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Abstract: In this paper, we investigate the existence of solutions for Caputo-Katugampola fractional differential equations
at resonance that involve two different orders and the p-Laplacian operator, by using the theory of the coincidence degree
due to Mawhin and improving it due to Ge’s theory. The dimension of the kernel for a fractional differential operator is
two or one according to the value of type of Katugampola fractional integral. We use inequalities and nonlinear analytic
techniques to investigate the existence of the solutions. In the simplest case, we automatically found the solvability of the
Caputo-Katugampola equations with p-Laplacian operator. We provide two examples to illustrate our results.
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1. Introduction
Without a doubt, fractional differential equations are a potent mathematical example that offers further treatment

flexibility with a variety of practical applications. Fractional differential equations with boundary and initial value
conditions have been extensively studied in recent years, yielding several useful results [1–3]. They are typically studied
using nonlinear analysis techniques such as fixed-point theorems, coincidence degree theory, variation method, upper and
lower solutions method, among others [4–6].

Fractional order calculus has been discovered in the last few decades to be present in both theoretical and applied
aspects of many different fields of science and engineering, including biological systems, robotics, dielectric polarization,
electromagnetic waves, colored noise, heat conduction, memory features, biology, finance, and the illustration of heredity.
The existence results for fractional differential evolution inclusions are investigated in [7–10]. The analysis of the optimal
control results and solvability concerning fractional differential equations have been discussed in [11–15].

As a result, many scientists are interested in fractional differential equations since they can describe a variety of events,
and the p-Laplacian operator is also frequently utilized to simulate a variety of physical and non-physical phenomena
(See [16–18] and their references). If the associated homogeneous boundary value problem has a nontrivial solution, the
boundary value problem is said to be at resonance. Many experts have recently focused on these problems.

In this research, we work on a type of fractional differential equation that can be expressed in the form Nυ = Mυ ,
where N, M are two mappings and N is a linear Fredholm mapping of index zero. Also, it can not be reduced to a fixed
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point problem for the operator N−1M with the resonant problems (See [19–25] and their references). Otherwise, the
problem is called non-resonant. There are many contributions published to investigate the existence of solutions to it (See
[26–29] and their references).

Wang et al. [19] examined the existence of a solution by implementing a fixed point index theorem for the following
resonant problem:

(Dα
0+υ)(t)+H(t, υ(t), (Dβ

0+υ)(t)) = 0, t ∈ (0, 1),

with boundary conditions

υ(0) = 0 = υ ′(0), (Dβ
0+υ)(1) =

m

∑
i=1

ηi(D
β
0+υ)(ζi),

where Dα
0+ is Riemann-Liouville derivative, α ∈ (2, 3), β ∈ (0, α − 2) and ηi > 0, 0 < ζ1 < · · · < ζm < 1 with

m

∑
i=1

ηiζ
α−β−1
i = 1.

Song et al. investigated [20] by executing the coincidence degree theory, the existence of a solution to the following
resonant problem:

( cDα
1−(D

β
0+υ))(t) = H(t, υ(t), (Dβ+1

0+ υ)(t), Dβ
0+υ(t)), t ∈ (0, 1),

with boundary conditions

υ(0) = 0 = υ ′(0), υ(1) =
1∫

0

υ(t)dA(t),

where the Caputo fractional derivative cDα
1− of order α ∈ (1, 2] and the Riemann-Liouville fractional derivative Dβ

0+ of
order β ∈ (0, 1].

There are a number of researchers who have contributed to proving the existence of a solution to many equations
involving the p-Laplacian operator at resonance.

In [21], Azouzi et al. studied the following problem:

(φp
(
(Dα

0+υ)(t)
)
)′ = H(t, υ(t), (Dα−1

0+ υ)(t)), t ∈ [0, 1], α ∈ (1, 2),

with boundary conditions

υ(0) = 0 = (Dα
0+υ)(1), (Dα−1

0+ υ)(1) =
m−2

∑
i=1

βi(Dα−1
0+ υ)(ηi),

Contemporary Mathematics 6648 | Ahmed Salem, et al.



where Dα
0+ is the Riemann-Liouville derivative, H : [0, 1]×R2 →R is a continuous function, φp is a p-Laplacian operator,

0 < η1 < · · ·< ηm−2 < 1 and βi ∈ R+, where i = 1, 2, . . . , m−2, m ≥ 3 and
m−2

∑
i=1

βi = 1.

Sun et al. investigated [22] the following problem:

Dβ
0+
(
φp
(
(Dα

0+υ)(t)
))

= µ(t)H(t, υ(t), (Dα−(n−1)
0+ υ)(t), (Dα−(n−2)

0+ υ)(t), · · · , (Dα
0+υ)(t)),

with boundary conditions

(Dα
0+υ)(0) = (Dα−2

0+ υ)(0) = (Dα−3
0+ υ)(0) = · · ·= (Dα−(n−2)

0+ υ)(0) = υ(0) = 0,

Γ1(υ) = 0 = Γ2(υ),

where t ∈ [0, +∞), β ∈ (0, 1], α ∈ (n− 1, n] with n ≥ 3, φp is a p-Laplacian operator and Γ1, Γ2 are continuous linear
functions with the resonance conditions: Γ1(tα−1) = Γ2(tα−n+1) = Γ1(tα−n+1) = Γ2(tα−1) = 0.

Here, we are interested in proving the existence of the solutions (at least one solution) to the Caputo-Katugampola
differential equation of two different orders with the p-Laplacian operator at resonance, it can be expressed as


(

ρ
c Dβ

0+φp
( ρ

c Dα
0+υ

))
(t) = H(t, υ(t), ( ρ

c Dα
0+υ)(t)), t ∈ [0, S],

(
ρ
c Dα

0+υ)(0) = 0 = (
ρ
c Dα

0+υ)(S), υ ′(0) = υ0,

(1)

where
• H : [0, S]×R2 → R is a continuous function;
• 1 < α ≤ 2, 0 < β ≤ 1 and ρ > 0;
• ρ

c Dα
0+ and ρ

c Dβ
0+ are the Caputo-Katugampola fractional derivatives of orders α and β respectively and type ρ;

• φp with p > 1 is a p-Laplacian operator defined by φp(x) = |x|p−2x which has the inverse φk such that
1
p
+

1
k
= 1.

