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Abstract: Compressed Air Energy Storage (CAES) in abandoned coal mines offers a cost-effective and sustainable
solution for large-scale energy storage. This study presents a comprehensive analytical framework to evaluate the thermo-
mechanical behavior and long-term structural stability of three-layer underground chambers with circular and horseshoe-
shaped cross-sections. Based on the theory of complex elasticity and conformal mapping, analytical solutions for stress
and displacement are derived under steady-state thermal conditions. The framework incorporates both mechanical loads-
such as in-situ stress and internal gas pressure-and temperature-induced thermal stresses, which are often overlooked in
traditional models. Using the Cao Zhuang Coal Mine in Shandong Province as a case study, the analytical results are
validated against finite element simulations performed in COMSOL 6.2. The validation demonstrates strong agreement
in both temperature and stress distributions across different burial depths. Comparative results reveal that while
circular chambers maintain relatively uniform stress profiles, horseshoe-shaped chambers are prone to localized stress
concentrations, especially near the lower arch and corner regions. This makes them more vulnerable to structural failure
under thermal cycling conditions. The findings underscore the importance of incorporating thermal effects in underground
energy storage system design. The developed methodology offers a computationally efficient alternative to fully numerical
simulations, enabling rapid scenario assessment and structural optimization. This work provides theoretical and practical
insights into the safe reuse of abandoned mine tunnels for energy storage, contributing to the long-term feasibility of
compressed air energy storage systems and the advancement of clean energy infrastructure.
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1. Introduction

With the transition toward renewable energy and the modernization of power systems, Compressed Air Energy
Storage (CAES) has emerged as a key solution for large-scale energy storage, providing critical support for grid stability
[1]. The concept of repurposing abandoned coal mines as CAES reservoirs has gained increasing attention due to their
extensive underground space, which offers a cost-effective and environmentally friendly storage alternative [2]. Compared
to conventional energy storage methods, CAES exhibits advantages such as high energy density, long cycle life, and
minimal environmental impact [3]. Unlike lithium-ion batteries and flow batteries, CAES does not rely on rare metals
or toxic chemicals, significantly reducing the risk of environmental contamination during production, use, and disposal.
Furthermore, unlike pumped hydro storage, CAES systems require less surface land and can be deployed in existing
subsurface spaces, such as abandoned coal mines, thereby avoiding additional ecological disturbance. The reuse of
abandoned mine infrastructure further enhances sustainability by minimizing construction demands and preserving land
resources. However, the deployment of CAES in abandoned coal mines presents significant engineering challenges,
requiring a comprehensive investigation into the mechanical and thermal behaviors of underground storage chambers [4].

Globally, CAES projects such as those in Huntorf, Germany [5], and Mclntosh, USA [6], have demonstrated the
feasibility of this technology. However, these facilities were constructed in engineered caverns rather than abandoned
mines, where complex geological conditions introduce additional uncertainties [7]. The conversion of abandoned mines
into CAES chambers necessitates a deep understanding of geomechanically stability, cyclic load fatigue, and thermal-
mechanical coupling effects, all of which significantly influence long-term structural integrity. The cyclic inflation and
deflation processes in CAES subject underground chambers to repeated pressurization and decompression, creating a
multi-physics problem involving mechanical, thermal, and fatigue effects [8]. The structural stability of underground
chambers is influenced by interactions between geostress and internal gas pressure, potentially leading to fatigue-induced
degradation in sealing and lining layers over prolonged operation cycles [9]. The thermal-mechanical coupling effect
further complicates stability analysis, as compressed air introduces substantial temperature variations that generate
additional thermal stresses [10]. Heat transfer between the compressed air and surrounding rock alters stress distribution
patterns, affecting the long-term stability of the chamber.

Table 1. Foreign compressed air energy storage projects

Year Project name Country Geological conditions
1978 Huntorf project [14] Germany Salt cavern
1990 Kamioka project [15] Japan Abandoned coal mines
1991 Mclntosh project [14] America Salt cavern
2013  Pacific northwest national laboratory project [16] Colombia Basalt mine
2013 Adele project [17] Germany Salt cavern

Hebei langfang 1.5 MW
2013 Supercritical compressed air energy storage China Hard rock cavern
Demonstration project [18]

2015 Norton CAES project [19, 20] America Limestone mine
2016 ALACAES project [17] Switzerland Abandoned tunnel
2017 Matagorda energy center project [21] America Salt cavern

2020 Yungang CAES project [22] China Abandoned coal mines
2021 Jintan salt cave CAES project [23] China Salt cavern
2022 Berkeley energy center project [24] America Salt cavern

2022 Hydrostor project [25] Canada Hard rock cavern
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Additionally, the geometric complexity of underground chambers presents further analytical challenges. Abandoned
coal mine tunnels are typically horseshoe-shaped or circular [11], necessitating distinct analytical approaches to accurately
model stress responses. Conventional analytical models often oversimplify these geometries, leading to inaccuracies in
stress distribution predictions [12]. Another critical aspect is air containment and leakage prevention, as the sealing and
lining layers must maintain structural integrity under cyclic loading conditions [13]. Pre-existing fractures in surrounding
rock formations could contribute to progressive air loss, reducing system efficiency and increasing operational risks. But
with the unremitting efforts of scientific researchers, there are already many CAES projects that have been implemented,
and we have summarized some of the projects as shown in Table 1.

Most existing studies on underground CAES rely heavily on Finite Element Method (FEM) simulations, which
provide detailed insights into stress and deformation behavior [26]. In 2012, Kim et al. [15] proposed a model with a
vertical rupture surface and provided calculation methods for the safety factors of two types of gas storage caverns: large
tank and tunnel. Thongraksa et al. [27] analyzed the failure mode and showed that it was independent of the initial stress
conditions, and the failure location was affected by the combined effects of strength and initial stress. Raju et al. [28]
proposed an accurate thermodynamic model for compressed air energy storage chambers based on the Huntorf power
station, and corrected the heat transfer coefficient. Winn et al. [29] conducted a comprehensive analysis of multiple key
issues, including the safety and stability of the first commercial underground cave for hydrocarbon storage. Rutqvist et al.
[30] conducted a comprehensive study on the mechanical behavior of concrete lined CAES caverns using the TOUGH-
FLAC simulator. Perazzelli and Anagnostou [31] conducted an in-depth analysis of the technical feasibility of using newly
excavated shallow buried hard rock gas storage chambers as CAES storage facilities under high pressures. Kushnir et al.
[32] conducted an analysis and study on the thermodynamic response of compressed air in rock caves, and successfully
derived analytical expressions for the changes in air temperature and pressure during typical CAES operation cycles.

Based on this, Zhou et al. [33] proposed an analytical solution to describe the mechanical response caused by
changes in air pressure and temperature inside lined rock caves. Xia et al. [34] further introduced a simplified and
unified analysis solution that comprehensively considers the heat exchange between compressed air and surrounding
rocks, thereby accurately predicting the temperature and pressure changes inside CAES caves. Zhou et al. [35] simulated
the cyclic charging and discharging process of CAES and analyzed that the air temperature and pressure in each cycle
of the storage tank showed consistent changes. Wu et al. [36] developed a “hot fluid solid” model that integrates non
isothermal heat transfer, air infiltration, and geomechanically deformation of surrounding rocks to simulate air leakage and
development patterns in unlined caves in deep ground space. Chen and Wang [26] explored the impact of the Excavation
Damage Zone (EDZ) of surrounding rock on the stability of caverns.

