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Abstract: We focus on Ulam type stability for fractional differential equations with nonlocal multi-point and multi-term
boundary conditions. The application of Ulam stability to any type of boundary condition causes some misunderstandings
which are mainly connected with the solutions of the applied inequality and the corresponding boundary condition. The
main idea of Ulam type stability is the closeness between any solution of the corresponding differential inequality and
the solution of the studied problem. Also, both solutions have to be deeply connected. To avoid misunderstandings in the
literature we suggest three different approaches. In all of them we study the appropriately defined Ulam type stability.
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1. Introduction
Boundary Value Problems (BVP) for fractional differential equations were studied by many authors and there was

a special focus on boundary value problems involving multi-term fractional differential equations and some existence
results were obtained (see, for example [1–7]). The interest is connected with their applications in problems of physics,
mechanics and other applied sciences (see, for example [8–10]).

One of the main qualitative questions about the behavior of the solutions of differential equations is connected with
stability property. Often it is connected with the essential question whether for a given function almost satisfying the given
equation there exists a solution of the equation which is close to the given function. Initially, this problem was defined to
functional equations by Ulam and Hyers (see [11, 12]) and later it is used for differential equations. Despite this problem
is a comparatively old one, recently many authors studied it for various types of differential equations and applied it to
several dynamical models (see, for example some recent works [13–16]).

The main purpose of this paper is to consider Ulam Stability (US) for nonlocal multi-point and multi-term boundary
conditions for a nonlinear fractional differential equation. Note that whenUS is studied for initial value problems, the basis
of the study is the appropriately defined differential inequality where any solution is close enough to the corresponding
solution of the studied problem. The main point in this case is that the initial value of corresponding solution of the
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given problem is taken to be equal to the initial value of the chosen solution of the inequality. In this way there is
a deep connection between both the chosen solution of the inequality and the solution of the studied problem. When
this type of stability is applied to a BVP there are some misunderstandings in the literature. We suggest three different
approaches to study correctly Ulam type stability for the given BVP. In the first approach, to keep the idea of the classical
definitions of US we introduce parameters in the boundary conditions. Then for any particular solution of the fractional
differential inequality we choose these parameters to depend on its values. In this way the solution of the given BVP
and the particular solution of the differential inequality are deeply connected. Note this idea was applied to linear BVP
for Caputo fractional differential equations in [17, 18]. In the second approach we suggest the differential inequality be
replaced by an integral based on the integral presentation of the solution of the studied problem. In the third approach
we consider a differential inequality with inequalities in the boundary conditions. In the last two approaches we consider
the given fractional differential equation with boundary conditions without any parameters. The solution of this BVP is
unique and it has to be close enough to any solution of the corresponding inequality. In these two approaches we modify
the definition for US. In all three approaches some sufficient conditions are obtained.

2. Statement of the problem and some preliminaries
We use the norm ||x||= supτ∈[0, 1] |x(τ)| for any function x ∈C([0, 1], R).
Definition 1 [19, 20] The Riemann-Liouville fractional integral of order ω > 0 for the function ϒ : [0, 1] → R is

defined by

Iω
0 ϒ(τ) =

1
Γ(ω)

∫ τ

0

ϒ(ϑ)

(τ −ϑ)1−ω dϑ , τ ∈ (0, 1],

where Γ is the Euler gamma function.
Definition 2 [19, 20] Let ω > 0 : N −1 < ω < N, N = [ω]+1 with [ω] equal to the integer part of ω . The Caputo

fractional derivative of fractional order ω > 0 for the function ϒ : [0, 1]→ R, is defined by

cDω ϒ(τ) =
1

Γ(N −ω)

∫ τ

0

ϒ(N)(ϑ)

(τ −ϑ)1+ω−N dϑ , τ ∈ (0, 1].

We consider the nonlinear fractional differential equations with multi-term and nonlocal multi-point boundary
conditions (BVP):

q2
CDρ+2χ(τ)+q1

CDρ+1χ(τ)+q0
CDρ χ(τ) = F(τ, χ(τ)), τ ∈ (0, 1], (1)

χ(0) = h(χ(.)), χ(ζ ) =
n

∑
m=1

Ψmχ(ξm), χ(1) = λ
∫ ϖ

0
χ(s)ds, (2)

where ρ ∈ (0, 1), F : [0, 1]×R→ R and h : C([0, 1], R)→ R are given continuous functions, 0 < ϖ < ζ < ξ1 < ξ2 <

· · ·< ξn < 1, λ ∈ R, q0, q1, q2 ∈ R, q2 ̸= 0, Ψi ∈ R, i = 1, 2, . . . , n.
Some existence results concerning (1), (2) are proved in [1].
In our further investigations we use the following conditions:
(C1) |F(τ, u)−F(τ, v)| ≤K|u− v|, u, v ∈ R, τ ∈ [0, 1] where K is a positive constant;
(C2) |h(w1(.)−h(w2(.))| ≤H||w1 −w2|| for w1, w2 ∈C([0, 1], R) where H is a positive constant;
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(C3) q2
1 −4q0q2 > 0, q0 ̸= 0, q2 ̸= 0.

