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Abstract: This paper primarily investigates the structural properties of constacyclic codes over the ring %}, defined
(?pm [Wl, W2, ey Wk]

as % = < where i, j=1,2,3, ..., k, and k, m are positive integers. Here, .%,» denotes a finite field of

2
wi—1, wiw;—w;w;)
order p™ with characteristic p, an odd prime. Furthermore, we determine the necessary and sufficient conditions for the
duals of constacyclic codes to exist. These findings make it easier to create new Quantum Error-Correcting (QEC) codes
throughout the ring % (i.e., when k = 1), as well as optimal linear codes that make use of the Gray images of constacyclic

codes. Additionally, Table 4 presents several Linear Complementary Dual (LCD) codes obtained using the Gray map.
Keywords: constacyclic code, Kronecker product, quantum code, Gray map, Linear Complementary Dual (LCD) code

MSC: 94B05, 94B15, 94B60

1. Introduction

Constacyclic codes were initially introduced by Berlekamp [1] as an extension of cyclic and negacyclic codes. Since
their introduction, extensive research has been conducted on constacyclic codes over both finite fields and finite chain
rings (see [2—8] and the references therein). This class of codes plays a significant role in error-correcting code theory, as
it generalizes the widely studied cyclic codes, which remain one of the most important families in coding theory.

In quantum communication and quantum computing, quantum codes are used to shield data from channel noise
while it is being transmitted. This requirement has fueled significant advancements in the construction of quantum error-
correcting codes and their extensions derived from classical cyclic codes. In the year 1995, Shor [9] presented the first
Quantum Error-Correcting (QEC) code. The following year, Steane [ 10] investigated the structural aspects of fundamental
QEC codes. Later, in 1998, Calderbank et al. [11] proposed an innovative approach to transform classical error-correcting
codes into quantum codes. Numerous efficient QEC codes that contain dual or self orthogonal properties have since been
developed over finite fields .%, by leveraging classical cyclic codes. The constacyclic shift property, where a shift of a
codeword by one position results in multiplication by a fixed unit A, provides an algebraic structure that facilitates efficient
encoding and syndrome-based decoding. This property can be exploited to optimize algorithms by reducing complexity in
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both encoding, via polynomial multiplication modulo x" — A, and decoding, by enabling the use of generator polynomials
and syndromes in a structured manner. Such optimizations are critical when constructing large error-correcting codes for
practical applications.

Qian [12] was the first to construct QEC codes from cyclic codes of odd lengths over the finite non-chain ring
F +uF>, where u? = 0. Quantum codes derived from cyclic, constacyclic and skew constacyclic codes specified over
odd non-chain rings were then thoroughly examined. These developments have been thoroughly studied in [13-16].
The structure of the codes over the ring % was examined by Cengellenmis et al. [17] in 2014 using
the Gray map. Later in 2018, Zheng et al. ['18]”dilscjovércl:d generator polynomials for constacyclic codes over the ring

Fymlug, ug, .., ug]

<u,-27u,-, i —u ju;)
21], a number of quantum codes over rings with even characteristics were developed. More recently, new quantum and

and determined the structural properties of linear codes in this context. Additionally, as reported in [19—

LCD codes were built over the finite non-chain ring .Zom + u.%m, where u> = u, by Islam and Prakash [22]. These

. . . . . . . . . Fym|[w sW2, e W
advancements inspire our investigation into the properties of constacyclic codes over the ring % = —5 b d

where i, j=1,2,3,... k.

The structure of this paper is set up as follows: In the context of the ring %y, Section 2 introduces the Gray map and
provides key concepts. In Section 3, constacyclic codes, their dual codes, and generator polynomials are studied, as well
as the structure of linear codes and their duals over %;. We also construct sufficient and necessary requirements for the

(wizfl7 Wiw j—ww;)

duals of constacyclic codes to be contained in this section. Improved quantum coding examples are given in Section 4.
Furthermore, we create optimal codes over the ring %) (i.e., when k = 1) by using the Gray images of cyclic codes.

2. Preliminaries

Let Z,m be a finite field with order p™ and characteristic p, where m is a positive integer. For any positive integer
k, define the ring % as %) = Fpn b1, w2, o

definitions.

[T Rr—r fori, j=1,2,3, ..., k. We begin by presenting some fundamental

(1) For two vectors, X = xjxp -« x, and y = y1y2 - - -y, the Hamming distance between them, represented by d(x, y),
is the number of coordinates in which they differ.

(ii) The number of nonzero components in x is the Hamming weight of a vector x = x;x; - - - x,,, represented by wz(x).

(iii) The Euclidean inner product of any two vectors x, y € ./ is defined as follows: Xy = xoyo +x1y1 + - +
Xn—1Yn—1-

(iv) A code of length n over a ring R is said to be a linear over R if it forms a submodule of R" over R.

(v) If C* C C, then a code C is dual-containing; if C = C*, then it is self-dual; and if C C C*, it is self-orthogonal.

(vi) The term Linear Complementary Dual (LCD) code refers to a linear code that has the condition that CNC*+
= {0}, where C* denotes the dual code of C.

