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Abstract: Lifetime distributions are indispensable in various scientific applications, particularly for analyzing bivariate
measurements in reliability, engineering, and biomedical sciences. This paper introduces novel univariate and bivariate
Marshall-Olkin Weibull models. Specifically, the Marshall-Olkin Weibull-Rayleigh distribution is proposed, offering
enhanced flexibility to accommodate diverse univariate hazard rate shapes, including increasing, decreasing, and bathtub
curves. Its novel bivariate form, the bivariate Marshall-Olkin Weibull-Rayleigh distribution, is derived using the Farlie-
Gumbel-Morgenstern (FGM) copula function, designed to effectively capture various dependence structures in paired
lifetime data. For parameter estimation, a comprehensive investigation is conducted comparing maximum likelihood
estimation and Two-stage estimation to establish robust and efficient strategies. Furthermore, an accurate methodology
for assessing copula goodness-of-fit is applied, detailing the empirical process approach, the use of pseudo-observations,
and the Cramer-von Mises test statistic. Theoretical results are numerically examined through simulation. Finally,
the superior performance and practical utility of the proposed bivariate Marshall-Olkin Weibull-Rayleigh model are
demonstrated through a thorough analysis of real-world datasets and a comparative study against other established
distributions, showcasing its significant advantages in reliability engineering applications.

Keywords: Marshall Olkin Weibull G distributions, Marshall Olkin Weibull Rayleigh distribution, bivariate Marshall
Olkin Weibull Rayleigh distribution, copula, maximum likelihood method, two-stage estimation
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1. Introduction
Researchers have extensively focused on developing novel methodologies to generate expanded families of

probability distributions, by augmenting existing baseline distributions with additional parameters like shape or scale.
These efforts encompass various strategies, including general methods for parameter addition [1–6], extensions based on
the Marshall-Olkin framework [2, 7, 8], and constructions involving T -X or Weibull-G classes [4, 9–13]. The field has
also seen the development of practical tools, such as comprehensive R packages for working with these new families [14].
Further details on these diverse generation methods can be found in a range of dedicated studies [15–20].
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Regarding Bayesian inference with censored lifetime data, [21] provided a framework for estimation and prediction
concerning a flexible Weibull model under a Type-II censoring scheme, while [22] developed a method for Bayesian
prediction of future observations from an inverse Weibull distribution based on Type-II hybrid censored samples.

This paper introduces novel univariate and bivariate Marshall-Olkin Weibull-Rayleigh (MOWR) models. These
newly developed models feature MOWR marginal distributions, offering significant flexibility both in the marginal
distributions themselves and in their dependence structure. Furthermore, these distributions have potential applications
across various fields.

The Weibull-G (WG) Probability Density Function (PDF) is given by:

f (t, µ, β , δ ) =
µ
β

g(t, δ )
1−G(t, δ )

{
− log[1−G(t, δ )]

β

}µ−1

exp
{
−
[
− log[1−G(t, δ )]

β

]µ}
, t ≥ 0 (1)

Here, G(t, δ ) and g(t, δ ) represent the Cumulative Distribution Function (CDF) and PDF, respectively, of any
baseline distribution that depends on a parameter vector δ . The variable t is within the range of g(t, δ ), β > 0 is the scale
parameter, and µ > 0 is the shape parameter.

The CDF for the WG distribution is then given by:

F(t, µ, β , δ ) = 1− exp
{
−
[
− log[1−G(t, δ )]

β

]µ}
, t ≥ 0. (2)

As detailed by [14, 15], the core functions of the WG distribution, including its PDF, CDF, quantile function, and
methods for random number generation, are well-established. The literature features diverse classes of WG distributions,
such as the Weibull-Pareto proposed by [5], and studies investigating computational aspects like negative log-likelihood
minimization and convergence status for various WG distributions [6]. Additionally, [15] provides a comprehensive
analysis, describing the PDF, CDF, quantile function, and key inference measures including maximum likelihood
estimates, and the Bayesian Information Criterion (BIC), Cramér-von Misses, and Akaike Information Criterion (AIC),
for each of these nineteen families.

Studies on various classes of WG distributions are prominent in the literature. For instance, [5] introduced the
Weibull-Pareto distribution, while [11] proposed the Weibull exponentiated exponential distribution. Beyond specific
distributions, [6] has investigated crucial methodological aspects, such as the minimum value of the negative log-
likelihood function and the convergence status for WG distributions. Moreover, [14] conducted a comprehensive
characterization of nineteen distinct families of G distributions, detailing their probability density functions, cumulative
distribution functions, quantile functions, and associated inference measures (including maximum likelihood estimates,
BIC, Cramér-von Misses, and AIC).

The PDF for the Marshall-Olkin Weibull-G (MOWG) distribution is given by:

f (t, α, µ, β , δ ) =

αµ
β

g(t, δ )
1−G(t, δ )

{
− log[1−G(t, δ )]

β

}µ−1

exp
{
−
[
− log[1−G(t, δ )]

β

]µ}
{

1− ᾱ exp
{
−
[
− log[1−G(t, δ )]

β

]µ}}2 , t ≥ 0, (3)

where G(t, δ ) and g(t, δ ) represent the CDF and PDF, respectively, of any baseline distribution that depends on a
parameter vector δ . The variable t is within the range of g(t, δ ), β > 0 is the scale parameter, and µ > 0 is the shape
parameter.

The CDF for the MOWG distribution is then given by:
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F(t, α, µ, β , δ ) =
1− exp

{
−
[
− log[1−G(t, δ )]

β

]µ}
1− ᾱ exp

{
−
[
− log[1−G(t, δ )]

β

]µ} , t ≥ 0. (4)

Therefore, the quantile function for the MOWG distribution is expressed as:

F−1(P, δ ) = G−1

(
1− exp

{
−β
[
− log

(
1− α p

ᾱ p

)]1/C
})

, t ≥ 0, 0 ≤ p ≤ 1. (5)

The Hazard Rate Function (HRF) for the MOWG distribution is

h(t, α, β , µ, δ ) =

µα
β

g(t, δ )
1−G(t, δ )

{
− log[1−G(t, δ )]

β

}µ−1

exp
{
−
[
− log[1−G(t, δ )]

β

]µ}

1−
1− exp

{
−
[
− log[1−G(t, δ )]

β

]µ}
1− ᾱ exp

{
−
[
− log[1−G(t, δ )]

β

]µ}
. (6)

Consistent with the methodology outlined by [15], methods for generating random numbers for the MOWG
distribution can be directly derived from its PDF, CDF, and quantile function. This approach aligns with the broader
utility of copulas, which offer a versatile framework for constructing multivariate distributions and analyzing dependence
among random variables, proving invaluable in addressing various significant problems. Consequently, a substantial body
of research exists on bivariate and multivariate lifetime distributions developed using diverse construction techniques and
copula functions (for more details, see [23, 24]). Recent developments in bivariate distributions are extensively covered
in the literature, for example, by [25–37].

Extending the framework of bivariate Weibull-G distributions, notably the investigations by [29] into models with
varying shape parameters (e.g., Weibull-Uniform, Weibull-Exponential, Weibull-Chi-square, and Weibull-Rayleigh), this
paper proposes the bivariate Marshall-Olkin Weibull-Rayleigh (BMOWR) models. These models are developed using
the Farlie-Gumbel-Morgenstern (FGM) copula, and the research focuses on determining the most appropriate among
them. The efficacy of the proposed BMOWR model is then rigorously assessed through extensive simulation studies and
real-world data analyses.

This paper aims to address existing gaps in the literature by presenting several key contributions to the field of lifetime
data modeling and analysis:

• The MOWRmodel offers increased flexibility for analyzing univariate and bivariate lifetime data, accommodating
various hazard rate shapes including increasing, decreasing, and bathtub curves.

• BMOWR model using the FGM copula is specifically designed to capture diverse dependence structures in paired
lifetime data, addressing limitations in existing bivariate models.

• The performance of the Maximum Likelihood Estimation (MLE) and Two-Stage Estimation (TSE) methods is
compared to provide robust and efficient estimation strategies for the proposed model.

• An application of the empirical process approach for assessing copula goodness-of-fit. This includes the accurate
use of pseudo-observations and the Cramer-vonMises test statistic, offering a robust framework for validating the bivariate
model.
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• The applicability and superior performance of the proposed BMOWR model are achieved through a thorough
analysis of a real-world dataset and a comparative study against other established bivariate models, thereby showcasing
its utility and advantages in reliability engineering.

