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Abstract: Stability of functional equations is a classical problem proposed by Ulam. In this paper, we prove the stability of
the 3-quadratic functional equations in Lipschitz spaces.
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1. Introduction

The first stability problem concerning group homomorphisms was raised by [20] in 1940 and affirmatively was
answered for Banach spaces by [6].

The stability of the quadratic functional equation

JEEN+Hfx=n=2/@)+2/() (1

was established by many authors in various spaces, see [5, 15, 8] and references therein. Any solution of (1) in the space
of real numbers is of the form g(x) = ax” for all x € R, where a € R. The stability problem of the functional equation (1) has
been verified in other spaces (see [17, 2, 4]).

The general solution and the stability of the following 2-variable quadratic functional equation f from a linear space X
into a complete normed space Y was clarified by [7]:

fatzytw) +fx—z,y=-w) =21 +21(w). (@)

Any solution of (2) is termed as a quadratic mapping. If X = ¥ = R the quadratic form g(x, y) = ax’ + bxy + ¢y’ is a
solution of (2) for all x, y € R, where a, b, c € R.

When b = ¢ = 0, we obtain the quadratic form g(x, y) = ax” satisfying in (1). So, any solution of (1) is a solution of (2),
but not vice versa.

Ravi et al."" discussed the general solution and the stability of the 3-variable quadratic functional equation

Sty ztwutv)+f(x—y,z-wu—v)=2f(x,z,u) + 2 f(y, w, ). A3)
We say that f'is 3-quadratic if f'satisfies in (3). Any solution of (3) in the space of real numbers is of the form
gx,y,z)= a1x2 + azy2 + a322 +ta,xy +asxz+agyz

for all x, y, z € R, where a,, ..., a;, € R. It is remarkable that any solution of either (1) or (2) is a solution of (3), but not vice
versa.

Lipschitz spaces have a rich and beautiful algebra structure and these spaces possess various universal properties.
These algebras present many opportunities for future research. Some of the open problems in this area are given in chapter
7 of [21].

In Lipschitz spaces, the stability of the quadratic functional equation (1) was verified by [4]. The stability type
problems for some functional equations were also studied by [18, 19] in Lipschitz spaces. The author of the present paper
proved the stability of the quadratic and cubic functional equations in Lipschitz spaces (see [9, 14]).
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We remark that this subject arca has been considered less attention over the recent years and the current problem
under consideration is important to verify the stability of the 3-quadratic functional equation in Lipschitz spaces. So, in
this paper we focus on the stability of the quadratic functional equations of three variables which its solutions contain the
solutions of the functional equations (1) and (2). We prove the stability of the 3-quadratic functional equation in Lipschitz
spaces.

2. Main results

We start by introducing some quite standard notation. Let G x G x G be the Cartesian product of an abelian group
G with itself and denote by G’. We denote By B (G°, S (V) the subset of all functions f: G® — V such that Imf < A4 for
some A € S (V), where V is a vector space, S (V) is a family of subsets of V. The family B (G°, S (V)) is a vector space
and contains all constant functions. This family admits a left invariant mean (briefly LIM), if the subset S (V) is linearly
invariant, in the sense that 4 + Be S (V) forall A, Be S(V)andx+aAdeS (V) forallxeV,aecR, 4 €S (V) (see [1]), and
there exists a linear operator I' : B (G°, S (V)) — V such that

(1) if Inf c 4 forsome 4 €S (V), thenT [ f] 4,
(i) if fe B (G, S (V) and (a, b, ¢) € G°, then T [ f**] =T [ ], where f*"* (x, y, z) =f(x + a, y + b, z + ¢).

Example 2.1. Let G be a finite group, V" a vector space, and S (V) any linearly invariant family of convex subsets of V.
Letfe B (G, S (V)). We define

o
o

Then, ' is a LIM on B (G, S (V)), where |G| is the cardinality of G.
Example 2.2. Let G be a finite group, ¥ a vector space, and S (V) any linearly invariant family of subsets of /" with
one member. Let fe B (G, S (V)). We define

I f]= > flny o),

(x, v, 2)eG’

r[f]:: Z f(xsya Z).

