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Abstract: In this article, we present an averaging limit theorem for impulsive delay Caputo fractional stochastic
differential equations. In contrast to the present literature, a new technique is adopted to overcome the difficulties hired
by the impulsive term based on impulsive-type Gronwall inequality. As a result, it is proved that the solution of the non-
impulsive averaged delay Caputo fractional stochastic differential equations converges to that of the standard impulsive
delay Caputo fractional stochastic differential equations in L7-sense. Finally, an example is constructed to enhance the
analytical result.
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1. Introduction

The aim of this article is to investigate the fractional averaging method for the following Impulsive Delay Caputo
Fractional Stochastic Differential Equations (IDCFSDEs):

). R(p) =E(p, R(p), R(p —1)) +L(p, R(p), R(p — 1)) 422, pe0,b], p#pr.

RipH) =Rpy ) +L(R(py)), k=1,2,...,m, (1)

g{(p) = ﬂ(p)7 p S [717 0]1

where € 2. is the Caputo fractional derivative of order v € (3, 1), &: [0, b] x R x R' — R/, £: [0, b] x Rl x R — R/*d
are continuous functions. R’ is the Euclidean space with norm |.| and w(.) refers to the d-dimensional Brownian motion
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defined on a complete probability space (Q, 3, P). Let 0 = pg < p1 < P2 < ... < P < Pms1 = b and [;: R — R’ are
the impulsive functions which characterize the jump of solutions at impulsive points p;. R(p,") and R(p, ) represent the
right and left limits of R(p) at time py, respectively. E denotes the mathematical expectation and ©¥(p) € C([—1, 0]; R!),
where % = 9(0).

The theory of fractional differential equations has been emerged as a beneficial tool in modeling many practical,
signal, physical, medical, biological, control theory, engineering and image processing problems, etc. [1-8]. Particularly,
Fractional order differential systems are generalizations of classical integer order systems and are widely used to describe
phenomena in fluid dynamics, finance and physics [9]. Bedi et al. [10] established the existence and approximate
controllability of Hilfer fractional evolution equations with almost sectorial operators. Bhat et al. [11] introduced a
comparative analysis of nonlinear Urysohn functional integral equations via Nystrom method. Khalil et al. [12] provided
a new definition of fractional derivative. Kumar and Pandey [13] proved the existence of mild solution of Atangan-
Baleanu fractional differential equations with delay. For more details on this field, one can refer to relevant monographs
[14, 15].

Noise or random fluctuations are unavoidable in nature as well as in man-made systems, therefore it seems important
to consider stochastic fractional systems rather than deterministic fractional systems. The fractional differential systems
which involve noise term in the mathematical model of a given phenomenon are called Fractional Stochastic Differential
Equations (FSDEs). In recent years, the existence and uniqueness of solutions to FSDEs in both finite and infinite
dimensions have attracted more interest in different fields due to the applications in describing various phenomenon
in population dynamics, physics, electrical engineering, ecology, medicine, biology, and other fields of science and
engineering. Recently, the existence and uniqueness of solutions for different FSDEs models are investigated. For
example, Abouagwa and Li [16] introduced the approximation properties for solutions to It6-Doob FSDEs with non-
Lipschitz coefficients; Abouagwa et al. [17] provided the existence, uniqueness and averaging principle for mixed
neutral Caputo fractional stochastic evolution equations with infinite delay; Makhlouf et al. [18] introduced the existence,
uniqueness and averaging principle for Hadamard It6-Doob stochastic delay fractional integral equations; Tian and Luo
[19] derived the existence and finite-time stability results for impulsive Caputo-type FSDEs with time delays; Zou et al.
[20] proved the existence and averaging principle for FSDEs with impulses.