Accurately modeling lifetime data is fundamental across diverse scientific and engineering disciplines, particularly
in reliability analysis, biomedical research, and complex system design. Many real-world systems, however, involve
components with inherently interdependent lifetimes, where assuming independence often leads to inaccurate predictions
and suboptimal decision-making. Existing bivariate lifetime models frequently lack the necessary flexibility to simultan-
eously capture the complex and varied hazard rate behaviors of individual components and the intricate dependence
structures between them. Addressing this critical gap, this paper introduces a novel and highly versatile BMOWR
distribution. Constructed using the FGM copula, the BMOWR model offers unprecedented flexibility in modeling
bivariate HRF shapes, including the crucial increasing, decreasing, and bathtub curves, which are vital for understanding
joint degradation processes. Furthermore, it effectively captures diverse dependence structures between component
lifetimes. We carefully explore its structural properties and propose robust parameter estimation strategies using both
MLE and TSE methods. Extensive simulation studies validate the estimators’ performance, and real-world data analyses
quantitatively demonstrate the BMOWR’s superior fit and applicability compared to established benchmarks. This work
thus provides a powerful new tool for reliability engineering, biomedical research, and other fields requiring accurate
modeling of interdependent lifetime data.

This article is structured as follows: Section 2 details the proposed newMOWRmodel. Section 3 introduces a novel
BMOWR model derived using the FGM copula function. The estimation of the BMOWR model’s parameters using the
MLE and TSE methods is covered in section 4. Section 5 introduces the methodology for assessing the goodness-of-fit
of copula models, detailing the empirical process approach, the use of pseudo-observations, and the Cramér-von Mises
test statistic for comparing parametric and empirical copulas. A real-world dataset is analyzed in section 6 to illustrate
the performance of the suggested bivariate model and compare it with other bivariate models. Section 8 gives concluding
remarks. Suggestions for future research are provided in section 9.

2. Univariate Marshall Olkin Weibull Rayleigh distribution
This section presents and studies the MOWR distribution. Considering that t has the Rayleigh distribution, then

g(t; λ ) = 2
t

λ 2 exp
(
− t2

λ 2

)
, 0 < t < λ < ∞ (7)

and

G(t; λ ) = 1− exp
(
− t2

λ 2

)
(8)

Consequently, the PDF and CDF of the MOWR distribution are given by, respectively:

f (t, α, µ, β , λ ) =

2αµ
λ 2µ β µ t2µ−1 exp

{
−
[

t2

λ 2β

]µ}
{

1− ᾱ exp

{
−
[

t2

λ 2β

]µ}}2 , t, α, µ, β , λ > 0 (9)
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and

F(t, α, µ, β , λ ) =
1− exp

{
−
[

t2

λ 2β

]µ}

1− ᾱ exp

{
−
[

t2

λ 2β

]µ} , t, α, µ, β , λ > 0 (10)

The HRF for the MOWR distribution is as follows:

h(t, α, β , µ, δ ) =

2αµ
λ 2µ β µ t2µ−1 exp

{
−
[

t2

λ 2β

]µ}
{

exp

{
−
[

t2

λ 2β

]µ}
− ᾱ exp

{
−
[

t2

λ 2β

]µ}}{
1− ᾱ exp

{
−
[

t2

λ 2β

]µ}} (11)

Both the MOWR and BMOWR distributions are defined over positive real numbers and involve either one or two
parameters. In practical applications, utilizing these distributions provides researchers with flexibility to model datasets
exhibiting diverse structures, characterized by varying shape and location parameters.

3. BivariateMarshall OlkinWeibull Rayleigh distributions based on FGM copula
Anymultivariate distribution can be separated into a copula and its continuous marginal distributions. In the bivariate

setting, copulas serve to connect two marginal distributions to form their joint distribution. Further details are available
in [27].

For any bivariate distribution function F(t1, t2) with continuous marginals F(t1), F(t2), there is a unique copula
function C such that:

F(t1, t2) =C(F1(t1), F2(t2)), −(t1, t2) ∈ (−∞, ∞)× (−∞, ∞) =C(u, v) (12)

where u = F1(t1) and v = F2(t2).
The bivariate distribution has a density function defined as:

f (t1, t2) = f1(t1) f2(t2)c(F1(t1), F2(t2)), (13)

where c(F1(t1), F2(t2)) is the density function of the copula [38].
Various copula functions can be employed to construct BMOWG distributions with MOWG marginals as defined in

(9). In this paper, we will utilize several copulas to achieve this construction. The statistical literature contains a substantial
number of copulas; this article uses the FGMand Plackett copulas to derive a bivariate generalized exponential distribution.
The FGM family is a widely recognized parametric family of copulas, as discussed in [38]. The distribution function for
the FGM copula is given by

C(u, v) = uv[1+θ(1−u)(1− v)] (14)
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The corresponding density function for this copula is given by

c(u, v) = [1+θ(2u−1)(2v−1)] (15)

where u and v are within the unit interval I, and θ is a dependence parameter in the range of [−1, 1]. Notably, when
the dependence parameter θ is zero, the FGM copula simplifies to represent independence between the variables. While
the FGM copula family is mathematically convenient to work with, it has limitations in modeling strong dependencies.
Specifically, Kendall’s tau τ for this copula is in the range of [−0.222, 0.222], and Spearman’s rho; ρ , is in the range of
[−0.333, 0.333]. The BMOWR distribution is constructed using the FGM copula. The BMOWR model, relying on the
FGM copula, has a known property regarding tail dependence: the FGM copula exhibits zero (or weak) tail dependence.
This means it does not effectively model situations where components tend to fail together in extreme conditions (e.g.,
both failing very early or both lasting exceptionally long).

Unimodal marginals are considered based on the MOWR distribution to define the BMOWR’s PDF as follows:

f (t1, t2, α, β , λ , µ) =
2

∏
j=1

2α jµ j

λ 2µ j
j β µ j

j

t
2µ j−1
j exp

{
−

[
t2

j

λ 2
j β j

]µ j
}

{
1− ᾱ j exp

{
−

[
t2

j

λ 2
j β j

]µ j
}}2

× [1+θ(2u−1)(2v−1)], t j, α j, β j, µ j, λ j > 0

(16)

where θ ∈ [−1, 1] is a parameter that governs the dependence between the variables.
The conditional PDF and conditional CDF of T1 | T2 are provided below

f (t1 | t2) = (α +1)α1(1+ t1)−(α1+1) [1− (1+ t1)−α1
]−(α+1) [1− (1+ t2)−α2

]−(α+1)

×
{[

1− (1+ t1)−α1
]−α

+
[
1− (1+ t2)−α2

]−α −1
}−( 1+2α

α )
(17)

and

F(t1 | t2) =
∫ t1

0
f (t1 | t2)dt1 (18)

where f (t1 | t2) is given by Equation (17).
Moments are fundamental in understanding the BMOWR distribution’s behavior, especially given its complex

structure. The mean and variance provide a basic understanding of the distribution’s central location and spread, which
are crucial in applications where the BMOWR model is used, like in modeling correlated lifetime data. Skewness and
kurtosis help us understand the distribution’s shape and the probability of extreme events, which are vital for interpreting
the dependence structure between components in a system modeled by the BMOWR.
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The BMOWR distribution, due to its composition of the Weibull and Rayleigh components, typically exhibits
asymmetry. This asymmetry significantly affects its mathematical properties, especially when considering its moments
and the shape of its hazard rate function.

Due to the distribution’s inherent composition of the Weibull and Rayleigh components, it typically exhibits
significant skewness. This skewness directly affects several of its properties. It influences the distribution’s moments,
particularly the third moment, which quantifies skewness itself. It also impacts the shape of the hazard rate function,
potentially leading to non-symmetric hazard patterns. Furthermore, the skewness can affect the performance of certain
statistical inference procedures, especially when using methods that assume symmetry.

Figure 1. The plots and contour plots of the joint PDF of the BMOWR distribution for various parameter values: (a) (θ = 0.5, α1 = 0.7, α2 = 0.4, β1 =
3.5, β2 = 0.6, µ1 = 3, µ2 = 0.5, λ1 = 0.7, λ2 = 1.5); (b) (θ = 0.3, α1 = 0.7, α2 = 0.5, β1 = 2, β2 = 0.2, µ1 = 0.5, µ2 = 0.5, λ1 = 0.5, λ2 = 2.5);
(c) (θ =−0.3, α1 = 0.7, α2 = 0.5, β1 = 2, β2 = 0.2, µ1 = 0.5, µ2 = 0.5, λ1 = 0.5, λ2 = 2.5); and (d) (θ = 0.2, α1 = 0.6, α2 = 0.4, β1 = 2.1, β2 =
0.2, µ1 = 0.7, µ2 = 0.6, λ1 = 0.6, λ2 = 2.4)
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The kurtosis of the BMOWR distribution, which measures the ‘tailedness’ or peakedness, significantly influences its
mathematical properties. Specifically, high kurtosis indicates heavier tails and a sharper peak, affecting the distribution’s
behavior in extreme value scenarios and the stability of parameter estimates.

Plots and contour plots displaying the joint PDF, CDF, Reliability Function (RF) and HRF of the BMOWR
distribution are exhibited for various parameter settings in Figures 1-4, respectively.

