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1. Introduction

Inequalities play a significant and fundamental role in the development of modern science, technology and education
[1]. As an ancient Chinese proverb goes, “A very tiny difference within a millimeter can lead to an error of more than
thousands of miles”, which is just like a fatal tornado caused by a butterfly’s flapping wings. Since it is impossible to
measure and constrain the real things in the absolute sense, the most important issue we have to face is how to estimate and
ascertain the terrible unknown outcomes. In this process, inequalities have showcased extraordinary application value
[2-17].

In area of education, inequalities are of particular effectiveness to practice and test the intelligence of students in
high school [18-26]. Typical ones of such inequalities include cyclic inequalities, mean value inequalities, and Radon’s

inequality. Amongst these inequalities, Nesbitt’s inequality (see [27])
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has been known as a famous one and generalized to different forms since 1903. In recent two decades, increasing attention
has been paid to generalizations and relative applications of Nesbitt’s inequality. Bencze et al. in [28, 29] gave one kind of

generalization with weights and refinements of Nesbitt’s inequality, which is written as

(kzl kak> Z PRXy

n ~ b
k=1 S — Xk

Y pr(s—x) =

k=1

where s = xj + - - - +x,,. Batinetu-Giurgiu and Stanciu presented various concrete examples of generalizations with weights
and analogous form of Nesbitt’s inequality in [30-32] and proved the following inequality: If n € N* —{1},a,v >0, b, c,
n n

d,m,p,xg>0,k=1,---, ntell, o)X, = szlen-, p= ng, such that cX,, , > dlril;lé(nxk,then
k=1 k=1 SIS

i (aXp, m+bx") " (an+Db)'X,
(¢Xn, p —dxt)” ~ (en— )Xy ,
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An iconic generalization of Nesbitt’s inequality was a high-dimensional version given by Wang in [33] and read as

follows:

n
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n
whereay, -+, a,>0,m,n, p,t ENT, m>p,n>2ands= Z a?. Chu also generalized Nesbitt’s inequality independently
i=1

on dimensions and powers in [34] to the following results: Letay, ---, a, >0,s=a; +---+ay,. Then

" n—Da]* —1
Z{(n)a} >n,ifk>""" and
i=1 n

S—a;

With the same notations, Jiang in [21, 22] gave the following generalizations:
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if k is an integer, and

ar k a k as ko ar k—1 a k—1 as k—1
+ + = = + + )
ar+az az+aj a+ax 2 a +aj az +aj ar+a

if k is a positive integer. The Nesbitt’s inequality was also concerned with in the study of other inequalities [20, 32, 35, 36].

What is even more interesting is that Nesbitt’s inequality can be also applied to other fields such as theories of matrices
and numbers [13, 37]. However, up to our knowledge, until now there have been no more generalizations of Nesbitt’s
inequality in the literature much more general than the results mentioned above.

Among the generalizations of Nesbitt’s inequality, we can see some are approached from perspective of coefficients,
and some are from the perspective of exponents, however, each subject to specific constraints on the parameter ranges.
Based on these observations, it becomes both interesting and necessary to summarize, synthesize and develop more general
extensions of the aforementioned generalizations.

In this article, we further develop and generalize Nesbitt’s inequality with more parameters and high dimensions in
different forms (as a further generalization of (2)). The newly generalized versions of Nesbitt’s inequality cover most
generalized versions given before and even include the situations that derive inverse inequalities. Specifically, we consider

the algebraic expression

n am n »
—L —— wheres = . 3
Ll = L ©
and compare (3) with
p+1-2 n %_ﬁ n
n P 1 _
—_ al and —— Y " PP, 4
(i —1)P (Zl ) T @
wheren € N, ay, -+, a,>0,m, p, B, t, r€ Rwith¢ >0 and ts > raf’ foralli=1, ---, n. The inequality (2) is a

simple relation of (3) and (the second expression of) (4) for the case when 8 = 1.

Our main goal in this article is to study the relation between (3) and (4), which differs greatly in different cases.
To compare (3) and the first algebraic expression of (4) in Theorem 3.1, the Jensen’s inequality is a powerful tool. To
determine the relation of (3) and the second one of (4), we employ Theorem 3.1, rearrangement inequality, Chebyshev’s

inequality and Jensen’s inequality and give definitive results in various different cases in Theorem 3.2 and 3.3. Most
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significantly, we not only generalize the result of [13], but also obtain a great deal of cases such that the reverse inequalities
of the previously-mentioned inequalities are true, which are completely new consequences. Due to the high complexity of
the parameters in (3), it is impossible to discuss all the cases or to conclude a definitive inequality consequence for each
case merely by the classical inequalities mentioned above. Fortunately, for some other special cases that can guarantee
definitive inequalities, a useful theorem-Semiconcave-semiconvex theorem from [38] is turned out to help a lot in the new
situations.

The newly generalized Nesbitt’s inequalities can be applied to prove many cyclic inequalities in different forms
regarding dimensions, parameters and exponents. In particular, some competitive contest questions, including International
Mathematical Olympiad (IMO for short) questions, can be easily obtained only by picking certain specific parameters in
the generalized inequalities.

At last, we also consider the applications of the obtained inequalities in the study of Hurwitz-Lerch zeta functions. In

[13], Wang obtained the minimum value related to Riemann’s and Hurwitz’s zeta function by using his main inequality

wherex > 1, 20,0 <x, <M < +oo, p; €0, 1], k=1, ---, nwith p; +---+ p, = 1. In our work, we further study
the relation of different Hurwitz-Lerch zeta functions by using our generalized inequalities.

The remainder of this article is organized as follows. In Section 2, some necessary inequalities are presented for the
following argument. In Section 3, the main theorems are proved and some examples of other cases are given for clarity. In
Section 4, we apply the main theorems to some inequality problems and competition questions. In Section 5, we apply the

main theorems to obtaining some relations about different Hurwitz-Lerch zeta functions.

2. Preliminaries

In this section, we present some necessary basic inequalities.