Consider the boundary conditions (2) with parameters:

χ(0) = h(χ)+ p, χ(ζ ) =
n

∑
i=m

Ψmχ(ξm)+Q, χ(1) = λ
∫ ϖ

0
χ(s)ds+P, (3)

where p, P, Q are parameters.
Define the operator W : C([0, 1], R) → C([0, 1], R) whose fixed point is a solution of (1), (3) (similar to the one

defined in [1] but with some changes because of the presence of parameters in (3)):

(Wχ)(τ) =
D1(χ)W4 −D2(χ)W2

W1W4 −W2W3

X (M2, M1, τ)−X (M1, M2, τ)

q0

√
q2

1 −4q0q2



+
D2(χ)W1 −D1(χ)W3

W1W4 −W2W3
(eM1τ − eM2τ)+h(χ)eM2τ + peM2τ

+Z(τ, χ) (4)

where

Z(τ, χ) =
1√

q2
1 −4q0q2

∫ τ

0

(
eM2(τ−ξ )− eM1(τ−ξ )

)(∫ ξ

0

(ξ −u)ρ−1

Γ(ρ)
F(ς , x(ς))dς

)
dξ , (5)

X (a, b, τ) = a(1− ebτ), (6)

M1 =
−q1 −

√
q2

1 −4q0q2

2q2
, M2 =

−q1 +
√

q2
1 −4q0q2

2q2
,

W1 =
1

q0

√
q2

1 −4q0q2

[
X (M2, M1, ζ )−X (M1, M2, ζ )−

n

∑
i=m

Ψm

(
X (M2, M1, ξm)−X (M1, M2, ξm)

)]
,

W2 = (eM1ζ − eM2ζ )−
n

∑
i=m

Ψm(eM1ξm − eM2ξm),

W3 =
1

q0

√
q2

1 −4q0q2

[
X (M2, M1, 1)−X (M1, M2, 1)−λ

∫ ϖ

0

(
X (M2, M1, s)−X (M1, M2, s)

)
ds
]
,

W4 = eM1 − eM2 −λ
∫ ϖ

0
c2(eM1s − eM2s)ds, (7)
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D1(χ) = Q− (h(χ)+ p)

(
eM2ζ −

n

∑
i=m

ΨmeM2ξm

)
+

n

∑
i=m

ΨmZ(ξm, χ)−Z(ζ , χ),

D2(χ) = P+(h(χ)+ p)
(

λ
∫ ϖ

0
eM2sds− eM2

)
+λ

∫ ϖ

0
Z(s, χ)ds−Z(1, χ). (8)

We will prove the existence and uniqueness of the solution of BVP (1), (3) by Banach contraction principle. Note this
principle is applied to a BVP without any parameter (1), (2) in [1]. Since the boundary condition (3) is a generalization
of (2) we will provide the main points in the proof.

Theorem 1 Let the conditions (C1), (C2), (C3) be satisfied and supτ∈[0, 1] Λ(τ)< 1 where

Λ(τ) =
LW4 +LW2

|W1W4 −W2W3|

X (M2, M1, τ)−X (M1, M2, τ)

q0

√
q2

1 −4q0q2



+
LW1 +LW3

|W1W4 −W2W3|
|eM1τ − eM2τ |+HeM2τ +

K

Γ(1+ρ)
√

q2
1 −4q0q2

P(τ), (9)

X1(a, b, τ) is defined in (6), and the positive constants L, L are defined by

L= H
∣∣∣λ eM2ϖ −1

M2
− eM2

∣∣∣
+λ

K

Γ(1+ρ)
√

q2
1 −4q0q2

∫ ϖ

0
P(s)ds+

K

Γ(1+ρ)
√

q2
1 −4q0q2

|P(1)|, (10)

and

L=H

∣∣∣∣∣eM2ζ −
n

∑
i=m

ΨmeM2ξm

∣∣∣∣∣+ K

Γ(1+ρ)
√

q2
1 −4q0q2

(
n

∑
i=m

Ψm|P(ξm)|+ |P(ζ )|

)
, (11)

P(τ) =
∫ τ

0

(
eM2(τ−ξ )− eM1(τ−ξ )

)
ξ ρ dξ . (12)

Then the BVP (1), (3) has a unique solution for any real parameters p, P, Q.
Proof. For any α, β ∈C([0, 1], R) we have
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|Z(τ, α)−Z(τ, β )|

≤ K||α −β ||√
q2

1 −4q0q2

∫ τ

0

(
eM2(τ−ξ )− eM1(τ−ξ )

)(∫ ξ

0

(ξ − ς)ρ−1

Γ(ρ)
dς
)

dξ

=
K||α −β ||

Γ(1+ρ)
√

q2
1 −4q0q2

∫ τ

0

(
eM2(τ−ξ )− eM1(τ−ξ )

)
ξ ρ dξ

=
K||α −β ||

Γ(1+ρ)
√

q2
1 −4q0q2

P(τ), (13)

and

|D1(α)−D1(β )| ≤ |h(α)−h(β )|

∣∣∣∣∣eM2ζ −
n

∑
i=m

ΨmeM2ξm

∣∣∣∣∣
+

n

∑
i=m

Ψm|Z(ξm, α)−Z(ξm, β )|

+ |Z(ζ , α)−Z(ζ , β )|

≤ H

∣∣∣∣∣eM2ζ −
n

∑
i=m

ΨmeM2ξm

∣∣∣∣∣ ||α −β ||

+
K||α −β ||

Γ(1+ρ)
√

q2
1 −4q0q2

(
n

∑
i=m

Ψm|P(ξm)|+ |P(ζ )|

)