However, FEM models are computationally expensive and impractical for large-scale real-time applications.
Traditional elasticity-based analytical models, while computationally efficient, often fail to account for thermal effects
and geometrical complexities [ 12]. The development of single-layer cavity analysis theory began with the classical elastic
mechanics framework. Kirsch [37] first established the elastic stress solution of a circular cavity in a uniform in-situ stress
field, revealing the basic law of the tangential stress concentration coefficient around the cavity. Lu et al. [38] proposed
an analytical model under generalized external loads, coupling the lateral pressure coefficient with the gravity field for the
first time and establishing a unified expression for asymmetric loads. However, the model did not take into account the
effect of internal pressure. Wang and Li [39] used the complex function method to establish a double-layer cavity model,
and described the interaction between the lining and the surrounding rock through displacement coordination conditions.
The interface slip coefficient introduced by them can quantitatively characterize the mechanical behavior of the contact
surface. EI et al. [40] first established an elastic analytical solution for a three-layer structure and found that the internal
pressure load needs to be iteratively solved through interlayer coupling equations, rather than simple boundary force
treatment. Exadaktylos [41, 42] achieved the display expression of multi-layer tunnel stress by introducing a closed field
solution, but it is only applicable to linear elastic materials. Sun et al. [12] used the theory of complex elasticity to establish
analytical solutions for different circular chambers with different layers. The results showed that the stability of CAES
chambers can be effectively and quickly evaluated through these analytical solutions and comprehensive parameters, and
enhanced by materials with low bulk modulus but high shear modulus.
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The development of analytical solutions for CAES chamber thermal-mechanical behavior is crucial for several
reasons. First, analytical solutions provide deep physical insights into the problem, helping researchers grasp the
fundamental mechanisms governing stress and deformation in underground storage systems [43]. Second, they offer
significant computational efficiency compared to numerical methods, allowing for rapid parameter analysis and optimiza-
tion. Additionally, analytical solutions serve as a valuable verification tool for numerical simulations, ensuring their
reliability and accuracy [12]. Finally, they provide a solid theoretical foundation for engineering applications, guiding
the design and construction of CAES chambers in practical settings. While study on circular chambers has been
extensively conducted, studies focusing on horseshoe-shaped chambers remain relatively scarce due to their inherent
mathematical complexity [44, 45]. To address these limitations, the integration of complex elasticity theory with conformal
transformation techniques provides an effective means of mapping irregular geometries into computationally manageable
domains, thereby improving analytical accuracy. The novelty of this study lies in the integration of thermal-mechanical
coupling within a complex elastic analytical framework, and the extension of this framework to include both circular
and horseshoe-shaped geometries. Furthermore, the model considers realistic boundary conditions and burial depths
representative of actual mining sites, making it more applicable to engineering practice.

This study aims to develop an advanced analytical framework for analyzing the thermal-mechanical behavior of
CAES chambers in abandoned coal mines. Using Cao Zhuang Coal Mine in Shandong Province as a case study, the study
focuses on deriving thermal-mechanical coupling analytical solutions for both circular and horseshoe-shaped tunnels. By
incorporating external loads, such as geostress and gas pressure, the study seeks to provide a comprehensive evaluation
of long-term chamber stability. A comparative analysis will be conducted to assess the stability of circular and horseshoe-
shaped chambers under varying thermal and mechanical conditions, identifying structural weaknesses and potential failure
zones. This investigation will not only help pinpoint vulnerable areas but also provide scientific justification for selecting
optimal tunnel geometries. To ensure the accuracy of the analytical solutions, finite element simulations using COMSOL
6.2 will be employed to validate theoretical models, reinforcing their applicability to real-world underground CAES
designs.

This study integrates the theory of complex elasticity and derives the stress and displacement functions of a three-layer
underground chamber, effectively combining thermal-mechanical effects. In Section 2, some basic equations of elasticity
were reviewed. In Sections 3 and 4, the stress solution of a three-layer circular chamber was obtained by superimposing
temperature stress and in-situ stress, and verified through FEM analysis. In Sections 5 and 6, the conformal transformation
technique was first used to map the horseshoe shaped tunnel to a simplified computational domain, and then the analytical
solution of the three-layer horseshoe shaped tunnel was calculated using the relevant knowledge of complex functions
and verified by FEM analysis. Some reliable conclusions are presented in Section 7.

2. Theory of complex elasticity

The analytical solution models presented in this study are derived based on the theory of elasticity, with a particular
focus on the structural behavior of three-layer circular and horseshoe-shaped chambers in abandoned mines. To ensure
the validity of the analytical derivations, the following fundamental assumptions are made [12, 46]:

(1) Continuity Assumption: The material is assumed to be continuous, the deformable solid is treated as a
homogeneous and densely packed continuum.

(2) Uniformity Assumption: Each layer of the studied structure is composed of a uniform material with consistent
physical properties throughout.

(3) Isotropy Assumption: The material exhibits identical physical properties in all directions.

(4) Perfect Elasticity Assumption: The deformation of the material follows a linear relationship with applied stress.

(5) Small Deformation Assumption: The displacement of the structure due to external forces or temperature variations
is significantly smaller than its original dimensions.

(6) Plane Strain Condition: The entire structure is considered to be in a state of plane strain, with external loads
applied uniformly along the model boundaries.
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According to the theory of elasticity, when an object is in a state of plane stress and subjected to a constant external
force, all related problems can be formulated as boundary-value problems of the biharmonic function U (x, y). The solution
of the biharmonic function U (x, y) requires appropriate boundary and initial conditions to be specified. Mathematically,
the biharmonic function can be expressed as [47]:

*U 0*U 2*U

5 250ay oy ()

For general and relatively simple problems in elasticity, Equation (1) can be solved with relative ease. However,
for stress analyses involving complex geometric configurations or multi-connected domains, obtaining a solution in the
real-number domain often becomes highly challenging. To address this issue, complex function theory can be employed
as an alternative to Cartesian coordinates in Equation (1). The corresponding expression in the complex domain is given
by:

U =Re[0(z) +20(2)] (2)

where 0(z) and @(z) are holomorphic functions within the domain of the complex variable function. Here, Z represents
the complex conjugate of z, Z = x — iy, where i is the imaginary unit. The notation Re(-) indicates that only the real part
of the calculation result is retained.

In polar coordinates, assuming z = re’®, Equation (2) can be equivalently expressed as [12]:

U(r, 6) =Re[z¢(z) + w(2)] 3)

where @(z) and y(z) are complex functions under polar coordinate conditions.
Neglecting the influence of material strength, the stress components can be obtained by computing the second-order
partial derivatives of the harmonic function U (x, y), given by:

Gy = 35 Txy = "3 (4)

where oy, 0y, and 7, denote the normal stresses in the x- and y-directions and the shear stress in the xy-plane, respectively.
By substituting Equation (2) into Equation (4), the expressions for oy, 0y, and 7y, can be obtained:

O+ 0y = 4Re [0/ (2)]

0y — 0y +2iTy = 2[2¢0" (2) + ¥/ (2)] (5)

2G(u+iv) = x@(z) —2¢'(z2) — V' (2).

Similarly, the corresponding expressions in polar coordinates are given by:
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Og+0,=2 [(p’(z) + W(Z)}

G — O, +2iT,9 = 2¢¥9 [20" (2) + V' (2)] (6)

2G(u+iv) = e [k(p(z) —2¢'(z) — W}

where G is the shear modulus, and u is Poisson’s ratio. Under plane strain conditions, the shear modulus is given by
G =E/2(1+ ), and the parameter k is expressed as k = (3 —4u). The validity of Equations (5) and (6) can be mutually
verified through coordinate transformation.