First we recall the Rearrangement Inequality. Let a;, b; € R (1 < i < n) with

ar<ay < <agand by < by <--- < by, %)

and {c¢;}1<i<n be a rearrangement of {b; }1<i<,. Then it holds that
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aic; < Z a;b;.

n
Y aibyi1i <
i=1 1 i=1

1

Applying the rearrangement inequality stated above, one can easily obtain the Chebyshev’s inequality: for {a;}1<i<n,

{bi}1<i<n given in (5), it holds that

We then recall the famous Jensen’s inequality (see [39, Section 1.11] and [1, Section 7.1]). Let I C R be an interval,
¢ : I — R a convex function, ¥ : I — R a concave one, then for each n € N, xy, - - -, x,, € I and positive weights A, ---, A,

with A} +---+ A, = 1, the following inequalities hold:

® (i l,'X,') < il,’@(xi) and y (IZI A,')C,') > Zn:l,l//(x,)
i=1 i=1 i=1 i=1

In this article, we often take p; = --- = p, = 1 /n. As special cases, if we consider the convex function x” with
p € (—o0, 0)U[l, 4o0), forxy, -+, x, >0,
1 1
13 p 13 n r 1 n n r 1 n
;ZX,’ <£lep7 e, [ Y| 2nr Y xiforp>1, | Y x| <nr ) xiforp<O0; (6)
i=1 i=1 i=1 i=1 i=1 i=1

for the concave function x? with p € (0, 1] and xy, ---, x, > 0, we also have

(fﬁ) <nr 'Y ™
i=1 i

for Inx, which is a concave function, we have

n n

n n
Y pix; > Y pilnx, ie., Y pixi > [ [+, ()
i=1 i= i= i=1

where x1, ---, x, are positive. Actually (8) can be regarded as a generalized version of mean value inequality.
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The following Semiconcave-semiconvex Theorem can be found in [38, Theorem 7.4]. And this theorem is very
effective to deduce more general inequalities.

Theorem 2.1 Leta < b and xy, - -, x,, € [a, b] such that

(Dxy < <

(2) x; +---+x, = C, where C is a constant.

Let f : [a, b] — R be a function with ¢ € (a, b) such that f is concave (resp. convex) on [a, c| and convex (resp.

concave) on [c, b], and

F(xi, -y xn) = fx1) +- -+ f(xn)

Then if F achieves its minimum (resp. maximum) at some point x = (xj, -+, X,), then x satisfies x; = --- = x_; = a,
X1 = =Xp, k=1, -+, n; if F achieves its maximum (resp. minimum) at some point x = (xp, ---, x,), then x satisfies
X| = =X, Xpp1 ==X, =b, k=1, --- n.

In the sequel, when it comes to the derivatives of a function f(x) on the bottom a of an interval, we still use f(a) to

denote the unilateral derivatives for convenience if defined.

3. Main inequalities

3.1 Main theorems

In this subsection we are to present the main inequalities in various cases and prove them. First we present some
parameters 7, ®; and ®@, dependent on the parameters in (3) and these parameters will be used frequently in this article.

In the sequel, we always assume that:

ap, az, -+, a, >0,

m, p,t, r, B € Rwitht >0,

n
s:=Y al withts > ral, foreachi=1, ---, n.
i=1
T := 5 lfrgt’
lS/n ifr>l,

Let f: R — R be a parabolic function such that

_p2 2m m(m— p)
HO) = B T BB DR

with B, r, p chosen appropriately. When there exist two different real solutions to the equation f(6) = 0, we set ®; and

®, to be the two solutions with ®; < ©®,, i.e.,
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m m(Bp+p—m) m m(Bp+p—m)

O =B VBB MO T T T\ BB )2

©)

We first compare

n an B ; yP
; and (nt —r)P <Zai>

tsfra

in Theorem 3.1, where clearly it is required that p # 0.
Theorem 3.1 (1) Suppose that B, r, m, p and r € R satisfy each one of the following four cases:
(1) Br=0and m(m—p) >0,
(i) B = —1, r # 0 and either
(ii.1) m(m — p)t = 0 and m(m+ p)r <0, or
(m—p)ts ST
(iii) B € (=, —1)U(0, +°°) r # 0 and one otP t)l:e following cases holds,
Giii.1) Bmm— (B+1)p] >
(iii.2) Bm[m— (B +1)p] <0, mrpﬁ 0 and m(m—p) >0,
(iii.3) t > r, Bmim— (B +1)p] <0, mrpf <0, m(m—p) >0and (t —r)®; > 1;
iv)Be(-1,0),mm—(B+1)p] >0,m(m—p)>0,t >r#0and (t —r)®, > 1.
Then

(ii.2) m(m — p)t > 0, m(m+ p)r > 0 and

n m nﬁ-‘rl—% n »B
> 7 : 10
Z ts—ral (nt —r)P ; “ (19)

l:l =

(2) Suppose that B, r, m, p and r € R satisfy one of the following four cases:
(v) Br=0and m(m—p) < 0;

(vi) B = —1, r # 0 and either

(vi.1) m(m— p)t < 0 and m(m+ p)r >0, or

(vi.2) m(m — p)t < 0, m(m+ p)r < 0 and m > T,

(vii) B € (—1, 0), r # 0 and one of the following cases holds,

(Vi) 0 < pm < (B+1)p?,

(vii.2) r = 0and (B +1)p* < pm < p?,

(vii.3) r <0, (B+1)p?> < pm < p?and (1 —r)@; > 1;

(viii) B € (—eo, —1)U(0, +o0), 2 >r#0, Bmm— (B+1)p] <0,m(m—p) <O0and (r—r)@, > 1.
Then
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Proof. Noting that

P
s > rlrgljcg(n{ai 1,

we know that

t> 7”
nt =2 1
12?§)(n{ai }

which implies that the right sides of (10) and (11) make sense.
We consider the function g : (0, T) — R with such that

non xr 2 m(m 2mBr x 2
g(x)_(ts—rx)l3 [p (p 1>+ p Is rerﬁ(ﬁJrl)r
Ifg=-1,
§'(x) =3x8 [ = plis — (m+ p)ral;
if Br=0,

Co iporary Math tics
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if (B+1)Br#0,

(ts—rx)P" \1s—rx
m_y 2
B X7 X m m(m—Bp—p)
_(ﬁ+l)ﬁr2(ts—rx)ﬁ [(ts—rx+([3+l)rp) + B(B+1)%r2p ] ' (16)

First note that

(s/n)? _ nPt1=5 (iap> Tﬁ'

n(ts—rs/n)l3 (nt—r)B \ &

Hence, by Jensen’s inequality, if g(x) is convex, we can obtain (10) and if g(x) is concave, we can obtain (11). We
thus only need to guarantee the convexity and concavity of g(x) to give the conclusions. In this mind, we first split it into
two parts to discuss the convexity and concavity of g(x).

Part 1 The situations where (8 4 1)Br = 0 to show the conclusions for the cases (i), (ii), (v) and (vi).

Actually, by (14) and (15), one easily sees that (i) and (ii) can be obtained by g”(x) > 0 on (0, T) and (v) and (vi) can
be obtained by g”(x) < 0 on (0, T), respectively. The convexity and concavity of g(x) follow immediately for (i), (ii) and
(v), (vi), respectively.