= L||α −β ||, (14)
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|D2(α)−D2(β )| ≤ |h(α)−h(β )|
∣∣∣λ eM2ϖ −1

M2
− eM2

∣∣∣
+λ

∫ ϖ

0
|Z(s, α)−Z(s, β )|ds+ |Z(1, α)−Z(1, β )|

≤ H||α −β ||
∣∣∣λ eM2ϖ −1

M2
− eM2

∣∣∣
+λ

∫ ϖ

0

K||α −β ||

Γ(1+ρ)
√

q2
1 −4q0q2

P(s)ds+
K||α −β ||

Γ(1+ρ)
√

q2
1 −4q0q2

|P(1)|

= L||α −β ||, (15)

where L and L are defined by (10) and (11) respectively.
According to inequalities (14) and (15) we get for τ ∈ [0, 1] that

|(Wα)(τ)− (Wβ )(τ)|

≤ |D1(α)−D1(β )|W4 + |D2(α)−D2(β )|W2

|W1W4 −W2W3|

X (M2, M1, τ)−X (M1, M2, τ)

q0

√
q2

1 −4q0q2



+
|D2(α)−D2(β )|W1 + |D1(α)−D1(β )|W3

|W1W4 −W2W3|
|eM1τ − eM2τ |+ |h(α)−h(β )|eM2τ

+ |Z(τ, α)−Z(τ, β )|

≤ ||α −β ||

 LW4 +LW2

|W1W4 −W2W3|

X (M2, M1, τ)−X (M1, M2, τ)

q0

√
q2

1 −4q0q2



+
LW1 +LW3

|W1W4 −W2W3|
|eM1τ − eM2τ |+HeM2τ +

K

Γ(1+ρ)
√

q2
1 −4q0q2

P(τ)



≤ sup
τ∈[0, 1]

Λ(τ)||α −β ||,

where Λ(t) is defined in (9).
The proof of Theorem 1 is completed via the Banach contraction principle.
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Corollary 1 [1] Let condition of Theorem 1 be satisfied. Then the BVP (1), (2) has an unique solution and the
function x ∈C([0, 1], R) satisfies (Qx)t = x(t), τ ∈ [0, 1] iff x(.) is a solution of BVP (1), (2), where Q=W|p=P=Q=0.

3. Ulam type stability
We will consider three possible approaches to study Ulam type stability.

3.1 Fractional differential inequality and Ulam stability

Let γ > be an arbitrary number. Consider the fractional differential inequality

|q2
CDρ+2v(τ)+q1

CDρ+1v(τ)+q0
CDρ v(τ)−F(τ, v(τ))| ≤ γ, τ ∈ (0, 1]. (16)

In this case we will use the classical definition for Ulam-Hyers stability (see, for example [11, 12]) adopted to the
studied problem:

Definition 3 The BVP (1), (3) is called Ulam-Hyers (UH) stable, if there exists a constant C > 0 such that, for any
γ > 0 and any solution v ∈C([0, 1], R) of the fractional differential inequality (16) there exists a solution χ∗(.) of BVP
(1), (3) such that the inequality ||v−χ∗||⩽ Cγ holds.

We will obtain sufficient conditions for UH.
Theorem 2 Let conditions (C1), (C2), (C3) be satisfied and supt∈[0, 1] Λ(t) < 1, where Λ(t) is defined in (9). Then

the BVP (1), (3) is UH.
Proof. Let v ∈C([0, 1], R) be a solution of the differential inequality (16). Then there exists a function ς : [0, 1]→

R : |ς(τ)| ≤ γ such that

q2
CDρ+2v(τ)+q1

CDρ+1v(τ)+q0
CDρ v(τ) = F(τ, v(τ))+ ς(τ), τ ∈ [0, 1]. (17)

We define the parameters p, P, Q in (3) depending on the values of the function v(t).
- Define p = v(0)−h(v(.));
- Define P = v(1)−λ

∫ ϖ
0 v(s)ds;

- Define Q = v(ζ )−∑n
m=1 Ψmv(ξm).

