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Abstract: This paper primarily investigates the structural properties of constacyclic codes over the ring Rk, defined
as Rk =

Fpm [w1, w2, ..., wk]

⟨w2
i −1, wiw j−w jwi⟩

where i, j = 1, 2, 3, . . . , k, and k, m are positive integers. Here, Fpm denotes a finite field of
order pm with characteristic p, an odd prime. Furthermore, we determine the necessary and sufficient conditions for the
duals of constacyclic codes to exist. These findings make it easier to create new Quantum Error-Correcting (QEC) codes
throughout the ringR1 (i.e., when k = 1), as well as optimal linear codes that make use of the Gray images of constacyclic
codes. Additionally, Table 4 presents several Linear Complementary Dual (LCD) codes obtained using the Gray map.
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1. Introduction
Constacyclic codes were initially introduced by Berlekamp [1] as an extension of cyclic and negacyclic codes. Since

their introduction, extensive research has been conducted on constacyclic codes over both finite fields and finite chain
rings (see [2–8] and the references therein). This class of codes plays a significant role in error-correcting code theory, as
it generalizes the widely studied cyclic codes, which remain one of the most important families in coding theory.

In quantum communication and quantum computing, quantum codes are used to shield data from channel noise
while it is being transmitted. This requirement has fueled significant advancements in the construction of quantum error-
correcting codes and their extensions derived from classical cyclic codes. In the year 1995, Shor [9] presented the first
QuantumError-Correcting (QEC) code. The following year, Steane [10] investigated the structural aspects of fundamental
QEC codes. Later, in 1998, Calderbank et al. [11] proposed an innovative approach to transform classical error-correcting
codes into quantum codes. Numerous efficient QEC codes that contain dual or self orthogonal properties have since been
developed over finite fields Fq by leveraging classical cyclic codes. The constacyclic shift property, where a shift of a
codeword by one position results in multiplication by a fixed unit λ , provides an algebraic structure that facilitates efficient
encoding and syndrome-based decoding. This property can be exploited to optimize algorithms by reducing complexity in
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both encoding, via polynomial multiplication modulo xn−λ , and decoding, by enabling the use of generator polynomials
and syndromes in a structured manner. Such optimizations are critical when constructing large error-correcting codes for
practical applications.

Qian [12] was the first to construct QEC codes from cyclic codes of odd lengths over the finite non-chain ring
F2 +uF2, where u2 = 0. Quantum codes derived from cyclic, constacyclic and skew constacyclic codes specified over
odd non-chain rings were then thoroughly examined. These developments have been thoroughly studied in [13–16].
The structure of the codes over the ring F2[w1, w2, w3, ..., wk]

⟨w2
i −wi, wiw j−w jwi⟩

was examined by Cengellenmis et al. [17] in 2014 using
the Gray map. Later in 2018, Zheng et al. [18] discovered generator polynomials for constacyclic codes over the ring
Fpm [u1, u2, ..., uk]

⟨u2
i −ui, uiu j−u jui⟩

and determined the structural properties of linear codes in this context. Additionally, as reported in [19–
21], a number of quantum codes over rings with even characteristics were developed. More recently, new quantum and
LCD codes were built over the finite non-chain ring F2m + uF2m , where u2 = u, by Islam and Prakash [22]. These
advancements inspire our investigation into the properties of constacyclic codes over the ring Rk =

Fpm [w1, w2, ..., wk]

⟨w2
i −1, wiw j−w jwi⟩

where i, j = 1, 2, 3, . . . , k.
The structure of this paper is set up as follows: In the context of the ring Rk, Section 2 introduces the Gray map and

provides key concepts. In Section 3, constacyclic codes, their dual codes, and generator polynomials are studied, as well
as the structure of linear codes and their duals over Rk. We also construct sufficient and necessary requirements for the
duals of constacyclic codes to be contained in this section. Improved quantum coding examples are given in Section 4.
Furthermore, we create optimal codes over the ring R1 (i.e., when k = 1) by using the Gray images of cyclic codes.

2. Preliminaries
Let Fpm be a finite field with order pm and characteristic p, where m is a positive integer. For any positive integer

k, define the ring Rk as Rk =
Fpm [w1, w2, ..., wk]

⟨w2
i −1, wiw j−w jwi⟩

, for i, j = 1, 2, 3, . . . , k. We begin by presenting some fundamental
definitions.

(i) For two vectors, x = x1x2 · · ·xn and y = y1y2 · · ·yn, the Hamming distance between them, represented by d(x, y),
is the number of coordinates in which they differ.

(ii) The number of nonzero components in x is the Hamming weight of a vector x = x1x2 · · ·xn, represented by wt(x).
(iii) The Euclidean inner product of any two vectors x, y ∈ F n

q is defined as follows: x · y = x0y0 + x1y1 + · · ·+
xn−1yn−1.

(iv) A code of length n over a ring R is said to be a linear over R if it forms a submodule of Rn over R.
(v) If C⊥ ⊆C, then a code C is dual-containing; if C =C⊥, then it is self-dual; and if C ⊆C⊥, it is self-orthogonal.
(vi) The term Linear Complementary Dual (LCD) code refers to a linear code that has the condition that C ∩C⊥

= {0}, where C⊥ denotes the dual code of C.
(vii) If a linear code C of length n over a ring R is closed under the constacyclic shift operator, then it is referred

to as a constacyclic code. That is, for any codeword c = (c0, c1, c2, . . . , cn−1) ∈ C, its constacyclic shift δ (c) =
(λcn−1, c0, c1, c2, . . . , cn−2) also belongs to C, where λ is a unit in R and δ denotes the constacyclic shift.

(viii) Notably, a Hilbert space of dimension qn is formed by the n-fold tensor product (K q)⊗n = K q ⊗K q ⊗·· ·⊗
K q (taken n times). Here, K q represents a Hilbert space of dimension q, where the complex field is K . The code
[[n, k, d]]q denotes a quantum code of length n over the fieldFq, where q is a prime power, and k is the dimension and d is
the minimum distance. Every quantum codes satisfy the Singleton bound n−k+2 ≥ 2d. The quantum code is Maximum
Distance Separable (MDS) code if n−k+2= 2d. One or both of the following criteria must be met for one of the quantum
codes [[n, k, d]]q is better than another quantum code [[n′, k′, d′]]q:

(a) k
n > k′

n′ , where d = d′, indicating a higher code rate while maintaining the same minimum distadnce.
(b) d > d′, where k

n = k′
n′ , meaning a greater minimum distance while preserving the same code rate.