Figure 1 shows the joint PDF of the BMOWR distribution effectively demonstrates the remarkable flexibility of
the BMOWR distribution’s in adapting to diverse parameter configurations. The plots illustrate a wide range of shapes,
including bell-shaped (Figure 1a), inverted bell shape (Figure 1b), U-shaped characteristics or bimodal tendencies (Figure
1c) resembling complex interactions, and monotonically increasing surfaces (Figure 1d). Figure 4 displays the joint HRF
of the BMOWR model which exhibits various complex shapes, including increasing, decreasing, and bathtub patterns,
which provides a richer framework for modeling joint failure phenomena beyond what simpler Marshall-Olkin extensions
might offer.

Figure 2. The plots and contour plots of the joint CDF of the BMOWRdistribution for different parameter values: (a) (θ = 0.5, α1 = 0.7, α2 = 0.4, β1 =
3.5, β2 = 0.6, µ1 = 3, µ2 = 0.5, λ1 = 0.7, λ2 = 1.5); (b) (θ = 0.3, α1 = 0.7, α2 = 0.5, β1 = 2, β2 = 0.2, µ1 = 0.5, µ2 = 0.5, λ1 = 0.5, λ2 = 2.5); (c)
(θ =−0.3, α1 = 0.7, α2 = 0.5, β1 = 2, β2 = 0.2, µ1 = 0.5, µ2 = 0.5, λ1 = 0.5, λ2 = 2.5); and (d) (θ =−0.2, α1 = 0.6, α2 = 0.4, β1 = 2.1, β2 =
0.2, µ1 = 0.7, µ2 = 0.6, λ1 = 0.6, λ2 = 2.4)
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Figure 3. The plots and contour plots of the joint RF of the BMOWR distribution for different parameter values: (a) (θ = 0.5, α1 = 0.7, α2 = 0.4, β1 =
3.5, β2 = 0.6, µ1 = 3, µ2 = 0.5, λ1 = 0.7, λ2 = 1.5); (b) (θ = 0.3, α1 = 0.7, α2 = 0.5, β1 = 2, β2 = 0.2, µ1 = 0.5, µ2 = 0.5, λ1 = 0.5, λ2 = 2.5); (c)
(θ =−0.3, α1 = 0.7, α2 = 0.5, β1 = 2, β2 = 0.2, µ1 = 0.5, µ2 = 0.5, λ1 = 0.5, λ2 = 2.5); and (d) (θ =−0.2, α1 = 0.6, α2 = 0.4, β1 = 2.1, β2 =
0.2, µ1 = 0.7, µ2 = 0.6, λ1 = 0.6, λ2 = 2.4)

By leveraging the FGM copula function within the BMOWR construction, explicitly decouples themarginal behavior
from the dependence structure. This allows the BMOWRmodel to capture a wider and more flexible range of dependence
patterns between the two variables than many standard Marshall-Olkin extensions, providing a more versatile tool for
bivariate analysis. While the FGM copula itself has known limitations in capturing very strong dependence, its integration
provides a more direct and flexible way to model mild to moderate dependence compared to some minimum-based
Marshall-Olkin constructions.

The use of a flexible baseline distribution; Weibull-Rayleigh components within the Marshall-Olkin framework,
combined with a copula allows for greater customization of both marginal properties and the interdependence structure
independently. By addressing these specific limitations, the BMOWR model offers a more robust, flexible, and
comprehensive tool for modeling complex bivariate lifetime data, significantly enhancing the capabilities available to
researchers and practitioners in fields like reliability engineering.
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Figure 4. The plots and contour plots of the joint HRF of the BMOWRdistribution for different parameter values: (a) (θ = 0.5, α1 = 0.7, α2 = 0.4, β1 =
3.5, β2 = 0.6, µ1 = 3, µ2 = 0.5, λ1 = 0.7, λ2 = 1.5); (b) (θ = 0.3, α1 = 0.7, α2 = 0.5, β1 = 2, β2 = 0.2, µ1 = 0.5, µ2 = 0.5, λ1 = 0.5, λ2 = 2.5); (c)
(θ =−0.3, α1 = 0.7, α2 = 0.5, β1 = 2, β2 = 0.2, µ1 = 0.5, µ2 = 0.5, λ1 = 0.5, λ2 = 2.5); and (d) (θ =−0.2, α1 = 0.6, α2 = 0.4, β1 = 2.1, β2 =
0.2, µ1 = 0.7, µ2 = 0.6, λ1 = 0.6, λ2 = 2.4)

4. Estimation of the models’ parameters and prediction
This section focuses on deriving the estimators for the parameter vector (α j, β j, λ j, µ j, θ), RF and HRF of the

BMOWR models. Additionally, it presents the two-sample prediction for new observations from a future random sample
drawn from the same models. The estimation of the parameters, rf, and HRF for the BMOWR model is achieved using
two methods, namely, MLE and TSE, which are employed to estimate the parameters of the proposed distribution. Further
details are provided in the subsequent sections.

4.1 Parameter estimation methods

Two distinct approaches are employed to fit copula models. The first involves a two-step procedure where
the marginal distributions and the copula parameter are estimated separately. The second approach utilizes pseudo-

Volume 6 Issue 5|2025| 5483 Contemporary Mathematics



observations to simultaneously estimate both the marginal distributions and the copula parameter when fitting the copula
model.

4.1.1Maximum likelihood estimation method

This subsection outlines the parameter estimation for the BMOWR distribution using MLE by maximizing its
likelihood function. This estimation is performed using a two-step procedure, where the marginal distributions and the
copula parameter are estimated sequentially (separately). The resulting log-likelihood function can then be expressed as:

logL =
n

∑
i=1

[log f1(x1i)+ log f2(x2i)+ logc(F1(x1i), F2(x2i))] . (19)

The log-likelihood function in Equation (19) can be rewritten as follows:

logL =
n

∑
i=1

log f1(x1i)+
n

∑
i=1

log f2(x2i)+
n

∑
i=1

logc(F1(x1i), F2(x2i))] (20)

The initial step involves estimating the parameters of the marginal distributions F1 and F2 independently using MLE,
as shown below:

logL j =
n

∑
i=1

log f j(x ji), j = 1, 2 (21)

Subsequently, the copula parameters are estimated by maximizing the copula density, as follows:

logL =
n

∑
i=1

logc(F1(x1i), F2(x2i)) (22)

Considering the first step with the BMOWR distribution, the parameters for each marginal distribution are
estimated using the MLE method. If t1, . . . , tn represents a random sample from a MOWR distribution with parameters
(α j, β j, λ j, µ j), then the log-likelihood function L(α j, β j, λ j, µ j) is as follows:

logL j(t j, α j, β j, λ j, µ j) = 2n log(α j)−2nµ j log(λ j)−nµ j log(β j)+n log(µ j)

−µ j

n

∑
i=1

[
t2

ji

λ 2
j β j

]
−2

n

∑
i=1

log

{
1−αJ exp

{
−

[
t2

ji

λ 2
j β j

]µ j
}} (23)

∂ logL j(t j, α j, β j, λ j, µ j)

∂α j
=

2n
α j

−
2∑n

i=1 log

{
1−αJ exp

{
−

[
t2

ji

λ 2
j β j

]µ j
}}

/∂α j{
1−αJ exp

{
−

[
t2

ji

λ 2
j β j

]µ j
}} = 0 (24)
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∂ logL j (t ji, α j, β j, λ j,µ j)

∂β j
=

−nµ j

β j
+

µ j

λ 2
j β 2

j

n

∑
i=1

t2
ji

−
2∑n

i=1 log

{
1−αJ exp

{
−

[
t2

ji

λ 2
j β j

]µ j
}}/

∂β j{
1−αJ exp

{
−

[
t2

ji

λ 2
j β j

]µ j
}} = 0

(25)

∂ logL j(t j, α j, β j, λ j, µ j)

∂λ j
=

−2nµ j

λ j
+

µ j

λ 3
j β j

n

∑
i=1

t2
ji

−
2∑n

i=1 log

{
1−αJ exp

{
−

[
t2

ji

λ 2
j β j

]µ j
}}

/∂λ j{
1−αJ exp

{
−

[
t2

ji

λ 2
j β j

]µ j
}} = 0

(26)

and

∂ logL j(t ji, α j, β jλ j, µ j)

∂ µ j
= −2n log(λ j)−n log(β j)+

n
µ j

−
n

∑
i=1

[
t2

ji

λ 2
j β j

]

−
2∑n

i=1 log

{
1−αJ exp

{
−

[
t2

ji

λ 2
j β j

]µ j
}}

/∂ µ j{
1−αJ exp

{
−

[
t2

ji

λ 2
j β j

]µ j
}} = 0

(27)

Solving the system of nonlinear Equations (24)-(27) yields the Maximum Likelihood Estimates (MLEs) for the
parameters α j, β j, λ j, and µ j.