Part 2 The situations where (8 + 1)Br # 0 to show the conclusions for the cases (iii), (iv), (vii) and (viii).

In this situation, the convexity and concavity of g(x) are ascribed to sign of the parabolic function f(6) with 6 > 0.
We can further consider four situations.

(2) The parabolic curve f(6) has at most one intersection point with the real axis. In this situation, mf[m— (B +1)p] >
0,and if (B +1)B > 0, g(x) is convex; if (8 + 1)B < 0, g(x) is concave. Then (iii.1) and (vii.1) can be obtained.

(b) The parabolic curve f(6) has exactly two different intersection points with the real axis, but neither one lies in the
ﬁ <0,andif (B +1)B > 0, and
f(0) >0, g(x) is convex on (0, T); if (B+1)B < 0, and f(0) > 0, g(x) is concave on (0, T'). Then (iii.2) and (vii.2) are

obtained.

positive semi-axis (6 > 0). Then mf3[m — (B + 1)p] < 0, the symmetry axis —

(c) The parabolic curve f(0) has exactly two different intersection points with the real axis, but only one intersection

point lies the positive semi-axis (6 > 0). In this situation, we can sett > r,

mﬁ[m_(ﬁ+1)p]<0, ®; > sup r o 1

- )
x€f0, T ts—rx t—r
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and if B(B+1) <0 and f(0) <0, g(x) is convex on (0, T); if B(B +1) > 0and f(0) < 0, g(x) is concave on (0, T).
Thus (iv) and (vii) are obtained.
(d) The parabolic curve f(6) has exactly two different intersection points with the real axis and both lie in the positive

semi-axis (6 > 0). In this situation, we can set ¢ > r,

1
mﬁ[m*(ﬁJFl)P] <07 0> sup X =
xelo, T)IS—rx  t—r

and if B(B+ 1) > 0and f(0) > 0, g(x) is convex; if B(B +1) < 0 and f(0) > 0, g(x) is concave. Thus (iii.3) and (vii.3)
are obtained. The proof is hence accomplished now. O

Next we compare

First, we observe that when § =0, p =0 or = 0, it always holds that

Y aj’ 1 "~ nBp
= a. .
Z (ts— raf’)B (nt —r)B Z{ !

i=1

Hence we only consider the cases when 3 pt # 0 in the following.

Theorem 3.2 The inequality

Z( : P 7 ()P Yoo (17

holds in the following cases:
(1) B > 0 and one of the following cases holds,
@) B=1,r>0and Bp* < pmorm= (B+1)p,
(i2)B>1,r<0and (B+1)p* < pm,
(i.3)B€(0,1),r=0and p*> < pm < (B+1)p?,
(4 r<0,(Bv)p><pm< (B+1)p*and (t —r)®; > 1;
(ii) B € (—1, 0) and one of the following cases holds,
(ii.1) r =0and Bp* < pm <0,
(ii.2) # > r and pm < Bp?,
(i.3)t>r#0,Bp> < pm<O0and (t —r)®; > I;
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(iii) B = —1 and one of the following cases holds,
(iii.1) pm < —p?, orm =0,

(iii.2) > 0 and —p? < pm < 0,

(iii.3) r < 0, —p* < pm < 0 and m >1;

(iv) B < —1 and one of the following cases holds,
(iv.1) pm < Bp?,orm = (B+1)p,

(iv.2) r > 0and Bp* < pm < (B+1)p?,
(iv.3)r<0,Bp* < pm< (B+1)p?>and (t —r)@; > 1.
Here a VV b means the bigger one of a, b € R.

Proof. We first show (17) in the cases (i.1) (with Bp? < pm), (i.2), (ii.2), (iii.1) and (iv.1) (with pm < Bp?) in the

first three parts and for other cases in the fourth part.

Part 1 (1) We first consider (i.1) (with Bp?> < pm) and (i.2) in this part and prove (17) in the following cases in

advance:
(layf>1,r>0,p>0and Bp<m
(i2a)B>1,r<0,p>0and (B+1)p <

We can assume that a; < ax < --- < a, for writing convenience. Set

Then we know thata} <ab <--- <al andA; <A; <

in x > 0 in each case. By the rearrangement inequality, we have
n n
IZG?A,' > tZal[.;kA,-,
i=1 i=1
forallk=1, ---, n—1,and

)

where when i+ k > n, a; 1 is taken to be a;;_,. Adding all inequalities in (19) for each k =1,

obtain

am

a;

1=
)
~
2=

I

|
=
0=
IS
5
2

(18)

.- < A, since the function X7 /(ts — rx?)P is non-decreasing

(19)

(20)

, n—1and (20) up, we

=-
ES
Y

™=

(nt —r) (ts—ra’)A; and Z
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Now when > 1, noticing that for each r € R,

a’l”*BP < a’z”*ﬁl’ << a;’:*ﬁp (22)

and

p B p B p B
a a, ay
< << |l—) 23
(m—mf) (ts—mg) (ts—raﬁ) (23)

we can adopt the Chebyshev’s inequality and have

n B n n P B
4; _y B 4; m—pp | 4
L = ( ) Z L Z(r) @y

Since xP is a convex increasing function, we can use the Jensen’s inequality and obtain that

B
R N 8 T 1
il > = L > 25
nrj(ts—raf) ni;lts—raf (nt—r)P )

i=

where we have used (21) by setting § = 1 and m = p. We have actually obtained (17) for these two cases by combining
(24) and (29).

(2) We then prove (17) for the cases:

Q1) B=2Lr=20,p<O0andm< Bp;(i2b)B >1,r<0,p<O0andm < (B+1)p.

We also assume that a; < ap < --- < a,, and set A; as (18). Then we know

al >2adb >--->alandA| > Ay > - > Ay, (26)

since the functions x? and X7 /(ts — rx” )ﬁ are both non-increasing in x > 0 in each case. By the rearrangement inequality,
we can similarly obtain (19), (20) and (21).
Then if B € N*, we can similarly deduce (21). If > 1, noticing also that

e Y @7)
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and

p B p B p B
a; a, ay
= zz2|l—) 28
<ts—raf> (ts—rag) (ts—raf,’) ( )

we can also adopt the Chebyshev’s inequality and have (24), (25) and then (17), finally.
Part 2 Now we consider the case (ii.2). We first prove (17) for the case when 8 € (—1, 0),¢ >r, p>0and m < Bp.