The Kronecker product of two matrices M and N results in a block matrix of size pm×qn
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M⊗N =


p11N p12N . . . p1nN
p21N p22N . . . p2nN
. . . . . . . . . . . .

pm1N pm2N . . . pmnN

 (1)

Here, M = (pi j) is a matrix of order m×n and N = (qi′ j′) is a matrix of order p×q. To be more precise,

M⊗N =



p11q11 p11q12 . . . p11q1q . . . . . . p1nq11 p1nq12 . . . p1nq1q

p11q21 p11q22 . . . p11q2q . . . . . . p1nq21 p1nq22 . . . p1nq2q
...

...
. . .

...
...

...
...

...
. . .

...
p11qp1 p11qp2 . . . p11qpq . . . . . . p1nqp1 p1nqp2 . . . p1nqpq

...
...

...
...

. . .
...

...
...

...
...

...
...

. . .
...

...
...

pm1q11 pm1q12 . . . pm1q1q . . . . . . pmnq11 pmnq12 . . . pmnq1q

pm1q21 pm1q22 . . . pm1q2q . . . . . . pmnq21 pmnq22 . . . pmnq2q
...

...
. . .

...
...

...
...

...
. . .

...
pm1qp1 pm1qp2 . . . pm1qpq . . . . . . pmnqp1 pmnqp2 . . . pmnqpq



(2)

where 1 ≤ i ≤ m, 1 ≤ j ≤ n, 1 ≤ i′ ≤ p, and 1 ≤ j′ ≤ q.
Additionally, utilizing the Kronecker product, we establish the Gray map within the ringRk. The Kronecker product

exhibits the subsequent characteristics:
(i) For matrices M = (pi j)m×m and N = (qi′ j′)n×n, the following holds:

(M⊗N)−1 = M−1 ⊗N−1. (3)

(ii) (M⊗N)⊗C = M⊗ (N ⊗C) for arbitrary M, N, and C matrices.
(iii) (M⊗N)T = MT ⊗NT , where the transpose of matrices M and N is indicated by MT and NT , respectively.
The ring Rk =

Fpm [w1, w2, ..., wk]

⟨w2
i −1, wiw j−w jwi⟩

may also be expressed as follows: Rk = Fpm +Fpmw1 +Fpmw2 +Fpmw1w2 +

· · ·+Fpmw1w2 . . .wk, where, for all i, j = 1, 2, 3, . . . , k, wiw j = w jwi and w2
i = 1. Let T represent the power set of

{1, 2, 3, . . . , k}, and let Rk be a finite commutative ring. In this way, each element s ∈ Rk can be uniquely expressed as:
s = ∑

T∈T
βT wT , where βT ∈ Fq, wT = ∏i∈T wi, and wϕ = 1. For i ̸= j, where i, j = 1, 2, 3, . . . , 2k, define ek

i ∈ {wT : T ∈

T , wϕ = 1} so that ek
i ̸= ek

j.
For k = 1, we haveR1 =Fpm [w1]/⟨w2

1−1⟩. This ring can be written asR1 =Fpm +w1Fpm withw2
1 = 1. Therefore,

a basis of R1 is given by {1, w1}. Define e1
1 = 1 and e1

2 = w1.
For the ring Rk, the basis can be expressed using the Kronecker product as follows:

(ek
1, ek

2, . . . , ek
2k) = (1, wk)⊗ (ek−1

1 , ek−1
2 , . . . , ek−1

2k−1) (4)

Here, (e1
1, e1

2) = (1, w1). Furthermore, we obtain a set of orthogonal idempotent elements in the ringRk, where each
ζ k

i is defined by
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ζ k
i =

k

∏
j=1

∆ j, (5)

with ∆ j ∈
{

1−w j
2 ,

1+w j
2

}
, and for i ̸= j, we have ζ k

i ̸= ζ k
j , where i, j = 1, 2, 3, . . . , 2k. It is simple to verify that

2k

∑
i=1

ζ k
i = 1, (ζ k

i )
2 = ζ k

i , ζ k
i ζ k

j = 0 for i ̸= j. (6)

For this reason, the ring Rk also has a basis in the collection {ζ k
i | i = 1, 2, . . . , 2k}. In particular, for k = 1, we have

ζ 1
1 = 1−w1

2 and ζ 1
2 = 1+w1

2 . The equation is rewritten in the matrix form shown as

(ζ 1
1 , ζ 1

2 ) = (e1
1, e1

2)P1 (7)

(
1−w1

2
,

1+w1

2
) = (1, w1)P1. (8)

After some calculation, we get P1 =

(
1
2

1
2

− 1
2

1
2

)
. Moreover, utilizing the properties of the Kronecker product, we

obtain

Pk = P1 ⊗Pk−1,

Pk = P1 ⊗P1 ⊗Pk−2,

= . . . . . .

Pk = P1 ⊗P1 ⊗P1 ⊗·· ·⊗P1︸ ︷︷ ︸
(k-times)

.

(9)

It is evident that Pk is an invertible matrix, with P−1
k = P−1

1 ⊗P−1
1 ⊗·· ·⊗P−1

1 . Moreover, P−1
k is invertible, and its

transpose satisfies (P−1
k )T = (P−1

1 )T ⊗ (P−1
1 )T ⊗·· ·⊗ (P−1

1 )T , where (P−1
1 )T =

(
1 1
−1 1

)
. Hence,

(ζ k
1 , ζ k

2 , . . . , ζ k
2k)Pk = (ek

1, ek
2, . . . , ek

2k)P1 ⊗P1 ⊗P1 ⊗·· ·⊗P1︸ ︷︷ ︸
(k-times)

(10)

and
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(ek
1, ek

2, . . . , ek
2k)Pk = (ζ k

1 , ζ k
2 , . . . , ζ k

2k)(P−1
1 )T ⊗ (P−1

1 )T ⊗ (P−1
1 )T ⊗·· ·⊗ (P−1

1 )T︸ ︷︷ ︸
(k-times)

. (11)

Similarly as in Eq. (4), we have

(ζ k
1 , ζ k

2 , . . . , ζ k
2k) = (

1−wk

2
,

1+wk

2
)⊗ (ζ k−1

1 , ζ k−1
2 , . . . , ζ k−1

2k−1), (12)

where (ζ 1
1 , ζ 1

2 ) = ( 1−w1
2 , 1+w1

2 ).