Since this study will later present analytical stress solutions for three-layer circular chambers and three-layer
horseshoe-shaped chambers, it is necessary to map the horseshoe-shaped chamber onto the unit circle using conformal
transformation during the solution process [48]. As a result, the stress representation in polar coordinates is more suitable
for analyzing three-layer circular chambers. The relationship between the stress components and displacement at any
given boundary point, corresponding to Equation (6), can be expressed using complex function expansion:

0p + Gp +4Re[P(C)]

2 __
0~ Op + 21t =~ (DI (E) + 0 ()¥(0)]

P2/ (§) ™

2G (up +iug) =

(3=4m)0(£) - (09 Q) -v(0)]

where ®(§) = ¢'(§) /o' (), ¥(§) = v'(§)/w'(§), 6 is the angle of any point on the { plane. 0g and o) represent
circumferential and radial stress, respectively, while 7,9 denotes the shear stress in the radial and circumferential directions.
Similarly, ug and u,, correspond to circumferential and radial displacements. The term @' () represents the first derivative
of (&), and w'(§) is the conjugate function of @’ ().

For the CAES chamber model, the innermost layer of the chamber must be pressurized to maintain a stable storage
environment, while the outermost layer is subjected to far-field geostress. Consequently, the boundary conditions in this
model are relatively complex. For the air inside the tunnel, the boundary conditions can be formulated using complex
function domain integration:

26+ i) = ko (1) — 29/(1) — (1) ()

O(1) + 29/ (1) + W) =i ]4 (X +i¥,) ds )

where Equation (8) represents the displacement boundary condition, and Equation (9) corresponds to the stress boundary
condition. The terms X, X and ¥, denote the surface forces along the x- and y-axes at the circular inner boundary. The
operator ds represents integration along the circular inner boundary. In Equation (9), direct integration often does not
yield an analytical solution; therefore, Cauchy’s integral theorem is employed for further processing.
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Considering that s represents the boundary of a simply connected domain, the counterclockwise outer boundary of
s is denoted as S*, while the inner boundary is denoted as S™. If the function f({) is resolvable and f(s) satisfies a

boundary value problem along ST, then:

;myfsffséds:f(o fest (10)

1 fls) _
%?{s_cds_o ces (1)

Similarly, if g({) is resolvable on the inner boundary S~ and g(s) satisfies a boundary value problem, then:

;mfsg(séds =—g(f)+g(e) LSt 1)
;mf{sgf)gds =g({) Ces . 03

3. Analytical solution of a three-layer circular chamber

Figure 1. Schematic representation of the three-layer circular chamber

In the CAES facilities within soft rock formations, a three-layer structural design is typically employed, consisting of
a sealing layer, a lining layer, and the surrounding rock [49], as illustrated in Figure 1. This figure presents the two cases
analyzed in this chapter, where Y represents the bulk density of the rock, H denotes the depth from the top of the rock layer,
Ky is the lateral pressure coefficient, and g, represents the internal load of the tunnel. The radius of the different layers
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is denoted as ry, rp, and r3, respectively. The external loads acting on the structure primarily include two components:
geostress, which serves as an external boundary extension load, and air pressure applied at the internal boundary.

Sun et al. [12] previously derived analytical solutions for multilayer circular tunnel structures under in-situ stress
and internal pressure using complex elastic mechanics. Their work verified the accuracy of such analytical approaches
through comparison with FEM simulations. However, their model was limited to mechanical stresses and circular
geometries. In contrast, the present study extends this analytical framework by integrating steady-state thermal effects and
expanding the scope to include horseshoe-shaped chambers. These enhancements improve the model’s relevance to real-
world compressed air energy storage applications, where both complex geometries and thermal loads play critical roles.
From Equation (3), it follows that in complex elastic mechanics, the key challenge is to derive expressions that satisfy
fundamental boundary conditions while ensuring that both ¢(z) and y(z) remain analytical functions. The analytical
function for the surrounding rock in a three-layer circular tunnel structure:

Surrounding rock:

Crp = g [(Kg—i— 1) (1 — ;b{i) +(Ko—1) (1 —2a1;%2 — ;bzgl;) 00526}

Crp = ? [(K0+ 1) (1 + ;blfz) —(Ko—1) (1 - ;b2§‘> cosZO]

Trpo = —g [(Ko —1) (1 —&—al;%z + zbzlﬁ) sin29} (14)
rp = % {(Ko—l— 1)b1% +(Ko—1) {al (ky + 1)2+b253] cos29}

Voo = ’ggl (Ko—1) [—al (ky — 1)2+b253] 5in26

where a1, b, and b, are undetermined coefficients. Similarly, the analytical functions corresponding to the sealing layer
are expressed as:

H 1 2 1 2 3 4
op = % [(Ko—f— 1) (“/2 - 2”2;22) +(Ko—1) (25/1 —26’/3% - 2”3;) 00529]

H 1, 1 3,1
Olp = 5~ [(K(H— 1) (a’2+ 2b’2p22) +(Ko—1) (qu —6a’]p—22 -5 gpﬁ) 00329]

=

fipo = YT {(KO -1 <3“/1,z —5b —ay 2~ bg;ﬂ) sinZG}

: P> 2
(15)
(Ko+1) [ag (ks — 1)f+b;”}
YHFs ) p
Uy =
"G PP non
Ko—1)|d (k=32 40 P v at ly+1) 2 + 5.2 | cos26
+ (Ko )[al(; )r%+ 1r2+a3(1+ )p+ 3p3]cos
M ) [ 32— 2 - 1) 2 5,2 ] sin2e
Vig = 8G, (Ko—1) |a} (ki + >7§_ 16_“3“_ );+ 33 Sin
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where d}, db, d, b}, b}, and b are undetermined coefficients. For the lining layer, the analytical function is given by:

YH 1 ,r%

/ 1 ! /r% 3 /r§
ggp:7 (Ko+1) 02—5 2p2 +(Kp—1) 5d1—2c3p—‘2—5 SE c0s20

Og0 =

2

H 1 ,r 1 B3,
Ko+ 1) ch+=d,—= Ko—1) | =d —6¢,—= —=d, = 20
{( o+ )<62+2 2p2>+( 0 )(2 1 clpz 29454 cos

2

=

'H 2 1 2 3 4
Tepo = % [(KO ~1) (3c’l % —5d; — B 2d§;34) sinZG}

Ugr

vgg

3 p?
(16)
(Ko+1) {c’z (kg — 1)f+d’2r3}
 yHr 3 p
N SGg 3 3
p° p 3 3
+(Kyg—1) | (ky—3) % +d =+ (k,+ 1 —&-d’}cosZG
=1 [eh = B e i 2oy ) 2
_ YHr3 p’ 3

Ko—1|c (ke +3) 2 —ar P — et (k,—1 "3+d’r3} in20
(Ko ){ﬁ(g )r3 s c3 (kg )p 3p3 sin

~ 8G, 3

where ¢}, ¢5, ¢}, d}, dj and d} are undetermined coefficients.

The solutions are obtained by applying the boundary conditions of the three-layer circular chamber. According to

Saint-Venant’s principle [50], the self-weight of the rock mass can be approximated as a surface vertical load acting on
the boundary, while the horizontal load is determined based on the lateral pressure coefficient under varying geological
conditions. The governing boundary conditions for the chamber are given as follows:

C

As r— oo,
Atr=ry,
Atr=rn,

iporary Math

H
Grp = % [(Ko+ 1)+ (Ko — 1)cos26]

0',9:g[(K(ﬁ—l)—(Ko—l)cosZG] (17)

H
T,p0 = % [(Ko — 1)sin26].