Similarly, we assume that a; < ay < --- < a@,. Noticing that (27) and (28) still hold for this case, and then we again obtain

(24). By the mean value inequality, we can see that

S| ™

14 af’ B n al? -1
Z > i = = 29
né(ts—raf’) gts—raf D ( )

n
H(ts —ra; )
i=1
and by (8),
ts—ral =ta} +---+tal |+ (t—r)al +1al  +---+1al)
p(t—r) n pt
>(nt —r)a,"" a™"
k=1, keti
Hence by (29)
B
. n
12 ap B I—!af
. i B
n Z (l‘s —lra’?) g n_ plu—r) = (nr—r) P, (30)
i=1 i n ni—r
(nt—r) H a,
k=1

and then (17) follows from (30) and (24).

For the case when B € (—1, 0),7 > r, p < 0and m > B p, we can similarly deduce (22), (23) and (24). Then since
B <0, (29) and (30) are also valid and (17) holds true for this case.

Part 3 We then consider the cases (iii.1) and (iv.1) with pm < Bp?. We first consider the case when B < —1,r € R,
p>0and m < Bp. We similarly assume that a; < ap < --- < a, and then for all r € R, (24), (27) and (28) are valid. Since

x P is a convex increasing function, we can use the Jensen’s inequality and obtain that
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2(5,,2*,‘)7[3 = # (31)

Then (17) is proved for all B < —1 by combining (24) and (31).

For the case when B < —1,r € R, p <0 and m > B p, we can similarly obtain (22) and (23). Then with the same
argument as above, we can show (17) in this case.

Part 4 We now consider other cases, in which cases we adopt Theorem 3.1 to show (17). Actually, in other cases, it
holds that (m — Bp)/p € [0, 1]. This implies that the function x7 P is concave. Then by Jensen’s inequality, we deduce
that

n %7[3 n
(Zaf’) > nr 7B Za;”_ﬁp. (32)

Next we observe that (i.1) with m = (8 + 1)p satisfies (iii.1) of Theorem 3.1, (i.3) and (iv.2) satisfies (i) or (iii.2) of
Theorem 3.1, (i.4) and (iv.3) satisfy the case (iii.3) of Theorem 3.1, (ii.1) satisfies (i) of Theorem 3.1, (ii.3) satisfies (iv) of
Theorem 3.1, (iii.1) (with m = 0) and (iii.2) satisfy (ii.1) of Theorem 3.1, (iii.3) satisfies (ii.2) of Theorem 3.1, and (iv.1)
(with m = (B 4 1) p) satisfies (iii.1) of Theorem 3.1. Then (17) follows from (32) and the result (10) in these cases. The
proof is complete. O

Theorem 3.3 The inequality

i " m—pp
< ! 33
7S G &)

holds in the following cases:
(1) B > 0 and either
(i.1)r<0and pm < (BA1)p?, or
i2)t>r>0,0<pm < (BAL)p*and (t —r)0y > 1;
(ii) B € (—1,0) and one of the following cases holds,
(i) m=(B+1)p,
(ii.2) r>0and (B +1)p* < pm < p?,
(ii.3)r <0, (B+1)p?> < pm<p?and (t —r)®; > 1;
(iii) B < —1 and one of the following cases holds,
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(iii.1) B=—1,r>0and 0 < pm < p?,

(iii.2) r =0 and 0 < pm < p?,

(iii.3) B € Z\N, r <0 and pm > 0,

(iii4) B < —1,t>r>0,0< pm < p?and (t — 1)@ > 1.
Here a A b means the smaller one of a, b € R.

Proof. We split the proof into three parts.

Part 1 We first show (33) for (i.1) and the case when § > 1, r <0, p > 0 and p > m. In this case, the function x? is

non-decreasing and x" 7 /(ts — rx” )[3 is non-increasing. Hence by setting a; < a» < --- < a, and (18), we have

al <ab <---<alandA; 2 A, > - 2 A,

By the rearrangement inequality, we obtain

forallk=1,---,n—1,and

(t=r)

't«j:

Il
-

n
(t—r) 2:

where it is also taken that a;x = a;x—,, Wwhen i + k > n. Adding all inequalities in (35) foreachk =1, ---,

up, we can further obtain

m mp

=N

z=1

n
th s—ra —r s—ra

(34

(35)

(36)

n—1and (36)

37

Next we consider 8 € [0, 1), 7 <0, p>0and Bp > m. Since x~B? is non-increasing and x/(¢s — rx) is non-decreasing,

we have

m—PBp > a’z”_ﬁp > ... a;"—ﬁp

and

(38)
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P B P B p B
( al p) < ( az p) g o g ( an P) . (39)
ts —ra; ts —ra, ts —ray
By the Chebyshev’s inequality, we obtain
n am n n—Bp 13 alf B
i < m— . l . 40
l.:zi(tsfraf)ﬁ ;a’ né(tsraf) (40)

B
RN AN S LN 1
- < | - : S ——5 41
né(ts—raf) nizzits—raf (nt —r)P “1)

where we used (37) with B = 1 and m = p. Then (33) follows from (40) and (41).
Now we consider > 1, r <0, p > 0and p > m. One can see by (37) that

n a n m p 1 n a""*mJP
L << ,
Z (ts—ral)B ntfr Z (ts—ra? (nt—r)lB) & Z * (ts—ral )B-15]

i l:]

(42)

where | ] is the largest integer no more than 3. Noting that 0 < 8 — | B| < 1, we infer from (33) for the case (i.1) with
B €10, 1) that

) i m—PBp
(I’lt — }") 18] Z ([S— ra; )ﬁ Uﬂ (f’ll _ r)ﬁ' i;ai 3 (43)

which is exactly (33) in this case.
Hereafter we consider the case when 8 > 0, » <0, p < 0 and Bp < m and prove (33) for § > 1 first. In this case the

function x” is non-increasing and x™ 7 /(ts — rx? )ﬁ is non-decreasing. Similarly by setting a; < az < --- < g, and (18),

al >dy>--->a and A <Ay <--- <A, (44)

n

which implies (37) in this case. Then for § € [0, 1), » <0, p <0 and Bp < m, we have
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a'lnfﬁp g arznfﬁp < . < amfﬁ[) (45)

and

p B p B p B
aj a, ah
> >z —) 46
(ts—ra’f) (ts—rag) (ts—raﬁ) (46)

and (41) and (42) are obtained. Hence (33) is proved. For B > 1, r <0, p < 0 and p < m, (33) can be deduced by similar

argument.