The n-Laplace equation, the turbulent movement of a gas in a porous medium, and non-Newtonian fluid theory are all
studied using equations of the aforementioned kind with ordinary derivatives. Some existence results for such boundary
value problems are achieved by applying a novel continuation theorem. For p = 2, the differential equation (1) with the
boundary condition is linear. However, φp(x) is not linear with regard to x when p ̸= 2. Therefore, compared to the linear
instance, the debate in this situation is more complicated.

The Katugampola fractional integral combines the Riemann-Liouville fractional integral and the Hadamard fractional
integral into a single form. It is also strongly connected to the Erdelyi-Kober operator, which generalizes the Riemann-
Liouville fractional integral. The Katugampola fractional derivative is defined using the Katugampola fractional integral,
and it, like any other fractional differential operator, allows for the use of real or complex number powers of the integral
and differential operators. They combine the qualities of Caputo and Hadamard derivatives and may be scaled to multiple
functions, making them ideal for modeling systems with nonlinear and fractal-like tendencies.

The Caputo and Caputo-Hadamard fractional derivatives are both generalized by the Caputo-Katugampola derivative.
A smooth transition between these two common fractional derivatives is made possible by the inclusion of a parameter ρ .
This implies that you can tailor the derivative to better fit the unique features of the system you are describing by varying
the parameter ρ . Memory effects and non-local behaviors, which are frequently found in real-world occurrences, can be
modeled by including the parameter ρ .
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To explicitly highlight the novelty of the proposed method, we clearly state how our approach differs from and
improves upon existing methods in the literature. In this research, we investigate the existence of a solution for a resonant
problem that involves Caputo-Katugampola fractional derivatives with two different orders and type ρ ≥ 0 and a p-
Laplacian operator. We use two theorems according to the value of type of fractional derivative ρ . We focus on two
cases:

• When ρ ∈ (0, 1), the index of Fredholm operator is equal to zero. So, we apply the coincidence degree theory due
to Mawhin;

• When ρ ∈ [1, ∞), the index of the Fredholm operator does not finish. So, we apply the Ge-Mawhin continuation
theorem.

The primary challenges in this paper, in contrast to earlier research, are as follows:
First: We are aware that the larger the kernel dimension, the more challenging it is to create the projections, according

to Mawhin’s continuation theorem, especially if there are two probabilities;
Second: Assessing prior bounds is the toughest part;
Third: It is challenging to create an example.
The organization of this article is as follows. We introduce some knowledge, definitions and lemmas to get the main

results of ours in section 2. In section 3, we define some operations and offer their properties that are needed to obtain our
main results. We study the existence of a solution for our problem and present an example to illustrate the applicability
of our results in section 4. At the last, the Conclusion section is introduced to show the final results that were obtained in
this paper.

2. Preliminaries
Some basic lemmas, definitions and knowledge regarding fractional calculus theory are offered in this section to help

in obtaining our main results. Most of them are taken from [30–36].

2.1 Spaces

Throughout this paper, we use the Banach space Y =C[0, S] with the norm

||υ ||Y = sup{|υ(y)|, y ∈ [0, S]}.

The set of functions

X = {υ(y) : υ(y), ( ρ
c Dα

0+υ)(y) ∈ Y , y ∈ [0, S]}

with the norm

||υ ||X = max{||υ ||Y , || ρ
c Dα

0+υ ||Y}.

It is obvious that X is a Banach space.
Consider the space Xp

c (a, b) with −∞ ≤ a < b ≤ ∞, which contains Lebesgue measurable function υ on the closed
interval [a, b] with complex-valued and ∥υ∥Xp

c
< ∞ and
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∥υ∥Xp
c
=

(∫ b

a
|vcυ(v)|p dv

v

) 1
p

, (1 ≤ p < ∞, c ∈ R).

For p = ∞,

∥υ∥Xp
c
= ess sup

x∈[a, b]
xc|υ(x)|.

Take AC[a, b] is the set of all absolutely continuous functions on the closed interval [a, b]. Then, for n ∈ N,

ACn[a, b] =

{
υ : [a, b]→ C,

(
x1−ρ d

dx

)n−1

υ(x) ∈ AC[a, b]

}

with AC1[a, b] = AC[a, b] [37, 38]. It is worth mentioning that this space will be used to introduce the definition of the
Caputo-Katugampola fractional derivative.

2.2 p-Laplacian operator

Let p > 1. The p-Laplacian operator φp is defined as φp(x) = |x|p−2x which has the inverse φk such that
1
p
+

1
k
= 1.

We state below some needed results to establish some important inequalities used to arrive at the main results:
Lemma 2.1 [23] Let φp be a p-Laplacian operator, and we have
Case 1: If 1 < p ≤ 2, xy > 0 and |x|, |y| ≥ n > 0. Then,

|φp(x)−φp(y)| ≤ (p−1)np−2|x−y|; (2)

Case 2: If p > 2 and |x|, |y| ≤ r, where r is a constant. Then,

|φp(x)−φp(y)| ≤ (p−1)rp−2|x−y|. (3)

Lemma 2.2 [24] Let φp be a p-Laplacian operator. Then for all x, y > 0, we have
Case 1: When p ∈ (1, 2). Then,

|φp(x+y)| ≤ |φp(x)|+ |φp(y)|;

Case 2: When p ≥ 2. Then,

|φp(x+y)| ≤ 2p−2 (|φp(x)|+ |φp(y)|) .
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2.3 Fractional calculus

Here, we present the key terms and ideas associated with our problem. Additionally, we use these results to ascertain
our problem’s solution form (1).

Definition 2.1 [30] Let ρ, γ ∈ R+ and the function h ∈ Xp
c (a, b). Then, the Katugampola integral is given by

( ρ Iγ
0+h)(x) =

ρ1−γ

Γ(γ)

∫ x

0
sρ−1(xρ − sρ)γ−1h(s)ds.

Definition 2.2 [30] The Caputo-Katugampola fractional derivative of order γ and type ρ ∈R+ with r−1 < γ ≤ r, r ∈
N of a function h ∈ ACr[a, b] is given by

( ρ
c Dγ

0+h)(x) =
(

ρ Ir−γ
0+

(
x1−ρ d

dx

)r

h
)
(x)

=
ρ1+γ−r

Γ(r− γ)

∫ x

0
sρ−1(xρ − sρ)r−γ−1

(
s1−ρ d

ds

)r

h(s)ds.