Every element s in Rk can be uniquely represented as s =
2k

∑
i=1

βiek
i =

2k

∑
i=1

γk
i ζ k

i , where βi, γk
i ∈ Fpm and i =

1, 2, 3, . . . , 2k. The Gray map is defined using the matrix Pk as

Θk: Rk −→ F 2k

pm (13)

as follows:

Θk(s) = Θk

(
2k

∑
i=1

βiek
i

)
= (β1, β2, . . . , β2k)(P−1

k )T . (14)

For simplicity, we write (β1, β2, . . . , β2k)(P−1
k )T = (γk

1 , γk
2 , . . . , γk

2k). The Gray map described above can be naturally
extended to Rn

k as

Θk: Rn
k −→ F 2kn

pm , (15)

defined by

Θk(s0, s1, s2, . . . , sn−1) = (γk
i, j)1≤i≤2k, 0≤ j≤n−1. (16)

Here, every s j can be written as s j = ∑2k

i=1 βi, jek
i , and thus,

Θk(s j) = (β1, j, β2, j, β3, j, . . . , β2k, j)(P
−1
k )T = (γk

1, j, γk
2, j, γk

3, j, . . . , γk
2k, j), (17)

where βi, j ∈ Fpm for i = 1, 2, 3, . . . , 2k, and j = 0, 1, 2, . . . , n−1.
In particular, for k = 1, the Gray map is defined similarly as in Eq. (14):

Θ1: R1 −→ F 2
pm , (18)
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given by

Θ1(β1e1
1 +β2e1

2) = Θ1(β1 +β2w1) = (β1, β2)(P−1
1 )T , (19)

where

(P−1
1 )T =

(
1 1
−1 1

)
. (20)

In the ring Rk, the definition of the Lee weight of an element s = ∑2k

i=1 βiek
i is as follows:

wL(s) = wH(Θk(s)) = wH(γk
1 , γk

2 , γk
3 , . . . , γk

2k), (21)

where wH is the Hamming weight.
Let C be a linear code over Rk of length n. The linear code Θk(C) over Fpm of length 2kn is evident. We define

C j =

{
x j ∈ F n

pm |
2k

∑
i=1

ζ k
i xi ∈C, xi ∈ F n

pm , i ̸= j, and 1 ≤ i ≤ 2k

}
, (22)

for every linear code C of length n over Rk. This means that each C j is a linear code of length n over Fpm .
Next, let Bi be linear codes over Fpm for i = 1, 2, 3, . . . , 2k. We define

B1 ⊕B2 ⊕B3 ⊕·· ·⊕B2k = {b1 +b2 +b3 + · · ·+b2k | bi ∈ Bi with 1 ≤ i ≤ 2k} (23)

and

B1 ⊗B2 ⊗B3 ⊗·· ·⊗B2k = {(b1, b2, b3, . . . , b2k) | bi ∈ Bi with 1 ≤ i ≤ 2k}. (24)

Consequently, it follows that the expression for the linear codeC over Rk of length n is

C =
2k⊕

i=1

ζ k
i Ci = ζ k

1C1 ⊕ζ k
2C2 ⊕·· ·⊕ζ k

2kC2k . (25)

If the rows in a matrixG produceC, then the matrixG is referred to as a generator matrix ofC. LetGi be the generator
matrix of Ci for i = 1, 2, 3, . . . , 2k. Then, a generator matrix for C is given by
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G =


ζ k

1 G1

ζ k
2 G2
...

ζ k
2k G2k

 , (26)

and Θk(C) has a generator matrix that is

Θk(G) =


Θk(ζ k

1 G1)

Θk(ζ k
2 G2)
...

Θk(ζ k
2k G2k)

 (27)

3. Main results
In this section, we use the CSS construction to study the structural properties of cyclic codes over the ring Rk and

present some results related to the Gray map. We also prove novel results about QEC codes.

3.1 Results related to the Gray map

We commence our discussions with the following result:
Proposition 1 The Gray map Θk is linear, bijective, and distance-preserving from (Rn

k , dL) to (F 2kn
pm , dH), where

dL = dH .
Proof. Suppose c1, c2 ∈ Rn

k . It is straightforward to verify that

Θk(c1 + c2) = Θk(c1)+Θk(c2). (28)

Additionally, for any δ ∈ Fpm , we have

Θk(δc1) = δΘk(c1). (29)

Therefore, Θk is a linear. Next, we demonstrate the bijection of Θk. We have

Θk(c1) = Θk(c2)

Θk(
2k

∑
i=1

βiek
i ) = Θk(

2k

∑
i=1

δiek
i )

(β1, β2, . . . , β2k)(P−1
k )T = (δ1, δ2, . . . , δ2k)(P−1

k )T

(30)
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where, for 1 ≤ i ≤ 2k, βi, δi ∈ Fpm . This suggests that

β1 = δ1, . . . , β2k = δ2k . (31)

Then c1 = c2. From this, it follows that Θk is injective. Now, consider any (β1, β2, . . . , β2k)(P−1
k )T ∈ F 2k

pm . Then,
Θk(c) = (β1, . . . , β2k), where c ∈ Rn

k is a corresponding element. This makes Θk surjective. Since Θk is bijective, we
obtain

dL(c1, c2) = wL(c1 − c2)

= wH(Θk(c1 − c2))

= wH(Θk(c1)−Θk(c2))

= dH(Θk(c1), Θk(c2)).

(32)

Therefore, the map Θk preserve distance.
Proposition 2 Let C be a linear code over the ring Rk of length n. Then |Θk(C⊥)| = |Θk(C)⊥|, and Θk(C) is self-

orthogonal iff C is a self orthogonal code. Moreover, Θk(C) is self dual iff C is a self dual code.
Proof. Given two elements s, t ∈ Rn

k , let us say that

s = (s0, s1, . . . , sn−1)

t = (t0, t1, . . . , tn−1),

(33)

where s j =
2k

∑
i=1

pi, jζ k
i and t j =

2k

∑
i=1

ri, jζ k
i for i = 1, 2, . . . , 2k and j = 1, 2, . . . , n−1, with pi, j, ri, j ∈ Fpm . Next, assume

that s · t = 0. Then, we have

n−1

∑
i=1

s jt j = 0

=⇒
n−1

∑
j=0

(
2k

∑
i=0

pi, jζ k
i )(

2k

∑
i=0

ri, jζ k
i ) = 0.