(vii) If a linear code C of length n over a ring R is closed under the constacyclic shift operator, then it is referred
to as a constacyclic code. That is, for any codeword ¢ = (co, c1, ¢2, ..., cn—1) € C, its constacyclic shift §(c) =
(Acu—1, co, 1, €2, ..., cn—2) also belongs to C, where A is a unit in R and & denotes the constacyclic shift.

(viii) Notably, a Hilbert space of dimension ¢" is formed by the n-fold tensor product (£ 9)®" = # 1@ #1®---®
1 (taken n times). Here, £ represents a Hilbert space of dimension ¢, where the complex field is J#". The code
[[n, k, d]], denotes a quantum code of length n over the field .7, where g is a prime power, and  is the dimension and d is
the minimum distance. Every quantum codes satisfy the Singleton bound n —k+2 > 2d. The quantum code is Maximum
Distance Separable (MDS) code if n — k42 = 2d. One or both of the following criteria must be met for one of the quantum
codes [[n, k, d]], is better than another quantum code [[#’, k', d'],:

(a) % > %, where d = d’, indicating a higher code rate while maintaining the same minimum distadnce.

(b) d > d’, where % = ’%, meaning a greater minimum distance while preserving the same code rate.

The Kronecker product of two matrices M and N results in a block matrix of size pm x gn
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puN ppN ... puN

N N ... N
M&N = P21 P22 P2n )
PN pmoN ... pulN
Here, M = (p;;) is a matrix of order m x n and N = (gy ) is a matrix of order p x g. To be more precise,
-P11€]11 puqi2 ... puqig --- --- Pwqil  Pinq12 ... Plnéhq_
pug21  pug2 .-~ Pugzq .- .-~ Ping21  Pinq22  ---  Pinq2q
pudpr  pPudp2  --- Piidpg --- --- Pindpl  Pindp2 --- Plndpq
MoN — : : : : . : : : @)
Pmiq11 Pmiq12  --- Pmiqlq --- --- Pmnq1l  Pmnq12 --- Pmn9lq
Pm1421  Pm1422  --- Pmlq2q --- --- Pmnq21 Pmnq22 --- Pmn92q
|Pm1qpl  Pm1qp2 .- Pmidpq --- --- Pmndpl Pmnqp2 --- Pmn{pq|

where 1 <i<m,1<j<n 1<i<p,and1<j <gq.

Additionally, utilizing the Kronecker product, we establish the Gray map within the ring .. The Kronecker product
exhibits the subsequent characteristics:

(i) For matrices M = (pij)mxm and N = (gy jt )nxn» the following holds:

MeN) =M 'eNL 3)

(i) M®N)®C=M®Q (N ®C) for arbitrary M, N, and C matrices.
(iii) (M @ N)T = MT @ NT, where the transpose of matrices M and N is indicated by M” and N7, respectively.

The ring %k _ ypm [wi, w2, ..., wi]

s Fpmwiwy . ..owy, where, foralli, j=1,2,3, ..., k, wiw; =w;w; and w? = 1. Let 7 represent the power set of

{1, 2,3, ..., k}, and let Z; be a finite commutative ring. In this way, each element s € % can be uniquely expressed as:

s= Y Prwr, where Br € F,, wr =[licr wi»and wy = 1. Fori # j, where i, j=1,2,3, ..., 2k, define ef.‘ e{wr:Te
Treg

T, wy =1} so that ef # €.

For k=1, we have %1 = Fym[w1]/(w? — 1). This ring can be written as % = % +w1.Z,m with w? = 1. Therefore,
a basis of %) is given by {1, w; }. Define e} = 1 and e} = w.

For the ring %, the basis can be expressed using the Kronecker product as follows:

[ rm—— may also be expressed as follows: % = Fym + Fpmwi + Fpmwo + Fpmwiwy +

(X ek, ..., e;,{) =(Lw)@ (s, e’;k__ll) @)

Here, (el, e}) = (1, wy). Furthermore, we obtain a set of orthogonal idempotent elements in the ring %y, where each
¢k is defined by
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g =114 Q)

I—Wj 1+Wj

with A; € { 5L, =5 }, and for i # j, we have (¥ # C/k, where i, j=1,2,3, ..., 2k Itis simple to verify that

2k
Y.oi=1 (=g g =0fori# ) (6)
i=1

For this reason, the ring % also has a basis in the collection {¢¥ | i= 1,2, ..., 2%}. In particular, for k = 1, we have

¢l = 172W‘ and §) = HZW' . The equation is rewritten in the matrix form shown as

(&1, &) = (el, e3)Py 7

(l—wl 14wy
2 72

)= (1, w1)P;. (8

1
After some calculation, we get P| = < 2 ) . Moreover, utilizing the properties of the Kronecker product, we

Bl —
N —= | —

obtain

P=P QP

P.=P QP QP,_>,

)

P=P P QPR ---QP.