Lemma 2.3 [30] Let r ∈ N, γ, δ , ρ ∈ R+ such that r−1 < γ ≤ r and γ ≥ δ . Then, we have
• ( ρ

c Dδ
0+

ρ Iγ
0+h)(x) = ( ρ Iγ−δ

0+ h)(x), h ∈ Xp
c (a, b);

• ( ρ Iγ
0+

ρ
c Dγ

0+h)(x) = h(x)−a0 −a1xρ −·· ·−ar−1xρ(r−1), h ∈ ACr[a, b],
where ak with k = 0, 1, . . . , r−1 are constants.

Lemma 2.4 [30] Let r ∈ N, r−1 < δ ≤ r, γ > 0, ρ > 0 and t > 0. Then,

• ρ Iδ
0+

(
xρ

ρ

)γ−1

=
Γ(γ)

Γ(γ +δ )

(
xρ

ρ

)γ+δ−1

;

• ρ
c Dδ

0+

(
xρ

ρ

)γ−1

=
Γ(γ)

Γ(γ −δ )

(
xρ

ρ

)γ−δ−1

, δ < γ;

• ρ
c Dδ

0+

(
xρ

ρ

)m

= 0, m = 0, 1, 2, 3, . . . , r−1.

Lemma 2.5 The following problem and problem (1) are equivalent


(

ρ
c Dα

0+υ)(t) = φk

(
ρ Iβ

0+H(t, υ(t), ( ρ
c Dα

0+υ)(t))
)
, t ∈ [0, S],

(
ρ
c Dα

0+υ)(0) = 0 = (
ρ
c Dα

0+υ)(S), υ ′(0) = υ0.

(4)

Proof. By Lemma 2.3, problem (1) has a solution

φp
(
( ρ

c Dα
0+υ)(t)

)
= ρ Iβ

0+H(t, υ(t), ( ρ
c Dα

0+υ)(t))+a0,

where a0 ∈ R, when substituting t = 0, we get a0 = 0. Then, we obtain

φp
(
( ρ

c Dα
0+υ)(t)

)
= ρ Iβ

0+H(t, υ(t), ( ρ
c Dα

0+υ)(t)). (5)
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Applying φk on both sides of (5), we get

( ρ
c Dα

0+υ)(t) = φk

(
ρ Iβ

0+H(t, υ(t), ( ρ
c Dα

0+υ)(t))
)
.

Now, by applying ρ Iα
0+ on both sides of the above formula, we get two constants b0, b1 ∈ R

υ(t) = ρ Iα
0+φk

(
ρ Iβ

0+H(t, υ(t), ( ρ
c Dα

0+υ)(t))
)
+b0 +b1tρ .

Hence,

υ ′(t) = ρ Iα−1
0+ φk

(
ρ Iβ

0+H(t, υ(t), ( ρ
c Dα

0+υ)(t))
)
+ρb1tρ−1.

In the case of ρ > 1, we can not calculate the values of b0 and b1 under our boundary conditions. If ρ = 1, we get
b1 = v0 and can not calculate the value of b0. The previous equation can be rewritten as

t1−ρ υ ′(t) = t1−ρ ρ Iα−1
0+ φk

(
ρ Iβ

0+H(t, υ(t), ( ρ
c Dα

0+υ)(t))
)
+ρb1

which implies that b1 = 0 in the case of 0 < ρ < 1 and also can not calculate the value of b0. Therefore, υ(t) is a solution
of equation (1), provided that it solves equation (4).

2.4 Fredholm mapping

Certain operators that appear in the Fredholm theory of integral equations are known as Fredholm operators named
in honor of Erik Ivar Fredholm. A Fredholm operator, defined as a bounded linear operator N : X → Y between two
Banach spaces, has a finite-dimensional kernel and an algebraic cokernel. In additional details:

Definition 2.3 [31] If a linear mapping

N : domN ⊂X →Y ,

where X and Y are real Banach spaces, satisfies the following conditions:
• kerN and ImN have finite dimensions;
• ImN is closed.
Then we call this mapping a Fredholm mapping.
Let a Fredholm mapping N have index zero and the continuous projectors F : X →X , G : Y →Y such that kerN =

ImF, ImN = kerG and X = kerN⊕ kerF, Y = ImN⊕ ImG. A continuous mapping F : X → X is a projector, when
F2υ = Fυ , ∀υ ∈ X . It follows that the invertible map NF : domN∩kerF → ImN and we denote the inverse of NF by KF.

Definition 2.4 [31] The mapping M is called N-compact on Ω, where Ω ⊂ X is an open bounded set if it satisfies
the following conditions:

• GM(Ω) is bounded;
• KF, GM = KF(I−G)M : Ω→X is compact.
Remark 2.1 In the Arzela-Ascoli theorem: KF, GM(Ω) is compact⇔ it is bounded and equicontinuous.
Remark 2.2 [31] The Fredholm mapping has an integer index
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IndN = dim(kerN)− codim(ImN),

where codim(ImN) = dim(cokerN) = dim(Y/ImN).
Remark 2.3 [39] Let U1, U2 ⊂ V. Then V = U1 ⊕U2, provided that the following conditions hold:
• For all v ∈ V, there exists u1 ∈ U1 and u2 ∈ U2 such that v = u1 +u2;
• U1 ∩U2 = {0}.
Definition 2.5 [24, 25] The mapping N : X ∩domN →Y is a quasi-linear operator if the following conditions hold:
• kerN is linearly homeomorphic to Rr (r < ∞);
• ImN ⊂ Y is closed.
Definition 2.6 [24, 25] Assume that X1 is a subspace from the Banach space X . A continuous mapping F : X →X1

is a semi-projector, if
• F2υ = Fυ for all υ ∈ X ;
• F(rυ) = r(Fυ) for all υ ∈ X , and r ∈ R.

2.5 Fixed point theorems

The presence of at least one point (referred to as a “fixed point”) that a given function maps to itself under
specific circumstances is guaranteed by fixed point theorems, which are mathematical conclusions. These theorems are
fundamental to many branches of mathematics and can be used in topology, analysis, and even problem-solving in the
real world.

