (v(()o) %] uS.O)) =
v§0)®u207)1, j=d—1. (46)

Bi=v 0ul + (1+ 0"+ + 0" N0l 1< j<d1,

(47

l—@"—-— w(d—l—t)m
Hm o e+ L0 e 0 s

0 0
Yo :vi )®”£121'

It is easy to check that {], %/ |0 < j<d—1, 0 <t <d— 1} forms a new basis of 7, 4-module M(1, 0) @M (d —

1, 0), and
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g Bi=wBj, 0<j<d-1.

(48)
gy =0T, 0<r<d—1.

}{4_17 Ogtgd_za
Xy =

0, t=d-—1.

It follows that .Z (1, 0) @ #(d—1, 0) = #(d—1,0)®.#(d—1, —1).
On the other hand,

w?—1
(d—1)lgm

(0) (0)

g (”(<)0> ® VE)O)) = ”5)0) ® V(<)0> + Ug 2y Qv

g (uﬁ.o> ® v(()o)) = a)juﬁo) ® v(()o),

) @vl +omid? vV, 0<j<d-2,
x- (uS-O) ® v(()o)) =
w’"(d_l)ufi()jl ® VEO), j=d—1. (49)

g o) =l @, 0<j<d-1.

We set

0 0 1 0 0
& :”E))@)V(())_ (d_l)!wm”i’f)l@vg )7

8 =u” v+ (1+ 0"+ + oY @ul” 1< j<d-1,

iporary Math tics 6254 | Shilin Yang, ef al.




b=l @) — (@4 @I @, 0<r<d -2,
(50)

by = *“51(?1 ® "(10)'

It is easy to check that {6}, b7 [0 < j<d—1,0<7<d—1} forms a new basis of .#(d — 1, 0)®.#(1, 0), and

g-8i=ws, 0<j<d-1

5;+]a OSJSd_zv
x-0; =
0, i=d—1.
(51)
g bl=0"b, 0<r<d-1.
b, 0<t<d-2,
x-b;:
0, t=d—1
It follows that .2 (d — 1, 0) @ .# (1, 0) = .4 (d —1, 0)®.#(d—1, —1). O

Example 10 Suppose that n = 4 and d = 2, then J; » is just (Aa)*. In [4], Lemma 3.3 has decomposed the tensor
product of (Ag4 )*-modules. We also have the following decomposition formulas of the tensor product of (Aa)*-modules
by Lemma 7-9:

1. #(0, i) ®.#(0, j)=.#(0, j)®.#(0, i)

2. 40, )41, j)=H#(1, j)@.#(0, i)

3..4(1, D) @#(1, j)=2H(1, j)@H(1, i)
where i, j, i+ j, i+ j— 1€ Za.

Next, let’s summarize the main conclusions of this section as follows.

Theorem 11 Suppose that 0 < o, p <d—1andi, j € Z,, then

l.ifo+p <d—1,then

VACES)F
M1, i+ ),
M i+ DA, i+]—1),

1R 1R

min(o, p)
Mo, )M, )= @ M(o+p—2k i+j—k); (52)
k=0
2.ifc+p>d—1,sett =0+p—(d—1), then
t min(o, p)
Mo, N Mp, ) =P Ad-1,i+j-k® P A(o+p—2k i+j—k). (53)
k=0 k=t+1
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Proof. In the category of /%, ;-modules, by Lemma 6, we have that the decomposition formulas of the tensor product
of simple %, ;-modules, it implies all simple .7, ;-modules can be generated by [.# (0, 1)]. By Lemma 7 and 9, one
can get that the decomposition formulas of the tensor product of indecomposable 77, ;-modules, it follows that arbitrary
indecomposable .77, 4-modules is generated by [.# (0, 1)] and [.# (1, 0)]. And the proof follows from Lemma 6 and
Lemma 7-9. O

As everyone knows that if Hopf algebra 7 is quasi-triangular, then the representation ring of .7 is a commutative
ring. In general, 77, 4 is not quasi-triangular. However, Theorem 11 implies that the multiplication law ® is commutative
in the category of 77, 4-modules. Therefore, we have following corollary.

Corollary 12 Let .# and .4 be two arbitrary J7, 4-module, then #Z @ N = N @ A .

By Theorem 11 we have that the representation ring (7, 4) of 4, 4 is generated by [.# (0, 1)] and [.# (1, 0)] with
the relations:

[0, V)" = [.(0, 0)], (54)

ORI | |
(L0, D)~ L (1, 0) 40, 0)) Y. <—1>l( ) L0, DI, 0 2 =0, (59)

where [ (0, 0)] is the unit element of (%, 4).
The analogous statements as in [21], the representation ring (77, 4) of 7, 4 can be easily characterized as follows.
Remark 13 As aring, we have r(J%, 4) = Zly, z]/#, where .# is the ideal generated by

2 fd—1-1i\ ; ,
Y'—=1, (z—y-1) Y, (—1)’< ; )y’zd‘l‘z’- (56)
i=0
Based on the above remark, we can give several representation rings of Hopf algebras as follows.
Example 14
Ifn=2andd =2, then r(54, 2) 2 Z[y, 2]/ (y* — 1, (z—y—1)z) (also can see [22])
Ifn=4and d =2, then r(54 1) 2 Zly, 2]/ (y* — 1, (z—y—1)z) (also can see [4])
Ifn=6and d =3, then r(% 3) = Zy, 2]/ (y° — 1, (z—y—l)(zz—y)>;
Ifn=9and d = 3, then r(.%, 3)%Z[y, 4/ =1, (z—y—1)(z —y)>;

Ifn=12and d =4, then r(Hz, 4) = Zly, 2}/ (y'* =1, z—y—1)(z* —2y2) ).

Remark 15 If n is a odd or d # 2, then J%, , is not quasi-triangular, however, the representation ring of J%, 4 is a
commutative ring. It begs a question: if the representation ring of a Hopf algebra H is a commutative ring, then What are
the properties of H?
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