(x,y, 2)eG’

Then, T is not a LIM on B (G, S (V)), where |G| is the cardinality of G. Since f'e B (G*, S (V)), there exists the subset {v}
e S (V) such that Imf = {v}, but T [ f]=|Glv & {v}.
Letd : G x G'— S (V) be a set-valued function such that

d((xta,y+bztc),(uta,vtbwtc)=d(xy,z2),uv,w)
for all (a, b, ¢), (x, ¥, 2), (u, v, w) € G (cf. [3, 14]). We say that a function /: G’ — V'is d-Lipschitz if £ (x, y, z) = f (u, v, w)
e d((x, y, 2), (u, v, w)) for all (x, y, z), (u, v, w) € G". In particular, when (G’, d) is a metric group and ¥ a normed space, we
define the function m, : R" — R to be a module of continuity of the function f: G'— V if for all § > 0 and all (x, y, 2), (u,

v, w) € G the condition d ((x, y, ), (u, v, w)) < 6 implies || (x, y, ) — f (u, v, w)|| < m,( ). A function f: G’ — Vis called
Lipschitz function of order « if there exists L > 0 such that

I f (e p,2) = fu,v,w) |I< Ld ((x, y, 2), (u, v, w))* 4)

for all (x, y, z), (u, v, w) € G°. We consider Lip (G, V) to be the Lipschitz space consisting of all bounded Lipschitz
functions with the norm

1A zp = 1S e + Lol )

where ||.||, is the supremum norm and
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||f(x> ) Z) _f(u’v: W)"
d((x, y,2), (u,v,w))*

L, (f) :sup{ (%, 9,2),(u,v,w) € G3,(x,y,z)¢(u,v,w)} .

Let (G°, +) be an Abelian group. We say that a metric d on (G’, +) is invariant under translation if it satisfies the
following condition

d((xta,yt+bztc),(utavtbwtc)=d((xy2),(uv,w)

for all (a, b, ¢), (x, , ), (u, v, z) € G*. A metric d on G*x G*is called a product metric if it is an invariant metric and the
following condition holds

d ((a, b, c,x,y,2),(a, b, c,u, v, w)) = d ((x,y,z,a,b,c), (u,v,w,a,b,c))
=d((x,y,2), (u, v, w))
for all (a, b, ¢), (x, v, z), (u, v, w) € G°.

In this section for the sake of a simplified writing and for a given function f: G° — V we define its 3-variable
quadratic difference as follows:

Ty, zu, v, w) =2 f(x,,2) +2f(u, v, w) = f(xtu,y+v,z+w)—f(x—u,y =v,z—w)
for all (x, v, z), (u, v, w) € G°. Note that f'is 3-quadratic if and only if T,=0.

Theorem 2.3. Let G be an Abelian group and ¥ a vector space. Assume that the family B (G°, S (¥)) admits LIM. If f
: G > Vis a function and T (r, 88,5, 7, 0): G’ — Vis d-Lipschitz for all (r, ¢, 5) € G°, then there exists a function S such

that f'— S'is % d-Lipschitz and T5= 0.

Proof. By assumption the family B(G’, S(¥)) admits LIM and so there exists a linear operator I' : B (G*, S (V)) — V
such that

(1) ' [Q] € 4 for some 4 € S (V),

(ii) if for (u, v, w) € G°, 0“"": G° — V'is defined by 0“""(r, t, s) == Q (r + u, t + v, s + w) for every (r, t, s) € G, then
Q""" eB(G,S(V)and T [Q]=T [Q"""].