The theory of stochastic averaging principle is important technique for studying the applications of SDEs in many
interesting areas. It seeks to obtain an equivalent averaged stochastic system to replace the original one, which reduces the
complexity and numerical computations in practical applications. The first systematic study of mean-square averaging
principle was reported by Khasminskii [21], then numerous studies of stochastic averaging were obtained. Abouagwa
and Li [22] introduced the averaging principle for neutral SDEs with variable delay driven by G-Brownian motion. Xu et
al. [23, 24] studied the averaging principle for stochastic dynamical systems driven by fractional Brownian motion under
Lipschitz and non-Lipschitz conditions. Recently, researchers extended the method of averaging principle to FSDEs.
Ahmed and Zhu [25] derived the averaging principle for Hilfer FSDEs with delay and Poisson jumps; Luo et al. [26]
established the averaging principle for FSDEs with time-delays; Luo et al. [27] provided a novel averaging principle for
Hilfer-type fractional system under non-Lipschitz condition. For more details on averaging principle for different types
of FSDEs with different perturbations, we refer to [28—34] and their cited references.

Recently, impulsive effects play a crucial role in practical situations, which cause abrupt and short changes to the
system state. Impulsive effects are unavoidable and even not ignorable sometimes. Therefore, researchers started to
describe the existence and averaging method for impulsive SDEs and FSDEs more accurately. For example, Tian and
Luo [19] derived the existence and finite-time stability results for impulsive Caputo FSDEs with delays; Abouagwa et
al. [35] proved the existence and uniqueness for a class of mixed neutral Caputo FSDEs with impulses and variable
delay; Abouagwa et al. [36] studied the averaging principle for multivalued impulsive SDEs driven by G-Brownian
noise; Khalaf et al. [37] proved the periodic averaging method for non-Lipschitz impulsive stochastic dynamical system
driven by fractional Brownian motion; Zou et al. [20] introduced the existence and averaging method of FSDEs with
impulses. For more developments on averaging method for different types of FSDEs with impulses, we mention [38, 39]
and their references.
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Due to the non-local property of the Caputo fractional derivatives in time, Caputo fractional differential systems are
an important model in various areas of science and engineering. Referring to the definition of Caputo fractional derivatives,
the memory effect or nonlocal property is presented by a convolution integral with a power-law memory kernel, which
makes the Caputo fractional differential systems an excellent tool in complex systems. Inspired by the above discussions
and due to the lack of existing results on averaging principle for impulsive Caputo-type FSDEs with delay, we will extend
the fractional stochastic averaging method to IDCFSDEs (1). The advantages and major contributions of this article are
highlighted as following.

* The convergence in g-th moment between the solution of the non-impulsive DCFSDEs and that of the standard
IDCFSDE:s will be proved, which is more technical and gives the parameter g a greater degree of freedom to possesses a
good robustness.

» Compared with the existing results in [20, 36-39], a new technique to overcome the difficulties hired by the
impulsive term E(supy<,<, | X k(Re(p; ) — ﬁ I8 (p — )V~ (R(7))dz|?) is applied, which enriches the relevant
literature on the averaging theory for other types of FSDEs with impulsive. It should be mentioned that the limitation
when seeking the boundedness of expectation in [20, 36—39] due to the impulsive term has been broken by using Lemma
1.

* Moreover, the results are still new even when the parameter ¢ = 2 and generalize theorem 3.1 in [32], which is a
particular case of our results when g =2, R(p —1) =0and [,(0) =0 (k=1, 2, ..., m).

The remaining of this paper proceeds as follows. We introduce some preliminary definitions, assumptions and lemma
in Section 2. Section 3 is aimed to derive the main fractional averaging limit theorem to IDCFSDEs. An illustrative
example is carried out to enhance our theoretical findings in Section 4 and the paper is concluded in Section 5.