Theorem 2.1 (Mawhin’s continuation theorem [31]) LetN be a Fredholm operator with index 0, andM beN-compact
on Ω and suppose it satisfies the following conditions:

• Nυ ̸= ξ Mυ , ∀(υ , ξ ) ∈ [(domN\ kerN)∩∂Ω]× (0, 1);
• Mυ ̸∈ ImN, ∀υ ∈ (kerN∩∂Ω);
• deg(JGM|kerN,Ω∩kerN, 0) ̸= 0, where J : ImG → kerN is any isomorphism and a continuous projection G : Y →

Y as above with ImN = kerG.
Then, in domN∩Ω of the equation Nυ = Mυ , there is at least one solution.
Theorem 2.2 (Ge-Mawhin’s continuation theorem [32]) LetN be a quasi-linear operator, Mξ = ξ M, where ξ ∈ [0, 1]

is N-compact on Ω and suppose it satisfies the following conditions:
• Nυ ̸= ξ Mυ , ∀(υ , ξ ) ∈ [domN∩∂Ω]× (0, 1);
• deg(JGM|kerN, Ω∩ kerN, 0) ̸= 0, where J : ImG → kerN is homeomorphism with J(θ) = θ (θ origin element),

and a semi-projection G : Y →Y1 ⊆ Y as above.
Then, in domN∩Ω of the equation Nυ = Mυ , there is at least one solution.
Remark 2.4 [24, 25] We can use the theory of Mawhin’s continuation is due to Ge when the index of the operator N

does not finish, the conditions of this theory are very similar to the theory of the coincidence degree that due to Mawhin,
except that the operator N must be quasi-linear.

Remark 2.5 The last part in the proof of Lemma 2.5 with the previous theorems and last remark tell that:
• When ρ ∈ (0, 1), the index of Fredholm operator is equal to zero. So, we have shown that by applying the

coincidence degree theory due to Mawhin;
• When ρ ∈ [1, ∞), the index of Fredholm operator does not finish. So, we have applied an improved version of

Ge-Mawhin’s continuation theorem.

3. Basic constructions
We define the operator N : domN ⊂X →Y by
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Nυ = ρ
c Dα

0+υ ,

where

domN = {υ ∈ X : ( ρ
c Dα

0+υ)(0) = 0 = ( ρ
c Dα

0+υ)(S), υ ′(0) = υ0},

and X , Y are two Banach spaces defined in the previous section. It is obvious that kerN has a finite dimension, since

kerN = {a0 +a1tρ |ai ∈ R, i = 0, 1}= R2.

It is clear that dim(kerN) = 2 if ai ̸= 0, i = 0, 1. If one of them is identically zero (not both), then dim(kerN) = 1.
This depends on the value of type ρ according to Lemma 2.5 (a1 = 0 if ρ ∈ (0, 1)).

Let y ∈ Y , then there exists υ ∈ domN such that y =
ρ
c Dα

0+υ . From conditions ( ρ
c Dα

0+υ)(0) = 0 = (
ρ
c Dα

0+υ)(S), we
get y(0) = 0 = y(S). So, ImN = {y ∈ Y|y(0) = 0 = y(S)} is closed with finite dimension.

We define the operator G : Y →Y1 by

(Gy)(t) = y(S).

This operator is a projector mapping since G2 = G.
It is clear that kerG = {y ∈ Y|y(S) = 0}= ImN. In addition, it is easy to see that

0 = Gy−Gy = Gy−G2y = G(I−G)y

which implies that (I−G)y ∈ kerG. By assuming y ∈ Y , we get

y = y−Gy+Gy = (I−G)y+Gy

which leads to

Y = kerG+ ImG = ImN+ ImG.

By letting y0 ∈ (kerG∩ ImG), we get y0 ∈ kerG and y0 ∈ ImG which are respectively, equivalently Gy0 = 0 and
there exists y1 ∈ Y such that

y0 = Gy1 = G2y1 = Gy0 = 0.

Hence, kerG∩ ImG = {0}= ImN∩ ImG. By Remark 2.3, we have
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Y = ImN⊕ ImG.

We define the operator F : X →X1 by

Fυ = υ(0)+a1tρ ,

where a1 ∈ R. It is clear that it is a projector mapping with kerF = {υ ∈ X |υ(0) = −a1tρ} and ImF = {a0 + a1tρ |ai ∈
R, i = 0, 1}= kerN. By Remark 2.3, we have

X = kerN⊕ kerF.

Hence, by Definition 2.3 and Remark 2.2, we get N is a Fredholm mapping and IndN = 0. When ρ ≥ 1, then
IndN ̸= 0. But N is a quasilinear operator for all ρ ∈ R+.

Lemma 3.1 Let the operator KF : ImN → (domN∩ kerF) be defined by

KFy = ρ Iα
0+y,

with the norm

||KFy||X ≤ max{τα , 1}||y||Y ,

where y ∈ ImN and

τα =
Sρα

ρα Γ(α +1)
. (6)

Then, KF = N−1
F , where NF : (domN∩ kerF)→ ImN.

Proof. By Lemma 2.3, for y ∈ ImN, we have

NF (KFy) = NF
( ρ Iα

0+y
)

= ρ
c Dα

0+
ρ Iα

0+y = y.

Furthermore, if υ ∈ (domN∩ kerF), then υ ∈ kerF. So, υ(0) =−a1tρ , we have
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KF (NFυ) = KF
( ρ

c Dα
0+υ

)
= ρ Iα

0+
ρ
c Dα

0+υ

= υ −υ(0)−a1tρ = υ .

This shows that KF = N−1
F . From t ∈ [0, S] and ||y||Y = max{|y(t)|, t ∈ [0, S]}, we get

|KFy(t)|= ρ1−α

Γ(α)

∣∣∣∣∫ t

0
sρ−1(tρ − sρ)α−1y(s)ds

∣∣∣∣
≤ ρ1−α

Γ(α)

∫ t

0
sρ−1(tρ − sρ)α−1|y(s)|ds

≤ ||y||YSρα

ρα Γ(α +1)
.