(k-times)

It is evident that P, is an invertible matrix, with Pk’l =P ! QP lg... QP ! Moreover, P !'is invertible, and its
. _ _ _ _ 1 1
transpose satisfies (P, )T = (P, ) o (P YT @@ (P17, where (P 1)T = ( | 1) -Henee,

&k &k P =k é, ... dopePeP e - @P (10)

(k-times)

and
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(el, &5, o 5P = (L, & GO BT () () @@ () (11)

(k-times)

Similarly as in Eq. (4), we have

1—wr T4+wy
2 72

(& & G = ( Yo G G, (12)

1 1 1— 1+
where (Cl s Cz) = ( 2Wl7 2W1 )
2k 2k
Every element s in % can be uniquely represented as s = Y, Bief = ¥ y*¢k, where B, ¥ € Fpn and i =
i=1 i=1

1,2,3,..., 2% The Gray map is defined using the matrix P, as

O oy —> Fin (13)

as follows:

ok
O (s) = O <Z ﬁié’f) =(B1, B -, B ) (P (14)
i=1

For simplicity, we write (B1, B, ..., B ) (P )T = (¥, %, ..., ygk) The Gray map described above can be naturally
extended to %} as

k
®k: %]’{1—>y5m"7 (15)
defined by
®k(507 81582y ey Sno1) = (%fj)lgigzk, 0<j<n—1* (16)
. k
Here, every s; can be written as s; = 2,2:1 Bi. jef, and thus,

®k(sj) = (ﬁl,jv ﬁz,ja B3,ja s sz,j)(Pk_l)T = (’)/ICJ’ ’/2(,]'7 7%;(]7 EERE) ’)/2(k7j)7 (17)

where B; j € Fpm fori=1,2,3,...,25 and j=0,1,2,...,n— 1.
In particular, for k = 1, the Gray map is defined similarly as in Eq. (14):

Or: B — Fpn, (18)
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given by

O1(Bie] + Baey) = O1(Br + Powi) = (Br, ) ()T, 19)

where

1 1
<P1‘)T=<_1 1)- (20)

In the ring %}, the definition of the Lee weight of an element s = Zizi] Bief»‘ is as follows:

wi(s) = wp (O(s)) = WH(’)/IC? ’)/2(7 7/3(7 s ’)/z(k)7 (21)

where wy is the Hamming weight.
Let C be a linear code over %y of length n. The linear code O (C) over .%,» of length 2%n is evident. We define

2/\'
c,»:{x.,-eﬂ,’:m Y tixieC, xie T, i#], andl§i§2k}, (22)
i=1

for every linear code C of length n over . This means that each Cj is a linear code of length n over .% .
Next, let B; be linear codes over #,m fori=1,2,3, ..., 2%, We define

BI®B BB @ @By = {b; +by+b3+--+by | b; € B; with 1 <i <2k} (23)
and
BI®By®B3®-- @By = {(b1, by, b3, ..., boi) | bi € B; with 1 < i <2k}, (24)
Consequently, it follows that the expression for the linear code C over % of length n is
2/\
C=Pic=aolce - ofCy (25)
i=1
If the rows in a matrix G produce C, then the matrix G is referred to as a generator matrix of C. Let G; be the generator
matrix of C; fori = 1, 2, 3, ..., 2. Then, a generator matrix for C is given by
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qes

e
G= . ) (26)
Czkk G
and ©;(C) has a generator matrix that is
O£ G1)
(55 G)
oG =| @7)
®k(€§k sz)

3. Main results

In this section, we use the CSS construction to study the structural properties of cyclic codes over the ring % and
present some results related to the Gray map. We also prove novel results about QEC codes.

3.1 Results related to the Gray map

We commence our discussions with the following result:

Proposition 1 The Gray map Oy is linear, bijective, and distance-preserving from (%}, di.) to (955,", dy), where
dp=dy.

Proof. Suppose ¢;, ¢; € #Z}. It is straightforward to verify that

O (e1 +¢2) = O(er) + O (c). (28)

Additionally, for any 6 € .%,m, we have

Or(8¢c1) = 60(cy). (29)
Therefore, @, is a linear. Next, we demonstrate the bijection of ®;. We have

Ok(c1) = Ok(cz)
2k 2k

®k(Z ﬁie{»‘) = ®k(z 51‘6{'() (30)
i=1 i=1

Bis Bos ooy B) BT = (81, 8, .., S (B DT
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where, for 1 <i<2K B, & € F . This suggests that

Bi =01, ..., Box = . (31)

Then ¢; = ¢,. From this, it follows that @ is injective. Now, consider any (B, B, ..., ﬁzk)(Pk_l)T € ﬁgf; Then,
Or(c) = (Bi, --., By), where ¢ € #} is a corresponding element. This makes © surjective. Since @y is bijective, we
obtain

di(eq, ¢2) =wr(er —¢z)

= wy (O(c1 —¢2))
(32)

= wy (Ok(e1) — BOr(c2))
= dy (O (c1), Or(c2)).

Therefore, the map ®;, preserve distance. O

Proposition 2 Let C be a linear code over the ring %, of length n. Then |®;(C*)| = |@;(C)*|, and ©;(C) is self-
orthogonal iff C is a self orthogonal code. Moreover, O (C) is self dual iff C is a self dual code.