2. Preparations

In this section, we introduce some preliminary definitions, assumptions and lemma needed to establish our main
results

Definition 1 ([15]) For any v > 0 and a function y(p): [0, o) — R, the Riemann-Liouville fractional integral
operator is defined as

Iy v(p) = %/Op(p -0V y()di, p>0, ()

1%

where I'(.) is the Euler’s Gamma function defined by ['(v) = [;"s¥ " le~*ds.
Definition 2 ([15]) For any v > 0, the Caputo fractional derivative for a function y(p): [0, o) — R is given as

T =y = P ®

wherej— 1 < v <j,7 € N. In particular, for 0 < v < 1, we have
Iy “75:v(p) = v(p) — ¥(0). 4)

To prove the averaging limit theorem for Eq. (1), the following assumptions are needed.
Assumption 1 Assume for all p € [0, b] and for any ¢y, ¢, @1, ¢ € R/,
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1E(p, 1, @1) —E(p, 2, )| VIE (P, 91, 1) — (P, $2, @2)| < Ci (|91 — 2| + |91 — 92]), (5)

and

(0, 0, 9)IVIE(p, 9, @)l < C(1+ 0]+ @), (6)

where C; > 0 and C, > 0 are two constants.
Assumption 2 Assume for any ¢, ¢ € R, there exist ¢, € R* (k= 1, 2, ...) such that

(@) —I(9)| < cklo— 9], [i(@)| <7,

where 7 € R* is a constant.
Remark 1 Using the method given in [19], the existence and uniqueness theorem of solution for Eq. (1) can be
derived in L?-sense by adopting Assumptions 1 and 2, which is a generalization of theorem 3.1 in [19] (when g = 2).
We close this section by borrowing the following impulsive-type Gronwall inequality from [19], which is important
to demonstrate the main results.

Lemma 1 ([19]) Assume for any positive and piecewise continuous function 1(p), we have

n(p) < B+ /p”won(z)m Y omw). p>po. ™

Po<ti<p

where § >0, 0 >0, ¥ (i) > 0, and 1; denote the impulsive points of 11(p). Then the following inequality is true

1 <p 1 1+aje| "0l ®)

Po<ti<p

3. Averaging limit theorem

The objective of the this section is to present the main averaging limit theorem for IDCFSDEs. Assume the standard
form of Eq. (1) is given by

€Ty Re(p) = ££(p, Re(p), Re(p —1)) +VE (0, Re(p), Re(p —1)) 2422, 1 €10, ], p # py,

%s(p]j) = %8(p;)+elk(%8(p;))v k= 17 27 ey M (9)

Re(p) =B(p), pe€[-10]
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where € € (0, €] is a small positive parameter with a fixed constant £*. Moreover, the coefficients £ and { satisfy the
Assumptions 1 and 2. According to [19] and the properties of fractional calculus, the equivalent integral form of Eq. (9)

can be written as:

B(p), p € [-1,0]

5 I8 (0 — 1)V E (T, Re (1), Re(r—1))d7
#f"( — 1)L (2, Re (), Re(z—1))dw(z),  p € (0, pi, 0

190+r I8 (p— 1)V 1E (1, Re(T), Re(T—1))d7
+F\C I8 (p— 1)1 (1, Re (1), Re(T—1))dw(T)
+EZZ:IIk(St5(pI:>)> PE(pn, pn+1], n=1,2,..,m

Next, we assume the following averaged form which corresponds to the standard Eq. (10):

B(p), p € [-1 0]

190+ &7 8 (p =) T E R (), Ri(1—1))dT
v fo( =)V E(Re (1), Re(T—10))dw(T), p < (0,pi], an

19o+r 1§ (p =) TERi(1), Ri(r—1))d7
) fo (p— )" 1 (Re(1), Ri(t—1))dw(t)
ﬁﬁ(f?—f)v”f(?‘z(ﬂ)dn P € (P, Pusils n=1,2, .., m,

where &: Rl — R, : R! — R*4 and I: R — R/ are measurable functions, which satisfy Assumptions 1, 2 and the

following averaging assumption:
Assumption 3 For all b; € [0, b], ¢, ¢ € R! and g > 2, there exists a positive bounded function A (b;), such that