Olp = Yqa
(18)

Tipo = 0.
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Trpo = 0
Tipo = 0
(19)
Orp = Olp
Upy = Uy
Atr=rn,
Tipe = 0
Tgpo =0
(20)
Oip = Ogp
Upp = Ugr.
Atr=rs,
Tipe = 0
Tgpo =0
@1
Olp = Ogp
Uy = Ugr.

By substituting the boundary conditions of Equations (17) to (21) into Equations (14), (15), and (16), the unknown
coefficients ay, by, by, a}, a5, ds, b', b, b, ¢}, ¢), ¢4, d}, dj and dj can be determined. Due to the complexity of these
expressions, further elaboration is omitted.

However, Equations (14), (15), and (16), account only for the external geostress and internal air pressure, while
neglecting thermal effects. In CAES systems, temperature fluctuations during air injection and release introduce additional
stress and displacement variations. Previous studies have shown that temperature changes in CAES facilities can also have
an impact on the stability of tunnels [51]. In some cases, the charging-discharging cycle spans several months, allowing
the temperature to stabilize. Therefore, this section derives the steady-state heat conduction analytical solution for a three-
layer circular chamber based on thermo-elasticity. By applying the principle of superposition, the combined effects of
thermal stress and mechanical stress yield the true stress state of the chamber.

Thermal stress due to temperature changes is an axisymmetric problem where deformation occurs primarily in the
radial direction. The temperature distribution within the chamber depends solely on the radial position, thatis 7 = T (p),

up =up(p),ve =0, Yoo = 0. We can obtain:
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_ Oup  1—p? u

sp_ﬁ_ Z (Gpl_”09)+(1+u)aAT

£ _tp _1op 6o— o + (14 u)aAT (22)
e—p— E 0 11— % u

Ypezo

where « is the coefficient of thermal expansion, and AT represents the temperature variation. The heat conduction equation
is given by:

VAT 40 = pc%f 23)

where k is the thermal conductivity. In the absence of internal heat sources (Q = 0), and assuming a stabilized temperature

o aT . D
distribution (8t = O) , the heat conduction equation simplifies to:

V2T =0 24
which, in polar coordinates, becomes:
> 1d
—+-—|T=0. 25
(dﬂ + r dr> (25)
The general solution of Equation (25) is:
T(p)=Alnp+B (26)

where A and B are undetermined coefficients determined by boundary conditions. Considering that the inner boundary
follows a convective heat transfer condition while the outer boundary is fixed, the heat transfer at the interface between
the fluid and the structure follows Newton’s cooling law:

q=h(T, —Ty) 27)

where T, is the temperature outside the boundary, 7 is the temperature of the fluid in direct contact with the boundary. ¢
is the heat flux density; / is the convective heat transfer coefficient between the boundary surface and the fluid.

For the stable state of the three-layer chamber, the thermal conductivity of each layer material is k1, k» and k3. The
temperature values from inside to outside are Ti, 75, and T3, where the inner ambient temperature is known as 7j,, the
convective heat transfer coefficient £, and the outer temperature 73. The equation of the first layer can be expressed as:
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k1

—A1 =Tn—A11nr1—31
r hn (28)
Ailnry+B; =T1>.
Second layer:
Arylnrp+By =1
(29)
AyInr;+ By = T;.
Third layer:
Aslnrs+B3 =13
(30)
Aslnry+ B3 =1j.
Using the principle of continuous heat flow:
k1A = kpAy = ksAs. 3D
Rearranging the terms leads to:
T,-T
nh B
(32)
L—-T5
LT B
which can be simplified as:
7 LBt D +BBT
y =
1+ B (B +1)
(33)
Ty = Li+BBi+1)T
L+B (Bi+1)
Inrf + ki
r r3 r4 ko 1 rih, k3 In r
vherery = = = b Ty R e

The temperature distribution coefficients can then be determined as followed:

Volume 6 Issue 4|2025| 4967 Contemporary Mathematics



T — 1Ty
ky
rlhn

A=
Inr} +

k

< ! —lnr1> T+ T,Inr
rlhn

B, =

k1
rihy

Inr] +

T3 —T
Ay = 3— 12

In7; (34)

T)Inrs —TsInr,
y =
Inr;

T

A
T g

Be— Ts3lnry —Tylnrs
T nry

By substituting 7 (p) = Alnp + B, the temperature distribution across each layer can be expressed as:
Ty =Alnp+B; (rn<p<n)

Lh=Alnp+B, (n<p<n) (35)

T3 =A3lnp+B3 (r3<p<r).
The equilibrium differential equation in polar coordinates is given by:

dop 19dt9  0p—0o

ap pae " p

0

(36)

2
1909 9%  2%0 _
pJd6  dp p

Geometric equation:
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du
_ Mi 1 81/9
&g = > "o a0 37
N 1 8Mp &ve Vo
W =500 "o
Deformation coordination equation:
apr pap) T \p2aer pap) P \p2062 " paIpdd Too:

The temperature change function of an object is defined as ® = o T, the physical equation for an axisymmetric plane
strain condition under temperature variations can be formulated as:

_ E(l-p) 0 E
% = T u)(1—2u) [8” 1_“89} e
_ E(-p) 1 E
el e D >
E

L

The strain is:

1—p? u
& =% |:(7p—1_“0'9:|+(1+[,L)OCT
S el i P, R (40)
0 E 0 1—u P
2(1+p
Yoo = (E )Tpe-

Substituting Equation (39) into equilibrium Equation (36) yields the equilibrium equation expressed in strain:

g u aee+11—2ul8yp9+172usp—89 l+p JOT

dp ' 1—pudp 21-pupadd  1—-pu p l—u(X&p_O

(41)
108 p 108 11-2u0%e 1-2u%e liu 10T _,
pdo 1—upadd 21—u dp l—-u p 1—pu poo
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Assuming the existence of a displacement potential function @, the specific solution to the displacement equilibrium

equation can be expressed as:

a¥(p, 6)
up -
ap
(42)
L 12%¥p. 6)
(R TR
By substituting Equations (37) and (41) into Equation (40), we obtain:
d aT
— (V>¥) — (1 2= =
ap V) - ags =0
(43)
10 19T
—— (V¥) - (1 20— —— =0.
pae( ) (—H'L)apﬁe
where V2 = a—z + 1 i + 1 372 When Equation (42) holds, it can be further expressed as:
- dp? pdp p?de* 1 ’ P '
I+u
VW =_""qT.
¥ 4 aT (44)
The general expression for stress in this system is given by:
oo E (12 L)
P (l—w(1+u)2 \pdp  p? 962
E I*¥
Op=— (45)
(1—p)(1+p)? dp?
. E d (1 8‘1‘)
0o="7T"""—"7T"—"—=—\| ——== |-
PP (1—u)(1+p)?9p \p 96
For axisymmetric problems, the following relationships hold:
T=T(p), ¥=4¥p) (46)
The corresponding displacement characteristic solution is given as:
_d¥(p)
P (47)
Vg = 0.
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By integrating Equation (50) twice, it can be rewritten as:

I+pu 1 1+u
¥ = — — T(p)dp |d e 1 48
01 =1k [ 2 ([prio1ap) ap+ 1 acimp+c: (48)

where C| and C; are constant coefficients. By substituting formula (47) into formula (44):

Ea 1
o) =~ —u2p? [/ pT(p)dp +Ci]
Ea 1
O = 1= o 2 UPT(P)AP+Ci—p?T(p)] (49)
T;Iw =0.