Proof. Given two elements s, t € Z}, let us say that

S= (S()7S1, N Sn—l)
(33)
t= (t(), 11, ...,tnfl),
2k 2k
where s;= Y. p; j¢Fandt;= Y r; j¢Ffori=1,2,...,2%and j=1,2,...,n—1, with p; , r; j € Fm. Next, assume
i=1 i=1
thats-t = 0. Then, we have
n—1
Z Sjtj = 0
i=1
(34)
n—1 2k L 2k .
= Y (Y pi ;i)Y 6 =0.
j=0 i=0 i=0
Since (¢¥)% = ¢k, we have
n—1 2 ; 2K n—1 ]
Y Y piriiCt =Y Y pijri Gt = 0. (35)
j=0i=0 i=0 j=0
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Therefore,

n—1
Zpi,ﬂ’i,j =0, (36)
j=0
wherei=1,2,3, ..., 2% Also,
—1 2k
Z ZP: jti, j
Jj=0i=
2k n—1 (37)
=Y Y pijri;
i=0 j=0
=0.
This implies that,
Ok (Ch) C OO0 (38)

Since ®y is a one-to-one correspondence, it follows that |@;(C*)| = |@;(C)*|. Consequently, ®;(C*) = @;(C)* .
Moreover, C is a self-orthogonal code iff C C C*, which implies that @;(C) C @;(C*) = O (C)* iff @;(C) is self-
orthogonal. Similarly, C is a self-dual code iff ®;(C) is self-dual. O

Proposition 3 Let C = EB,zi 1 Cl-kCi be a linear code over the ring % having length n. Then,

(1) @k(C) =CRGCRC3® - ®Cyuy. Additionally, |C| = |C1 | |C2||C3| e ‘Czk |

(i) C+ = @2, LkC-. Moreover, each C; is self-orthogonal iff C is a self-orthogonal code, and each C; is self-dual iff

C is a self-dual code.

Proof. (i) Assume that w = (¥ o, %, -5 %, 177§0a7§1a~~ Bonts s Tyigr - ok s -0 Yok, y) for

j=0,1,2, ..., n—1. Consequently, s = (so, 51, 52, .-, sSp—1) € C. The map Oy is bijective, therefore for any i =
1,2,3,..., 2% (yfo, ﬁfl, . ){fn_l) € C;. This implies w € C; ® C; ® C3 ® - - - ® Cy according to the definition of C;.
Thus, @;(C) CCIRCRC3R -+ - & Cut.

Conversely, suppose W= (¥ o, ¥ 15+ W10 B.0s Vo150 Bn1r -+ 7/(,( 0B ) ECRGRGR

-+ ®@Cyx. Then, (){fo,y{fl,...,yl-’fnfl)GC,'foreachizl,Z, , 2k, Define s; = ):ylk]ckfor]fo 1,2,...,n—1. Then,
s = (s0, S1, 52, 53, ..., Sy—1) € C and hence O (s) = w. Thus, w € O (C). It follows that C1 @2 RC3 ® -+ @ Cy C O (C).
Since @y is one-one and onto, we have |C| = |®,(C)|. Thus,

|C| = ‘Cl ®C2®C3®"'®C2k| = |C1||C2||C3| ‘C2k|. 39)

(i1) Let us define

Volume 6 Issue 4]2025| 5205 Contemporary Mathematics



zk
Uj= {rj €T | Y. LfreCt, forry€ Fphu, i# jwith 1 gi,jgzk}. (40)
i=1

The unique expression for C* can then be

ct=ttuie o fius® - o (kU (1)

Consider
2k
Uy = {rl €Fnm| Y LfreCt, forry€ Fpu, i#1with1 <i< zk} (42)
i=1

It is evident that C; Uy = 0, implying U; C Cf-.
Conversely, let ¢; € Cll. Then ¢1x; = 0 for any ¢ = ):l-zil Cikxi € C. Thus,

Sfere = {ferxg =0, (43)

which implies that { lkcl € C*. Therefore, by the uniqueness of the representation of C*, we deduce ¢; € Uj, hence
C{ CUy. Thus, Cit =Uy.

Similarly, for each j =2,3, ..., 2% we can demonstrate that le = Uj. Therefore,
2k
ct=Pict (44)
i=1

Furthermore, C C C iff C is self-orthogonal. This yields

ta e afhoxcifctoalhcy «— Gt (45)

foreachi=1,2,3, ..., 2% In a similar manner, it is evident that C is a self-dual code iff each C; is self-dual code. O
Proposition 4 Let C = EB?L CXC; be a linear code over the ring % with parameters [n, k, d]. Then, ®(C) is a
linear code over .%,» with parameters [2kn, Zizil ki, dy], wherei=1,2,3, ..., 2k and d; = dy.

3.2 Constacyclic codes over the ring %y

In this section, several important conclusions about constacyclic codes over the ring %, are presented. We also study
the dual codes of A-constacyclic codes and discuss about their generators.
k
Let A € % be expressed as A = Y2 | 1;,(¥, where each A; € Fpm fori= 1,2, ..., 2k,
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& i

& & ok
A=A, Ay e sz)(Pk_l)T .| =(x1, k2, K3, ..., k) | . |. Noteworthy is the fact that A =1 ¥ ¢F =
. : i=1