(@)

o [l 0w =&, wittdo v - [ 20, 0,9~ Elo, Wltdp <201 +l0l 1y,

(i)

where limy, ., A(b1) =
In order to study the L?-convergence of the solution process Re of Eq. (10) towards the solution process R} of the

averaged system (11) as € — 0, we prove the following lemma.
Lemma 2 Under Assumptions 1 and 3, for V b; € [0, b], the function é_‘ satisfies the following growth condition
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16(0, W)I* <G5 (1+ 9]+ [w])?, (12)

where C3 = 29714 (by) + 2971 CY.
Proof. Applying Jensen’s inequality and Assumptions 1 and 3, we have

_ 29— by _ 24=1 rb
S0 wI* < —— | 1600, w) = C(p, ¢, W)l"dp+—— | [C(p. ¢, y)l"dp
1 JO 1 JO
1 ~1q (13)
S2TA(b) (L4917 + w]?) +277 G (1 + o] + [w])?

< Q7B +2771C) (14 (9] + |w]).

O
Theorem 1 Assume Assumptions 1-3 are true. Then, for arbitrary small parameter 6 >0 and g € [2, 2(1 —v)~1),
34>0,¢e € (0, e*] and o € (0, 1) such that

E( s |sne<p>—mz<p>q) <o, (14)
pe

—1, e~ %]

for Ve € (0, g].
Proof. On account of Egs. (10)-(11), it follows for Vv € [0, b] that

( sup [3help) -l

0<p<y

39-1ga
< ]E( sup
(T(v)? \o<p<r

o= &5 Re(o), e(w-1)) — EORi(e), ez - )lae

)
(o= €5 Fele), Re(e —0) — E(OR(R), He(m—)ew(e)

)

3a-1gd IE(
+ = sup
(T(v)? \o<p<r

q) (15)

n

Y. (Re(p )~ ot [ (=2 IR0t

+ 397 1gIR < sup
=1 I'(v)

0<pgy

=0+ I+ Fs

Employing Jensen’s inequality, we have
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/ < 6qlgq]E( su
PS T \osen,

(o= &5 Reo), e -0) — £ (5, R (0), il — )

)
") (16)

-1
s (s | [0 0 et (e, et ) - E00(0), Rl - e

(V)T \o<psy

= _2u+ .

Then, by using Holder’s inequality and Assumption 1, we conclude

/p(P =)' & (7, Re (1), Re(T—1)) = &(7, Re(7), Re(r—1))]d7

JO

69 legd 4
A s <r<v>>qE<oi‘,§2v )
(6v)i~led

S T

/OV(V— D)V VE[E (7, Re (1), Re(T—1)) —&(7, Ri(7), Ri(e—1)|%de

(6v)?~ ' (Cre)*

v q
V) /0 (v—r)‘i(vI)E(mg(f)—%z(f)+|93£(T—1)—932(7—1)|> dt (17)

< Hllé‘qvq71 |:/OV(V—T)q(Vl)E< sup |%£(Tl) —9(2(71)|q>dr

o<t <7

# [0 (s an ) -%e(a -l Jac],

o<t <7

6q71Cq
where I1;; = (r(T)lq'

By calling Assumption 3 and similar to _#11, we get

S8

(o= 2 g e e(e), i = 1) — EORi(e), He(e -0 Jae

)

)

s < el )

0<p<y

6[]7] SqVqV7% p % % N _E * * — 2
< g (s (166 Rite) il ) - O (@), Ko Pae) N

6q718qqu71 (
q
2

p _
< g (s [ ), W) - E ), e

0<p<y

< legqqua
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-1 * *
where ITj; = m(SUPKp@MP))E(I +supgcp<y [Re (P) |7+ supocp <, [Re (p = 1)[9).