To ensure the existence of maximum likelihood estimators, regularity conditions were imposed. Under the observed
data conditions, the likelihood function demonstrated well-behaved characteristics, resulting in unique and finite MLEs.
Additionally, numerical checks were performed to verify the convergence and stability of the estimates. Specifically,
multiple starting points were utilized, and consistent convergence was observed.

4.1.2Two-stage estimation

This paper proposes a method that begins by estimating the parameters of the marginal distributions F1 and F2

independently using MLE, as given below:

logL j =
n

∑
i=1

log f j(x ji), j = 1, 2. (28)
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The MLEs for α j, β j, λ j and µ j can be obtained by setting Equations (24)-(27) to zero. These equations typically
require numerical methods to solve the equations. Iterative techniques, such as a Newton-Raphson type algorithm, can
be employed to obtain these estimates. Following this, the second step involves estimating the copula parameter θ by
maximizing the copula density, as shown below.

logL(θ) =
n

∑
i=1

log
[
cθ (Ûi, V̂i)

]
, (29)

where Ûi, V̂i represent pseudo-observations, calculated from Ûi =
R1i

n+1
=

n
n+1

F̂1(t1i), V̂i =
R2i

n+1
=

n
n+1

F̂1(t2i), and
R1i, R2i are, respectively, the ranks of t1i, t2i.

It’s crucial to note that the marginal CDFs are estimated parametrically in the initial step. Applying the invariance
property of the maximum likelihood estimators, one can obtain the estimators for the RF and HRF by substituting the
parameter estimates with their corresponding MLE (α̂ j, β̂J , λ̂J , µ̂J , θ̂) values in Equations (10) and (11).

Then

R̂(t1, t2) = 1−C(F1(t1), F2(t2))

= 1−
2

∏
j=1

α̂ j µ̂Jg(y j(s), λ̂J)

β̂J1−G(y j(s), λ̂J)

{
−

log[1−G(y j(s), λ̂J)]

β̂J

}µ̂J−1

exp

−

[
−

log[1−G(y j(s), λ̂J)]

β̂J

]µ̂J
1− α̂J exp

−

[
−

log[1−G(y j(s), λ̂J)]

β̂J

]µ̂J



2

× c(F1(y1(s)), F2(y2(s)))

(30)

and

ĥ(t1, t2) =
f (t1, t2, α̂ j, β̂J , λ̂J , µ̂J , θ̂)
R(t1, t2, α̂ j, β̂J , λ̂J , µ̂J , θ̂)

, (31)

ĥ(t1, t2) =

∏2
j=1

α̂ j µ̂J
β̂J

g(t j , λ̂J)
1−G(t j , λ̂J)

{
−

log[1−G(t j , λ̂J)]
β̂J

}µ̂J−1

exp

−

[
−

log[1−G(t j , λ̂J)]
β̂J

]µ̂J
1−α̂J exp

−

[
−

log[1−G(t j , λ̂J)]
β̂J

]µ̂J


2 × c(F1 (t1) , F2 (t2))

1−C (F1 (t1) , F2 (t2))
(32)

R̂(t1, t2) and ĥ(t1, t2) can be evaluated numerically.

4.2 Maximum likelihood prediction

Two-sample prediction assumes that the two datasets are independent and originate from the same underlying
distribution. For the univariate distributions, the predictive PDF for the s-th order statistic in a future sample is
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derived using its density. For bivariate Type II censoring, where the first component of the vector represents the
ordered observation and the second is its concomitant, obtaining the joint predictive density function for future ordered
observations and their concomitants requires the joint PDF of the ordered observations and their concomitants.

For a future bivariate censored sample of size m, the joint pdf of the future s-th ordered observation and its s-th
concomitant denoted by (y1(s:m), y2(s:m)), s = 1, 2, . . . , m has the joint pdf which is given by (9) after replacing t1 with
y1(s:m) and t2 with y2(s:m). For simplicity, it can be written as (y1(s), y2(s)) for (y1(s:m), y2(s:m)), (for more details, see
[33–37]). Then the joint PDF of (y1(s), y2(s)) is given by

fs:m(y1(s), y2(s); ω) =
m!

(s−1)!(m− s)!
f (y1(s), y2(s); ω)[F(y1(s), y2(s))]

s−1 × [1−F(y1(s), y2(s))]
m−s (33)

Applying the binomial expansion to simplify the last term of the preceding equation yields:

[1−F(y1(s), y2(s))]
m−s =

m−s

∑
r=0

(
m− s

r

)
(−1)r[F(y1(s), y2(s))]

r (34)

Thus, the joint PDF of (y1(s), y2(s)) is

fs:m(y1(s), y2(s); ω) =
m!

(s−1)!(m− s)!
f (y1(s), y2(s); ω)

m−s

∑
r=0

(
m− s

r

)
(−1)r[F(y1(s), y2(s))]

s+r−1,

= f (y1(s), y2(s); ω)
m−s

∑
r=0

m!
(s−1)!(m− s− r)!(r)!

(−1)r[F(y1(s), y2(s))]
s+r−1,

= f (y1(s), y2(s); ω)
m−s

∑
r=0

Cm, s, r[F(y1(s), y2(s))]
s+r−1

(35)

where

Cm, s, r =
m!

(s−1)!(m− s− r)!( j)!
(−1)r (36)

Substituting the expressions for F(t1, t2) and f (t1, t2) given in (12) and (16), respectively, replacing t1 with y1(s) and
t2 with y2(s), the joint MLE predictive density of the ordered observations and their concomitants is obtained as follows:
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fs:m(y1(s), y2(s); α̂ j, β̂J , λ̂J , µ̂J , θ̂)

=
2

∏
j=1

α̂ j µ̂J

β̂J

g
(

y j(s), λ̂J

)
1−G

(
y j(s), λ̂J

)
−

log
[
1−G

(
y j(s), λ̂J

)]
β̂J


µ̂J−1

exp

−

− log
[
1−G

(
y j(s), λ̂J

)]
β̂J

µ̂J
1− α̂J exp

−

− log
[
1−G

(
y j(s), λ̂J

)]
β̂J

µ̂J



2

× c(F1(y1(s)), F2(y2(s)))
m−s

∑
r=0

Cm, s, r
{

C(F1(y1(s)), F2(y2(s)))
}(s+r−1)

,

(y1(s), y2(s))> 0, (α̂ j, β̂J , λ̂J , µ̂J , θ̂)> 0.

(37)

The point predictors of future ordered observation and their concomitants (Y1(s), Y2(s)), s = 1, 2, . . . , m, can be
obtained as follows:

Ŷ1 = E(y1(s); ω̂ML) =
∫ ∞

y1(s)=0
y1(s)

∫ ∞

y2(s)

f (y1(s), y2(s); ω̂ML)dy2(s)dy1(s), (38)

Ŷ2 = E(y2(s); ω̂ML) =
∫ ∞

y2(s)=0
y2(s)

∫ ∞

y1(s)

f (y1(s), y2(s); ω̂ML)dy1(s)dy2(s), (39)

The joint point predictors of the future ordered observation is

Ŷ1, Ŷ2 = E(y1(s), y2(s); ω̂ML) =
∫ ∞

0

∫ ∞

0
y1(s)y2(s) f (y1(s), y2(s); ω̂ML)dy2(s)dy1(s), (40)

which can be evaluated numerically.

5. Goodness of fit tests for copula
The core concept of this test is to assess how well a specific parametric copula, denoted asC, represents the empirical

copula derived from the data. This comparison is made under the assumption of the null hypothesis, as detailed in [25, 39].

H0 : C =Cθ Vs. H1 : C ̸=Cθ (41)

where Cθ is a specific copula.
In the literature, two primary methods are frequently employed to assess how well a copula fits the data: the

parametric bootstrap, as described in [25], and the fast multiplier approach, detailed in [25, 39].
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Goodness-of-fit tests based on the empirical process are widely used in the literature and offer a powerful framework
for copula validation.

Cn(u, v) =
√

n{Cn(u, v)−Cθn(u, v)} , (42)

where Cn(u, v) is the empirical copula of the data of T1 and T2.

Cn(u, v) =
1
n

n

∑
i=1

1(Ui, n ≤ u, Vi, n ≤ v), u, v ∈ [0, 1], (43)

where Ui, n, Vi, n are pseudo-observations from C calculated from data are as follows:

Ui, n =
R1i

n+1
, Vi, n =

R2i

n+1
, and R1i, R2i are respectively the ranks of t1i, t2i, whereCn(u, v) is a consistent estimator

and θn is an estimator of θ obtained using the pseudo-observations. According to [24], the test statistics is the Cramér-von
Miss and is defined as

Sn =
n

∑
i=1

{Cn(Ui, n, Vi, n)−Cθn(Ui, n, Vi, n)}2 . (44)

Readers interested in a more detailed explanation are encouraged to refer to [33, 39–42].