Czk Czk
2k
1Ki§,~k and (K1, K2, K3, ..., Kx) = (A1, Ao, ..o, %k)(Pk_l)T'

i=
Proposition 5 Suppose that A = Zl-zil Ai§; is an element of %y, and let (ki, k2, ..., Ko ) = (A1, A2, ..., lzk)(Pk’l)T.
Then, A is a unit in % iff each k; is a unit in .%,m forall 1 <i < 2k,
Proof. It is known that A = Zizil Kk; i, where the k; are defined as above. Consequently, in the ring %, A is a unit
iff there exists an element x = leil Bi; in % such that

ok ok ok
1=2Ax= (Z KiCi) <Z ﬂiCi) =Y xBid: (46)
i=i i=i

i=1

Here, the set {&; | 1 <i < 2*} is linearly independent over Fpm and ):,-221 §i = 1. Therefore, A is a unit iff k;5; = 1
foreach 1 < i < 2%, O

Theorem 1 Let C = EB%L CKC; be a linear code over the ring % of length n, where A € U(%y). Then, the code
C is a A-constacyclic over % of length n iff each C; is a x;-constacyclic code over the field %, of length n, where
i=1,2,3,...,2k

Proof. Let C be a linear code over the ring %, of length n. Consider any codeword ¢ = (co, c1, ¢3, ..., cyu—1) €C
2k

where each c¢; can be written as ¢; = ), Cikci,j with¢; j€ Fpm fori=1,2,3, ..., 2%and j=0,1,2,...,n—1. Let
i=1

Yi=(ci,0:¢i 1, ..., ¢cin—1) € C; for each i, where y; belongs to the code C;. The A-constacyclic code C over %y gives us

0, (¢) = (Acep—1, co, 1y - .., cn—z) € C, where 8, (c) indicates the A-constacyclic shift of ¢. Observe that

2k 2k 2k
Aeno1 =AY cin18f =Y Acinr & =Y Kicin1 8 (47)
i=1 i=1 i=1
Hence, we have
2k
6/1((:) = (Acn—h C07 Cl7 ctt Cn—2> = Z(Kici,n—h Cl',Ou Cl'., | PR Ci,n—Z)Cik- (48)

i=1

Therefore, 8, (c) € C iff 8 (yi) = (Ki¢in—1, €i,0s ---, Cin—2) €C; foreachi=1,2,3, ..., 2% Thus, C is a A-
constacyclic code of length n over % iff each C; is a k;-constacyclic code over .7, of length n. O

Theorem 2 Let C = @?ilgkci be a A-constacyclic code of length n over the ring %, where g;(y) is the monic
generator polynomial of the K;-constacyclic code C; such that g;(y) divides y" — k; forall i = 1, 2, 3, ..., 2¥. Then:

(i) The code C can be expressed as C = (g1(y)¢f, g2(»)&5, ., gx(y)Cy) andits size is [C| = (p™) =

2k
(ii) Moreover, C can also be generated by a single polynomial g(y) = ¥ g;(y)¢¥, where g(y) divides y* — A in Z[y).
i=1

Proof. (i) According to Theorem 1, fori =1, 2, 3, ..., 2%, each C; is a Kk;-constacyclic code over .%, pm of length n.
Given that the generator polynomial (monic) of C; is g;(y) and over the ring %, C is a A-constacyclic code, we obtain
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(49)
Hence, it follows that

C=(a1"&s 2208 -, g (50)

Moreover, we obtain |@(C)| = |C| since the Gray map ©y is one-one and onto. According to Proposition 3, this
means that

ICl = |G ]|Ca|C5] -+ [C]

— (pm)nfdeg(gl(y» . (pm)n*deg(gz(w) . (pm)n*deg(gzk(y))

(51)
2k
i 2n-¥ deg(si().
(i1) By part (i), we have
C=(a1(¢ls 208 s en()E5)- (52)
Define
D=g (M +8(0)& +- -+ 8 (1) - (53)
Clearly, D C C. Since ({f)* = £} and ¢/ ¢} = 0 for i # j, it follows that
2k
gy = (Z gi(») cﬁ) o (54)
j=1
This shows that C C D. Consequently, C = D, where
21(
g) =Y gyl (55)
i=1

Since each g;(y) is the monic generator polynomial of C;, we have g;(y) divides y" — k;, i.e.,
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V' =K =hi(y)gi(y), (56)

which implies that

0" — 1) G = hi(y)gi(y)¢F (57)

foreachi=1,2,3, ..., 2% Thus,

ok
= Z(yn - Kl)Czk
i=1
ok
= Zhi()’)gi()’)g‘k (58)

Hence, we have that g(y) divides y" — A. O

Corollary 1 LetC = EB,ZL 1 GiC; denote a A-constacyclic code over the ring %), of length n, where A = ):izil K Giisa
unit in the ring %. Then,

(i) Cct= ,zil GG forms a A~ !-constacyclic code over the ring % of length n, where each Ctisa K I_constacyclic
code over .Z,n of length n, for 1 <i <2k

(ii) Let the monic generator polynomial of the k;-constacyclic code C; be g;(y), where g;(y) divides y" — k; for each
i with 1 <i < 2. Then,

@CH = B0V B0, MG, - by (0)Ey) and [CH] = (p")
(b)C+ = (H(y)), where ' (y) = ;h;‘(y)é',-,

Here y" —k; = gi(y)hi(y) for some hi(y) € Fpmlyl and hi(y) = Po+Pry+---+Pury"". Then hi(y) = Br—r+
Bu—r—1y+--+ Boy"" and h} (y) generates the dual k; ' -constacyclic code C;-.