From the definitions of the parameters p, P, Q it follows that the function v(.) satisfies the boundary conditions (3).
Then, from (17) and the choice of the parameters p, P, Q it follows that the function v(.) is a fixed point of the

operator S : C([0, 1], R)→C([0, 1], R) defined by (compare with (4)):

(Sχ)(τ) =
D1(χ)W4 −D2(χ)W2

W1W4 −W2W3

X (M2, M1, τ)−X (M1, M2, τ)

q0

√
q2

1 −4q0q2



+
D2(χ)W1 −D1(χ)W3

W1W4 −W2W3
(eM1τ − eM2τ)+h(χ)eM2τ + peM2τ +V(τ, χ), (18)

where
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V(τ, χ) =
1√

q2
1 −4q0q2

∫ τ

0

(
eM2(τ−ξ )− eM1(τ−ξ )

)(∫ ξ

0

(ξ −u)ρ−1

Γ(ρ)
F(u, x(u))du

)
dξ

+
1√

q2
1 −4q0q2

∫ τ

0

(
eM2(τ−ξ )− eM1(τ−ξ )

)(∫ ξ

0

(ξ −u)ρ−1

Γ(ρ)
ς(u)du

)
dξ , (19)

and W1, W2, W3, W4, D1(χ), D2(χ) are defined by equalities (7), (8).
According to Theorem 1 there exists an unique solution χ∗(.) of BVP (1), (3) with the chosen parameters p, P, Q in

the boundary condition (3). This solution is a fixed point of the operatorW defined in (4).
Note we have

|V(τ, v)−Z(τ, χ∗)|

≤ K||v−χ∗||√
q2

1 −4q0q2

∫ τ

0

(
eM2(τ−ξ )− eM1(τ−ξ )

)(∫ ξ

0

(ξ − ς)ρ−1

Γ(ρ)
dς
)

dξ

+ γ
1√

q2
1 −4q0q2

∫ τ

0

(
eM2(τ−ξ )− eM1(τ−ξ )

)(∫ ξ

0

(ξ −u)ρ−1

Γ(ρ)
du
)

dξ

=
K||v−χ∗||

Γ(1+ρ)
√

q2
1 −4q0q2

P(τ)+ γB(τ), (20)

where

B(τ) = 1

Γ(1+ρ)
√

q2
1 −4q0q2

∫ τ

0

(
eM2(τ−ξ )− eM1(τ−ξ )

)
ξ ρ dχ =

1

Γ(1+ρ)
√

q2
1 −4q0q2

P(τ).

Then for τ ∈ [0, 1] we get

|v(τ)−χ∗(τ)|= |(Sv)(τ)− (Wχ∗)(τ)|

≤ |D1(v)−D1(χ∗)|W4 −|D2(v)−D2(χ∗)|W2

|W1W4 −W2W3|

X (M2, M1, τ)−X (M1, M2, τ)

q0

√
q2

1 −4q0q2


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+
|D2(v)−D2(χ∗)|W1 −|D1(v)−D1(χ∗)|W3

|W1W4 −W2W3|
(eM1τ − eM2τ)

+ |h(v)−h(χ∗)|eM2τ + peM2τ

+ |V(τ, v)−Z(τ, χ∗)|

≤ sup
τ∈[0, 1]

Λ(τ)||v−χ∗||

+ γ
(
B(τ)+ eM2τ) ,

where Λ(t) is defined in (9).
From the above inequality it follows that

||v−χ∗|| ≤ γ
supτ∈[0, 1]

(
B(τ)+ eM2τ)

1− supτ∈[0, 1] Λ(τ)
(21)

Therefore, BVP (1), (3) is Ulam-Hyers stable with constant C =
supτ∈[0, 1]

(
B(τ)+ eM2τ)

1− supτ∈[0, 1] Λ(τ)
. Note the constant C does

not depend on any solution of (16).
Remark 1 The parameters in the boundary conditions (2) are very important in the application of US. These

parameters allow us to consider a solution of the studied BVP which depends on the chosen solution of the inequality
and to keep the main idea of US.

3.2 Fractional integral inequality and Ulam stability

In this case we consider BVP (1), (2) without any parameters. Then this BVP has a unique solution under some
conditions (see Theorem 1 with p = P = Q = 0).

Denote by Q=W|p=P=Q=0, i.e.,

(Qχ)(τ) =
D̂1(χ)W4 − D̂2(χ)W2

W1W4 −W2W3

X (M2, M1, τ)−X (M1, M2, τ)

q0

√
q2

1 −4q0q2



+
D̂2(χ)W1 − D̂1(χ)W3

W1W4 −W2W3
(eM1τ − eM2τ)+h(χ)eM2τ +Z(τ, χ) (22)

where Z(τ, χ), Wk, k = 1, 2, 3, 4 are defined by (5), (7) respectively and
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D̂1(χ) =−h(χ)

(
eM2ζ −

n

∑
i=m

ΨmeM2ξm

)
+

n

∑
i=m

ΨmZ(ξm, χ)−Z(ζ , χ),

D̂2(χ) = h(χ)
(

λ
∫ ϖ

0
eM2sds− eM2

)
+λ

∫ ϖ

0
Z(s, χ)ds−Z(1, χ). (23)

Let γ > 0 be a given number. Based on the defined operator Q we will consider the integral inequality:

|v(τ)− (Qv)τ| ≤ γ, v ∈C([0, 1], R), τ ∈ [0, 1]. (24)

Remark 2 Let v(.) be a solution of (24). Then there exists a function ς ∈C([0, 1], R) : |ς(τ)| ≤ γ, τ ∈ [0, 1] (this
function depends on v(.)) such that

v(τ) = (Qv)τ + ς(τ), τ ∈ [0, 1]. (25)

Note (24) has many solution for any given γ > 0. At the same time, under some conditions BVP (1), (2) has a unique
solution (see Corollary 1). If we consider US, then this solution has to be close enough to any solution of the inequality
(24). This is different than the classical definition of US.