Again, due to Jensen’s inequality, we arrive at

)
q) (19)

[ (o= 2 e Re), Fe(w 1) = £ (5, R (0), Rl = )l

61-1e}
72 (2

0<py

1 % _
+6“E( sup | [(p— 2116 (2. Ri(0), il — 1) — LR (2), Rl —0)law()

(V)T \o<ps

i= _Ia+ .
Using Burkholder-Davis-Gundy, Holder and Doob’s martingale inequalities, it concludes

q

< St [ v oL Fe(e) el )~ L5, Rale), R )P )

12)7-1eicic v
g()““fv‘z’l[/ (v—r)q<“>E< sup Yg(rl)—Yg(rl)W)dr

0 0<7 <7

(20)

# = Ve ( sup el = im - Jar]

o<t <t

<n2]e%v%-1[ / <v—r>q<v-1>E( sup |9tg<m—9tz<m|4)dr
0

o<t <7

+/O'v(v_r)q<V‘>1E< sup m(n—l)—m;(n—z)w)dr}

o<t <7

~1
where Iy = %

Taking Assumption 1 and Lemma 2 into account and similar to /21 , one may get

q
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(7, Re(7), Re(r—1) = L(Re(n), R (—l))l"d7>

v (v-1)
xE(/ (v—1)"%
0
q—2

<(12)4-1e%cq g=2\7
(T(v))e \qv-2

< ([0 (€0 20 Kol )+ | 8). K () e
0

2(36)41Cy(C+CD) [ g2\ 2 « *
where T = 9 HG0H (42) ™ B+ supocpey NPT+ suPucpes K20 ~ 1)

Now, the plus and minus technique and Jensen’s inequality give
)

¥ h0p) ~ gy [ o~ TN 0

3 < 6‘1_18‘1E< sup

0<p<v Ik

L i(Relp)) = X I(Fe(p)

+6971eIE ( sup

0<p<y

= 21+ .

Using Jensen’s inequality, Holder’s inequality and Assumption 2, one may conclude

susortern( s (w0 - o)) )

0<p<y k=1

<6q184E< sup (chsﬁg p) - %z(pkn)q)

0<p<y

< (om et ¥ 0B ( sup [Belpg) - el I,
k=1

0<psy

and

@n

(22)

(23)
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n

I < (12)q_18qE( sup

0<p<y

(R oy )
1

)

P -
JRGERA CHONE

0

k=

(12)9-e? (
+— E
T \otary

)

< (12m)i~ted i (R (o )Y
k=1

(24)
(12)q1£q( g—1 >q1 vf]/.v 1 . q
+ q E|l— ) L(R:(1))| dt
Tt \ov=t) LB k; k(Re (7))
_ o (127 Y (mng)t [ g—1 \*"!
<12q1m8qnq+( vy
(12 ) @+ e
<Ilaned,
a—1(, g (127 m)e [ g—1 o qv
where H32 = (12) (mn) +W qv—1 Vi,
Taking (15), (17), (18), (20), (21), (23), (24) into account, we obtain
E( sup [Re(p) —%E(PW) < legqqu-l-nzsz%vq(zv{l) + 1567 + <H11£qvql +H218‘21V31>
0<p<y
X (/ (vr)q(v_l)E( sup |9{8(n)9t;(m|4>dr
0 o<t <7
(25)
+/ (v—r)q(VI)IE( sup |‘J(g('cl—z)—‘ﬁz(rl—z)q)dr>
0 o<t <1
+(omer ¥ (0075 sup [e(p) - (ool
k=1 0<py
Letting ®(v) = ]E(supogpgv |Re(p) 9?(’;(p)|‘7) and E(supl<p<0 |Re(p) 9?2(p)|‘7) =0, then we obtain
IEZ( sup |Re(t —1) — R (7 z)") =d(t—1). (26)
o<t <7

It concludes from Eq. (25) that
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(v ) 1,97 +H2282V 2 —|—H32£"+(H11£"v"1+nglsgvg1)

x (/Ov(v— )ty dr+/ 4v-Dep(7 —l)dl') 27)

+ (6m)? e fj (cl)1D(vy).
k=1

Letting A(v) = sup,c_,, ,) P(p), Vv € [0, b, then P(7) < A(7), and (7 —1) < A(). Therefore, we have from Eq.
27