Proposition 6 Let C = @1‘2:1 CiC; be a A-constacyclic code of length n over the ring %;. Then, the following
statements hold.

(i) The code C is a cyclic of length n over the ring %, iff each C; is a cyclic code for i = 1, 2 of length n over % m.
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(i) If A = uy, then C is a A-constacyclic code iff C} is a negacyclic code and C; is a cyclic code, both of length n
over .F m.

(iii) If A = —uy, then C is a A-constacyclic code iff C; is a cyclic code and C; is a negacyclic code, both of length n
over Fym.

3.3 Quantum codes

Quantum codes are essential for shielding quantum information from noise while it travels across several channels
in quantum computing and communication. The creation of QEC codes based on classical codes, initially presented by
Calderbank et al. [11], is a noteworthy advancement in this field. From cyclic codes that contain their duals, we develop
quantum codes using the Calderbank-Shor-Steane (CSS) structure [23]. By using this technique, we can create quantum
codes with better parameters than those that are currently in use. Furthermore, we establish the condition necessary for
constacyclic codes to contain their duals in the ring % by using a criteria developed over finite fields in [11]. The
necessary and sufficient condition for a constacyclic code to include its counterpart is established by our first finding.

Lemma 1 [11] Let C be a A-constacyclic code over .%,» with generator polynomial g(y). Then, C contains its dual
iff

Y'=A=0 (mod g(y)g*(v)), (59)

where A = £1 and g*(y) represent the reciprocal polynomial of g(y).
Lemma 2 [23] [CSS Construction] If C is an [n, k, d] linear code over .7 ,» satisfying C* C C, then there exists a
QEC code with parameters [[n, 2k — n, d|] over % .

=

2k
Theorem 3 LetC = @%ilé’iCi be a A-constacyclic code over the ring % of length n such that AL = Y} ;¢ with
1
k; = £1. Then, C* C Ciff

V' =K = 0mod(gi(y)g; (y)), (60)

where, the reciprocal polynomial of g;(y) is g} (v), for 1 <i < 2%,

Proof. Let C = @%i] §iC; be a A-constacyclic code over the ring % of length n, where each C; = (g;(y)) for 1 <
i <2k, Suppose that

Y'—Kk=0 (mod g(y)g; () (61)
then it follows that CiJ- C C; for all i with 1 < < 2k, Consequently, we have C,Cf‘ C {C; for each i. This implies

HCTDOHCr @@ Czkczlk ClLCIDLO B ® LuCx, (62)

that is, C+ C C.
On the other hand, if C*+ C C, then

GCT @60 & @G C LI @ 50 &+ @ (uC. (63)
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Since each {;C; is congruent to C modulo §; for i # j with i, j € {1, 2,3, ..., 2%, we have that Ci- C C; for all .
Therefore,

YV'—=Kk=0 (mod gi(y)g;(y))- (64)

O

Corollary 2 Let C = @?il GiCi be a A-constacyclic code of length n over the ring %, where A = Z,-zil k;§; with
each k; = £ 1. Then, C* C C holds if and only if C;* C C; for all i with 1 <i < 2%,

Proof. The proof is obvious by Theorem 3. O

Theorem 4 Let C = @,-2; §iC; be a A-constacyclic code of length n over the ring %, where each C; = (g;(y)) for
i=1,2,...,2k Then, ®(C) has parameters [2*n, Zizil ki, dy).

(i) If C* C C, then there exists a quantum code with parameters [[2¢n, Zizil ki —2n, dy]] over Fm.

(i) If foreach i = 1, 2, ..., 2¥, we have

Y'—=k=0 (mod gi(y)g; (y)), (65)

where g} (v) denotes the reciprocal polynomial of g;(y), then a quantum code with parameters [[2%n, 221{1 ki —2*n, dy|
over %, can be constructed.

Proof. (i) First, assume that C C C*. We get @;(C+) = @;(C)* from Proposition 2, and hence @;(C)* C
04 (C). This implies that @ (C) is a linear code over .%,» that contains duals. Consequently, a QEC with parameters
[[2%n, 22?; ki —2%n, dy]] over Fm exists according to Lemma 2.

(ii) Assume that y" — k; =0 (mod g;(y)g;(y)) foreachi=1,2,3, ..., 2¥, where, the reciprocal polynomial of g;(y)
is g7 (y). Then, by Theorem 3, we have that C L C C. Therefore, using part (i) of this theorem, there exists a QEC with
parameters [[25n, 2Y 2| k; — 2%n, dy]] over Fpn. O

4. Applications

In this section, we construct new quantum codes over the ring %) (k = 1) by utilising the dual-containing property
of constacyclic codes. All computations in the forthcoming examples were carried out using the Magma computational
algebra system [24]. We begin with the following:

Example 1 Forn=3,m =1, and p = 3, consider the ring % = F3[w;]/(w} — 1). In F3[x], we have

F-1=x+1)73 Pr1=@x+2)7>% (66)

Let g1(x) = (x+2)? and g2(x) = (x+ 1) be polynomials over .#3. Then, C forms a constacyclic code of length 3
over #). Proposition 4 states that the parameters of the Gray image @, (C) are [16, 10, 4] over .%#3. According to the
database, this code is ideal [25].