6. Numerical illustration
This section employs a Monte Carlo simulation to compare the performance of different estimation methods based

on the FGM copula, specifically MLE and TSE, when estimating the parameters of the FGM-BMOWR distribution. The
simulations were conducted using Mathematica 11 and the R programming language.

To generate random variables from a specific joint distribution, the conditional distribution method is utilized, as
introduced by [38]. The joint distribution function is given by:

f (x1, x2) = f (x1) f (x2 | x1). (45)

To compare the performance of the MLE and TSE methods, the biases, Estimated Risk (ER), Relative Absolute
Biases (RAB), Standard Errors (SE), and Confidence Intervals (CIs) are used as comparison criteria, considering various
sample sizes. For each sample size (n) and a set of specified parameter values, 5,000 datasets are generated from the
FGM-BMOWR distribution with the following parameter values:

Case I: (θ = 0.01, α1 = 0.8, α2 = 0.9, β1 = 0.9, β2 = 0.8, µ1 = 0.4, µ2 = 0.8, λ1 = 0.9, λ2 = 0.8).
Case II: (θ = 0.7, α1 = 0.3, α2 = 0.9, β1 = 0.4, β2 = 0.5, µ1 = 0.8, µ2 = 0.4, λ1 = 0.8, λ2 = 0.9);
Sample sizes of 30, 50, and 100 are used to represent the small, medium, and large sample sizes commonly found in

real-world datasets.
The steps involved in the simulation procedure are outlined below:
1. Generating random samples from an FGM-BMOWRdistributionwith a given parameter vectorϑ =(θ , α1, α2, β1,

β2µ1, µ2, λ1, λ2) for samples of size 30, 50, and 100.
2. For each sample size, the generated data are sorted to obtain the ordered values ti j’s such that (t11, t21), (t12, t22), . . . ,

(t1n, t2n).
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3. The preceding two steps are repeated N times, with N representing the total number of simulated samples.
4. The Newton-Raphson method can be used to calculate the averages of the Maximum Likelihood (ML) estimates

and the CIs for the parameters.
5. The accuracy of the estimates is evaluated using several performance measures to assess the precision and

variability of the estimates such as

ER =
∑N

j=1(
̂̂ϑ i, j −θi)

2

N
, Bias(ϑ̂i) =

∑N
j=1(

̂̂ϑ i, j −θi)

N
, i = 1, 2, ..., 9. (46)

The chain is run for 5,000 iterations.
As expected, for both methods, the ERs, RABs, biases, and SEs are close to zero, and the CIs are close to the nominal

value of 95%.
Tables 1 and 2 present the averages of theML estimates, ERs, RABs, biases, SEs, andCIs for the unknown parameters.

Similarly, Tables 3 and 4 provide the TSE averages, ERs, RABs, biases, SEs, and CIs for the unknown parameters. Tables
1 and 3 correspond to Case I, while Tables 2 and 4 relate to Case II. The MLE two-sample predictors are shown in Table
5.

Table 1. ML averages, estimated risks, relative absolute biases, biases, squared errors, and 95% confidence intervals of the parameters (Case I) (θ =
−0.01, α1 = 0.8, α2 = 0.9, β1 = 0.9, β2 = 0.8, µ1 = 0.8, µ2 = 0.4, λ1 = 0.9, λ2 = 0.8)

n Parameters Averages ER RAB bias SE UL LL Length

30

θ −0.1878 0.3087 −0.7316 0.2622 0.4898 0.7727 −1.1480 1.9203
α1 0.8472 0.0043 0.0590 0.0022 0.0660 0.9768 0.7177 0.2591
α2 0.6765 0.0819 0.2482 0.0499 0.2819 1.2291 0.1239 1.1052
β1 0.9878 0.3562 1.4697 0.34560 0.4866 1.94171 0.03400 1.9077
β2 0.8983 0.1727 0.7966 0.1586 0.3840 1.6511 0.1455 1.5056
µ1 0.5535 0.0956 0.3080 0.0607 0.3032 1.1479 0.0000 1.1479
µ2 0.8944 0.2576 1.2360 0.2444 0.4448 1.7664 0.0224 1.7439
λ1 0.9878 0.0459 0.2348 0.353 0.2115 1.4024 0.5733 0.8291
λ2 0.7665 0.0303 0.14827 0.0178 0.17310 1.1059 0.42714 0.6788

50

θ −0.1964 0.3018 −0.7194 0.2536 0.4873 0.7588 −1.1516 1.9105
α1 0.8352 0.0030 0.0440 0.0012 0.0553 0.9437 0.7267 0.2170
α2 0.9265 0.0209 0.0294 0.0007 0.1448 1.2105 0.6425 0.5679
β1 0.9212 0.2728 1.3030 0.2716 0.4461 1.7596 0.0467 1.7489
β2 0.7679 0.0749 0.5359 0.0718 0.2641 1.2857 0.2502 1.0354
µ1 0.4721 0.1103 0.4098 0.1075 0.3142 1.0881 0.0000 1.0881
µ2 0.7578 0.1332 0.8946 0.1280 0.3418 1.4278 0.0878 1.3400
λ1 0.9212 0.0158 0.1515 0.0146 0.1252 1.1666 0.6757 0.4908
λ2 0.7679 0.0205 0.1467 0.0174 0.1423 1.0468 0.4890 0.5578

100

θ −0.3274 0.1581 −0.5321 0.1387 0.3726 0.4029 −1.0579 1.4608
α1 0.8272 0.0009 0.0340 0.0007 0.0302 0.8864 0.76801 0.1184
α2 0.8855 0.0105 0.1609 0.0002 0.1026 1.9338 0.6843 0.4022
β1 0.9104 0.2606 1.2760 0.2605 0.4391 1.7710 0.0497 1.7212
β2 0.7274 0.06012 0.4549 0.0517 0.2396 1.1972 0.2577 0.9395
µ1 0.4841 0.1009 0.3948 0.0997 0.3017 1.0755 0.0000 1.0755
µ2 0.6912 0.0965 0.7281 0.0848 0.2989 1.2771 0.1053 1.1717
λ1 0.9104 0.0123 0.1380 0.0121 0.1104 1.1269 0.6939 0.4330
λ2 0.8127 0.0201 0.0969 0.0076 0.1415 1.0902 0.5351 0.5550
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Table 2. MLaverages, estimated risks, relative absolute biases, biases, squared errors, and 95% confidence intervals of the parameters (Case II) (θ = 0.7,
α1 = 0.3, α2 = 0.9, β1 = 0.4, β2 = 0.5, µ1 = 0.8, µ2 = 0.4, λ1 = 0.8, λ2 = 0.9)

n Parameters Averages ER RAB bias SE UL LL Length

30

θ 1.1616 0.2131 0.6595 0.2131 0.4095 1.9643 0.3590 1.6053
α1 0.2521 0.0137 0.1594 0.0022 0.1170 0.4816 0.0226 0.4590
α2 1.4295 0.2846 0.5883 0.2804 0.4539 2.319 0.5398 1.7793
β1 0.5371 0.0374 0.3428 0.0188 0.1925 0.9144 0.1598 0.7546
β2 0.6794 0.0469 0.3588 0.0321 0.2143 1.0995 0.2592 0.8402
µ1 1.1038 0.2321 0.3798 0.0923 0.4728 2.0306 0.1770 1.8535
µ2 0.4954 0.0175 0.2385 0.0091 0.1320 0.7541 0.2366 0.5174
λ1 1.07425 0.1496 0.3428 0.0752 0.3794 1.8179 0.3305 1.4874

50

λ2 1.2229 0.1522 0.3588 0.1042 0.3759 1.9598 0.4860 1.4737
θ 1.1125 0.1701 0.5892 0.1702 0.3757 1.8490 0.3759 1.4730
α1 0.2843 0.0086 0.0521 0.0002 0.0927 0.4662 0.1025 0.3636
α2 1.12279 0.0923 0.2532 0.0519 0.2994 1.7148 0.5410 1.1737
β1 0.4372 0.0091 0.0930 0.0013 0.0954 0.6242 0.2501 0.3740
β2 0.5380 0.0025 0.0761 0.0014 0.0508 0.6377 0.4384 0.1992
µ1 0.8912 0.0978 0.1140 0.0083 0.3127 1.5042 0.2781 1.0060
µ2 0.4138 0.0012 0.0345 0.0002 0.0357 0.4839 0.3437 0.1401
λ1 0.8744 0.0364 0.0930 0.0055 0.1907 1.2483 0.5004 0.7478
λ2 0.9685 0.0083 0.0761 0.0047 0.0914 1.1477 0.7894 0.3583