2v—

q(
O(v) < Mipe?” +Tpety™ 2 +H328q+2<nu£qv‘f +H218(21vgl>

(28)
< [ = DA+ (om) et Y () AL
° k=1
For Vp € [0, v], one may get
D(p) < Mppe?p?” +Tlpe? p B +H328‘1+2<H11£ql)q l+112182Pgl)
p m
<[} o= DA (om) e Y () Ay )
° k=1
(29)

2v—

a(
<H|28qvq —|—H2282V 2 +H328q+2<H1]quq +H2|Egvg_1)

X / (v—1)1V " DA(T)dT+ (6m)? '€ Y (cr)IA(vy ).
0 k=1
Then, we can obtain

A = sup alp)<max{ s @(p), sup @(p)]
pE[—1,V] pE[—1,0] pelo,v]

2v—

q(2v—1)
<H128qVqV+H2282v I +n328q+2<H118qvq +H21£gvgl>
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X / V(v —1)1VDA(T)dT + (6m)7 '€ f (cx)IA (V). (30)
0 k=1

Thanks to Lemma 1, we can obtain

vV—

a2 m
A(v) (H]z&‘qvq +H2282V Sz +H328q) H <1—|— 6m - 1 SCk) )

k=1
€1y
{Z(Hneqqu +H21£%v‘1(1’%)) }
X exp
glv—1)+1
Therefore,
Ve m
IE( sup |Re(r) EK;(p)q) (M99 +Tlpedy e + 3] [J(1+ (6m)7~ Yecy)?)
0<p<y k=1
(32)
{ Z(H] leqqu +H218%\1q<1_%)) }
X exp .
glv—1)+1
Taking ¢ > 0 and a € (0, 1) such that for Vp € [0, £e~%*] C [0, b], it is obtained that
E( sup  [Re(p) —9%:<p>|q) < 2¢ e (33)
O<p<le@
where
9 [Hn@qv gt+a(l—qv)—1 (1+a)+oc(1 v)—1 +H32£q+a—1]
m 2(IT) 4V 9(1-9) 4 [T pa(1-2) ga(1- %))
(1+ (6m)7!( (34)
I;I + (6m)4™" (ec)? )exp{ dv D11
: = const.
Hence, for a given 6 > 0, there exists € € (0, €*] such that for Ve € (0, /] and p € [—1, e~ %],
B s [lp)- W) <o. 65)
pe[—1, Le~%]
O
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Remark 2 If R(p —:) =0 in Eq. (1), the proof process in this article is still applicable and the results are new.
Remark 3 Letting R(p —:) =0and I,(.) =0 (k= 1,2, ..., m) in Eq. (1), then Theorem 1 will be consistent with
Theorem 3.1 in [32] when g = 2. Therefore, Theorem 1 in this article extends the results obtained in [32].

4. Example

Assume the following IDCFSDEs driven by Brownian motion:

4
5

Py, Re(p) = £(Re(p) cos® p — pRe(p)sin(p — 7)) + v&(Re(p) sin® p — Re(p) cos(p — 1)) 42 p € [0, 5],

Re(p,) =Re(py ) + ek’ arctan(Re(p; ), p=px, k=1,2,...,m, (36)

Re(p) =B(p), pe[-10],

where v =3, £(p, Re(p), Re(p —1)) = Re(p) cos® p — pRe(p) sin(p — 7), $(p, Re(p), Re(p —1)) = Re(p)sin®p —
Re (p) cos(p — ) and (Re(p; ) = K arctan(Re (p; ).
Now, we check that the Assumptions 1-2 are satisfied. For any (R, R%) € R/ x R/, we have

&P, Re(p), Re(p —1)) — (P, Re(p), Re(p —1))

=|Recos?p — pResin(p — 1) — Ricos’ p 4 pR}sin(p — )|

<|(Fe — R7)(cos? p + psinp)|

<(1+p)[Re =R, (37
1E(p, Re(p), Re(p —1)) = S (P, Relp), Re(p —1))