Part 2 Next we prove (33) for other cases except (iii.3), each of which satisfies

€ (—oo, OJU[1, +oo). 47)

For these cases, we need to employ the results from Theorem 3.1. Note that as long as these cases satisfy the cases in

(2) of Theorem 3.1 and (47), which implies

n %_ﬁ
Z’af7 <n
i=1

the inequality (33) follows directly from (48).

P (48)

<3
|
|
=
TP

Actually, it is not hard to check that (i.2) and (iii.4) satisfy (viii) of Theorem 3.1, (ii.1) satisfies (vii.1) of Theorem 3.1,
(i1.2) satisfies (vii.2) of Theorem 3.1, (ii.3) satisfies (vii.3) of Theorem 3.1, (iii.1) satisfies (vi.1) of Theorem 3.1 and (iii.2)
satisfies (v) of Theorem 3.1. The proof of Part 2 ends here thereby.

Part 3 At last we show (33) in the case (iii.3). We consider the case when B < —1, r <0 and m, p > 0 in advance.
Indeed, in this case, we can also see that the functions x” and x™/(ts — rx”)B+! are both non-decreasing in x > 0. Then

similar to the argument from (18) to (21), we have

S
-3
/N
Q
S
N
/N
Q
=

(49)

and
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m m m
al a; a,

s —rad )P S s —rad)P1 S 7S = ra)Br1 (50)
Analogously, we obtain
n Fard ” o
(nt—r) ; (5 — ral )P EZ{W,
ie.,
l”] (zs ainap)ﬁ S (”f—lr) lli‘} (ts aZ:rp)BH' 1)
Then if B < —
1t al n m*(ﬁhﬂ
ZZ’ (ts—ral s nt—rm ; (ts —ral)B-IB1" (52)

where [ ] means the smallest integer no less than . Therefore, when 8 € Z\N, (52) is exactly (33).
For the case when B € Z\N, r < 0 and m, p < 0, the function x” and x™/(ts — rx?)B+1! are both non-increasing in
x > 0. Hence (49) and (50) hold with all <’s replaced by >’s. Then (51) and (52) are also valid. Finally, we can similarly
deduce (33) in this case. The proof is complete now. O
Remark 3.4 In the proofs of Theorems 3.2 and 3.3, we also obtain some interesting inequalities (21) and (51) in

corresponding cases presented therein. These inequalities can also be viewed as generalizations of those obtained in [22].

3.2 Other cases

Up to now we have proved the main theorems, but there are still other cases which can guarantee the inequalities (10),
(11), (17) and (33). For example, when 7 > r # 0 and one of the followings holds:
(A) B € (=0, —1)U(0, +o0), mrpf <0, m(m—p) >0, Bmm—(B+1)p] <Oand (r—r)®; <1< (t—r)0y,
B)B € (—1,0), pm>p*orBp?> < pm<0and0 < (t —r)®, < 1,
©Be(=1,0),r<0,(B+1)p><pm<p?>and0< (t—7r)@; <1< (t—r)0y,

(D) B € (=0, —1)U(0, +o0), m(m—p) <0, Bmm— (B+1)p] <0and 0 < (t —r)@, < 1,
f(x) can not stay non-positive or non-negative on the whole interval [0, T']. As a result, we can not directly use Jensen’s

inequality, but the Semiconcave-semiconvex Theorem brings us some hope.
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However, as n increases or the parameters 3, ¢, r, m, p take more general values, the difficulty also increases greatly.

Therefore, we only present some concrete examples for these cases as follows.

Example 3.1 Under the conditions r < 0 and (B), we letn=4,m = =—1/2, p=2,t =1 and r = —3. Then (10)
and (17) hold, i.e.,

1
4 2N\ 2 4
342 1
Z<s+_“’> >2V14st 2v7Y a?, (53)

where s = a? + a3 + a3 +a3.
m—Bp

Proof. Since =0.5€ (0, 1), we can use Jensen’s inequality and obtain the second inequality of (53). In the

following, we only consider the first inequality of (53).

According to Theorem 3.1, we know that

(tfr)®2:@€(0, 1.

@25
1-30,’

®2S
T1-30,

And hence g(x) is convex on (O } and concave on { s>. We take arbitrarily a positive € <

O Q)
min 2 ,1— 2 and set a; < ap < az < aq. Denote the left hand side of (53) by F(ay, az, a3, as) with
1-30, 1-30,

ai, ay, az, as € [€+/s, (1 —€)4/s]. By Theorem 2.2, we know that F(ay, a, a3, as) achieves its possible minimum in

four cases in the following.

The first case is that a} = a3 = a3 = x* and @} = s — 3x> > x? withx € [e\/s, /5/2]. Let § =x?/s € [€?, 1/4] and

1

3\/s+3x2+ Vs —9x2 _3(1+38) +(4—95)
Vsx? /s(s—3x2) g% (1-3¢)

(S}

F(ai, az, a3, ag) =

ENT ST

Then

h/(§)=—§(1+3§)*7(1_3€)7% [(1 _535>2+?:2§ (3:32)5] |

Letn =(1-3&)/& €1, +oo) and

- () () 2 ()

Volume 7 Issue 4]2026| 4219 Contemporary Mathematics



It is easy to see that 4(n) > 0 when 1 € [3/2, +<0). When 1) € [1, 3/2], we see that

s [(2n=3\* n+6 1
i (’7 ) n+6 _ (=1 (7n* +7n7 +3n7 +9(6—m)) +n (n* —1)(4n* ~3)] >0,

n2— =
n 4n+3  n*4n+3)

which implies that /(1) > 0 for all 7 € [1, +o0) and /'(£) < 0 for all & € [€2, 1/4]. Hence

The second case is a3 = a3, a3 = (1 —€)?s. Since

1 1
al < E(s—ai) =é&5— 5852 < €s,

we know

1 1

3a3\? _ 1 2
—F(al,az, as, a4)> 7 <s+al> >€/§<:) >87%>2v14,

ai 1

<e|—
Sk

if € is sufficiently small. Thus, we fix a sufficiently small & € (0, 1/5) such that

F(ay, ay, a3z, (1 —8())\/5) > 2V 145%.

The third case is a3 = as = (1 — &)+/s. In this case a3 +aj = 2(1 — &)>s > s, which is impossible. The fourth case
is ay = a3 = ay = (1 — &)+/s, which can be excluded either. Eventually, we have proved (53) now. O

Example 3.2 Under the conditions r < 0 and (C), weletn =4, 8 =—-2/3,m=2/3,p=t=1and r = —1. Then
(11) and (33) hold, i.e.,

4 2
Y ((s+a)a]’ < {/=—<V25) a}, (54)

where s = a) +ar + a3z +aa.