Therefore, ||KFy||X ≤ max{τα , 1}||y||Y .
Lemma 3.2 Let υ ∈ X , τα be defined in (6) and a1 ∈ R. Then, we have

||(I−F)υ ||X ≤ max{τα , 1}||Nυ ||Y

and

||Fυ ||X ≤ |υ(0)|+ τ,

where

τ = |a1|Sρ . (7)

Proof. By Lemma 3.1, for υ ∈ X ,

||(I−F)υ ||X = ||KFN(I−F)υ ||X ≤ max{τα , 1}||N(I−F)υ ||Y ≤ max{τα , 1}||Nυ ||Y .

This comes from the fact that Fυ ∈ ImF = kerN, which means NFυ = 0. Also, by the definition of the operator F
and from t ∈ [0, S], we get
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|Fυ(t)|= |υ(0)+a1tρ | and |NFυ |= 0.

Therefore, ||Fυ ||X ≤ |υ(0)|+ τ .
We define the operator M : X →Y by

Mυ = φk

(
ρ Iβ

0+H(t, υ(t), ( ρ
c Dα

0+υ)(t))
)
.

Lemma 3.3 Assume Ω is an open bounded subset of X such that domN∩Ω ̸= /0. Then, M is N-compact on Ω.
Proof. From the continuity of a function H and the definition of an operator M, there exists c ∈ R+ such that for

each t ∈ [0, S],

|H(t, υ(t), ( ρ
c Dα

0+υ)(t))| ≤ c (8)

and |Mυ(t)| ≤ (cτβ )
k−1 with υ ∈Ω. Moreover, from the definition of an operator G, we get

||GMυ ||Y = |Mυ(S)| ≤ (cτβ )
k−1 ≜ d. (9)

So, GM(Ω) is bounded. Similarly, by the definitions of operators KF and G, we get that KF(I−G)M(Ω) is bounded.
Now, we want to prove that KF(I−G)M(Ω) is equicontinuous. To do this, take υ ∈ Ω, 0 ≤ t1 < t2 ≤ S with using

(9), we get

|KFMυ(t2)−KFMυ(t1)|=
ρ1−α

Γ(α)

∣∣∣∣∫ t2

0
sρ−1(tρ

2 − sρ)α−1Mυ(s)ds−
∫ t1

0
sρ−1(tρ

1 − sρ)α−1Mυ(s)ds
∣∣∣∣

≤ ρ1−α

Γ(α)

∫ t1

0
sρ−1[(tρ

2 − sρ)α−1 − (tρ
1 − sρ)α−1]|Mυ(s)|ds

+
ρ1−α

Γ(α)

∫ t2

t1
sρ−1(tρ

2 − sρ)α−1|Mυ(s)|ds

≤ dρ1−α

Γ(α)

∫ t1

0
sρ−1 ((tρ

2 − sρ)α−1 − (tρ
1 − sρ)α−1)ds

+
dρ1−α

Γ(α)

∫ t2

t1
sρ−1(tρ

2 − sρ)α−1ds

=
d

ρα Γ(α +1)
(
tρα
2 − tρα

1

)
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which implies that

|KF(I−G)Mυ(t2)−KF(I−G)Mυ(t1)|

≤ |KFMυ(t2)−KFMυ(t1)|+ |KFGMυ(t2)−KFGMυ(t1)|

≤ 2d
ρα Γ(α +1)

(
tρα
2 − tρα

1

)
.

Since tρα is uniformly continuous on [0, S], KF(I−G)M(Ω) is equicontinuous.
Now, we will prove ρ

c Dα
0+KF(I−G)M(Ω) is equicontinuous.

Case I:When 1 < p ≤ 2, we get k ≥ 2. For any υ ∈Ω, 0 ≤ t1 < t2 ≤ S, from (6), there exists τβ ∈ R+ such that

| ρ Iβ
0+H(t, υ(t), ( ρ

c Dα
0+υ)(t))|= |( ρ Iβ

0+H)(t)| ≤ τβ .

So, by Lemma 2.3 and Lemma 2.1 (case 2), we get

∣∣ ρ
c Dα

0+KF(I−G)Mυ(t2)− ρ
c Dα

0+KF(I−G)Mυ(t1)
∣∣

= |(I−G)Mυ(t1)− (I−G)Mυ(t2)|

=
∣∣∣φk

(
( ρ Iβ

0+H)(t2)
)
−φk

(
( ρ Iβ

0+H)(t1)
)∣∣∣

≤
(k−1)τk−2

β

ρβ−1Γ(β )

∣∣∣∣∫ t2

0
sρ−1(tρ

2 − sρ)β−1H(s)ds−
∫ t1

0
sρ−1(tρ

1 − sρ)β−1H(s)ds
∣∣∣∣

≤
(k−1)cτk−2

β

ρβ−1Γ(β )

[∫ t1

0
sρ−1((tρ

1 − sρ)β−1 − (tρ
2 − sρ)β−1)ds+

∫ t2

t1
sρ−1(tρ

2 − sρ)β−1ds
]

=
(k−1)cτk−2

β

ρβ Γ(β +1)

[
tρβ
1 +(tρ

2 − tρ
1 )

β − tρβ
2 +(tρ

2 − tρ
1 )

β
]

≤
2(k−1)cτk−2

β

ρβ Γ(β +1)
(tρ

2 − tρ
1 )

β .

Since tρ is uniformly continuous on [0, S], KF(I−G)M(Ω) is compact for 1 < p ≤ 2.
Case II:When p > 2 (1 < k < 2), we will prove that KF(I−G)M(Ω) is pointwise equicontinuous in two steps. Let

any υ ∈Ω and t1 ∈ [0, S]. Then, either ρ Iβ
0+H(t1) = 0 or ρ Iβ

0+H(t1) ̸= 0.
Step 1: When (ρ Iβ

0+H)(t1) = 0. Then, for all t > t1, we have

Volume 6 Issue 5|2025| 6659 Contemporary Mathematics



∣∣ ρ
c Dα

0+KF(I−G)Mυ(t)− ρ
c Dα

0+KF(I−G)Mυ(t1)
∣∣

=
∣∣∣φk

(
ρ Iβ

0+H(t)
)∣∣∣

=
∣∣∣ ρ Iβ

0+H(t)− ρ Iβ
0+H(t1)

∣∣∣k−1

≤

(
cρ1−β

Γ(β )

[∫ t1

0
sρ−1

(
(tρ

1 − sρ)β−1 − (tρ − sρ)β−1
)

ds+
∫ t

t1
sρ−1(tρ − sρ)β−1ds

])k−1

≤
(

2c
ρβ Γ(β +1)

(
tρ − tρ

1

)β
)k−1

.