Equation (48) represents only a particular solution to the equilibrium Equation (36); thus, an additional supplementary
solution must be introduced to account for thermal stress effects. Considering the axisymmetric nature of the problem and
the uniform boundary force distribution, a stress function satisfying the compatibility equation is chosen:

C
®(p)=2p’ (50)
where C3 is a constant coefficient, and the corresponding stress component can be expressed as:
19®(p) 1 9°®(p)
ian_ 2 _
%=p ap Tpraer O
9*®(p)
o5 =g =G (51)
d [ 1dd(p)
n__ 9 (19%P)) _
0= " 9p (p ap 0

By superimposing the solutions from Equations (48) and (50), the total stress in the axisymmetric model is obtained
as:

Ea 1
GrT:o,’+cr”:_liuzp[pr(p)dp+C1]+C3

Ea 1
05 = 0405 = 7=z 53 [[PT(P)dp +Ci =p*T(p)] +Cs (52)
Tho = Thg +Thg = 0.

For the integral solution [ pT (p)dp, the following conditions hold:
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p p P p
/pT(p)dpz/ p(Alnp+B)dp=A/ plnpdp+B/ pdp
pi pi Pi pi

2 2\ P 2\ P
:A<p lnp—p) —|—B<p) .
2 4 Pi 2 Pi

(53)

At this stage, the thermal stress and displacement expressions for different layers of the chamber can be formulated

as follows:
Sealing layer (first layer):

Ejon 1 (PZIHP Pz)p <p2)p
T
ol =— — A (== -"-) +Bi|5> ) +Cu|+Ci
P 1—u} p? [ 2 4/ 2/ p
Ejoq 1 p’lnp  p*\° p2\"
r 2
o, = L ( P B (B} vcn—p2ainp 4 BY)| +Cis (54)
e pZ[ 2 A, ),
1+ 21[1 2\ P 2\ P 1_|_
- 1[1<p2p_€1) wa(F) |+
P pP1
Lining layer (second layer):
Exay 1 2Inp  p*\° 2\’
GzTr:— 2 22—2 Ar (P > pi) + B <P2) +Co | +Co3
1—u2P P2 P2
Eap 1 p’inp  p*\° p>\”
T 2
oty = — |A ( - +By | — +C—p (Aglnp—i—Bz) +Co3 (55)
17.“% P2 [ 2 4 P2 2 P2
1+ 211,1 2\ P 2\ P 1_|_
P2 P2

Surrounding rock layer (third layer):

Ezop 1 p’lnp p*\? p*\’
I — _ — |A —— B3| — C
O3p 1—#§P2[3< 2 1 p3+ 3 2 p3+ 31

Ezoz 1 2In 2\* 2\P
3

+Cs3

+C33 (56)

2 2\ P 2\ P
ul = 1+'u3063 Az p lnp—& + B3 P
P 1— 3 X
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The coefficients Cy1, C3, Ca1, C23, C31 and C33 are determined by solving the boundary conditions:

r—r: of,=0

r—r: of,=00; uf,=ul,
(57)
. ol _ T . T _ T
r=r3i Oy = 0355 Uy, = Uz,
r—ry: 05, =0.
The expanded form of Equation (57) is:
Eio 1
————5Cn+Ci3=0
1 —uf pi
Eioq 1 p2lnp p*\* p2\ " Eron 1
— 5 |Al a4 + B 5 +Ci|+C3=—7—""—"7575Cu+Ca3
1 —ui p; p1 p1 -y p;
ﬂ051 A (p ali p) + B (p) + TH o Cry = +N20€2C21
l—ul 2 4 o 2 o ]—[J] ]—‘112
) ) (58)
Exap 1 2In \" 2\F Ezoz 1
~ 2 227 A <p > P_Z) +B <p2> +Ca +C23=—3732*2C31+C33
I=15 p3 P P =15 p3
1 21 2\ P3 2\ P3 1
74_“2052 A PP _ P +B; P +7+“2062C21= +lyl3053c31
) 2 4/, 2 1= 1 —ps
2 P2
Eoa 1 21 2\ P4 2\ P4
b M A p~np _p- + B3 P +C31| +C33 =0.
1—u2p? 2 4 2
H3 Py P3 P3

o E:a 1 . 21 2\ Pit1 2\ Pit1

Definition, A; = ——, n; = +Hi o, & = A; (p np_ p) +B; (p) ,i=1, 2, 3. The augmented
. 1—u; 1 —H 2 4 /b 2/,

matrix composed of the boundary conditions is expressed as:
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- 1 -
M —Cn +Cis =0
"
1 1 1
-M—5Cn +Ci3 +A—5Cy —Cp =M 8
) ) r
Mmci MG -mé&
(59)
1 1 1
501 +Cs +A5C1 G =56
3 3 3
MG —m3C31 =-m&
1 1
A5G +Ci3 =358
L Iy ry J
Using Cramer’s Rule to solve the system of Equations (59), the unknown coefficients can be determined as:
D] D2 D3 D4 DS D6
n=,.Cn=7 0= 0=71 0= 0= (60)

The solutions to Equation (60) provide the numerical values for the unknown coefficients Cy 1, Ci3, C21, C23, C31 and
C33. To illustrate the derivation process, Figure 2 presents a flowchart summarizing the computational steps.

Steady state heat transfer N
temperature and stress calculation Basic parameters:
v E\, E,, E5; ty, My, M3, 0y, Oy, O

Basic parameters: i
K, K Koy Ty Ty by 1, 10, T3, Ty

3> Lo

The third set of parameters:

¢ Ay Ay A3 My 125 M35 €15 C, G
The first set of parameters: l
BB
i The fourth set of parameters:
Il 10,000, 10 B 0,
Calculated temperature L
function:
The fifth set of parameters:
v Cuv Cr Cay Cay Cay C
The second set of parameters: L
Ab Bl> AZ> BZ> A3> B3
Obtain thermal stress and
l thermal displacement

Calculate temperature
distribution function

Figure 2. Flowchart of the formula derivation process

Through the derivation above, the stress and displacement expressions for each layer of the chamber have been
obtained. The final expression for the total stress, accounting for external geostress, internal air pressure, and thermal
effects, is given by:
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op =0jp + 0! + o}
Og = Ojg +Gé +Gél
Tpo = Tipo (61)

Up = Ujp —|—u;, —i—ull)l

Vo = Vig.

4. Verification of the three-layer circular chamber

In the previous section, the thermo-mechanical coupling analytical solution for a three-layer circular tunnel under
steady-state conditions was derived. To validate the accuracy of the derived results, this section compares them with FEM
simulations conducted using COMSOL 6.2, which 6.2 was selected as the FEM platform for simulating our model due
to its powerful capabilities in handling coupled physics problems, particularly those involving structural mechanics and
heat transfer. The comparison is presented through line graphs and contour plots. The material parameters used in the
calculations are provided in Table 2.