=|Resin? p — Recos(p — ) — Risin® p + R cos(p — 7))

<|(Re — RZ) (sin” p +cos(p))|

<L2IRe — Ry (38)

Applying the mean value theorem for any constant ¢ > 0, we have
[1(SRe () — (e (py )] = K farctan(Re (p; ) — arctan(3K; (o))

= k| arctan’ (¢) ||Re (p; ) — Rz (py )|
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:k3|m|\9‘e(PlZ)*9‘2(PDI

(39
<K(Re(p) —Relp ),
where arctan’(c) is the derivative of arctan(c). Let
E(p. Re(p), Re(p —1))| = [Re cos® p — pResin(p — 1)
< [Recos? p + pResinp)|
< (1+p)|Rel, (40)
$(p. Re(p), Re(p —1))| = |Re sin’ p — Re cos(p — )|
< |Resin? p +Recosp)|
<2[Rel, (41)
_ 3 _ 3 _ k3717
(Re(py )| = K arctan(Ske(p; )| = K arctan(She(p; )] < 5 @)

Therefore, Assumptions 1-2 are satisfied withC; =C, =2V (1+p),n= ]‘37” and Eq. (36) has a unique solution R,.
Define

_ R

E@elp). Filp—0) = [ E(p. Rilp), Relp—)ap = T, @)

= * * * * 9{2

E@Re(p). Filp—0) = 7 [ (o, Help), Rip—1))dp = =F. (44
- * 1 & 3 K (N mZ(m+ 1)2 K (=
Z L(Re(p, ) = p Z k’ arctan(R; (p, )) = Tarctan(‘ﬁg(pk ). (45)
k=1 k=1

Hence, we conclude the following averaged DCFSDEs without impulsive:

4 W m2 (ma-1)2 o
P, Re(p) = ¥R:(p) + YRz (p) 22) 1+ U arctan(R; (o)), p € [0, 5],

(46)
Ri(p) =B(p), pe[-1,0.
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Now, we check that the Assumption 3 is satisfied. We have

1 o _
oo [ 160 Relp). Relp — 1)) ~E(SKe(p). Relp —1)|“dp
:% /ob] [Recos® p — pResin(p — 1) — 39{8 |%dp
%/ (07 +(3)°)/%eldp
<(2”2‘();i‘f)“(1+|9%g|‘1>7 47)
1 b _
oo [ 16 Relp). Relp 1)) = L(SKe(p). Relp —1)|“dp
by
:%/o \EKgsinzp—%gcos(p—n)—%rfdp

1 1 3
<— [ |2Re|%
bl/O 5 %el1dp

<5 (14 |Re[9). (48)

l\)\w

Therefore, Assumption 3 is satisfied with A (b;) = \/ ((2171()(;7:1%“) by > 0.
According to the above discussions, we can get that the assumptions of Theorem 1 are satisfied. Therefore, the

standard solution R, of Eq. (36) approximates the averaged solution R} of Eq. (46) in L?-sense as € — 0.

5. Conclusion

In this paper, we present a fractional stochastic averaging limit theorem for IDCFSDEs. It is proved that the solution
of the averaged DCFSDEs without impulsive approximates that of the standard IDCFSDEs in L7-sense. Additionally,
different from the previous studies in [20, 36-39], a new technique is applied to overcome the difficulty hired by the
impulsive term based on impulsive-type Gronwall inequality, which enriches the relevant literature on the averaging
theory for FSDEs with impulsive. It should be mentioned that according to Remark 3, the obtained results generalize the
results obtained in [32]. The proof process adopted in this article can be applied for developing the averaging method for
other types of impulsive FSDEs. For future research, the averaging principle for FSDEs in the sense of a newly defined
OBC-fractional derivative, which is introduced recently by Zaid Odibat and Dumitru Baleanu.
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