Step 2: If ρ Iβ
0+H(t1) ̸= 0, then, there is r > 0 such that

∣∣∣ ρ Iβ
0+H(t1)

∣∣∣≥ r. Whenever t > t1, we get

| ρ
c Dα

0+KF(I−G)Mυ(t)− ρ
c Dα

0+KF(I−G)Mυ(t1)|

≤
∣∣∣φk

(
ρ Iβ

0+H(t)
)
−φk

(
ρ Iβ

0+H(t1)
)∣∣∣

≤ (k−1)rk−2ρ1−β

Γ(β )

∣∣∣∣∫ t

0
sρ−1(tρ − sρ)β−1H(s)ds−

∫ t1

0
sρ−1(tρ

1 − sρ)β−1H(s)ds
∣∣∣∣

≤ (k−1)crk−2

ρβ−1Γ(β )

[∫ t1

0
sρ−1((tρ

1 − sρ)β−1 − (tρ − sρ)β−1)ds+
∫ t

t1
sρ−1(tρ − sρ)β−1ds

]

≤ (k−1)crk−2

ρβ Γ(β +1)

[
tρβ
1 +(tρ − tρ

1 )
β − tρβ +(tρ − tρ

1 )
β
]

≤ 2(k−1)crk−2

ρβ Γ(β +1)
|tρ − tρ

1 |
β .

tρ and tρ
1 are uniformly continuous on [0, S] and KF(I−G)M(Ω) is pointwise equicontinuous for p > 2.

Hence, KF(I−G)M(Ω) is compact for all p > 1.

4. Main results
The following hypotheses are assumed for the continuous function H(t, υ(t), ( ρ

c Dα
0+υ)(t)):

(R1) There exist functions ψi ∈ Y , i = 1, 2, 3 such that
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|H(t, υ(t), ( ρ
c Dα

0+υ)(t))| ≤ ψ1(t)+ψ2(t)|υ(t)|p−1 +ψ3(t)| ρ
c Dα

0+υ(t)|p−1, t ∈ [0, S].

Then (1) has a solution at least, if and only if
• Sρβ (τ p−1

α ||ψ2||Y + ||ψ3||Y) ̸= ρβ Γ(β +1), p ∈ (1, 2);
• Sρβ (2p−2τ p−1

α ||ψ2||Y + ||ψ3||Y) ̸= ρβ Γ(β +1), p ≥ 2.
(R2) If |υ(0)|> η1, where η1 > 0. Then,

GMυ ̸= 0, for all υ ∈ (domN\ kerN).

(R3) For any b ∈ R, if |b|> η2, where η2 > 0, then either

bGMυ < 0, υ ∈ kerN,

or

bGMυ > 0, υ ∈ kerN.

Lemma 4.1 Let ξ ∈ (0, 1). Then, the set

Ω1 = {υ ∈ (domN\ kerN) : Nυ = ξ Mυ}

is bounded.
Proof. Let υ ∈Ω1. Then, υ ∈ (domN\kerN). This means υ ̸∈ kerN, which implies that Nυ = ξ Mυ ̸= 0. So, ξ ̸= 0

and Mυ ∈ ImN = kerG. Hence, GMυ = 0. From assumption (R2), there exists η1 > 0 such that |υ(0)| ≤ η1 and by
Lemma 3.2, we get

|υ |= |(I−F)υ +Fυ | ≤ max{τα , 1}|Nυ |+η1 + τ, (10)

where τα and τ are defined in (6) and (7), respectively. From (R1) and Nυ = ξ Mυ , for each υ ∈Ω1, we have

ρ
c Dα

0+υ(t) = ξ φk

(
ρ Iβ

0+H(t, υ(t), ( ρ
c Dα

0+υ)(t))
)

and hence,
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∣∣φp
( ρ

c Dα
0+υ(t)

)∣∣= ξ p−1
∣∣∣ ρ Iβ

0+H(t, υ(t), ( ρ
c Dα

0+υ)(t))
∣∣∣

≤ ρ1−β

Γ(β )

∫ t

0
sρ−1(tρ − sρ)β−1|H(s, υ(s), ( ρ

c Dα
0+υ)(s))|ds

≤ ρ1−β

Γ(β )

∫ t

0
sρ−1(tρ − sρ)β−1 (||ψ1||Y + ||ψ2||Y |υ |p−1 + ||ψ3||Y | ρ

c Dα
0+υ |p−1)ds

≤ Sρβ

ρβ Γ(β +1)

(
||ψ1||Y + ||ψ2||Y |υ |p−1 + ||ψ3||Y |Nυ |p−1) .

From
∣∣φp
( ρ

c Dα
0+υ(t)

)∣∣= | ρ
c Dα

0+υ(t)|p−1 and (10), we have

| ρ
c Dα

0+υ(t)|p−1 ≤ Sρβ

ρβ Γ(β +1)

(
||ψ1||Y + ||ψ2||Y(τα |Nυ |+η1 + τ)p−1 + ||ψ3||Y |Nυ |p−1)

which leads to

|Nυ(t)|p−1 ≤ Sρβ

ρβ Γ(β +1)

(
||ψ1||Y + ||ψ2||Y (φp(τα |Nυ |+η1 + τ))+ ||ψ3||Y |Nυ |p−1) .

By Lemma 2.2, we have two cases
Case I:When p ∈ (1, 2), by the relation (2) and the fact that τα , |Nυ |, and η1 + τ are nonnegative, we have

|Nυ(t)|p−1 ≤ Sρβ

ρβ Γ(β +1)

(
||ψ1||Y + ||ψ2||Y

(
τ p−1

α |Nυ |p−1 +(η1 + τ)p−1
)
+ ||ψ3||Y |Nυ |p−1

)
.