Consider the function O, , ..: G’ — Vby
1 1
Qa,b,c(xayaz) ::Ef(x+aay+baz+c)+Ef(x_a’y_baz_c)_f(xnynz)

for all (a, b, ¢) € G*. We first prove that O, , . € B (G’ , S (V)). We have

O,pc(x,1,2) :=%f(x+a,y+b,z+c)+%f(x—a,y—b,z—c)—f(x,y,z)—f(a,b,c)
—%f(x,y,z)—%f(x,y,z)+f(x,y,z)+f(0,0,0)+f(a,b,c)—f(0,0,0)

=T 50,00 =T, (5, 2,,6,0)+ £ (@,b,0) = £(0,0,0)

for all (x, y, 2), (a, b, c) € G’. Then, Im Q.. Aand A e S (V), where 4 == % d((0, 0, 0), (a, b, c)) + f(a, b, c) —£(0, 0, 0).
We know that B (G’ , S (V) contains constant functions. By using property (i) of I it is easy to verify that if /: G° —
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Vis constant, i.e., f (x, v, z) = k for (x, y, z) € G°, where k € V', then I' [ /] = k. Define the function S: G°— V'by S (x, y, 2) :

=T [Q,,.]for(x,y,2) e G
We now show that f— S is % d-Lipschitz. For every (x, y, z) € G define the constant function k
v, w) :=f(x, , z) for all (u, v, w) € G°. Then,

(f (%, ,2) =8(x, ,2) = (f (u, v, W) = S(u, v, w)) = (I'k,. , . 1-T1Q, , . D = (T'k, , ., ]=T1Q, ;... )

= 1—‘[kx,y,z _Qx,y,z]_r[ku,v,w _Qu,v,w]
1 1
= F[Erf("':'ax’ya Z)]_ETf(':':',u’va W)]

for all (x, y, z), (u, v, w) € G".
In view of property (i) of I we conclude that

1 1 1

F[ETf (., ER) x)yaz) _ET;’ (.’ LUV, W)] € Ed((x’ ) Z)(ua v, W))

for all (x, y, z), (u, v, w) € G°. Therefore
1

(f(x, ) Z) - S(x> Y, Z)) - (f(uav; W) - S(M,V, W)) € Ed((xa Y, Z)(u3 v, W))
for all (x, y, z), (u, v, w) € G. i.e., f— Sis a % d-Lipschitz function. We have

28(x,y,z)+2S(u,v,w) = 2[‘[Qx’y,z (r,t,9)]+ ZF[Qu,V,W(r,t, s)].

By using property (ii) of I, we obtain

Mo, 1=To:  LIQ, , . 1=T10 ;" "]
for (u, v, w) € G° and hence

28(x,7,2)+28(u,v,w) = 210, , .1+ 2110, ., ] = TIQL Y 1+ TTO " 1+ 2110, , .1

On the other hand,

MO T 1+ TIO -]+ 2100, 0]

1 1
:F[Ef(r+x+u,t+y+v,s+z+w)+5f(r—x+u,t—y+v,s—z+w)—f(r+u,t+v,s+w)]

+F[%f(r+x—u,t+y—v,s+z—w)+%f(r—x—u,t—y—v,s—z—w)—f(r—u,t—v,s—w)]
Hf(r+u,t+v,s+w)+ f(r—u,t —v,s —w) =2 f(r,t,s)]
=S(x+u,y+v,z+w)+S(x—u,y—v,z—w) .

Therefore S is 3-variable quadratic and so 7= 0.

WMzt

G'— Vbyk,,. (.

Remark 2.4. Under the hypotheses of Theorem 2.3, if Im 7; A for some 4 € S(V), then Im (f— §) < % A. We know

that
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1 1 1
Im(=T,(x,y,z,--) cIm(—T,)c—A4
(2 f(x Y,z ) (2 f) >

and so '5 T (x,y,2,°,",")€B (G*, S (V)) for all (x, y, z) € G°. By property (i) of I, one gets
1 1
f(x,y,2)=S(x,y,2)= F[ETf(',',',x,y,z)] € EA

for all (x,y,z) € G’. Therefore, Im (f-95) c % A.