Proof. The second inequality of (54) is obviously correct. In this case, we have

Co iporary Math tics 4220 | Jintao Wang, ef al.




(t—r)0; =2(2—3) € (0, 1).

Qs O1s
"1-0, 1-0,’
side of (54) by F (a1, az, a3, as) with ay, a, a3, as € [0, s]. By Theorem 2.2, we know that F(a;, aa, a3, as) achieves

Hence g(x) is concave on <O } and convex on { s) . Set a; < ap < az < ay. Denote the left hand

its possible maximum in four cases in the following.

The first case is ) =ap =az =xand ay = s —3x > x with x € [0, 5/4]. Let { =x/s € [0, 1/4] and

(&) =s3F(ar, az, a3, as) = 3[(1+&)E]F +[(2—38)(1 - 3E)]5.

Then

1

H(E)=2(1+8) 3(1-38)73(25+1)

() 9]

Still we let = (1—3&)/E € [1, +o0) and

o (59) R () -2 ()

Since

_27(n+4) (n+1>3 _ 2 -1t +4n’+707 +4m +54)

2n+3 n+s5 2n+3)(n+5)3

we can conclude that 4'(§) > 0 on (0, 1/4] and h(&) is strictly increasing on [0, 1/4], which implies that

The second case is a; = ap and a4 = s, in which case a; = ap = a3 =0 and
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2554
F(alv az, as, a4) :F(O, 0 ,O, S) :2%5% < N Ts

The third case is a3 = a4 = s, and the fourth case is a; = a3 = a4 = 5. Both of the cases are impossible. As a result,

we conclude (54). O
Example 3.3 Under the conditions # > r > 0 and (D), we letn=3,m = € (0, 1), p=r =1 and t = 2. Then there
is Bo € (0.5, 1) such that when 8 € (0, Bo), (11) holds, i.e.,

B B B 3
L + L + a73 < —. (55)
ay +2ap +2as 2a1 +ap +2a3 2a1 +2ap +as 58

Proof. Following the proof of Theorem 3.1, we know that ®, = (1 — )/(1 + ) and hence g(x) is concave on
(0, (1 —f)s] and convex on [(1 — f3)s, s). We can as well set a; < ap < a3. Then by Theorem 2.2, we know the left hand
side of (60), denoted by F'(a;, az, a3) for writing convenience, achieves its possible maximum in three cases as follows.

The first case is a; = ap =x and a3 = s —2x > x. Then x € [0, s/3] and

F( =2 X ﬁ+ s—2x B
a4, &) =2\ 55" s+2x /)

We let & = x/(2s—x) € [0, 1/5] and

. B
h(é)F(auaz,aa)zéﬁJr(l 35) ,

/ 2B
Y gy

Now let n = 1+ 5& € [1, 2] and we can see that

1 4B 1
% B 4TB & _3NTP -8NP 44T —4TF .

(1+56) 1-3& 3n—8

Setting
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we have (1) = —5, h(2) =0,

= gm0y 2
= ?ilfﬁfﬁ - W”M - ?Eljﬁ[;g nis (n-sp). (56)
(1) =477 — 2(1 :;B), W)= 21:73/3.2ﬁ

We can see from (56) that only when 8 € (3/8, 3/4), i/ (1) can reach its least value in (1, 2), i.e.,

min K (n) =¥ <8ﬁ) _ip _% (?)1% (57)

nell, 2]

Actually, in this process, we have to require /’(n) > 0 on [1, 2], which implies 7 is non-decreasing on [1, 2] and so is

K (&). With these results, it yields that

To this end, we only need to require

B (1) >0 when B € (0, 3/8], ¥ (2) > 0when 8 € [3/4, 1) (58)

and /' (?) >0, when 8 € (3/8, 3/4). (59)

It is not hard to deduce from (58) that 8 € (0, 3/8]. From (57) and (59), we get
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Letoe=1/f € (4/3, 8/3) and

2
() = 2log, (30t) — ¢t —3and so j/ (&) = —— — 1> 0.
j(a) og,(3a) — o and so j'(a) ) >

Since j(4/3) = —1/3 and j(8/3) = 1/3, we can see that there is a unique o € (4/3, 8/3) such that j(cp) = 0 and
Jj(ot) >0 when o € (0, 8/3). By calculation using computers, we find

Bo =1/ = 0.5887287--- € (0.5, 1).

And hence it follows from (59) that § € (3/8, fo). As a result, we deduce that in this case when 8 € (0, Bo], (55)
holds true.

The second case is a3 = 5. Thena; =a; =0and F(0, 0, s) =1 < 3/550. The third case is ap = a3z = s, which is
impossible. Consequently, we have obtained (55). O

In the example above, it has been proved that although the parameters satisfy the condition (D), the conclusions of
Theorems 3.1, 3.2 and 3.3 need not always hold. Actually, under the cases (A), (B), (C) and (D), it is still possible that
none of the inequalities (10), (11), (17) and (33) is valid. The following example gives us a counterexample.

Example 3.4 Under the conditions r < 0 and (A), weletn=3,m==3/2,p=t=1,r=—1and

3 3 3

F( ) aj 7+ ay 7_"_ as 2
ay, ay,a3) = — - _
b 62,8 2a1 +ap +as ay+2ap+as ay +ax+2a;s

in which case (f —r)®; =2/5 < 1 < 2 = (t — r)®,. Then the right hand sides of (10), (11), (17) and (33) are the same,

i.e., 3/8. However, we observe that

1 3 2 3
lim F 1)=F(0,0,1)=—=<zand lim F(x, 1,1)=F(0, 1, 1) = —= > <.
Jim F(x o )= F(0,0, 1)= 225 < g and lim F(x, 1, 1) =F(0, 1, 1) = =2 > ¢

This situation thereby conflicts with all the inequalities (10), (11), (17) and (33).
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4. Applications on inequality questions

We employ the theorems in Section 3 to prove some interesting examples and some mathematical competition

questions in this section.