Definition 4 The BVP (1), (2) is called Integral Modified Ulam-Hyers Stable (IMUS), if there exists a constant
C > 0 such that, for any γ > 0 and any solution v ∈ C([0, 1], R) of the fractional integral inequality (24) the inequality
||v−χ∗||⩽ Cγ holds where χ∗(.) is the solution of BVP (1), (2).

Theorem 3 Let conditions (C1), (C2), (C3) be satisfied and supt∈[0, 1] Λ(τ)< 1, where Λ(τ) is defined in (9). Then
the BVP (1), (2) is IMUS.

Proof. Let γ > 0 be an arbitrary number and v ∈C([0, 1], R) be a solution of the fractional integral inequality (24).
According to Remark 2 the equality (25) holds.

According Corollary 1 BVP (1), (2) has a unique solution χ∗(.) which is a fixed point of the operator Q defined by
(22).

Then for any τ ∈ [0, 1] we have

|v(τ)−χ∗(τ)|= |(Qv)τ + ς(τ)− (Qχ∗)τ| ≤ |(Qv)τ − (Qχ∗)τ|+ γ. (26)

As in the proof of Theorem 2 we obtain the inequality

|v(τ)−χ∗(τ)| ≤ γ +Λ(τ)||v−χ∗||, τ ∈ [0, 1],

where Λ(τ) is defined by (9).
Then

||v−χ∗|| ≤ Cγ,
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where C =
1

1−maxτ∈[0, 1] Λ(τ)
.

Remark 3 Note in both Theorem 2 and Theorem 3 we prove ||v− χ∗|| ≤ Cγ but in Theorem 2 the solution χ∗

is a solution of fractional differential equation (1) with appropriately chosen parameters in the boundary conditions (3),
whereas in Theorem 3 the solution χ∗ is a solution of fractional differential equation (1) with boundary conditions (2)
without any parameters. Also note in Theorem 2 the function v(.) is a solution of differential inequality (16) whereas in
Theorem 3 the function v(.) is a solution of integral inequality (24).

3.3 Fractional differential inequality with boundary condition and Ulam stability

Now we consider BVP (1), (2).
As in the previous section, denote by Q=W|p=P=Q=0, i.e., by (22).
Let γ > 0 be a given number. Consider the system of fractional differential inequality with inequalities for boundary

conditions:

|q2
CDρ+2v(τ)+q1

CDρ+1v(τ)+q0
CDρ v(τ)−F(τ, v(τ))| ≤ γ, τ ∈ (0, 1]

|v(0)−h(x)| ≤ γ,

∣∣∣∣∣v(ζ )− n

∑
m=1

Ψmv(ξm)

∣∣∣∣∣≤ γ,
∣∣∣∣v(1)−λ

∫ ϖ

0
v(s)ds

∣∣∣∣≤ γ. (27)

Remark 4 Let v(.) be a solution of the inequality (27). Then there exist a function ς ∈C([0, 1], R) : |ς(.)| ≤ γ and
constants A, B, C : |A| ≤ γ, |B| ≤ γ, |C| ≤ γ (ς (.), A, B, C depend on the solution v(.)) such that

q2
CDρ+2v(τ)+q1

CDρ+1v(τ)+q0
CDρ v(τ) = F(τ, v(τ))+ ς(τ), τ ∈ (0, 1],

v(0) = h(x)+A, v(ζ ) =
n

∑
m=1

Ψmv(ξ )+B, v(1) = λ
∫ ϖ

0
v(s)ds+C. (28)

As in the previous section, (27) has many solution for any given γ > 0. At the same time, under some conditions,
BVP (1), (2) has a unique solution (see Theorem 1). If we consider US, then this solution has to be close enough to any
solution of the inequality (27). This is different than the classical definition of US.

Definition 5 The BVP (1), (2) is called differential modified Ulam-Hyers stable, if there exists a constant C > 0
such that, for any γ > 0 and any solution v ∈ C([0, 1], R) of the fractional differential inequality (27) the inequality
||v−χ∗||⩽ Cγ holds where χ∗(t) is a solution of BVP (1), (2).

Theorem 4 Let conditions (C1), (C2), (C3) be satisfied and supt∈[0, 1] Λ(t) < 1, where Λ(t) is defined in (9). Then
the BVP (1), (2) is differential modified Ulam-Hyers stable.

Proof. According to Corollary 1 BVP (1), (2) has an unique solution χ∗ which is a fixed point of the operator Q
defined by (22).

Let γ > 0 be an arbitrary number and v ∈C([0, 1], R) be a solution of the differential inequality (27). According to
Remark 4 the function v(.) is a solution of BVP (28).