Example 2 Forn =28, m =1, and p = 3, consider the ring Z| = .%3 [wﬂ/(w% —1). In #3]y], we observe that

Y —1=(y+2)°. (67)
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Let g1(y) = (y+2)* and g2(y) = (y+2) be two polynomials over .%3. Then, a cyclic code of length 9 is formed
by C over #Z;. The gray image ®;(C) has parameters [18, 13, 3] over .%3 according to Proposition 4. Moreover, since
¥ —1=0 (mod gi(y)g;(y)) for i = 1, 2, Theorem 3 implies that C* C C. Consequently, by Theorem 4, there exists a
quantum code with parameters [[18, 8, 3]]4. According to the database [26], this quantum code is new.

Example 3 Forn=10,m =1, and p = 5, consider the ring % = Fs[w1]/(w? — 1). In Fs[y], we have

YO-1=0G+1)°G+4)° YO+r1=0p+2750+3)°. (68)

Let g (y) = (y+4)? and g2(y) = (y+2) be polynomials over .%s. Then, C; is a cyclic code with parameters [10, 8, 3]
over .Zs, and C; is a negacyclic code with parameters [10, 9, 2] over .%5s. Therefore, the Gray image of C has parameters
[20, 17, 3]s. Since g1(y)g}(y) divides y'© — 1 and g»(y)g3(y) divides y'° + 1, Theorem 3 implies that C* C C. Thus, by
Theorem 4, there exists a quantum error-correcting code with parameters [[20, 14, 3]]5. According to the database [26],
this is a new quantum code.

Table 1. Gray images of cyclic codes of length n over %

pr(m=1) n 1) 82(y) 0(C) Remarks
3 3 (y+2)? (y+1) 6,3, 3]3 Optimal
3 4 (+1)(*+1) 0?+y+2) 8,3, 55 Optimal
3 4 y+1 (O +2y+2) 8, 4, 4]3 Optimal
3 6 (y+1)> O*+1) [12,7,4]3  Optimal
3 6 (r+1) (O +2y+4) [12,9,3]3;  Optimal
5 15 (P+y+1)(y+4)? +1) 30, 25, 3)»
13 6 y+1 y+2 [12,10,3];3  Optimal
13 12 y+1 y+1 [24,21,3];3  Optimal
17 8 y+1 y+5 [16, 14, 3];7  Optimal
29 14 y+4 y+3 (28,26, 3]9  Optimal

Table 2. Quantum codes from cyclic codes over the ring %,

n 21(y) 22(y) 0,(C) [[n, k, d]]pm New Quantum Code (NQC)
9 (y+2)* y+2  [18,13, 3] [[18, 8, 3]3 NQC

10 (+1)2(y+4) y+1 20, 16, 3] (20, 12, 3]]5 NQC

15 (+92(2+y+1)  y+4  [30,25,3] (30, 20, 3]]s

20 G+ 12y +2) y+1  [40,36, 3 [[40, 32, 3]]5 [[40, 32, 2]]s [26]
25 (y+1)° y+4  [50,43, 3] [[50, 36, 3]s NQC

80 G+ +3) y+1  [160,154,3]  [[160, 148, 3]]s [[160, 146, 3]]5 [26]
7 (y+6) y+6  [14,10,4] [[14, 6, 4], NQC

12 (+2)*+2) y+2  [24,20,3] (24, 16, 3]

14 G+ 13 +6) y+1  [28,23, 4] 28, 18, 4])7 NQC

21 (y+3P+5)(+6)  y+3  [42,36,4] [[42, 30, 4]}7 NQC

28 G+1)3G62+1) y+1 56, 50, 4] [[56, 44, 4],
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Table 3. Quantum codes from wj-constacyclic codes over the ring %,

n g1(») 8(y) 0,(C) ([n, k, d]] pm New Quantum Code (NQC)
5 (y+4)? y+1 (10,7, 3] ([10, 4, 3]]s NQC
10 (y+4)? +2) [20,17,3]  [[20, 14, 3]]s NQC
30 (P+y+1) (y+2)? [60, 56, 3]  [[60, 52, 3]]s NQC
35 WYy Yy 4y +1 (y+1)? [70, 62,3]  [[70, 54, 3]]s NQC
40 (y+4)? y+2 (80, 74,3]  [[80, 68, 3]s NQC
21 (y+3)? y42 [42,39,3]  [42,36,3]]
28 (y+1)? Y 43y+2  [56,52,3]  [[56, 48, 3]]; NQC
22 (+1)3(y+10) ¥ +1 (44,38, 4]  [[44,32, 4] NQC
33 (y+10)3 Y2 +10y+1  [66, 61,4]  [[66, 56, 4]]11 NQC
17 (y+16)° y+1 [34,32,4]  [[34, 26, 4]]17 NQC

In Table 1, we list the optimal codes identified according to the database [25]. New quantum error-correcting codes
built from cyclic and constacyclic codes of the form C = <6912k 1Gigi(y)) of length n over the ring % are shown in Tables
2 and 3, where each C; = (g;(y)) satisfies the condition y" — k; =0 (mod g;(y)g; (y)) fori=1,2, ..., 2k

5. LCD codes

In this section, we discuss LCD codes. If we take A = 1 in A-constacyclic code, then the A-constacyclic code is
cyclic code.