100

θ 1.1007 0.1605 0.5724 0.1605 0.3671 1.8203 0.3811 1.4391
α1 0.3379 0.0023 0.1263 0.0014 0.0484 0.4329 0.2428 0.1900
α2 0.9919 0.0178 0.1021 0.0084 0.1334 1.253 0.7304 0.5229
β1 0.3832 0.0006 0.0419 0.0003 0.0262 0.4347 0.3316 0.1030
β2 0.5140 0.0003 0.0281 0.0002 0.0180 0.5494 0.4786 0.0708
µ1 0.7215 0.0011 0.0980 0.0061 0.1066 0.9306 0.5125 0.4180
µ2 0.4041 0.0001 0.0104 1.7490e-5 0.0137 0.4311 0.3772 0.0539
λ1 0.7664 0.0027 0.0419 0.0011 0.52.5 0.8694 0.6633 0.2061
λ2 0.9253 0.0010 0.0281 0.0006 0.0325 0.9890 0.8615 0.1275

Table 3. TSE averages, estimated risks, relative absolute biases, biases, squared errors, and 95% confidence intervals of the parameters (Case II)
(θ = 0.7, α1 = 0.3, α2 = 0.9, β1 = 0.4, β2 = 0.5, µ1 = 0.8, µ2 = 0.4, λ1 = 0.8, λ2 = 0.9)

n Parameters Averages ER RAB bias SE UL LL Length

30

θ 0.5394 0.0051 0.2294 0.0257 0.3934 1.3105 −0.2317 1.5422
α1 0.3905 0.0008 0.3019 0.0082 0.1989 0.7804 0.0007 0.7798
α2 0.6704 0.0105 0.2550 0.0526 0.3947 1.4442 0.0000 1.4442
β1 0.5429 0.0040 0.357. 0.0204 0.1757 0.8873 0.1985 0.6887
β2 0.5475 0.0005 0.0951 0.0022 0.1891 0.9182 0.1769 0.7412
µ1 1.0217 0.0049 0.2771 0.0491 0.6793 2.3533 0.0000 2.3533
µ2 0.4245 0.0001 0.061 0.0006 0.0305 0.4844 0.3646 0.1198
λ1 1.0858 0.0163 0.3573 0.0817 0.3442 1.7605 0.4112 1.3493
λ2 1.1888 0.0166 0.3209 0.0834 0.2791 1.7359 0.6417 1.0941

50

θ 0.7831 0.0004 0.1188 0.0069 0.3640 1.4966 0.0696 1.4269
α1 0.3608 0.0007 0.2028 0.0037 0.1624 0.6792 0.0424 0.6368
α2 0.8497 0.0002 0.0558 0.0025 0.3181 1.4732 0.2262 1.2470
β1 0.4650 0.0008 0.1626 0.0042 0.1692 0.7967 0.1333 0.6633
β2 0.5365 0.0001 0.0730 0.0013 0.1690 0.8677 0.2052 0.6625
µ1 0.9627 0.0026 0.2034 0.0264 0.4620 1.8684 0.0571 1.8113
µ2 0.4090 5.4552e-6 0.0226 0.0001 0.0210 0.4502 0.3678 0.0824
λ1 0.9491 0.0022 0.1864 0.0222 0.3066 1.5502 0.3480 1.2022
λ2 1.0965 0.0025 0.2184 0.0386 0.2455 1.5779 0.6152 0.9626

100

θ 0.6869 3.3810e-5 0.01857 0.0001 0.2191 1.1165 0.2574 0.8591
α1 0.3014 4.2274e-7 0.0048 2.1137e-6 0.1138 0.5245 0.0783 0.4462
α2 0.86751 0.0002 0.0360 0.0010 0.2874 1.430 0.3040 1.1269
β1 0.4290 0.0001 0.0726 0.0008 0.1124 0.6494 0.2086 0.4407
β2 0.5103 2.1380e-5 0.0206 0.0001 0.1533 0.8109 0.2097 0.6012
µ1 0.8569 0.0006 0.0711 0.0032 0.3824 1.6066 0.1072 1.4993
µ2 0.4046 4.3224e-6 0.0116 2.1611e-5 0.0164 0.4368 0.3724 0.0644
λ1 0.8581 0.0006 0.0726 0.0034 0.2248 1.2988 0.4174 0.8814
λ2 0.9470 0.0004 0.0523 0.0022 0.0543 1.0536 0.8404 0.2131
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Table 4. TSE averages, estimated risks, relative absolute biases, biases, squared errors, and 95% confidence intervals of the parameters (Case II)

n Parameters Averages ER RAB bias SE UL LL Length

30

θ 0.0051 0.00004 0.4899 0.00002 0.0066 0.0078 0.0000 0.0259
α1 0.9407 0.0439 0.1759 0.0198 0.2086 1.3497 0.5318 0.8178
α2 1.1306 0.0885 0.2562 0.0531 0.2927 1.7043 0.5568 1.1474
β1 0.8656 0.0311 0.0381 0.0011 0.1764 1.2115 0.5197 0.6918
β2 1.2691 0.3735 0.5864 0.2201 0.5702 2.3866 0.1517 2.2350
µ1 0.5381 0.0299 0.3452 0.0191 0.1720 0.8752 0.2009 0.6743
µ2 0.8411 0.0188 0.0514 0.0017 0.1373 1.1103 0.5719 0.5382
λ1 0.8656 0.0311 0.0381 0.0012 0.1764 1.2115 0.5197 0.6918
λ2 0.8291 0.0017 0.0367 0.0008 0.0414 0.9103 0.7478 0.1624

50

θ 0.0068 0.00003 0.3170 0.00001 0.0043 0.0018 0.0000 0.0171
α1 0.9251 0.02499 0.1563 0.01564 0.1573 1.2334 0.6167 0.6166
α2 0.9981 0.0425 0.1089 0.0096 0.2061 1.4020 0.5941 0.8079
β1 0.8131 0.0162 0.0965 0.0075 0.1271 1.0623 0.5638 0.4984
β2 0.0223 0.2244 0.2778 0.0493 0.4711 1.9457 0.0987 1.8469
µ1 0.4576 0.0084 0.1442 0.0033 0.0916 0.6373 0.2779 0.3593
µ2 0.7849 0.0061 0.0188 0.0002 0.0782 0.9384 0.6314 0.3069
λ1 0.8131 0.0162 0.0965 0.0075 0.1271 1.0623 0.5638 0.4984
λ2 0.8143 0.0009 0.0179 0.0002 0.0307 0.8744 0.7542 0.1202

100

θ 0.0073 0.00001 0.2617 6.8506e-6 0.0039 0.0002 0.0000 0.0153
α1 0.9077 0.0235 0.1347 0.0116 0.1530 1.2077 0.6077 0.6000
α2 0.9895 0.0335 0.0994 0.0080 0.1830 1.3483 0.6306 0.7177
β1 0.8266 0.0123 0.0814 0.0053 0.1111 1.0446 0.6087 0.4358
β2 0.9878 0.1457 0.2347 0.0532 0.3801 1.7328 0.2427 1.49009
µ1 0.4570 0.0095 0.1427 0.0032 0.0976 0.6484 0.26577 0.3826
µ2 0.8271 0.0029 0.0339 0.0007 0.0541 0.9333 0.7210 0.2123
λ1 0.8266 0.0123 0.0814 0.0053 0.1111 1.0446 0.6087 0.4358
λ2 0.8124 0.0006 0.0155 0.0001 0.0261 0.8636 0.7612 0.1023

Table 5. ML predictive, and bounds of future observations under two-sample prediction (θ = 0.01, α1 = 0.8, α2 = 0.9, β1 = 0.9, β2 = 0.8, µ1 =
0.4, µ2 = 0.8, λ1 = 0.9, λ2 = 0.8)

n s y(s) Predictor UL LL Length

30

4 y1(s) 1.2033 3.8941 0.2946 3.5994
y2(s) 1.2953 1.7309 0.5682 1.1627

5 y1(s) 3.4844 7.5192 2.5783 4.9409
y2(s) 1.8099 6.4600 0.3397 6.1202

6 y1(s) 5.7470 8.3553 2.0862 6.2691
y2(s) 5.5945 12.0386 1.8813 10.1573

From the tables, one can conclude the following:
1. Tables 1-4 demonstrate that as the sample size increases, the averages obtained from both MLE and TSE converge

towards the true population parameter values. Furthermore, the ER decreases with larger sample sizes. This indicates that
the accuracy of the estimates improves, and they become better approximations of the true population parameter values
as more data become available.

2. As the sample size increases, the CIs for the parameters become shorter.
3. According to Table 5, the CI for predicting the first future observation (using MLE) is narrower than the CI for

predicting the last future observation.
4. The CI obtained using MLE is shorter than that obtained using TSE.
5. The ER associated with MLE is smaller than that associated with TSE.
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7. Real data analysis
This section aims to demonstrate the practical use of the FGM-BMOWR distribution by applying it to two real-world

datasets. Our goal is to thoroughly evaluate how well the FGM-BMOWR distribution fits these datasets and compare its
performance with existing distributions. Several measures are used to assess the goodness of fit including the Kolmogorov-
Smirnov (K-S) statistic and its p-value, along with information criteria such as the AIC, the Corrected Akaike Information
Criterion (CAIC), the BIC, and the Hannan-Quinn Information Criterion (HQIC). Lower values of these criteria indicate
a better fit. By calculating these statistics for the fitted models, one can quantitatively compare their performance with the
best-fitting model having the lowest values. This analysis will help us to determine the suitability of the FGM-BMOWR
distribution for modeling these datasets and whether it surpasses other models used by previous researchers, ultimately
highlighting its strengths in representing the data structure.