Table 2. Material parameters used in the calculation

Sealing layer  Lining layer ~ Surrounding rock layer

E (GPa) 210 30 13.5
v 0.20 0.27 0.25
p (kg/m?) 7,800 2,500 1,800
a (1/K) 1.7x107 1.2x107° 1.2x1073
K (W/m - K) 45 14 3.5
¢p Ulkg - K) 500 837 1,000
(a) 220- Ana 25 °C
B Sim 25°C
200 1 % Ana_50°C
@ Sim 50 °C
180 Mw?]mw Ana:75 oC
1607} 4| A sim 75°C
g 140 M _A~na:100 <
o v Sim 100 °C
§ 1201 ——Ana 150 °C
g8 ¢ Sim 150 °C
5 1007 W —— Ana_200 °C
= %04 < Sim 200 °C

M‘g_“““

60 e

WTDOO-0

40 - T TeTe0—ee—e—eo—o

20

— T T T T T

T T T
0 200 400 600 800 1,000 1,200 1,400 1,600
Distance (mm)
Horizontal temperature distribution
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b)Y 220 - — Ana 25°C ®Sjm 25°C
® —— Ana 50°C @ Sim 50 °C
200 —— Ana 75°C ASim 75°C
180 4 — Ana 100°C Vv Sim 100 °C
—— Ana 150°C ¢ Sim 150 °C
160 + —— Ana 200 °C < Sim 200 °C
8 140
2 1204
£
‘E’, 100
5 s0-
ja
60
40 ..M_'
204 W —O— 00— — 00— 0—0~0—O-0—0-0
0 T T T T T T T T
200 0 200 400 600 800 1,000 1,200 1,400
Distance (mm)
Vertical temperature distribution
(©) 61 Ana 25 °C
B Sim 25°C
5 Ana 50 °C
@ Sim 50°C
i Ana_75 °C
e ] A Sim 75°C
£ Ana_100 °C
31 v Sim 100 °C
g —vv—" Ana_150 °C
§ 24 wwwwv Vv VvV V VvV VY M @ Sim 150 °C
g st A A.na7200°C
A 1- < Sim 200 °C
Ameoee—0—0—0—0-0—0-0—0-0—0—0—0—©
mrrono-o—o—o—0-0—0-0—0-0—0—0-0—0
0_
'1 T T T T T T T T
0 200 400 600 800 1,000 1,200 1,400
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Horizontal displacement distribution
—— Ana 25°C ® Sim 25°C
@ 25 —— Ana 50°C @ Sim 50°C
—— Ana 75°C A Sim 75°C
2.0 ——— Ana 100°C v Sim_100 °C
——— Ana 150°C ¢ Sim_150 °C
—— Ana 200°C < Sim 200 °C
e 154
g
|
g 1.0+
Q
g
= 0.5
a 5
0.0
'0.5 % T T T T T T T T
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Figure 3. Comparison of line graphs with finite element calculation results
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Figure 3 presents a comparison between the analytical and numerical solutions for the tunnel’s horizontal and vertical
directions under different temperature conditions. The selected temperatures for analysis include 25 °C, 50 °C, 75 °C,
100 °C, 150 °C, and 200 °C. We calculated the relative error of the line graph, as shown in Table 3, and the results clearly
indicate that the thermal coupling analysis solution obtained in this study is very consistent with the FEM results, thus
verifying the accuracy of the analysis method.

Table 3. Relative error analysis of analytical solutions and fem results for circular chambers

Horizontal temperature ~ Vertical temperature ~ Horizontal temperature ~ Vertical temperature
Temperature

error (%) error (%) error (%) error (%)
25°C 0.273 0.564 1.567 1.749
50°C 0.842 1.863 2.103 2.542
75°C 1.041 2.703 2.201 4352
100 °C 1.139 2.615 2.710 4.252
150 °C 1.241 2.883 3.168 3.938
200 °C 1.292 3.021 2.495 4.559
Temperature (°C)  (b) Temperature (°C)
75.00
. 70
‘ . 65
60 £)
g
55 =
5
3
50 T
4 45
40
-2,000  -1,000 0 1,000 2,000
Width (mm)
Finite Element Method (FEM) results Analytical solution results

Figure 4. Comparison of temperature distributions in the chamber at 75 °C

While Figure 3 provides a comparative analysis of the two extreme directions (horizontal and vertical), it does not
capture the overall distribution or localized stress variations under general conditions. To further assess the applicability
of the analytical solution, this study examines the first principal stress (07) contour maps of the tunnel at different burial
depths (100 m, 140 m, 180 m, 200 m, and 400 m) under a temperature of 75 °C, a lateral pressure coefficient of 1.5, and
a tunnel pressure of 8 MPa. The results are presented in Figure 4, where (a) and (b) illustrate the temperature distribution
obtained from FEM and the analytical solution, respectively. The comparison confirms that the temperature distributions
in both approaches are highly consistent. A more detailed analysis of the temperature fields reveals distinct thermal
behaviors across the three layers of the chamber. The sealing layer (innermost) experiences the sharpest temperature
gradient, as it is in direct contact with the compressed air and therefore absorbs heat rapidly. This indicates its lower
thermal inertia and critical role in resisting rapid thermal expansion. The lining layer serves as a transitional zone, where
temperature changes are more gradual, helping to buffer thermal stress between the hot interior and the relatively stable
surrounding rock. The outermost rock layer exhibits minimal temperature variation due to its large thermal mass and
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insulating characteristics, confirming its role as a natural thermal barrier. These differences highlight the importance of
layer-specific thermal management in underground energy storage system designs.

Furthermore, Figure 5 compare the first principal stress contour maps at different burial depths. The comparison
reveals that there is only a slight discrepancy between the two results in the sealing layer. The FEM results provide
better resolution in characterizing localized stress variations, while the analytical solution indicates that the entire sealing
layer experiences high stress levels. Nevertheless, the numerical values derived from both methods exhibit strong
agreement, indicating that the analytical solution remains applicable under general conditions and is sufficiently accurate
for addressing localized stress distributions.
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Figure 5. Comparison of first principal stress contour maps at different burial depths
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The comparative analysis demonstrates that the analytical solution derived in this study is not only effective in
predicting stress distributions within the three-layer circular chamber but also provides results that are highly consistent
with those obtained through finite element simulations. This further establishes the reliability and accuracy of the proposed
analytical approach for thermo-mechanical coupling analysis.

5. Analytical solution for a three-layer horseshoe-shaped chamber

For horseshoe-shaped chambers, describing their geometry using elementary functions in Cartesian coordinates is
inherently complex. Therefore, when addressing such problems, conformal transformations are typically employed. These
transformations allow for the calculation of the corresponding mapping functions in a transformed domain, facilitating
the derivation of analytical solutions based on complex elastic mechanics [52]. In the field of complex function theory,
solving for stress and displacement in tunnel structures generally involves three key steps:

(1) Conformal Transformation and Mapping Function Computation

The shape of the tunnel is mapped from the Z plane to the { plane, where the tunnel’s irregular shape is transformed
into a regular domain. The mapping function for this transformation is expressed as:

c=0(() =R <c+ y ch-N> (62)
N=0

where R is a constant in the real number field, generally representing the radius size of the tunnel, and Cy is a constant
in the complex number field. The number of N affects the accuracy of the tunnel shape mapping. Generally, the more N
there are, the higher the accuracy.

(2) Establishing the Complex Stress Function

Based on the stress and displacement boundary conditions of the tunnel’s environment, an appropriate complex stress
function is determined. In this study, the power series method is employed to derive two complex stress functions.

(3) Solving for Stress and Displacement

The obtained stress functions are then used to derive analytical expressions for stress and displacement at any given
point in the three-layer horseshoe-shaped chamber.

In underground coal mines, tunnel cross-sections are often highly irregular. Conformal transformation provides an
effective method for mapping these complex geometries into a computationally manageable form. The transformation is
used to map the Z plane (physical domain) onto the { plane (a unit circle in the complex plane), as illustrated in Figure 6.

Z Plane { Plane ¢

Figure 6. Theoretical representation of conformal transformation
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The horseshoe-shaped tunnel considered in this study follows a conventional two-lane arched roadway design, with
dimensions provided in Figure 6. To optimize the accuracy of the conformal transformation, multiple values of N were
tested, and the mapping function terms were analyzed accordingly. The corresponding coefficients for different values of
N are presented in Table 4, while the mapped tunnel shapes are also shown in Figure 7. Based on comparative analysis, it
was found that when N = 8, the mapped tunnel shape closely matches the actual tunnel geometry, with a negligible error
of only 0.049%.