Therefore, the function v(.) is a fixed point of the operator Q : C([0, 1], R)→C([0, 1], R) defined by
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(Qx)(τ) =
D̃1(χ)W4 − D̃2(χ)W2

W1W4 −W2W3

X (M2, M1, τ)−X (M1, M2, τ)

q0

√
q2

1 −4q0q2



+
D̃2(χ)W1 − D̃1(χ)W3

W1W4 −W2W3
(eM1τ − eM2τ)+h(χ)eM2τ +AeM2τ +V(τ, χ), (29)

where X (a, b, τ), M1, M2, Wi, i = 1, 2, 3, 4 and V(τ, χ) are defined by (6), (7), (19), respectively, and

D̃1(χ) = B− (h(χ)+A)

(
eM2ζ −

n

∑
i=m

ΨmeM2ξm

)
+

n

∑
i=m

ΨmV(ξm, χ)−V(ζ , χ),

D̃2(χ) =C+(h(χ)+A)
(

λ
∫ ϖ

0
eM2sds− eM2

)
+λ

∫ ϖ

0
V(s, χ)ds−V(1, χ). (30)

From definitions (23), (30) and inequalities (20) we have

|D̃1(v)− D̂1(χ∗)| ≤ γ +H||χ∗− v||
∣∣∣eM2ζ −

n

∑
i=m

ΨmeM2ξm
∣∣∣+ γ

∣∣∣eM2ζ −
n

∑
i=m

ΨmeM2ξm
∣∣∣

+
n

∑
i=m

Ψm

 KP(ξm)

Γ(1+ρ)
√

q2
1 −4q0q2

||χ∗− v||+ γ
P(ξm)

Γ(1+ρ)
√

q2
1 −4q0q2



+
KP(ζ )

Γ(1+ρ)
√

q2
1 −4q0q2

||χ∗− v||+ γ
P(ζ )

Γ(1+ρ)
√

q2
1 −4q0q2

≤ L||χ∗− v||+ γC1, (31)

and

|D̃2(v)− D̂2(χ∗)| ≤ γ +H||χ∗− v||
∣∣∣λ eM2ϖ −1

M2
− eM2

∣∣∣+ γ
∣∣∣λ eM2ϖ −1

M2
− eM2

∣∣∣

+λ

 K

Γ(1+ρ)
√

q2
1 −4q0q2

||χ∗− v||+ γ
1

Γ(1+ρ)
√

q2
1 −4q0q2

∫ ϖ

0
P(s)ds
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+

 K

Γ(1+ρ)
√

q2
1 −4q0q2

||χ∗− v||+ γ
1

Γ(1+ρ)
√

q2
1 −4q0q2

P(1)

≤ L||χ∗− v||+ γC2, (32)

where L and L are defined by (10), (11), respectively, and

C1 = 1 =
∣∣∣eM2ζ −

n

∑
i=m

ΨmeM2ξm
∣∣∣+ n

∑
i=m

Ψm
P(ξm)

Γ(1+ρ)
√

q2
1 −4q0q2

+
P(ζ )

Γ(1+ρ)
√

q2
1 −4q0q2

,

and

C2 = 1+
∣∣∣λ eM2ϖ −1

M2
− eM2

∣∣∣+ λ

Γ(1+ρ)
√

q2
1 −4q0q2

∫ ϖ

0
P(s)ds+

1

Γ(1+ρ)
√

q2
1 −4q0q2

P(1).

Then for any τ ∈ [0, 1] from inequalities (31) and (32) we have

|v(τ)−χ∗(τ)|= |(Qv)(τ)− (Qχ∗)(τ)|

≤ H||v−χ∗||eM2τ + γeM2τ +
KP(τ)

Γ(1+ρ)
√

q2
1 −4q0q2

||χ∗− v||+ γ
P(τ)

Γ(1+ρ)
√

q2
1 −4q0q2

+
(L||χ∗− v||+ γC1) |W4|+(L||χ∗− v||+ γC2) |W2|

|W1W4 −W2W3|

 |X (M2, M1, τ)−X (M1, M2, τ)|

|q0|
√

q2
1 −4q0q2



+
(L||χ∗− v||+ γC2) |W1|+(L||χ∗− v||+ γC1) |W3|

|W1W4 −W2W3|
|eM1τ − eM2τ |

≤ sup
τ∈[0, 1]

Λ(τ)+ γB, (33)

where Λ(τ) is defined by (9) and
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B = eM2τ +
P(τ)

Γ(1+ρ)
√

q2
1 −4q0q2

+
C1|W4|+C2|W2|
|W1W4 −W2W3|

 |X (M2, M1, τ)−X (M1, M2, τ)|

|q0|
√

q2
1 −4q0q2



+
C2|W1|+C1|W3|
|W1W4 −W2W3|

|eM1τ − eM2τ |.

Therefore BVP (1), (2) is differential modified Ulam-Hyers stable with a constant C =
B

1− supτ∈[0, 1] Λ(τ)
.

4. Applications
Consider the nonlinear fractional differential equationswithmulti-term and nonlocalmulti-point boundary conditions:

CD2.5χ(τ)− CD0.5χ(τ) = τ sin(χ(τ)), τ ∈ (0, 1], (34)

χ(0) = 0.001χ(0.7), χ(0.2) = 0.5χ(0.5), χ(1) = 0. (35)

The problem (34), (35) is a partial case of BVP (1), (2) with ρ = 0.5 ∈ (0, 1), q2 = 1, q1 = 0, q0 = −1, n = 1,
0 < 0.1 = ϖ < 0.2 = ζ < 0.5 = ξ1 < 1, h(x.) = 0.01x(0.7) for any x(.) ∈C([0, 1], R), λ = 0, Ψ1 = 0.5.