(34)

Since (ζ k
i )

2 = ζ k
i , we have

n−1

∑
j=0

2k

∑
i=0

pi, jri, jζ k
i =

2k

∑
i=0

n−1

∑
j=0

pi, jri, jζ k
i = 0. (35)
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Therefore,

n−1

∑
j=0

pi, jri, j = 0, (36)

where i = 1, 2, 3, . . . , 2k. Also,

Θk(s)Θk(t) =
n−1

∑
j=0

2k

∑
i=0

pi, jri, j

=
2k

∑
i=0

n−1

∑
j=0

pi, jri, j

= 0.

(37)

This implies that,

Θk(C⊥) ⊆ Θk(C)⊥. (38)

Since Θk is a one-to-one correspondence, it follows that |Θk(C⊥)| = |Θk(C)⊥|. Consequently, Θk(C⊥) = Θk(C)⊥.
Moreover, C is a self-orthogonal code iff C ⊆ C⊥, which implies that Θk(C) ⊆ Θk(C⊥) = Θk(C)⊥ iff Θk(C) is self-
orthogonal. Similarly, C is a self-dual code iff Θk(C) is self-dual.

Proposition 3 Let C =⊕2k

i=1ζ k
i Ci be a linear code over the ring Rk having length n. Then,

(i) Θk(C) =C1 ⊗C2 ⊗C3 ⊗·· ·⊗C2k . Additionally, |C|= |C1||C2||C3| · · · |C2k |.
(ii)C⊥ =⊕2k

i=1ζ k
i C⊥

i . Moreover, eachCi is self-orthogonal iffC is a self-orthogonal code, and eachCi is self-dual iff
C is a self-dual code.

Proof. (i) Assume that w = (γk
1, 0, γk

1, 1, . . . , γk
1, n−1, γk

2, 0, γk
2, 1, . . . , γk

2, n−1, . . . , γk
2k, 0, . . . , γk

2k, 1, . . . , γk
2k, n−1) for

j = 0, 1, 2, . . . , n− 1. Consequently, s = (s0, s1, s2, . . . , sn−1) ∈ C. The map Θk is bijective, therefore for any i =
1, 2, 3, . . . , 2k, (γk

i, 0, γk
i, 1, . . . , γk

i, n−1) ∈ Ci. This implies w ∈ C1 ⊗C2 ⊗C3 ⊗·· ·⊗C2k according to the definition of Ci.
Thus, Θk(C)⊆C1 ⊗C2 ⊗C3 ⊗·· ·⊗C2k .

Conversely, suppose w = (γk
1, 0, γk

1, 1, . . . , γk
1, n−1, γk

2, 0, γk
2, 1, . . . , γk

2, n−1, . . . , γk
2k, 0, γk

2k, 1, . . . , γk
2k, n−1)∈C1⊗C2⊗C3⊗

·· ·⊗C2k . Then, (γk
i, 0, γk

i, 1, . . . , γk
i, n−1)∈Ci for each i = 1, 2, . . . , 2k. Define s j =

2k

∑
i=1

γk
i, jζ k

i for j = 0, 1, 2, . . . , n−1. Then,

s = (s0, s1, s2, s3, . . . , sn−1)∈C and hence Θk(s) = w. Thus, w ∈ Θk(C). It follows thatC1⊗C2⊗C3⊗·· ·⊗C2k ⊆ Θk(C).
Since Θk is one-one and onto, we have |C|= |Θk(C)|. Thus,

|C|= |C1 ⊗C2 ⊗C3 ⊗·· ·⊗C2k |= |C1| |C2| |C3| · · · |C2k |. (39)

(ii) Let us define

Volume 6 Issue 4|2025| 5205 Contemporary Mathematics



U j =

{
rj ∈ F n

pm |
2k

∑
i=1

ζ k
i ri ∈C⊥, for ri ∈ F n

pm , i ̸= j with 1 ≤ i, j ≤ 2k

}
. (40)

The unique expression for C⊥ can then be

C⊥ = ζ k
1U1 ⊕ζ k

2U2 ⊕ζ k
3U3 ⊕·· ·⊕ζ k

2kU2k . (41)

Consider

U1 =

{
r1 ∈ F n

pm |
2k

∑
i=1

ζ k
i ri ∈C⊥, for ri ∈ F n

pm , i ̸= 1 with 1 ≤ i ≤ 2k

}
(42)

It is evident that C1U1 = 0, implying U1 ⊆C⊥
1 .

Conversely, let c1 ∈C⊥
1 . Then c1x1 = 0 for any c = ∑2k

i=1 ζ k
i xi ∈C. Thus,

ζ k
1 c1c = ζ k

1 c1x1 = 0, (43)

which implies that ζ k
1 c1 ∈ C⊥. Therefore, by the uniqueness of the representation of C⊥, we deduce c1 ∈ U1, hence

C⊥
1 ⊆U1. Thus, C⊥

1 =U1.
Similarly, for each j = 2, 3, . . . , 2k, we can demonstrate that C⊥

j =U j. Therefore,

C⊥ =
2k⊕

i=1

ζ k
i C⊥

i . (44)

Furthermore, C ⊆C⊥ iff C is self-orthogonal. This yields

ζ k
1C1 ⊕·· ·⊕ζ k

2kC2k ⊆ ζ k
1C⊥

1 ⊕·· ·⊕ζ k
2kC⊥

2k ⇐⇒ Ci ⊆C⊥
i , (45)

for each i = 1, 2, 3, . . . , 2k. In a similar manner, it is evident that C is a self-dual code iff each Ci is self-dual code.
Proposition 4 Let C =

⊕2k

i=1 ζ k
i Ci be a linear code over the ring Rk with parameters [n, k, dL]. Then, Θk(C) is a

linear code over Fpm with parameters [2kn, ∑2k

i=1 ki, dH ], where i = 1, 2, 3, . . . , 2k and dL = dH .

3.2 Constacyclic codes over the ringRkRkRk

In this section, several important conclusions about constacyclic codes over the ringRk are presented. We also study
the dual codes of λ -constacyclic codes and discuss about their generators.

Let λ ∈ Rk be expressed as λ = ∑2k

i=1 λiζ k
i , where each λi ∈ Fpm for i = 1, 2, . . . , 2k.
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λ = (λ1, λ2, . . . , λ2k)(P−1
k )T


ζ1

ζ2
...