By solving the previous inequality, noting that the reciprocal of p−1 is k−1, and using assumption (R1), we get

|Nυ | ≤

∣∣∣∣∣ Sρβ (||ψ1||Y +(η1 + τ)p−1||ψ2||Y)
ρβ Γ(β +1)−Sρβ (τ p−1

α ||ψ2||Y + ||ψ3||Y)

∣∣∣∣∣
k−1

≜K1.

Case II:When p ≥ 2, in the same way, we get

|Nυ | ≤

∣∣∣∣∣ Sρβ (||ψ1||Y +2p−2(η1 + τ)p−1||ψ2||Y)
ρβ Γ(β +1)−Sρβ (2p−2τ p−1

α ||ψ2||Y + ||ψ3||Y)

∣∣∣∣∣
k−1

≜K2.

This means that there exists a constant Ki > 0, where i = 1, 2 such that
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|Nυ | ≤ max
i=1, 2

{Ki}. (11)

Hence, by (10) and (11), Ω1 is bounded.
Lemma 4.2 The set Ω2 = {υ ∈ kerN : Mυ ∈ ImN} is bounded.
Proof. Let υ ∈Ω2. Then, we have υ ∈ kerN = ImF. So, υ = a0+a1tρ , where a0, a1 ∈R. Since Mυ ∈ ImN = kerG,

GMυ = 0. By Lemma 3.2 and assumption (R3), there exists a positive constant η2 such that |a0| ≤ η2; then we have
|υ | ≤ |a0|+ τ ≤ η2 + τ , where τ is defined in (7). Therefore, Ω2 is bounded.

Lemma 4.3 Let J : ImG → kerN be a linear isomorphism operator defined by

J(r) = r(a0 +a1tρ), r ∈ R,

where a0, a1 ∈ R and t ∈ [0, S]. Then, the set

Ω3 = {υ ∈ kerN : ±ξ υ +(1−ξ )JGMυ = 0, ξ ∈ [0, 1]}

is bounded.
Proof. Assuming that υ ∈Ω3 it follows that υ ∈ kerN = ImF and υ = r(a0 +a1tρ). So,

∓ξ r(a0 +a1tρ) = (1−ξ )(a0 +a1tρ)GM(r(a0 +a1tρ)).

Then, we have three cases:
Case 1: If ξ = 0, then we have GMυ = 0. By Lemma 3.2 and assumption (R3), there exists η2 > 0 such that

|ra0| ≤ η2; then we have |υ | ≤ η2 + τ , where τ is defined in (7). So, Ω3 is bounded if ξ = 0;
Case 2: If ξ = 1, we get υ = 0. So, Ω3 is bounded if ξ = 1;

Case 3: If ξ ∈ (0, 1), then we have υ =
±(ξ −1)(a0 +a1tρ)GMυ(t)

ξ
. From t ∈ [0, S] and the equation (9) with

υ ∈Ω3, we have

|υ(t)| ≤ (1−ξ )
ξ

(|a0|+ |a1|tρ)||GMυ ||Y ≤ (|a0|+ |a1|Sρ)d
ξ

.

So, Ω3 is bounded if ξ ∈ (0, 1).
From the precious analysis, Ω3 is bounded for all ξ ∈ [0, 1].
Theorem 4.1 Suppose that the hypotheses (R1)-(R3) hold; then problem (1) has at least one solution in domN∩Ω.
Proof. Assume thatΩ is an open bounded subset ofX andΩi, i = 1, 2, 3 are defined as in the previous three lemmas

such that ∪3
i=1Ωi ⊂Ω. From Lemma 3.3, M is N-compact on Ω. By Lemmas 4.1 and 4.2, we get

• Nυ ̸= ξ Mυ , ∀(υ , ξ ) ∈ [(domN\ kerN)∩∂Ω]× (0, 1);
• Mυ ̸∈ ImN, ∀υ ∈ (kerN∩∂Ω);
• Let H(υ , ξ ) =±ξ υ +(1−ξ )JGMυ , by Lemma 4.3, we have
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H(υ , ξ ) ̸= 0, ∀υ ∈ (kerN∩∂Ω).

Then, by the homotopy property of degree, we get

deg(JGM|kerN, Ω∩ kerN, 0) = deg(H(., 0), Ω∩ kerN, 0)

= deg(H(., 1), Ω∩ kerN, 0)

= deg(±I, Ω∩ kerN, 0)

̸= 0.

Hence, by Theorem 2.1 and Remark 2.4, we can conclude that Nυ = Mυ has one solution at least in domN∩Ω,
∀ρ ∈ R+.

5. Illustrative examples
Now, we will present two examples to clarify our main results.
Example 5.1 Consider the fractional p-Laplacian equation for t ∈ [0, 1]:


2
cD

1
2
0+φ 5

2

(
2
cD

3
2
0+υ(t)

)
= 1+ t2 + tυ 3

2 (t)−
√

2t
(

2
cD

3
2
0+υ(t)

) 3
2
,

2
cD

3
2
0+υ(0) = 0 = 2

cD
3
2
0+υ(1), υ ′(0) = υ0.

(12)

By comparing equations (1) and (12), we get α =
3
2
, β =

1
2
, ρ = 2, S = 1 and p =

5
2
; then k =

5
3
and max{τα , 1}=

max
{

2
3
√

2π
, 1
}
= 1. It is clear that H : [0, 1]×R2 → R is a continuous function with

|H(t, υ(t), ( ρ
c Dα

0+υ)(t))| ≤ 1+ t2 + t|υ(t)|
3
2 +

√
2t
∣∣∣∣ 2

cD
3
2
0+υ(t)

∣∣∣∣ 3
2
.

So, according to assumption (R1), ψ1(t) = 1+ t2, ψ2(t) = t and ψ3(t) =
√

2t. Hence,

Sρβ (2p−2τ p−1
α ||ψ2||Y + ||ψ3||Y)−ρβ Γ(β +1) =

√
2
(

2−Γ
(

3
2

))
̸= 0,

which holds the rest of assumption (R1).
Since t ∈ [0, 1], we get
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|H(t, υ(t), ( ρ
c Dα

0+υ)(t))| ≤ 2+ ||υ ||
3
2
X +

√
2
∣∣∣∣∣∣∣∣ 2

cD
3
2
0+υ

∣∣∣∣∣∣∣∣ 3
2

X
.