4.1 Extensions on some inequalities

The first example is a dimensional generalization of Example 7.19 of [38]. This consequence also includes the result
of Corollary 2.2 of [13].
Example 4.1 Suppose thatay, --- a, >0,n € NT and n > 2. Let

Sg=Sg(ai, -+, ap) := i (‘”)ﬁ

and

Inn—In(n—1)
In(n—1)—1In(n—2)

B = for n > 2. (60)

where s = ay + - - - + a,. Then B, is increasing in n and

2, B € (0, B3);
infSg(ar, -+, an) = (k—kl)ﬁ’ B€B Birr); k=3, -+, n—1; (61)
ﬁ € (—007 O]U[Bm +°°)'

(n—1)B’

Proof. First by definition (61), using Cauchy mean value theorem, we know that for each n > 2, there is 6, € (0, 1)

such that

1/(n—1+86,) n—2+86,
1/n—2+6,) n—1+86,

Bn:

Hence f3, is increasing as n increases. Moreover,

lim B, =0and lim B, =1,
n—2+ n—-+oo
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and

n—1 n n—2
o 2)p = e and 3, > —.
And hence
n—1 n
h ns 1 bl = 7 62
when B € (0, By), —— n (63)

(n-2F = (n-1)F"

Next we show (61). In accord with Theorem 3.1, the conditions presented in this example is p =t =r=1and m = 3.
Then by the cases (ii.1) and (iii.2) of Theorem 3.2 and (ii.2) of Theorem 3.2, we know that if > 1 or B <0, (61) can be
deduced (it is obvious when § = 0). Next we only consider the case when § € (0, 1).

Following the proof of Theorem 3.1, we know that

BsxP-2

g'(x) = s—x)pi2 [2x—(1-B)s], x€ [0, s].

This means that g(x) = (x/(s — x))P is concave on [0, (1 — f8)s/2] and convex on [(1 — B)s/2, s]. Let a; be non-
decreasing when k increases. By Theorem 2.2, we pick one arbitrary possible minimum point of Sg (a1, -+, an) (Here we

allow a; = 0 for k < n —2) such that

ar=-=a, y=0<a, g1 =5s—(k—1)x<a, j2=-=a,=x,

with k > 2. It is easy to see that x € [s/k, s/(k—1)). Welet& =x/s € [1/k, 1/(k—1)) and

h(&)=Sp(ar, -+, a) = (W>ﬁ+(k_1) (léé)ﬁ

We know that

1
itk=2, h(§) >2and h(§) =2 ifand only if § = 7. (64)
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1—(k—1 1
In the following, we consider the case when k > 3. Let = ( k( ) ;5 € <O, k 1} and

N _ k—1
i) = nE) =P+

Then
., B _
r(n)= T k2P (k= 1)n +k—28 P! — (k—102].
Let
Jm) = [k—1)n +k—2P 0P~ — (k—1)?
and then

j()=[(k=1)n+k=2PnP22B (k- 1)n+ (B —1)(k—-2)].

. 1-B)(k—2 o o . .
Setting 1o = (2[3[(2(1)), we split it into two situations for discussing.

1 k=2
Ifn() 2 k—il’ i.e., ﬁ S (0, k:| . then

and

. L k—1
HE) =i(m) > lim i) = 5 (©5)

1 . k—2
Ifno € (0, k_l),l.e.,ﬁ € <k’ 1>,then

) A . 1
j'(n) <0 as n€(0, no), j'(mo) =0, j'(n) >0asn e (no, k_l)
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Then j reaches its minimum at 17 = 1)g. Noting that

lim j(n) = 4o andj(l) =0,

n—0+

we know there exists 11 € (0, 1g) such that

. . . 1
i) >0 a8 m € (0. ). ) =0.j(m) <0 s e (o 27 ).
This also means that

1

’(n)>0as e (0, m),i(m)=7 (k—l) =0,i(n)<0as ne (ma kil)

.. . . 1 . .
Hence i is increasing on (0, 7] and decreasing on {m, kl} . Therefore, recalling (65), we obtain for all 8 € (0, 1),

. . 1 . k—1 k
Sg(ay, -+, an) >m1n{nlir8+z(n), l(k—l)} _mm{(k—Z)ﬁ’ (k—l)ﬁ}' (66)

Now we consider n > 2 and combine (64), (66), (62) and (63) to obtain the following consequences. When 8 € [3,, 1),
by (64), (66) and (62), we know

3 4 n n
S L ay)=mind2, o, .. — , 67
ﬁ(alv 7“) mln{ 2B’ 3B (l’ll)ﬁ} (l’l*l)ﬁ (67)

When B € [Bk, Bit1), k=3, -+, n—1, by (64), (66), (62) and (63), we know

3 4 n k
S ,) = mi 2, ==, =, e, = . 6
ﬁ(alv 7a) mm{ 2B 3B (n—l)ﬁ} (k—l)B ( 8)
When B € (0, B3), by (64), (66), (62) and (63), we know
. 3 4 n
Sﬁ(ala"'van>:mln{2a 2757 3737"'5 (n_l)ﬁ}_z (69)
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At last, (61) follows from (67), (68) and (69). The proof is complete. O

Based on Theorem 3.1 in Section 3, we can also get a more general result as follows. The following example is a new
generalization of Mitrinovi¢ inequality (see [2]).

Example 4.2 Under the conditions of Theorem 3.1, we further pick k € N* N [1, n—1]. Then in the cases (i), (i), (iii)
and (iv) with # > r replaced by ¢ > kr where ¢ > r appears,

n (af+...+a{.’+k*l)m . mpB+1-m [ n ” miﬁ. 70)
Sles—r(a +-+al P~ (mw—kr)f \ S

in the cases (v), (vi), (vii) and (viii) with ¢ > r replaced by ¢ > kr where ¢ > r appears,

i a + .. +az+k 1) KnpBt1-m
Sls—r(a+---+d )P S (nt —kr)B

n m—p
Y df ) : (71)
i=1

Here ay, is supposed to be a;_,, if k > n.

Proof. We only show (70) since (71) can be proved similarly. Let A; := ap +--4d fori=1, ---, nand

i+k—1
S:=A|+---+A, =ks. Sincet > kr implies ¢ /k > r, then under the cases (i), (ii), (iii) and (iv), we can use Theorem 3.1

and obtain

i (@ +--+aj, )" i Al < pPH1-m B _ knpBti-m [ n W P
Sls—r@+---+d )P 5 <7S—rA)ﬁ (n—t—r)ﬁ (nt —kr)P \ &
k k
which ends the proof. O

The theorems in Section 3 can be used to prove inequalities concerning with the sides of triangles.