ζ2k

 = (κ1, κ2, κ3, . . . , κ2k)


ζ1

ζ2
...

ζ2k

. Noteworthy is the fact that λ = λ
2k

∑
i=1

ζ k
i =

2k

∑
i=1

κiζ k
i and (κ1, κ2, κ3, . . . , κ2k) = (λ1, λ2, . . . , λ2k)(P−1

k )T .

Proposition 5 Suppose that λ = ∑2k

i=1 λiζi is an element of Rk, and let (κ1, κ2, . . . , κ2k) = (λ1, λ2, . . . , λ2k)(P−1
k )T .

Then, λ is a unit in Rk iff each κi is a unit in Fpm for all 1 ≤ i ≤ 2k.
Proof. It is known that λ = ∑2k

i=1 κiζi, where the κi are defined as above. Consequently, in the ring Rk, λ is a unit
iff there exists an element x = ∑2k

i=1 βiζi in Rk such that

1 = λx =

(
2k

∑
i=1

κiζi

)(
2k

∑
i=1

βiζi

)
=

2k

∑
i=1

κiβiζi. (46)

Here, the set {ζi | 1 ≤ i ≤ 2k} is linearly independent over Fpm and ∑2k

i=1 ζi = 1. Therefore, λ is a unit iff κiβi = 1
for each 1 ≤ i ≤ 2k.

Theorem 1 Let C =
⊕2k

i=1 ζ k
i Ci be a linear code over the ring Rk of length n, where λ ∈ U(Rk). Then, the code

C is a λ -constacyclic over Rk of length n iff each Ci is a κi-constacyclic code over the field Fpm of length n, where
i = 1, 2, 3, . . . , 2k.

Proof. Let C be a linear code over the ring Rk of length n. Consider any codeword c = (c0, c1, c3, . . . , cn−1) ∈ C

where each c j can be written as c j =
2k

∑
i=1

ζ k
i ci, j with ci, j ∈ Fpm for i = 1, 2, 3, . . . , 2k and j = 0, 1, 2, . . . , n− 1. Let

yi = (ci, 0, ci, 1, . . . , ci, n−1) ∈Ci for each i, where yi belongs to the code Ci. The λ -constacyclic code C over Rk gives us
δλ (c) = (λcn−1, c0, c1, . . . , cn−2) ∈C, where δλ (c) indicates the λ -constacyclic shift of c. Observe that

λcn−1 = λ
2k

∑
i=1

ci, n−1ζ k
i =

2k

∑
i=1

λci, n−1ζ k
i =

2k

∑
i=1

κici, n−1ζ k
i . (47)

Hence, we have

δλ (c) = (λcn−1, c0, c1, . . . , cn−2) =
2k

∑
i=1

(κici, n−1, ci, 0, ci, 1, . . . , ci, n−2)ζ k
i . (48)

Therefore, δλ (c) ∈ C iff δλ (yi) = (κici, n−1, ci, 0, . . . , ci, n−2) ∈ Ci for each i = 1, 2, 3, . . . , 2k. Thus, C is a λ -
constacyclic code of length n over Rk iff each Ci is a κi-constacyclic code over Fpm of length n.

Theorem 2 Let C = ⊕2k

i=1ζ k
i Ci be a λ -constacyclic code of length n over the ring Rk, where gi(y) is the monic

generator polynomial of the κi-constacyclic code Ci such that gi(y) divides yn −κi for all i = 1, 2, 3, . . . , 2k. Then:

(i) The codeC can be expressed asC = ⟨g1(y)ζ k
1 , g2(y)ζ k

2 , . . . , g2k(y)ζ k
2k⟩ and its size is |C|= (pm)

2kn−
2k

∑
i=1

deg(gi(y))
.

(ii) Moreover,C can also be generated by a single polynomial g(y) =
2k

∑
i=1

gi(y)ζ k
i , where g(y) divides yn−λ in Rk[y].

Proof. (i) According to Theorem 1, for i = 1, 2, 3, . . . , 2k, each Ci is a κi-constacyclic code over Fpm of length n.
Given that the generator polynomial (monic) of Ci is gi(y) and over the ring Rk, C is a λ -constacyclic code, we obtain

Volume 6 Issue 4|2025| 5207 Contemporary Mathematics



Ci = ⟨gi(y)⟩ ⊆
Fpm [y]
⟨yn −κi⟩

. (49)

Hence, it follows that

C = ⟨g1(y)ζ k
1 , g2(y)ζ k

2 , . . . , g2k(y)ζ k
2k⟩. (50)

Moreover, we obtain |Θk(C)| = |C| since the Gray map Θk is one-one and onto. According to Proposition 3, this
means that

|C|= |C1||C2||C3| · · · |C2k |

= (pm)n−deg(g1(y)) · (pm)n−deg(g2(y)) · · ·(pm)n−deg(g2k (y))

= (pm)
2kn−

2k

∑
i=1

deg(gi(y))
.

(51)

(ii) By part (i), we have

C = ⟨g1(y)ζ k
1 , g2(y)ζ k

2 , . . . , g2k(y)ζ k
2k⟩. (52)

Define

D = g1(y)ζ k
1 +g2(y)ζ k

2 + · · ·+g2k(y)ζ k
2k . (53)

Clearly, D ⊆C. Since (ζ k
i )

2 = ζ k
i and ζ k

i ζ k
j = 0 for i ̸= j, it follows that

gi(y)ζ k
i =

(
2k

∑
j=1

g j(y)ζ k
j

)
ζ k

i . (54)

This shows that C ⊆ D. Consequently, C = D, where

g(y) =
2k

∑
i=1

gi(y)ζ k
i . (55)

Since each gi(y) is the monic generator polynomial of Ci, we have gi(y) divides yn −κi, i.e.,
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yn −κi = hi(y)gi(y), (56)

which implies that

(yn −κi)ζ k
i = hi(y)gi(y)ζ k

i (57)

for each i = 1, 2, 3, . . . , 2k. Thus,

yn −λ = yn

(
2k

∑
i=1

ζ k
i

)
−

2k

∑
i=1

κiζ k
i

=
2k

∑
i=1

(yn −κi)ζ k
i

=
2k

∑
i=1

hi(y)gi(y)ζ k
i

=

(
2k

∑
i=1

hi(y)ζ k
i

)(
2k

∑
i=1

gi(y)ζ k
i

)

=

(
2k

∑
i=1

hi(y)ζ k
i

)
g(y).