Then q2
1 − 4q0q2 = 4 > 0, |F(τ, x)− F(τ, y)| = τ|sin(x), −sin(y)| ≤ |x− y|, x, y ∈ R, |h(w1(.))− h(w2(.))| =

0.001|w1(0.7)−w2(0.7)| ≤ ||w1 −w2||, w1, w2 ∈ C([0, 1], R), i.e., conditions (C1), (C2) and (C3) are satisfied with
H= 0.001, K= 1.

In this case the equalities (5) are reduced to

M1 =−1, M2 = 1,

W1 =
1
−2

[
2− e−0.2 − e0.2 −0.1

(
2− e−0.5 − e0.5

)]
≈−0.0073041,

W2 = (e−0.2 − e0.2)−0.1(e−0.5 − e0.5)≈−0.298453,

W3 =
1
−2

(2− e−1 − e)≈ 0.543081, W4 = e−1 − e1 ≈−2.3504,

P(1) =
∫ 1

0

(
e(1−ξ )− e−(1−ξ )

)
ξ 0.5dξ ≈ 0.568158,

P(0.5) =
∫ 0.5

0

(
e(0.5−ξ )− e−(0.5−ξ )

)
ξ 0.5dξ ≈ 0.0957879,
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P(0.2) =
∫ 0.2

0

(
e(0.2−ξ )− e−(0.2−ξ )

)
ξ 0.5dξ ≈ 0.00956481

L= 0.001|e0.2 −0.5e0.5|+ 1
2Γ(1.5)

(0.5|P(0.5)|+ |P(0.2)|)≈ 0.0321532,

L= 0.001e+
1

2Γ(1.5)
|P(1)| ≈ 0.323267,

Λ(τ) =
LW4 +LW2

|W1W4 −W2W3|

[
|2− e−τ − eτ |

2

]

+
LW1 +LW3

|W1W4 −W2W3|
|e−τ − eτ |+0.001eτ +

1
2Γ(1.5)

P(τ)

≤ 0.988786 < 1. (36)

According to Theorem 1 BVP (34), (35) has unique solution χ∗(.). According to Theorem 3 BVP (34), (35) is

integral modified Ulam-Hyers stable, i.e., for any γ > 0 the inequality ||v− χ∗|| ≤ γ
1

1−0.988786
= 89.1742γ holds,

where v is any solution of the inequality

|v(τ)− (Qv)τ| ≤ γ, v ∈C([0, 1], R), τ ∈ [0, 1]

with

(Qχ)(τ) =
D1(χ)W4 −D2(χ)W2

W1W4 −W2W3

[
2− e−τ − eτ

−2

]

+
D2(χ)W1 −D1(χ)W3

W1W4 −W2W3
(e−τ − eτ)+ χ(0.7)eτ +Z(τ, χ),

D1(χ) =−χ(0.7)(e0.2 −0.5e0.5)+0.5Z(0.5, χ)−Z(−0.2, χ),

D2(χ) =−Z(1, χ),

Z(τ, χ) =
1
2

∫ τ

0

(
eτ−ξ − eξ−τ

)(∫ ξ

0

(ξ −u)−0.5

Γ(0.5)
ς sin(χ(ς))dς

)
dξ .
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5. Conclusion
In this paper we study the application of US on a special type of BVP for a Caputo fractional differential equation

with several terms. The boundary conditions consist of multi-term and nonlocal multi-points. We suggest three different
approaches to avoid some misunderstandings in the literature. We define in appropriate approaches Ulam-Hyers stability
in all considered cases and we discuss them and we obtain sufficient conditions for the defined types of stability. Also,
to emphasize on US we consider only the case of W = q2

1 −4q0q2 > 0. The suggested three approaches easily could be
applied to the other cases ofW .

We note that other types of US, such Ulam-Hyers-Rassias stability, generalized Ulam-Hyers-Rassias stability, could
be defined in appropriate approaches and studied following the suggested three approaches in this paper.

We note that the suggested ideas could be succesfylly applied to study boundary value problems of differential
equations with other types of fractional derivatives with slight appropriate changes.

In addition the suggested approaches could be also applied to other types of BVP for different types of differential
equations.

Acknowledgments
This research was partially funded by Science Fund of Plovdiv Unversity “Paisii Hilendarski” under Project No.

PP25-FMI003 and Bulgarian National Science Fund under Project KP-06-N62/1.

Conflict of interest
The authors declare no competing financial interest.

References
[1] Ahmad B, Alghamdi N, Alsaedi A, Ntouyas SK. Existence results for nonlocal multi-point and multi-term fractional

order boundary value problems. Axioms. 2020; 9(2): 70. Available from: https://doi.org/10.3390/axioms9020070.
[2] Ahmad B, Alghamdi N, Alsaedi A, Agarwal RP, Ntouyas SK. A system of coupled multi-term fractional differential

equations with three-point coupled boundary conditions. Fractional Calculus and Applied Analysis. 2019; 22: 601-
618. Available from: https://doi.org/10.1515/fca-2019-0034.