1,250

1,000

750

500+

250+

Height (mm)
T

-500+ \N

=750

-1,000 T T T T - - T .
-1,500 -1,000 500 0 500 1,000 1,500
Width (mm)

Figure 7. Actual tunnel cross-section and comparison of tunnel shapes generated by different mapping functions

Table 4. Coefficients for conformal transformation with different values of N

Parameter N=4 N=6 N=28 N=10

Co 0.0155 0.01 0.02 0.018
Cl —0.12 —0.1 —0.13 —0.11
C2 0.0718 0.07 0.075 0.073
C3 —0.0298  —0.03 —0.028 —0.027
C4 0.002 0.0025 0.0023
(6] 0.008 0.009 0.0085
Cé6 0.0017 0.0031
C7 —0.0093  —0.0034
C8 0.0006
C9 0.0004

As introduced in Section 3.1, the construction of CAES projects in horseshoe shaped chambers still requires a three-
layer structure, as shown in Figure 8. From the inside out are the sealing layer L;, lining layer L,, and surrounding rock
layer L3. The innermost side of the tunnel receives a uniformly distributed load of gas pressure ¢, while the outermost
side is affected by geostress. The load on the topmost side is YH, and on the lateral side is Ko’yH, where Kj is the lateral
pressure coefficient. It should be pointed out that the boundaries of each layer need to satisfy the boundary continuity
condition, and for this irregular horseshoe shaped tunnel calculation, the most convenient method currently is to use
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conformal transformation to calculate on the Zeta plane. The sealing layer L; after conformal transformation corresponds
to the mapping area S, the lining layer L, corresponds to the mapping area S, and the mapping area corresponding to
the surrounding rock layer L3 is assumed to be S3. For the load characteristics in the S3 region, the load stress function
can be expressed as:

91(8) =To(8)+@(C)
(63)

vi(§) =T"o()+wo(E)

where

0(8) =Y omi™*
(64)

vo(¢) = Yoml*

lllllllillllll{_

=
(—

]¢— KoyH

<=

-
fIttrrreeeeeeet

Figure 8. Schematic representation of a three-layer horseshoe-shaped chamber

a3 88381111

Using the Saint-Venant principle, Lu et al. [53, 54] proposed a method for solving the far-field stress boundary
condition, which can be written as:

(65)

I'=—(1-K)YH

For the stress function in the S, region, a polynomial representation is required:
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»(8) =X oal + X bkl *
(66)

v () =X oarlF + Xp did*

where a, b, c, and d are all constants, which can be determined by the boundary function of the region where S5 is located.
Similarly, the stress function of the S; region can be obtained:

03(8) = L oAkl + X B g *
(67)

w3 (8) =X oGl + X Dis*

where A, B, C, and D are all constants, which can be determined by the boundary function of the region where S| is located.

Considering the CAES, when storing air, the temperature in the area where S is located will rise, and under the
action of heat conduction, the temperature at positions S> and S3 will also rise. The complex elastic displacements of Sy,
S,, and S5 under the influence of temperature [25] can be expressed as:

2G (up +iug) = o(f)e (63)

1 . . . . .
where € = gAV, OV is the change of unit volume in the mapping area under the action of thermal stress.

For Sy, if the internal boundary of the chamber is subjected to the gas load g, there are:

(1) +y3(t) =q (69)

met:

() 5 ( 00) )+ <r2>> Lan(Q)e;

2G, o (1)
(70)

At the same time, the contact between the outer boundary of 1 and S, also needs to satisfy the condition of consistent
force transmission:

03 (13) +y3(12) (71)
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Similarly, the conditions for consistent displacement deformation and force transmission in the S, and S3 regions can
be obtained, as shown in Equations (72) and (73), respectively:

_ 2%2% () — 2%2 (::/((z)) @ (2) + y2 (z2)> Yo (e )
o1 (1) +2) @1 (1) +yi (1) = @2 (12) + 0 ) @ (2) + 2 (12) (73)
o’ (t]) o’ (tz)

where t1, £, and 3 in Equations (69) to (73) are points on the boundaries of mapping regions S;, S, and S3, respectively.
If the stress functions are separately applied to the boundary conditions, the expansion form of Equation (69) is:

Y Ap* (k= v+ 1) Liyi16” = Y Bip (kv — 1)Ly 10"+ Y Ap® T kL0
k=0 =1 =1

Bip kL iy 16" = Y. Cep M (k+v—1)L_j_ys16"+ Y Dip "V (k—v+ 1)Ly 10" =
k=0 k=1

agki

k=1

29y Lip* ' (k—v+1)Li_yi16" =2 Y Lyp Y (k+v—1)L__y410"—
k=0 k=1

q) Lip~'(k+v—1)L_4_,; 10" +¢q Z Lp V' (k—v+1)Lt 10", v=0,1,2,3 -,

=0 =1
(74)

Y Ap* T (k+ v+ 1) Ligi167 = Y Bip F T (k—v— D)Lt 07 + Y Ap T kL0 -

k=0 k=1 =1

Bip * L 4y 07V — Y Cip'(k—v—1)L 416"+ Y Dip*(k+v+1)Lisp10 " =
1 k=0 k=1

[ agki

k

2q Z Lkp2k+v(k+ v+ 1)Lk+v+1(5—v — 2q Z L,kp_2k+v(k7 V= I)L,/H,H,l('i_vf
k=0 k=1

qY Lip'(k=v—1)L 416" +q Y Lp"(k+v+1)Lipy10", v=0,1,2,3, -
k=0 k=1
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The expansion form of Equation (70) is:

K w— K w— 1 &
sz Z akPZkiv(k_ v+ 1)L 10" — sz Z bkpizkiv(k‘kv —1)L 410"~ G Z CTkPZkHiszkw—lo'v‘l‘
2 k=0 2 k=1 2 k=1

] & — 1 & 1 & -
= Z bip T kL 10V — Z ap (k+v—1)L 4 106" — — Z dip " (k—=v+1)L 10" —
G2 (o G2 (5 G2 (3
E (o)

_ K3 w Ry 1 & — _
G ) Awp* V(k—v+1)Lk—v+1Gv+E Y Bip~ v(k+v—1)L—k—v+1Gv+E Y Ap* T kL1067 —
3 k=0 3 k=1 3 k=1

=

l & — _ _ 1 & — _ 1 —
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The expansion form of Equation (71) is:
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The expansion form of Equation (72) is:
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The expansion form of Equation (73) is:
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By combining Equations (74) to (78), a series of linear equation systems can be obtained. Solving these equation
systems yields unknown constant terms in Equations (63), (66) and (67). Finally, these analytical stress functions can be
substituted into Equation (68) to obtain the corresponding analytical solutions.

6. Verification a three-layer horseshoe shaped chamber

In Section 4.1, the analytical solution for the thermo-mechanical coupling of a three-layer horseshoe-shaped tunnel
under steady-state conditions was derived. To validate the accuracy of the proposed solution, this section presents a
comparative analysis with numerical simulations performed using COMSOL 6.2. The comparison is conducted through
line graphs and contour plots, and the material parameters used remain consistent with those provided in Table 2.

Figure 9 illustrates the comparison between the analytical and numerical solutions for the horizontal and vertical
directions of the tunnel at various temperatures. The selected temperatures for analysis include 25 °C, 50 °C, 75 °C, 100
°C, 150 °C, and 200 °C. Table 5 shows the relative errors, and it can be seen from the results that the analytical solution
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obtained in this study is in good agreement with the FEM results. Although the numerical simulation results exhibit
slightly higher values than the analytical solution, the discrepancy is minimal and can be considered negligible. This
confirms the reliability and accuracy of the three-layer horseshoe-shaped tunnel analytical solution proposed in this study.