(58)

Hence, we have that g(y) divides yn −λ .
Corollary 1 LetC =

⊕2k

i=1 ζiCi denote a λ -constacyclic code over the ring Rk of length n, where λ = ∑2k

i=1 κiζi is a
unit in the ring Rk. Then,

(i)C⊥ =
⊕2k

i=1 ζiC⊥
i forms a λ−1-constacyclic code over the ringRk of length n, where eachC⊥

i is a κ−1
i -constacyclic

code over Fpm of length n, for 1 ≤ i ≤ 2k.
(ii) Let the monic generator polynomial of the κi-constacyclic code Ci be gi(y), where gi(y) divides yn −κi for each

i with 1 ≤ i ≤ 2k. Then,

(a) C⊥ = ⟨h∗1(y)ζ1, h∗2(y)ζ2, h∗3(y)ζ3, . . . , h∗2k(y)ζ2k⟩ and |C⊥| = (pm)

2k

∑
i=1

deg(gi(y))
.

(b) C⊥ = ⟨h′
(y)⟩, where h

′
(y) =

2k

∑
i=1

h∗i (y)ζi.

Here yn −κi = gi(y)hi(y) for some hi(y) ∈ Fpm [y] and hi(y) = β0 +β1y+ · · ·+βn−ryn−r. Then h∗i (y) = βn−r +

βn−r−1y+ · · ·+β0yn−r and h∗i (y) generates the dual κ−1
i -constacyclic code C⊥

i .
Proposition 6 Let C = ⊕2

i=1ζiCi be a λ -constacyclic code of length n over the ring R1. Then, the following
statements hold.

(i) The code C is a cyclic of length n over the ring R1 iff each Ci is a cyclic code for i = 1, 2 of length n over Fpm .
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(ii) If λ = u1, then C is a λ -constacyclic code iff C1 is a negacyclic code and C2 is a cyclic code, both of length n
over Fpm .

(iii) If λ =−u1, then C is a λ -constacyclic code iffC1 is a cyclic code and C2 is a negacyclic code, both of length n
over Fpm .

3.3 Quantum codes
Quantum codes are essential for shielding quantum information from noise while it travels across several channels

in quantum computing and communication. The creation of QEC codes based on classical codes, initially presented by
Calderbank et al. [11], is a noteworthy advancement in this field. From cyclic codes that contain their duals, we develop
quantum codes using the Calderbank-Shor-Steane (CSS) structure [23]. By using this technique, we can create quantum
codes with better parameters than those that are currently in use. Furthermore, we establish the condition necessary for
constacyclic codes to contain their duals in the ring Rk by using a criteria developed over finite fields in [11]. The
necessary and sufficient condition for a constacyclic code to include its counterpart is established by our first finding.

Lemma 1 [11] LetC be a λ -constacyclic code over Fpm with generator polynomial g(y). Then,C contains its dual
iff

yn −λ ≡ 0 (mod g(y)g∗(y)), (59)

where λ =±1 and g∗(y) represent the reciprocal polynomial of g(y).
Lemma 2 [23] [CSS Construction] If C is an [n, k, d] linear code over Fpm satisfying C⊥ ⊆ C, then there exists a

QEC code with parameters [[n, 2k−n, d]] over Fpm .

Theorem 3 Let C = ⊕2k

i=1ζiCi be a λ -constacyclic code over the ring Rk of length n such that λ =
2k

∑
i=1

κiζi with

κi = ±1. Then, C⊥ ⊆C iff

yn −κi ≡ 0 mod(gi(y)g∗i (y)), (60)

where, the reciprocal polynomial of gi(y) is g∗i (y), for 1 ≤ i ≤ 2k.

Proof. Let C =
⊕2k

i=1 ζiCi be a λ -constacyclic code over the ring Rk of length n, where each Ci = ⟨gi(y)⟩ for 1 ≤
i ≤ 2k. Suppose that

yn −κi ≡ 0 (mod gi(y)g∗i (y)), (61)

then it follows that C⊥
i ⊆Ci for all i with 1 ≤ i ≤ 2k. Consequently, we have ζiC⊥

i ⊆ ζiCi for each i. This implies

ζ1C⊥
1 ⊕ζ2C⊥

2 ⊕·· ·⊕ζ2kC⊥
2k ⊆ ζ1C1 ⊕ζ2C2 ⊕·· ·⊕ζ2kC2k , (62)

that is, C⊥ ⊆C.
On the other hand, if C⊥ ⊆C, then

ζ1C⊥
1 ⊕ζ2C⊥

2 ⊕·· ·⊕ζ2kC⊥
2k ⊆ ζ1C1 ⊕ζ2C2 ⊕·· ·⊕ζ2kC2k . (63)
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Since each ζiCi is congruent to C modulo ζ j for i ̸= j with i, j ∈ {1, 2, 3, . . . , 2k}, we have that C⊥
i ⊆ Ci for all i.

Therefore,

yn −κi ≡ 0 (mod gi(y)g∗i (y)). (64)

Corollary 2 Let C =
⊕2k

i=1 ζiCi be a λ -constacyclic code of length n over the ring Rk, where λ = ∑2k

i=1 κiζi with
each κi =±1. Then, C⊥ ⊆C holds if and only if C⊥

i ⊆Ci for all i with 1 ≤ i ≤ 2k.
Proof. The proof is obvious by Theorem 3.
Theorem 4 Let C =

⊕2k

i=1 ζiCi be a λ -constacyclic code of length n over the ring Rk, where each Ci = ⟨gi(y)⟩ for
i = 1, 2, . . . , 2k. Then, Θk(C) has parameters [2kn, ∑2k

i=1 ki, dH ].
(i) If C⊥ ⊆C, then there exists a quantum code with parameters [[2kn, ∑2k

i=1 ki −2kn, dH ]] over Fpm .
(ii) If for each i = 1, 2, . . . , 2k, we have

yn −κi ≡ 0 (mod gi(y)g∗i (y)), (65)

where g∗i (y) denotes the reciprocal polynomial of gi(y), then a quantum code with parameters [[2kn, 2∑2k

i=1 ki −2kn, dH ]]

over Fpm can be constructed.
Proof. (i) First, assume that C ⊆ C⊥. We get Θk(C⊥) = Θk(C)⊥ from Proposition 2, and hence Θk(C)⊥ ⊆

Θk(C). This implies that Θk(C) is a linear code over Fpm that contains duals. Consequently, a QEC with parameters
[[2kn, 2∑2k

i=1 ki −2kn, dH ]] over Fpm exists according to Lemma 2.
(ii) Assume that yn −κi ≡ 0 (mod gi(y)g∗i (y)) for each i = 1, 2, 3, . . . , 2k, where, the reciprocal polynomial of gi(y)

is g∗i (y). Then, by Theorem 3, we have that C⊥ ⊆ C. Therefore, using part (i) of this theorem, there exists a QEC with
parameters [[2kn, 2∑2k

i=1 ki −2kn, dH ]] over Fpm .