The FGM-BMOWR distribution, due to its ability to model dependent lifetime data, has potential applications in
reliability engineering, particularly in systems with components that degrade over time and are subject to common shocks.
It could be used to analyze the failure times of processor and memory components in computer systems, as demonstrated
with the real dataset. Additionally, it could be applied in areas like financial risk assessment, where joint defaults of related
assets are modeled, or in medical studies, to analyze the time-to-event data of correlated health outcomes.

7.1 Application
These data represent n = 50 simulated primitive computer series systems suggested by [31]. The dataset analyzed in

this study comprises simulated data from 50 basic computer chain systems, with a particular focus on their processor and
memory. The proper functioning of both components is essential for the computer’s operation. The simulation assumes
these systems experience rapid degradation over a short period (in hours), making them highly vulnerable to shocks. Such
shocks can cause the processor, memory, or both components to fail simultaneously. Therefore, assuming independent
failures of the processor and memory would be unrealistic, as a single catastrophic event can affect both. To accurately
account for this inherent dependence between the failure times of these two components, the FGM copula model is utilized.
The dataset is presented below:

Processor lifetime (X1): 1.3640, 1.9292, 1.0051, 3.6621, 1.0986, 3.6621, 1.5254, 3.6621, 1.1917, 1.0833, 2.5372,
1.0833, 2.5913, 0.3309, 0.5079, 0.3309, 0.7947, 0.5784, 0.6270, 0.5520, 5.7561, 1.9386, 5.7561, 2.1000, 0.9938, 0.9867,
0.1058, 0.9867, 0.1058, 1.3989, 1.7494, 2.3757, 0.9096, 3.5202, 1.6465, 2.3364, 5.0533, 0.8584, 0.1181, 4.3435, 3.3887,
1.1739, 0.4614, 1.3482, 0.1955, 3.0935, 0.8503, 2.1396, 0.1115, 1.3288.

Memory lifetime (X2): 1.3640, 3.9291, 1.0051, 0.0026, 1.0986, 0.0026, 4.4088, 0.0026, 0.0801, 3.3059, 2.4923,
3.3059, 2.5913, 0.3309, 5.3535, 0.3309, 0.7947, 1.8795, 1.7289, 0.5520, 0.3212, 4.0043, 0.3212, 2.0513, 1.7689, 0.9867,
0.1058, 0.9867, 0.1058, 4.1268, 2.3643, 2.7953, 0.6214, 1.4095, 2.0197, 0.1624, 2.3238, 1.9556, 0.0884, 1.0001, 1.9796,
3.3857, 0.8584, 1.9705, 0.1955, 3.0935, 2.8578, 2.1548, 0.1115, 0.9689.

Although the computer data are sequential in nature, ideally necessitating a likelihood function that reflects this
sequence, our analysis employed a different approach. We modeled the time to the first failure using continuous
distribution. While this method is not limited to on-chain systems, it can still provide valuable information regarding
the data.

The efficacy of the FGM-BMOWR model was evaluated through a comparison with relevant bivariate distributions
such as Bivariate Compound Exponentiated Survival Function of the Beta (BCESF-beta) presented by [36], Bivariate Burr
Type III (BBurr III) suggested by [32], Bivariate Compound Exponentiated Survival Function of the Lomax (BCESF-
Lomax) presented by [33], and Bivariate Lomax (BLomax) provided by [36]. The motivation for this comparison
lies in assessing the relative strengths of each model in capturing the underlying dependence structure and marginal
characteristics of our specific datasets (X1 and X2), which represent [Processor lifetime and Memory lifetime]. This
comparative approach validates the robust performance of the proposed FGM-BMOWR model.

The ML estimator of marginal parameters with Standard Error (SE), as well as different measures of goodness of
fit such as AIC, BIC, HQIC, CAIC, and K-S statistics with P-values for all competitive models are provided in Tables 6
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and 7. The probabilities from the classifier datasets show the marginal distributions of X1 and X2 in Figure 5. Figures 6-8
show the fitted PDFs, CDFs, and PP plots for the FGM-BMOWR model and other distributions.

Table 6. ML estimate with different measures of goodness of fit test of marginal distribution

Data Parameter Average SE K-S P-value

X1

θ 0.1191 0.1778

0.26 0.0681
α1 0.6626 0.3380
β1 1.9275 1.7638
µ1 0.8551 0.4617
λ1 1.4456 0.6404

X2

θ 0.4977 0.0972

0.24 0.1122
α2 0.6348 0.2730
β2 1.2430 0.3138
µ2 1.0633 0.4963
λ2 1.657 0.9583

Table 7. Statistics measures for all models based on the first dataset

Models Parameter Average SE AIC BIC HQIC CAIC

BMOWR

θ −0.0506 0.406

19.1541 36.362 25.707 23.654

α1 1.5791 0.4883
α2 1.4425 0.4557
β1 0.97436 0.1688
β2 1.1538 0.2455
µ1 0.4153 0.0153
µ2 0.2940 0.0059
λ1 0.9713 0.02936
λ2 1.1538 0.0602

FGMWGP

θ 0.4149 0.2989

450.432 463.816 455.528 453.098

α1 0.7057 0.0938
α2 0.596 0.2896
β1 0.8063 0.0063
β2 0.8132 0.0863
δ1 0.9664 0.1642
δ2 1.3181 0.3798

BCESF-beta

k 0.2046 1.0957

234.203 242.611 238.893 237.856

b 0.6867 23.6962
λ1 1.0879 3.4571
λ2 0.3995 0.3978
δ1 1.9584 1.1201
δ2 0.1997 0.9945

BBurr III
k 2.7392 5.7227

278.388 280.181 279.988 237.856a 0.7712 1.0234
c1 0.5846 0.0028
c2 0.6739 0.5796

BCESF-Lomax

a 0.9809 1.4173

487.127 495.534 491.816 490.779
b 1.7997 4.0088

α1 1.5167 0.0278
α2 2.2331 0.1100
θ1 1.9212 0.0447
θ2 3.1467 0.2184

BLomax
α 1.1621 0.0038

792.186 795.661 793.46 792.494α1 1.2659 0.0547
α2 1.4091 0.6255
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The results of this comparative analysis, as detailed in Tables 6 and 7, indicate that the proposed BCESF-beta
distribution demonstrates superior performance compared to the other considered distributions based on the evaluated
goodness-of-fit measures. This suggests that the FGM-BMOWR model offers a better fit to the data while maintaining a
comparable level of complexity.

Tables 8 and 9 show the MLE and TSE estimates, along with their SEs, of the unknown parameters for the dataset
based on the complete sample. Moreover, MLE predictive values and bounds for future observations under two-sample
prediction for different cases are given in Table 10.

Figure 5. The probabilities from the classifier dataset showing the marginal distributions

Figure 6. Estimated PDF and estimated distributions of the models for the dataset
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Figure 7. The PP plots of different models for the Dataset X1

Figure 8. The PP plots of the different models for the Dataset X2
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Each plot in Figures 7 and 8 (MOWR, cesf-beta, cesf-Lomax, Burr III, and Lomax) represents a Q-Q plot comparing
the empirical quantiles of our observed data X1 and X2, respectively, against the theoretical quantiles generated from the
respective fitted distribution.

The MOWR plot in Figures 7 and 8 consistently shows points that are generally closer to a straight line compared
to the other distributions (cesf-beta, cesf-Lomax, Burr III, and Lomax). This linearity indeed suggests that the MOWR
distribution provides a better visual fit to the observed data than the others shown in Figures 7 and 8.