Let υ ∈ kerN. Then υ(t) = a0 +a1t2, where ai ∈ R, i = 0, 1 and 2
cD

3
2
0+υ(t) = 0. So,

||υ ||X = max
{
||υ ||Y ,

∣∣∣∣∣∣∣∣ 2
cD

3
2
0+υ

∣∣∣∣∣∣∣∣
Y

}
≤ |a0|+ |a1|,

and

∣∣∣∣∣∣∣∣ 2
cD

3
2
0+υ

∣∣∣∣∣∣∣∣
Y
= max

{∣∣∣∣∣∣∣∣ 2
cD

3
2
0+υ

∣∣∣∣∣∣∣∣
Y
,
∣∣∣∣ 2

cD3
0+υ

∣∣∣∣
Y

}
= 0.

Hence,

|H(t, υ(t), ( ρ
c Dα

0+υ)(t))| ≤ 2+(|a0|+ |a1|)
3
2 ,

which implies that

GMυ(t) = G
(

φ 5
3

(
2I

1
2

0+H(t, υ(t), ( ρ
c Dα

0+υ)(t))
))

≤ G

(√ 2
π
(2+(|a0|+ |a1|)

3
2 )
∫ t

0
s(t2 − s2)−

1
2 ds

) 2
3


= G

(√ 2
π
(2+(|a0|+ |a1|)

3
2 )t

) 2
3


=

(√
2
π
(2+(|a0|+ |a1|)

3
2 )

) 2
3

,

which satisfies assumption (R2). To hold assumption (R3), we have two cases:
Case 1: If GMυ = 0, then we can choose b = 0;
Case 2: If GMυ ̸= 0, we can choose b =−1 and η2 =

1
3
, then we get either bGMυ < 0 or bGMυ < 0 depending

on the sign of GMυ .
Hence, assumptions (R1)-(R3) hold. Therefore, equation (12) has a solution (at least one).
Chai in [40] proved the existence of positive solutions for the equation
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D
1
2
0+

(
φ 3

2

(
D

3
2
0+υ(t)

))
+H(t, υ(t)) = 0, t ∈ (0, 1),

where H(t, υ(t)) is a continuous function defined by

H(t, υ(t)) =


(
√

υ +7)sin
( π

90
(32t +13)

)
, for υ ≥ 1,

8υ2 sin
( π

90
(32t +13)

)
, for υ ∈ [0, 1).

Now, we will study this equation with the conditions of this paper in the following example.
Example 5.2 The fractional p-Laplacian equation:


D

1
2
0+

(
φ 3

2

(
D

3
2
0+υ(t)

))
+H(t, υ(t), (Dα

0+υ)(t)) = 0, t ∈ (0, 1),

D
3
2
0+υ(0) = 0 = D

3
2
0+υ(1), υ ′(0) = υ0,

(13)

where H is defined as above. By comparing equations (1) and (13), we get α =
3
2
, β =

1
2
, ρ = 1 = S and p =

3
2
; then

k = 3 and max{τα , 1}= max
{

4
3
√

π
, 1
}
= 1.

Case 1: If υ ≥ 1. Then,

|H(t)| ≤ (|υ |
1
2 +7)sin

( π
90

(32t +13)
)

which implies that ψ1(t) = 7sin
( π

90
(32t +13)

)
, ψ2(t) = sin

( π
90

(32t +13)
)
and ψ3(t) = 0. Hence,

Sρβ (τ p−1
α ||ψ2||Y + ||ψ3||Y)−ρβ Γ(β +1) = 1−Γ

(
3
2

)
̸= 0.

Case 2: If υ ∈ [0, 1). Then,

|H(t)| ≤ 8sin
( π

90
(32t +13)

)

which implies that ψ1(t) = 8sin
( π

90
(32t +13)

)
and ψ2(t) = ψ3(t) = 0. Hence,

Sρβ (τ p−1
α ||ψ2||Y + ||ψ3||Y)−ρβ Γ(β +1) = Γ

(
3
2

)
̸= 0,
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which holds assumption (R1).
Let υ ∈ kerN, υ(t) = a0 +a1t, where ai ∈ R, i = 0, 1 and (a0 +a1)≥ 0. Since t ∈ (0, 1), then we get

∣∣H(t, υ(t), ( ρ
c Dα

0+υ)(t))
∣∣=


√
a0 +a1 +7 for υ ≥ 1,

8 for υ ∈ [0, 1).

So,

GMυ(t) = G
(

φ3

(
−I

1
2

0+H(t, υ(t), ( ρ
c Dα

0+υ)(t))
))

.

Case 1: If υ ≥ 1, then

GMυ(t)≤ G

((√
a0 +a1 +7√

π

∫ t

0
(t − s)−

1
2 ds
)2
)

= G

((
2
√

a0 +a1 +14)√
π

√
t
)2
)

=

(
2
√

a0 +a1 +14)√
π

)2

.

Case 2: If υ ∈ [0, 1), then

GMυ(t)≤ G

((
8√
π

∫ t

0
(t − s)−

1
2 ds
)2
)

= G
(

256
π

t
)

=
256
π

.

The above cases satisfy assumption (R2). For all υ ∈ kerN, we have two cases:
• If GMυ = 0, then we can choose b = 0;
• If GMυ ̸= 0, we can choose b = −0.80763 and η2 = 0.033109; then we get either bGMυ < 0 or bGMυ < 0

depending on the sign of GMυ .
Hence, assumptions (R1)-(R3) are hold. Therefore, equation (13) has a solution (at least one).
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6. Conclusion
In this research, we have investigated the existence of a solution for a resonant problem that involves Caputo-

Katugampola fractional derivatives with two different orders, type ρ ≥ 0 and a p-Laplacian operator.
We have used two theorems according to the value of type of fractional derivative. We arrived at two cases:
• When ρ ∈ (0, 1), the index of Fredholm operator is equal to zero. So, we have applied the coincidence degree

theory due to Mawhin;
• When ρ ∈ [1, ∞), the index of Fredholm operator does not finish. So, we have applied an improved version of

Ge-Mawhin continuation theorem.
We presented the existence criteria and assumption. Finally, we have provided two examples to illustrate our results.

As a continuation of this work, future research will insert the control function and investigate its impact on the solution.
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