4. Applications
In this section, we construct new quantum codes over the ring R1 (k = 1) by utilising the dual-containing property

of constacyclic codes. All computations in the forthcoming examples were carried out using the Magma computational
algebra system [24]. We begin with the following:

Example 1 For n = 3, m = 1, and p = 3, consider the ring R1 = F3[w1]/⟨w2
1 −1⟩. In F3[x], we have

x3 −1 = (x+1)3, x3 +1 = (x+2)3. (66)

Let g1(x) = (x+ 2)2 and g2(x) = (x+ 1) be polynomials over F3. Then, C forms a constacyclic code of length 3
over R1. Proposition 4 states that the parameters of the Gray image Θ1(C) are [16, 10, 4] over F3. According to the
database, this code is ideal [25].

Example 2 For n = 8, m = 1, and p = 3, consider the ring R1 = F3[w1]/⟨w2
1 −1⟩. In F3[y], we observe that

y9 −1 = (y+2)9. (67)
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Let g1(y) = (y+ 2)4 and g2(y) = (y+ 2) be two polynomials over F3. Then, a cyclic code of length 9 is formed
by C over R1. The gray image Θ1(C) has parameters [18, 13, 3] over F3 according to Proposition 4. Moreover, since
y9 − 1 ≡ 0 (mod gi(y)g∗i (y)) for i = 1, 2, Theorem 3 implies that C⊥ ⊆ C. Consequently, by Theorem 4, there exists a
quantum code with parameters [[18, 8, 3]]4. According to the database [26], this quantum code is new.

Example 3 For n = 10, m = 1, and p = 5, consider the ring R1 = F5[w1]/⟨w2
1 −1⟩. In F5[y], we have

y10 −1 = (y+1)5(y+4)5, y10 +1 = (y+2)5(y+3)5. (68)

Let g1(y) = (y+4)2 and g2(y) = (y+2) be polynomials overF5. Then,C1 is a cyclic code with parameters [10, 8, 3]
over F5, andC2 is a negacyclic code with parameters [10, 9, 2] over F5. Therefore, the Gray image ofC has parameters
[20, 17, 3]5. Since g1(y)g∗1(y) divides y10 −1 and g2(y)g∗2(y) divides y10 +1, Theorem 3 implies that C⊥ ⊆C. Thus, by
Theorem 4, there exists a quantum error-correcting code with parameters [[20, 14, 3]]5. According to the database [26],
this is a new quantum code.

Table 1. Gray images of cyclic codes of length n over R1

pm (m = 1) n g1(y) g2(y) Θ1(C) Remarks

3 3 (y+2)2 (y+1) [6, 3, 3]3 Optimal

3 4 (y+1)(y2 +1) (y2 + y+2) [8, 3, 5]3 Optimal

3 4 y2 +1 (y2 +2y+2) [8, 4, 4]3 Optimal

3 6 (y+1)3 (y2 +1) [12, 7, 4]3 Optimal

3 6 (y+1) (y2 +2y+4) [12, 9, 3]3 Optimal

5 15 (y2 + y+1)(y+4)2 (y+1) [30, 25, 3]2 ...

13 6 y+1 y+2 [12, 10, 3]13 Optimal

13 12 y+1 y2 +1 [24, 21, 3]13 Optimal

17 8 y+1 y+5 [16, 14, 3]17 Optimal

29 14 y+4 y+3 [28, 26, 3]29 Optimal

Table 2. Quantum codes from cyclic codes over the ring R1

n g1(y) g2(y) Θ1(C) [[n, k, d]]pm New Quantum Code (NQC)

9 (y+2)4 y+2 [18, 13, 3] [[18, 8, 3]]3 NQC

10 (y+1)2(y+4) y+1 [20, 16, 3] [[20, 12, 3]]5 NQC

15 (y+4)2(y2 + y+1) y+4 [30, 25, 3] [[30, 20, 3]]5 . . .

20 (y+1)2(y+2) y+1 [40, 36, 3] [[40, 32, 3]]5 [[40, 32, 2]]5 [26]

25 (y+1)6 y+4 [50, 43, 3] [[50, 36, 3]]5 NQC

80 (y+1)(y4 +3) y+1 [160, 154, 3] [[160, 148, 3]]5 [[160, 146, 3]]5 [26]

7 (y+6)3 y+6 [14, 10, 4] [[14, 6, 4]]7 NQC

12 (y+2)(y2 +2) y+2 [24, 20, 3] [[24, 16, 3]]7 . . .

14 (y+1)3(y+6) y+1 [28, 23, 4] [[28, 18, 4]]7 NQC

21 (y+3)3(y+5)(y+6) y+3 [42, 36, 4] [[42, 30, 4]]7 NQC

28 (y+1)3(y2 +1) y+1 [56, 50, 4] [[56, 44, 4]]7 . . .
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Table 3. Quantum codes from w1-constacyclic codes over the ring R1

n g1(y) g2(y) Θ1(C) [[n, k, d]]pm New Quantum Code (NQC)

5 (y+4)2 y+1 [10, 7, 3] [[10, 4, 3]]5 NQC

10 (y+4)2 (y+2) [20, 17, 3] [[20, 14, 3]]5 NQC

30 (y2 + y+1) (y+2)2 [60, 56, 3] [[60, 52, 3]]5 NQC

35 y6 + y5 + y4 + y3 + y2 + y+1 (y+1)2 [70, 62, 3] [[70, 54, 3]]5 NQC

40 (y+4)2 y4 +2 [80, 74, 3] [[80, 68, 3]]5 NQC

21 (y+3)2 y+2 [42, 39, 3] [[42, 36, 3]]7 . . .