Table 5. Relative error analysis of analytical solutions and FEM results for horseshoe shaped chamber

Horizontal temperature ~ Vertical temperature ~ Horizontal temperature ~ Vertical temperature
Temperature

error (%) error (%) error (%) error (%)
25°C 0.193 0.501 8.646 1.044
50°C 0.595 1.538 1.227 0.148
75°C 0.734 1.896 0.753 0.089
100 °C 0.805 2.077 0.528 0.059
150 °C 0.876 2.259 0.314 0.036
200 °C 0.911 2.351 0.233 0.024
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Figure 9. Comparison of analytical and finite element solutions

While Figure 9 provides a comparative analysis of the tunnel’s horizontal and vertical responses, it does not fully
depict the overall stress distribution. To address this, first principal stress contour maps are generated to evaluate the stress
distribution at different burial depths and heights (100 m, 140 m, 180 m, 200 m, and 400 m) under a temperature of 75
°C, a lateral pressure coefficient of 1.5, and a chamber pressure of 8 MPa.

Figure 10 presents the temperature distributions obtained using the Finite Element Method (FEM) and the analytical
solution. The comparison reveals that the temperature distributions in both cases are highly consistent, further validating
the accuracy of the analytical approach. Additionally, Figures 11 compare the first principal stress contour maps at
different burial depths. The comparison indicates that the two solutions exhibit strong agreement, confirming that the
analytical solution remains applicable under general conditions and provides sufficient accuracy in capturing localized
stress variations.
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Figure 10. Comparison of temperature distributions at 75 °C

The results presented in Figure 10 and Figure 5 provide a comparative analysis of the first principal stress distributions
in horseshoe-shaped and circular chambers under identical three-layer conditions. The comparison clearly demonstrates
that stress distribution in horseshoe-shaped chambers is more complex and uneven compared to circular chambers.

According to the findings of Sun et al. [12], greater stress variations contribute to reduced tunnel stability and an
increased likelihood of structural failure. The results indicate that horseshoe-shaped tunnels exhibit significantly larger
stress concentrations, with local stress differences reaching up to 9 MPa. In contrast, circular tunnels experience lower
stress variations, leading to improved structural stability. Consequently, from a stress distribution perspective, circular
tunnels offer superior stability compared to their horseshoe-shaped counterparts.

(a) First principal stess (MPa)  (b) First principal stess (MPa)
3,000 3
-2.080
-2
2,000 -2.943
-3.805
-4 1,000
-4.668
g
-5 £ 0 -5.530
-6 '% -6.393
T -1,000
7 -7.255
-2,000 8118
-8
-3,000 _ -8.980
-3,000 -2,000 -1,000 0 1,000 2,000 3,000
Width (mm)
FEM result at 100 m Analytical solution at 100 m

Volume 6 Issue 4/2025| 4991 Contemporary Mathematics



(©) First principal stess (MPa)

FEM result at 140 m

(e) First principal stess (MPa)

FEM result at 180 m

(2) First principal stess (MPa)

FEM result at 200 m

Contemporary Mathematics

(d) First principal stess (MPa)

3,000 2729
-3.616
-4.502
-5.388
-6.275
-7.161
-8.047
-8.934
-9.820

® First principal stess (MPa)

3,000 -3.480
-4.390
-5.300
-6.210
-7.120
-8.030
-8.940
-9.850
-10.76

(h) First principal stess (MPa)

3,000 -3.960
-4.880
-5.800
-6.720
-7.640
-8.560
-9.480
-10.40
-11.32

4992 | Rui Sun, et al.

2,000

1,000

Height (mm)

-1,000

-2,000

23,000 .
23,00

-2,000 -1,000 0 1,000 2,000 3,000
Width (mm)
Analytical solution at 140 m

2,000

1,000

Height (mm)

-1,000
-2,000

-3,000 — !
-3,000 -2,000 -1,000 0 1,000 2,000 3,000
Width (mm)

Analytical solution at 180 m

2,000

1,000

Height (mm)

-1,000

-2,000

-3,000 _ _ :
-3,000 -2,000 -1,000 0 1,000 2,000 3,000
Width (mm)

Analytical solution at 200 m



First principal stess (MPa)  (g) First principal stess (MPa)

3,000 -7.600
2,000 -
-10
1,000
44 T -1,000
-2,000
-3,000

T T T T T
-3,000 -2,000 -1,000 0 1,000 2,000 3,000
Width (mm)
FEM result at 400 m Analytical solution at 400 m

-8.800

-11.20

r-12.40

(=}
1

-13.60

-14.80

L Lo

-17.20

Height (mm)

Figure 11. Comparison cloud map with finite element calculation results

7. Conclusions

In this study, an analytical framework was developed based on the fundamental assumptions of elasticity, incorporating
both classical elasticity and complex elasticity under the influence of temperature. Utilizing this theoretical foundation,
analytical solutions for both three-layer circular chambers and three-layer horseshoe-shaped chambers under steady-state
heat conduction conditions were derived. To validate the accuracy of the theoretical model, the analytical solutions
were compared with numerical results obtained from finite element simulations. The comparative analysis confirmed
the reliability and accuracy of the proposed methodology. The research findings highlight the significant influence of
temperature variations on the stress distribution and deformation of tunnel structures. The theoretical analysis and results
presented in this study provide valuable insights for the design and optimization of CAES systems. The following key
conclusions can be drawn:

(1) Analytical solution high precision and consistency with FEM

The analytical solution exhibits strong agreement with finite element results, confirming its validity and accuracy.
The comparative analysis revealed that temperature changes play a crucial role in stress distribution within tunnels. Under
high-temperature conditions, substantial thermal stress is generated on the inner surface of the tunnel, whereas the external
temperature remains relatively stable. Due to their geometric characteristics, horseshoe-shaped chambers exhibit a more
complex stress distribution compared to circular chambers.

(2) Application of complex elasticity and conformal transformation

By employing the theory of complex elasticity and conformal transformation, the challenge posed by the complex
geometric shape of horseshoe-shaped chambers was successfully addressed, yielding high-precision analytical solutions.
When N = 8§, the tunnel shape derived from the mapping function closely matched the actual geometry, with an error
margin of only 0.049%, demonstrating the effectiveness of the proposed transformation approach.

(3) Comparative structural stability of horseshoe-shaped and circular chambers

The stress distribution in horseshoe-shaped chambers is significantly more complex than that in circular chambers,
exhibiting larger stress variations. As a result, horseshoe-shaped chambers are inherently less stable than their circular
counterparts. Additionally, stress concentration is notably higher at the lower arch and corner regions of the horseshoe-
shaped chamber, increasing the likelihood of structural failure.
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These findings not only offer theoretical support for the design and optimization of CAES chambers but also provide
engineering guidance for their practical implementation in repurposed underground environments. In particular, circular
chambers are recommended for improved structural stability, while special reinforcement should be considered at stress
concentration zones in horseshoe-shaped designs. The analytical framework developed in this study can serve as a fast
and effective tool for early-stage design evaluation. Nonetheless, this work assumes steady-state thermal conditions and
linear elastic material behavior, which may not fully capture the long-term performance under cyclic loading and varying
environmental conditions. Future research should focus on incorporating transient thermal effects, nonlinear or time-
dependent material properties, and interface behavior between different chamber layers.
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