Theorem 2.5. Let (G, +, d, d) be a product metric, and ¥ a normed space such that B (G°, CB (V)) admits LIM,
where CB (V) is the family of all closed balls with center at zero. If f: G’ — V'is a function, then there exists a 3-quadratic

function S : G'— V such that m = % My, . Moreover, if T, B (G° x G°, BC (V)), then
< 1
Ir-sl, <.
Proof. Let ® : G’ x G° — R’ be a positive real-valued function defined by

O((x,y,2),(u,v,w)) = inf my (O
((x, 7, 2),( ) R 7, @)

for all (x, y, z), (u, v, w) € G°. Define the set-valued function d : G* x G’ — S (V) by
d ((x,y, 2), (u, v, w)) =0 ((x, y, 2), (u, v, w)) B (0, 1)

for all (x, y, z), (u, v, w) € G°, where B (0, 1) is the unit closed ball. Since my, is the module of continuity of 77,

"Tf (r,8,t,%,9,2) =Ty (r,s,t,u,v, w)" < inf my, ()
’ d((r,s,t,%,9,2),(r,s,t,u,v,w))<d Y

= _ inf my, ()
d((x,p,2)wyw)<s

=0((x, y,2),(u,v,w))
for all (x, y, z), (u, v, w) € G’ and hence Ty (r,s,t, -, ", ) is ad-Lipschitz function.

On the other hand, Theorem 2.3 implies there exists a 3-quadratic function S : G’ — V such that f— Sis a % d-Lipschitz
function. Thus,

(f(x,y,z)—S(x,y,z))—(f(u,v, W)—S(M,V, W)) € %d((x:y: Z),(M,V, W))

for all (x, v, z), (u, v, w) € G°. So,

"(f(x,y,z)—S(x,y,z))—(f(u,v, W)_S(ua‘}’ W))" < %G((xayaz)a(u’v: W))

1
= inf —my (8
d((x,9,2),(u,v,w))<5 2 Tf ( )

for all (x, y, z), (u, v, w) € G°. Consequently,

1
mf_s zzmrf )

Suppose that T, e B (G*x G°, CB (V)). Then, clearly Im7, ||T}|.. B (0, 1). By applying Remark 2.4, we get
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Im(f-S)c %"Tf ||w B(0,1)

1
and hence ||f—S||oo < E"Tf "w .
Corollary 2.6. Let (G°, +, d, a7) be a product metric and ¥ a normed space such that B (G°, CB(V)) admits LIM, where

CB (V) is the family of all closed balls with center at zero. If f: G' — ¥ is a function and T,e Lip (G*x G°, V), then there
exists a 3-quadratic function S such that

=Sty <3131,
Proof. Define the function ® : R" — R by
() =L, (T)
forall te R". Since ;€ Lip (G° x G, V),
"Tf (r,t,8,a,b,¢) =T, (x,y,z,u,v, w)" <L, (T, Yd(r,t,s,a,b,¢),(x, v, 2,1, v, W))
for all (r, t, 5), (a, b, ), (x, y, 2), (u, v, z) € G". By using the definition of @, we see that
"T, (r.t,s,a,b,¢)=T((x,y,z,u,v, w)" SO(d((rt,5,a,b,¢),(x, y, 2,1, v, W)))

for all (r, ¢, 5), (a, b, ¢), (x,, 2), (u, v, z) € G°. 1t follows that @ is the module of continuity of 7,and so Theorem 2.5 entails

there exists a 3-quadratic function S : G’ — ¥ such that m s = % ®. Hence,

1 e, v, 2) = SCx, 3, 2)) = (f (@, v, W) = S, v, W) < g (d((x, 3, 2), (u,v, W)
1
= E(D(d((x, ¥,2),(u, v, w)))
1
= EL(X (Tf )d((x» s Z)s (ua v, W))
for all (x, v, z), (u, v, z) € G°. From the last inequality it follows that f— S is a Lipschitz function and

1
L/ =)< L, (1)), )

Since T € Lip (GG, V), T;is bounded and Im7;, < B(0, M) for some M > 0.
Therefore 7, B (G*x G°, CB (V)) and Theorem 2.5 implies

1
I =t <31 .. ©)

From (6) it follows that the function f— S is bounded and hence, f— S € Lip (G°, V). By using (5) and (6) we obtain
that

I =5l,,, =1r =Sl + Lo (F =9 =2, 5 L=,
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