28 (y+1)2 y2 +3y+2 [56, 52, 3] [[56, 48, 3]]7 NQC

22 (y+1)3(y+10) y2 +1 [44, 38, 4] [[44, 32, 4]]11 NQC

33 (y+10)3 y2 +10y+1 [66, 61, 4] [[66, 56, 4]]11 NQC

17 (y+16)3 y+1 [34, 32, 4] [[34, 26, 4]]17 NQC

In Table 1, we list the optimal codes identified according to the database [25]. New quantum error-correcting codes
built from cyclic and constacyclic codes of the form C = ⟨⊕2k

i=1ζigi(y)⟩ of length n over the ring Rk are shown in Tables
2 and 3, where each Ci = ⟨gi(y)⟩ satisfies the condition yn −κi ≡ 0 (mod gi(y)g∗i (y)) for i = 1, 2, . . . , 2k.

5. LCD codes
In this section, we discuss LCD codes. If we take λ = 1 in λ -constacyclic code, then the λ -constacyclic code is

cyclic code.
Definition 1 ([27]) If C∩C⊥ = {0}, then LCD is a linear code C of length n over R.
Lemma 3 ([28]) LetC be a cyclic code of length n over Fq produced by a polynomial h(y), where k1 ≥ 0, n = pk1t,

and p and t are coprime. ForC to be an LCD code, h(y)must be self-reciprocal and every monic irreducible factor of h(y)
must have the same multiplicity in both h(y) and yn −1, and conversely.

Definition 2 If, for each codeword (c0, c1, c2, . . . , cn−1) ∈C, its reverse (cn−1, cn−2, . . . , c1, c0) also belongs to C,
then a linear code C of length n over R is reversible.

Lemma 4 ([28]) Let C be a cyclic code over Fq of length n with gcd(n, p) = 1. Then, C is a reversible code iff it
is an LCD code.

The proofs of Theorems 5-7, Corollary 4, and Lemma 5 follow similar arguments to those presented in [29].
Theorem 5 Let C =⊕2k

i=1ζiCi be a cyclic code of length n over Rk. Then, C is an LCD code iff each Ci is an LCD
code of length n over Fpm for all i = 1, 2, 3, . . . , 2k.

Proof. The proof directly follows from the fact thatC∩C⊥ = {0} if and only ifCi ∩C⊥
i = {0} for i = 1, 2, 3, . . . , 2k.

As an immediate consequence of Theorem 5, we have the following corollary:
Corollary 3 Let n = ptm such that gcd(m, p) = 1. Consider C =⊕2k

i=1ζiCi to be a cyclic code of length n over Rk,
where each Ci = ⟨hi(z)⟩ with hi(z) ∈ Fpm and hi(z) dividing zn − 1 for i = 1, 2, 3, 4. Then, C is an LCD code iff each
hi(z) is self-reciprocal, and every monic irreducible factor of hi(z) has the same multiplicity in both hi(z) and zn − 1 for
all i = 1, 2, 3, 4.

Theorem 6 Let C =⊕2k

i=1ζiCi be a cyclic code of length n over Rk with gcd(n, p) = 1. Then, C is an LCD code iff
each of C1, C2, C3, and C4 is a reversible code of length n over Fpm .

Proof. The proof is follows by [23, Theorem 5].
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Corollary 4 If gcd(n, p) = 1, and let C = ⊕2k

i=1ζiCi be a cyclic code of length n over Rk, where Ci, for i =
1, 2, 3, . . . , 2k are cyclic codes of length n over Fpm . Then, C is an LCD code iff gi(y) is a self-reciprocal polynomial in
Fpm for i = 1, 2, 3, . . . , 2k.

In light of [23, Lemma 3], we have the following result:
Lemma 5 Let C be a linear code over the ring Rk of length n. Then, η(C∩C⊥) = η(C)∩η(C)⊥.

Theorem 7 Let C be a linear code over the ring Rk of length n. Then, C is an LCD code iff its Gray image η(C) is
an LCD code over Fpm of length 4n.

Proof. The proof follows immediately from [23, Theorem 6].

Table 4. According to the database [25], here we find some optimal and near-optimal LCD codes over R1

n g1(y) g2(y) ϕ(C) Remark

8 (y+2)(y2 +2y+2) y+1 [16, 12, 3]3 Optimal

12 y+1 y+1 [24, 22, 2]3 Optimal

36 y+1 y+1 [72, 70, 2]3 Optimal

6 (y+1)(y2 + y+1) y+1 [12, 8, 4]5 Optimal

27 y+1 y+1 [54, 52, 2]5 Optimal

32 y+1 y+1 [64, 62, 2]7 Optimal

28 (y+1)(y6 +8y5 +3y4 +8y3 +3y2 +8y+1 (y+1)(y6 +8y5 +3y4 +8y3 +3y2 +8y+1 [56, 42, 4]19 · · ·

35 (y2 +15y+1y6 +2y5 +6y4 +12y3 +6y2 +12y+1) (y2 +15y+1y6 +12y5 +13y4 +3y3 +13y2 +12y+1) [70, 54, 5]19 · · ·

6. Conclusion
This paper investigated constacyclic codes over the ring Rk = Fpm [w1, w2, . . . , wk]/⟨w2

i −1, wiw j −w jwi⟩, where
p is an odd prime and m is a positive integer, for all 1 ≤ i, j ≤ k. We derived generators for constacyclic codes over Rk

and, utilising their self-orthogonal property, constructed new quantum codes from constacyclic codes over the ring R1

(k = 1). Additionally, Table 4 lists a few of the best LCD codes found using the database [25].
The main contributions of this work lie in establishing necessary conditions and algebraic structures that enable

the construction of dual-containing constacyclic codes suitable for quantum error correction via the CSS construction.
Compared to previous results focusing only on constacyclic codes over finite fields, our study extends these results to a
broader class of rings, thus enriching the theory and expanding the pool of applicable codes for quantum coding. Moreover,
constacyclic codes possess a well-defined algebraic structure, being ideals in polynomial quotient rings. This structure
is crucial as it ensures efficient implementation of encoding algorithms using polynomial multiplication modulo xn −λ ,
which is computationally less intensive. In measurable theoretical parameters, the constructed codes demonstrate efficacy
through their dual-containing property and minimum distances, which guarantee strong error detection and correction
capabilities, while their ideal structure enhances effectiveness by supporting efficient encoding and practical implement
ability. This problem can be further generalized for skew-constacyclic codes, potentially yielding additional classes of
quantum codes with similar advantages in algebraic structure, efficiency, and applicability to quantum error correction
systems.
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