Table 8. MLE estimates, standard errors of the parameters (case I and case II)

n Parameters Estimate SE

Case I Case II Case I Case II

30

θ −0.0506 0.5779 0.0406 0.1211
α1 1.5791 0.46565 0.4883 0.16336
α2 1.4425 1.4271 0.4557 0.4479
β1 0.9713 1.0373 0.1688 0.4911
β2 1.1538 1.064 0.2455 0.4657
µ1 0.4154 1.5677 0.0153 0.4919
µ2 0.2940 0.6005 0.0059 0.1964
λ1 0.9713 2.074 0.13688 1.0077
λ2 1.1538 1.9152 0.2455 0.1782

Table 9. TSE estimates, standard errors of the parameters (Case I and Case II)

n Parameters Estimate SE

Case I Case II Case I Case II

30

θ 0.0188 0.1978 0.0288 0.4343
α1 0.7797 0.5245 0.0202 0.2188
α2 1.2369 1.7609 0.3172 0.4379
β1 1.7206 0.5631 0.4689 0.1609
β2 3.9688 0.9044 0.0000 0.3698
µ1 0.7445 0.8911 0.1535 0.0907
µ2 0.5984 0.7421 0.1974 0.3214
λ1 1.7206 1.1262 0.0000 0.3083
λ2 1.4368 0.3755 0.4910 0.4465

Table 10. MLE predictive and bounds of future observations under two-sample prediction (θ = 0.01, α1 = 0.8, α2 = 0.9, β1 = 0.9, β2 = 0.8, µ1 =
0.4, µ2 = 0.8, λ1 = 0.9, λ2 = 0.8)

n s ŷ(s) Predictor UL LL Length

50

10 ŷ1(s) 4.0085 7.1172 1.6491 5.4681
ŷ2(s) 1.9612 2.9796 0.9212 2.0585

11 ŷ1(s) 4.7821 7.3218 2.0926 5.2292
ŷ2(s) 2.3167 3.0484 1.1576 1.8908

12 ŷ1(s) 5.7025 7.5192 2.5783 4.9409
ŷ2(s) 2.7317 3.1155 1.3824 1.7331

7.2 Example dataset
In this example, a dataset is analyzed from a Sankaran-Nair bivariate Pareto distribution (see [29, 37]). The generated

dataset of (X1, X2) for n = 30 is: (0.252, 8.400), (1.105, 0.458), (0.427, 1.602), (12.491, 2.383), (0.260, 0.106), (0.240,
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1.769), (4.888, 0.758), (0.870, 0.572), (0.036, 0.254), (1.537, 0.023), (1.508, 0.535), (0.239, 1.4120), (0.173, 0.011),
(1.090, 1.278), (6.002, 0.017), (0.897, 2.032), (0.690, 0.138), (1.883, 0.398), (0.960, 0.257), (0.561, 0.573), (5.370, 0.325),
(0.167, 0.260), (13.602, 0.364), (3.922, 0.938), (0.132, 0.547), (0.603, 0.102), (0.226, 0.481), (0.143, 0.779), (0.643,
0.071), (0.349, 1.586).

Table 11. ML estimate with different measures of goodness of fit test of marginal distribution

Data Parameter Average SE K-S P-value

X1

θ 0.00010 0.0498

0.3333 0.7089
α1 0.1991 0.1491
β1 0.8548 0.0895
µ1 0.4482 0.4006
λ1 1.3402 0.1388

X2

θ 0.0001 0.0697

0.3 0.135
α2 0.50360 0.0036
β2 0.8516 0.0505
µ2 0.4522 0.0302
λ2 1.3818 0.0815

Table 12. Statistics measures for all models based on the second dataset

Models Parameter Average SE AIC BIC HQIC CAIC

BMOWR

θ −4.686e-6 0.0099

18.0000 30.6108 27.0000 22.0343

α1 0.6881 0.1111
α2 0.7784 0.1206
β1 0.8127 0.0127
β2 0.9397 0.0396
µ1 0.4890 0.0887
µ2 0.3597 0.0596
λ1 0.8127 0.01270
λ2 0.9397 0.3968

BCESF-beta

k 0.2046 1.0957

234.203 242.611 238.893 237.856

b 0.6867 23.6962
λ1 1.0879 3.4571
λ2 0.3995 0.3978
δ1 1.9584 1.1201
δ2 0.1997 0.9945

BBurr III

k 2.7392 5.7227

278.388 283.992 280.181 279.988a 0.7712 1.0234
c1 0.5846 0.0028
c2 0.6739 0.5796

BCESF-Lomax

a 0.9809 1.4173

487.127 495.534 491.816 490.779

b 1.7997 4.0088
α1 1.5167 0.0278
α2 2.2331 0.1100
θ1 1.9212 0.0447
θ1 3.1467 0.2184

BLomax
α 1.1621 0.0038

792.186 795.661 793.46 792.494α1 1.2659 0.0547
α2 1.4091 0.6255

Contemporary Mathematics 5498 | Abeer A. EL-Helbawy, et al.



For this dataset, the FGM-BMOWR model will be compared against several other models: BCESF-beta, BBurr III,
BCESF-Lomax [36], and BLomax [37]. The estimated parameters, SE for the data and these models, along with the AIC,
CAIC, and HQIC statistics, are presented in Tables 11 and 12. Figure 8 displays the marginal distributions of X1 from
the classifier dataset. Figures 9-12 show the fitted PDF’s, CDF’s, and PP plots for the BMOWR model and the other
distributions. Tables 13 and 14 provide the ML estimates, TSE estimates, and SEs of the unknown parameters for the
example data. Additionally, the ML predictors and bounds for future observations under two-sample prediction are given
in Table 15.

Figure 9. The probabilities from the classifier dataset, showing the marginal distributions

Figure 10. Estimated PDF and estimated distributions of the models for the dataset
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Figure 11. The PP plots of the different models for the dataset X1

Figure 12. The PP plots of the different models for the dataset X2
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Table 13. MLE estimates, standard errors of the parameters (Case I and Case II)

n Parameters Estimate SE

Case I Case II Case I Case II

30

θ 0.1516 −4.686e-6 0.4586 0.0099
α1 0.8534 0.68815 0.4600 0.1111
α2 1.4736 0.7784 0.4698 0.1206
β1 0.5952 0.8127 0.1914 0.0127
β2 0.5878 0.9397 0.0875 0.0396
µ1 0.0659 0.4891 0.4989 0.0887
µ2 0.3759 0.3597 0.0240 0.0596
λ1 1.1904 0.8127 0.359 0.1270
λ2 1.0581 0.9397 0.1561 0.0396

Table 14. TSE estimates, standard errors of the parameters (Case I and Case II)

n Parameters Estimate SE

Case I Case II Case I Case II

30

θ −0.0041 −0.0104 0.0058 0.0003
α1 0.3805 0.7993 0.3807 0.0005
α2 0.5150 0.8996 0.3552 0.0004
β1 1.4120 0.8998 0.4398 0.0005
β2 0.4036 0.8012 0.3639 0.0006
µ1 0.4895 0.4006 0.0891 0.0006
µ2 0.5556 0.8005 0.2369 0.0007
λ1 1.4120 0.9000 0.4398 0.0004
λ2 0.8249 0.7999 0.0249 0.0005

Table 15. ML predictive and bounds of future observations under two-sample prediction

n s ŷ(s) Predictor UL LL Length

30

5 ŷ1(s) 1.4819 5.0621 0.3217 4.7403
ŷ2(s) 0.8571 1.7877 0.3104 1.4773

8 ŷ1(s) 3.3637 6.6465 1.1376 5.5088
ŷ2(s) 1.8931 2.1367 0.7217 1.4150

10 ŷ1(s) 5.5417 7.7022 1.8960 5.8061
ŷ2(s) 2.9168 2.3770 0.9630 1.4139

8. Concluding remarks
This paper successfully introduced and extensively investigated a novel univariate and bivariate distribution: the

BMOWRdistribution, which is constructed using the FGM copula. Our theoretical exploration revealed that the BMOWR
offers significant flexibility inmodeling various bivariate hazard rate shapes, including increasing, decreasing, and bathtub
curves. Furthermore, this model proved capable of effectively capturing diverse dependence structures essential for
bivariate lifetime data analysis.

Regarding parameter estimation, a comprehensive comparison between MLE and TSE methods demonstrated their
efficacy in providing robust and efficient estimation strategies for the BMOWR distribution’s unknown parameters.
Furthermore, two MLE-based predictors were successfully derived for future observations. The theoretical results and
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proposed procedures were rigorously validated through a numerical illustration via Markov Chain Monte Carlo (MCMC)
simulation study, confirming their consistency and performance.

The superior performance and practical applicability of the proposed BMOWR distribution were demonstrated
through the analysis of two real-world datasets. This empirical evidence, along with the detailed comparative study against
other established bivariate models, establishes the BMOWR distribution as a highly valuable and robust alternative for
accurately modeling and understanding complex bivariate lifetime data in fields such as reliability engineering.

9. Future research
Future research should focus on enhancing the model’s robustness and applicability. This includes exploring methods

for handling missing data, developing automated model selection and validation procedures, and incorporating Bayesian
approaches to address parameter uncertainty. Investigating computational efficiency, extending the model to higher
dimensions or different data types, and performing a detailed moment analysis are also crucial. For lifetime data analysis,
extending the model to handle competing risks and time-varying covariates should be considered. Furthermore, exploring
the model’s performance under various copula functions, censoring schemes, and parameterizations would provide a more
comprehensive understanding. We believe that exploring the construction of BMOWR distributions with more flexible
copulas represents a natural and important direction for future research. Assessing the robustness of the estimators and
the model’s performance under copula misspecification is a crucial aspect for practical applications. This represents
valuable area for future research. Finally, exploring real-world applications and conducting case studies will demonstrate
the model’s practical utility and solidify its contributions to the field.
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