[3] Ruzhansky M, Tokmagambetov N, Torebek BT. On a non-local problem for a multi-term fractional diffusion-wave
equation. Fractional Calculus and Applied Analysis. 2020; 23: 324-355. Available from: https://doi.org/10.1515/
fca-2020-0016.

[4] Alsaedi A, Alghamdi N, Agarwal RP, Ntouyas SK, Ahmad B. Multi-term fractional-order boundary-value problems
with nonlocal integral boundary conditions. Electronic Journal of Differential Equations. 2018; 87: 1-16.

[5] Ahmad B, Alghamdi N, Alsaedi A, Ntouyas SK. Multi-term fractional differential equations with nonlocal boundary
conditions. Open Mathematics. 2018; 16: 1519-1536. Available from: https://doi.org/10.1515/math-2018-0127.

[6] Zhong W, Lin W. Nonlocal and multiple-point boundary value problem for fractional differential equations.
Computers & Mathematics with Applications. 2010; 59(3): 1345-1351. Available from: https://doi.org/10.1016/j.
camwa.2009.06.032.

[7] Agarwal RP, Alsaedi A, Alghamdi N, Ntouyas SK, Ahmad B. Existence results for multi-term fractional differential
equations with nonlocal multi-point and multi-strip boundary conditions. Advances in Difference Equations. 2018;
2018: 342. Available from: https://doi.org/10.1186/s13662-018-1802-9.

[8] Herrmann R. Fractional Calculus: An Introduction for Physicists. Singapore: World Scientific; 2011.
[9] Magin RL. Fractional Calculus in Bioengineering. Danbury, CT, USA: Begell House Publishers; 2006.
[10] Mainardi F. Fractional Calculus and Waves in Linear Viscoelasticy. Singapore: World Scientific; 2010.

Volume 6 Issue 4|2025| 4519 Contemporary Mathematics

https://doi.org/10.3390/axioms9020070
https://doi.org/10.1515/fca-2019-0034
https://doi.org/10.1515/fca-2020-0016
https://doi.org/10.1515/fca-2020-0016
https://doi.org/10.1515/math-2018-0127
https://doi.org/10.1016/j.camwa.2009.06.032
https://doi.org/10.1016/j.camwa.2009.06.032
https://doi.org/10.1186/s13662-018-1802-9


[11] Hyers DH. On the stability of the linear functional equation. Proceedings of the National Academy of Sciences of
the USA. 1941; 27(4): 222-224.

[12] Ulam SM. A Collection of Mathematical Problems. New York, NY, USA: Interscience Publishers; 1960.
[13] FarmanM, Jamil S, Hincal E, Baleanu D, Sambas A, Nisar KS. Ulam-hyres stability analysis and fractional operator

implications on the COVID-19 virus dynamics with long-term vaccination effects. Journal of Applied Mathematics
and Computing. 2025; 71: 3233-3254. Available from: https://doi.org/10.1007/s12190-024-02357-0.

[14] Xu C, Farman M, Shehzad A, Nisar KS. Modeling and Ulam-Hyers stability analysis of oleic acid epoxidation by
using a fractional-order kinetic model. Mathematical Methods in the Applied Sciences. 2025; 48(3): 3726-3747.
Available from: https://doi.org/10.1002/mma.10510.

[15] AlthubyaniM, Saber S. Hyers-Ulam stability of fractal-fractional computer virus models with the Atangana-Baleanu
operator. Fractal Fract. 2025; 9(3): 158. Available from: https://doi.org/10.3390/fractalfract9030158.

[16] Xu C, Farman M. Qualitative and Ulam-Hyres stability analysis of fractional order cancer-immune model. Chaos,
Solitons & Fractals. 2023; 177: 114277. Available from: https://doi.org/10.1016/j.chaos.2023.114277.

[17] Agarwal RP, Hristova S, O’Regan D. Boundary value problems for fractional differential equations of caputo type
and Ulam type stability: basic concepts and study. Axioms. 2023; 12(3): 226. Available from: https://doi.org/10.
3390/axioms12030226.

[18] Agarwal R, Hristova S, O’Regan D. Ulam stability for boundary value problems of differential equations—main
misunderstandings and how to avoid them. Mathematics. 2024; 12(11): 1626. Available from: https://doi.org/10.
3390/math12111626.

[19] Podlubny I. Fractional Differential Equations. San-Diego: Academic Press; 1999.
[20] Kilbas AA, Srivastava HM, Trujillo JJ. Theory and Applications of Fractional Differential Equations. Amsterdam:

Elsevier; 2006.

Contemporary Mathematics 4520 | S. Hristova, et al.

https://doi.org/10.1007/s12190-024-02357-0
https://doi.org/10.1002/mma.10510
https://doi.org/10.3390/fractalfract9030158
https://doi.org/10.1016/j.chaos.2023.114277
https://doi.org/10.3390/axioms12030226
https://doi.org/10.3390/axioms12030226
https://doi.org/10.3390/math12111626
https://doi.org/10.3390/math12111626

	Introduction
	Statement of the problem and some preliminaries
	Ulam type stability
	Fractional differential inequality and Ulam stability
	Fractional integral inequality and Ulam stability
	Fractional differential inequality with boundary condition and Ulam stability

	Applications
	Conclusion