Example 4.3 Let a, b and ¢ be three sides of a triangle. Then

a? n b? n 2
b+c—a c+a—-b a+b-—c

>a+b+c. (72)

Proof. Since a, b and c are the sides of a triangle, the sum of each two of a, b and c is bigger than the other. Therefore,

we cantaken=3,m=2,p=¢t=f =1 and r =2 in (10) in the case (iii.1) of Theorem 3.1 and directly obtain (72). [

4.2 Applications on competition questions

In the following, we present some mathematical competition questions that can be obtained by the main theorems in

Section 3. For writing convenience, we denote the left hand side of some inequality by LHS.
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Example 4.4 [28th IMO Pre-selection Question] Let a, b and ¢ be the sides of a triangle and 25 = a + b + c. Prove
that

am b " 2\"
2 - Sm—l
b—l—c+c+a+a—|—b (3) ’

where m > 1. Particularly, when m = 2, this is a question of 19th Nordic Mathematical Olympiad Contest in 2005.
Proof. It is a simple example of (10) by pickingn =3,m > 2 and p = =¢ = r = 1 in the case (iii.1) of Theorem

3.1, and an example of (18) by pickingn =3 andm = p =8 =t =r =1 in the case (i.1) of Theorem 3.2 (This is also the

famous Nesbitt’s inequality). O
Example 4.5 [31st IMO Pre-selection Question] Let a, b, ¢ and d be positive real numbers such that ab+ bc+cd +da =

1. Prove

a3+b3+c3+d3>1
b+c+d c+d+a d+a+b a+b+c” 3

This example was also selected in Chinese Mathematical Olympiad in Senior (Xinjiang Division) Preliminary Contest
in 2020.
Proof. Pickn=4,m=3and p=f =¢=r=1in (18) in the case (i.1) of Theorem 3.2. Then we have

1

LHS > - (a* +b* +* +d?)

w

1(@+0°)+ (B + )+ (P +d?) + (d* +d?)
2

(O8]

> —(ab+bc+cd+da)

=3

Q| =

The proof is hence over. O

Example 4.6 Let a, b, ¢ be positive real numbers such that abc = 1. Prove that

1 1 1
= —.
a*(b+c) i b3(c+a) T Ala+b) ~ 2

W

Proof. Pickingn=3,m=—2,p=—1and f =¢t =r=1in (10) in the case (iii.1) of Theorem 3.1, we obtain
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bc ca ab

LHS =
S a*(b+c) * b*(c+a) * c2(a+b)

where we have also used the mean value inequality. O

Example 4.7 [Serbian Math Olympiad in 2005] Let x, y and z be positive numbers. Prove

R S T VA
= = Z).
W+z Vz+x  Jx+y 2 Y

Proof. Pickn=3,m=p=t=r=1and B =1/2in (10) in the case (iii.2) of Theorem 3.1, we easily obtain the

conclusion. 0

5. Applications on Hurwitz-Lerch zeta functions

The Hurwitz-Lerch zeta function {(z, 8, a) is defined by

where a € C\Z, B € C when |z| < 1 and R(B) > 1 when |z| = 1. Here C is the set of complex numbers, Z is the set of
nonpositive integers and R(B) means the real part of f € C.
In the following theorem, we only discuss the relation about Hurwitz-Lerch zeta functions with real variables.

Theorem 5.1 Let x = (x1, -+, x,) € R", {a, },en+ be a positive sequence,

X={xeR":x;>0 and x;+---+x, =1}, a = inf ay,
neNTt

z>0and r € R such that o > r. Then in the case when fr > 0,
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aréi)r(lizn;xz'é'(zv B, an—rxi)=¢ (Z’ B, a”_g)

in the following cases
()B>0,r<0and2(cc—r) = —(B+1)r,
Q)B<—-1,r>0and2(ax—r) = —(B+1)r,
3)Be[-1,0)and r >0,

max (. By an—ra) =¢ (2 Ban— 1)

i=1

Here each Hurwitz-Lerch zeta function in (73) and (74) is supposed to be convergent.

(73)

(74)

Remark 5.2 In Theorem 5.1, we only consider the case when Br # 0, since when Br =0, {(z, B, a, — rx;) does not

depend on x;, and it is obvious that

;xiC(L B, an—rx;))=¢ (z, B, a,,—;),

Proof. In this proof, we always assume that m = p = 1. For the case when r > 0, we first consider the case when

B>0,r>00rf <—1,r<0. In this case, (iii.2) of Theorem 3.1 is satisfied. Thus we obtain by (10) that

n . B 1
y —~ >~ =

Sl b P (L, T

Then multiplying (75) by z/ and adding the results for j =0, 1, ---, k together with k € N*, we have

fof ot g

=1 j=0 J"’an rX;) j=0 =1 (j+an rx, j:o ]—i—an—f)ﬁ.
n
Let & tend to the infinity, we conclude that

r

Yl By an—rx) > £(es B an "),
i=1

(75)

(76)

)
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which implies (73). For the case when f = —1 and r < 0, (ii.1) of Theorem 3.1 is satisfied; for the case when f8 € (—1, 0)

and r < 0, we see that

2(j4+an—r) 2

B0 Br1 !

(j"’an_r)@Z:

and (iv) is satisfied. In these two cases, we also have (75) and hence (73).
Next we show (74) for the case when Br < 0. When 8 > 0, r < 0 and 2(a —r) = —(B + 1)r (the proof for the case

(2) is the same), we have

: o 2(jtan—r) _ 2(a-r1)
(j+a,—r)0@; = B > A

Thus (viii) of Theorem 3.1 is satisfied. Similar to the discussion of (75), (76) and (77), we can use (11) to obtain
(74). When 3 = —1 and r > 0, (vi.1) of Theorem 3.1 is satisfied. When 8 € (—1, 0) and r > 0, (vii.2) of Theorem 3.1 is
satisfied. As a result, (74) can be similarly obtained. The proof is hence finished now.

Remark 5.3 Theorem 5.1 is a generalization of Theorem 3.2 of [13]. Specifically, when a, = 1+ l, r=1landz=1,
(73) is the result obtained in [13]. "

Remark 5.4 In Theorem 3.3, we have obtained the result (33) for the case (iii.3), i.e., § € Z\N, r <0 and pm > 0,
which is much stronger than other cases, since it is required that f € Z\N, but not 8 € (—oo, —1). In fact, many examples
imply that the inequality (33) probably holds true for all § € (—e, —1), r < 0 and pm > 0. However, this is just our
conjecture that we are unable to prove yet now. This is an interesting and open problem.

Remark 5.5 This article mainly generalizes Nesbitt’s inequality in respect of dimensions and parameters and gives
different results in various cases. The argument also provides a series of methods to estimate algebraic expressions
analogous to (3). This article is not concerning with the inequalities with weights like [13, 28-32]. Actually, it is still
interesting to study the generalizations of inequalities (10), (11), (17) and (33) with weights and other types of Nesbitt’s
inequality such as (1) [31] and

X1 « X2 “ X « n
+ +ot | < og
X1 +x2 X2+ X3 Xp + X1 20

with xy, -+, x, >0,n >2and a < 1/2 [40].
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