Definition 1 ([27]) If CNC* = {0}, then LCD is a linear code C of length n over R.

Lemma 3 ([28]) Let C be a cyclic code of length n over .%, produced by a polynomial A(y), where k; >0, n = pht,
and p and ¢ are coprime. For C to be an LCD code, 4(y) must be self-reciprocal and every monic irreducible factor of A(y)
must have the same multiplicity in both A(y) and y" — 1, and conversely.

Definition 2 If, for each codeword (co, c1, ¢2, ..., cyu—1) € C, its reverse (cy—1, Cp—2, - .-, €1, o) also belongs to C,
then a linear code C of length n over R is reversible.

Lemma 4 ([28]) Let C be a cyclic code over .7%, of length n with gcd(n, p) = 1. Then, C is a reversible code iff it
is an LCD code.

The proofs of Theorems 5-7, Corollary 4, and Lemma 5 follow similar arguments to those presented in [29].

Theorem 5 Let C = @lzi 1 6iCi be a cyclic code of length n over %j. Then, C is an LCD code iff each C; is an LCD
code of length n over Z,m foralli=1,2,3,..., 2%

Proof. The proof directly follows from the fact that CNC+ = {0} if and only if C; NCi- = {0} fori= 1,2, 3, .

D

As an immediate consequence of Theorem 5, we have the following corollary:

Corollary 3 Let n = p'm such that gcd(m, p) = 1. Consider C = @%il §iC; to be a cyclic code of length n over %,
where each C; = (h;(z)) with h;(z) € #,m and h;(z) dividing 2" — 1 for i = 1, 2, 3, 4. Then, C is an LCD code iff each
hi(z) is self-reciprocal, and every monic irreducible factor of 7;(z) has the same multiplicity in both #;(z) and z" — 1 for
alli=1,2,3,4.

Theorem 6 Let C = 69,»2:1 §iC; be a cyclic code of length n over % with ged(n, p) = 1. Then, C is an LCD code iff
each of Cy, C2, C3, and C; is a reversible code of length n over 7 m

Proof. The proof is follows by [23, Theorem 5]. O
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Corollary 4 If ged(n, p) = 1, and let C = @%ilg»c,- be a cyclic code of length n over %, where C;, for i =
1,2, 3, ..., 2 are cyclic codes of length n over .% . Then, C is an LCD code iff g;(y) is a self-reciprocal polynomial in
Fonfori=1,2,3,...,2~

In light of [23, Lemma 3], we have the following result:

Lemma 5 Let C be a linear code over the ring % of length n. Then, n(CNC*) =n(C)Nn(C)*.

Theorem 7 Let C be a linear code over the ring %y of length n. Then, C is an LCD code iff its Gray image 1(C) is
an LCD code over ., of length 4n.

Proof. The proof follows immediately from [23, Theorem 6]. O

Table 4. According to the database [25], here we find some optimal and near-optimal LCD codes over %

n 81(y) 82(y) ¢(C) Remark
8 (y+2)(* +2y+2) y+1 [16, 12, 3]3  Optimal
12 y+1 y+1 [24, 22, 2]3  Optimal
36 y+1 y+1 [72, 70, 2]3 Optimal
6 G+ +y+1) y+1 (12, 8, 4]s  Optimal
27 y+1 y+1 [54, 52, 2]s  Optimal
32 y+1 y+1 [64, 62, 2;  Optimal
28 O+ 1% +8y° +3y* +8y3 +3y> + 8y +1 Y+ 1% +8y° +3y* +8y> +3y> +8y+1 [56, 42, 4]0

35 (P 15y 4+ 1042y +6y* + 123 46y + 12y + 1) (2 + 15y + 1y +12° + 13y* + 353 + 13y +- 12y +1)  [70, 54, 519

6. Conclusion

This paper investigated constacyclic codes over the ring % = Fpn[wi, wa, ..., wi] /(W — 1, wiw; —wjw;), where
p is an odd prime and m is a positive integer, for all 1 < i, j < k. We derived generators for constacyclic codes over %
and, utilising their self-orthogonal property, constructed new quantum codes from constacyclic codes over the ring %
(k=1). Additionally, Table 4 lists a few of the best LCD codes found using the database [25].

The main contributions of this work lie in establishing necessary conditions and algebraic structures that enable
the construction of dual-containing constacyclic codes suitable for quantum error correction via the CSS construction.
Compared to previous results focusing only on constacyclic codes over finite fields, our study extends these results to a
broader class of rings, thus enriching the theory and expanding the pool of applicable codes for quantum coding. Moreover,
constacyclic codes possess a well-defined algebraic structure, being ideals in polynomial quotient rings. This structure
is crucial as it ensures efficient implementation of encoding algorithms using polynomial multiplication modulo x" — A,
which is computationally less intensive. In measurable theoretical parameters, the constructed codes demonstrate efficacy
through their dual-containing property and minimum distances, which guarantee strong error detection and correction
capabilities, while their ideal structure enhances effectiveness by supporting efficient encoding and practical implement
ability. This problem can be further generalized for skew-constacyclic codes, potentially yielding additional classes of
quantum codes with similar advantages in algebraic structure, efficiency, and applicability to quantum error correction

systems.
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