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Abstract: The paper discusses the application of the Residual Power Series Conformable Method (RPSCM) and a new
iteration method to solve the fractional nonlinear Harry-Dym and Rosenau-Hyman to employ conformable fractional
derivatives. The suggested techniques focus on the non-linearity and high dimensionality of these equations and would
provide sufficiently accurate and efficient approximate solutions. The RPSCM combines a power series expansion and
residual error correction, whereas the iterative method enhances convergence by employing a distinct approach. The
graphical and numerical performances of the two methods are compelling, as the figures represent the simulated solution
behaviors and the sensitive changes resulting from variations in the fractional order. The superior precision of the
techniques is also evident when the results obtained by the methods are compared with standards presented in tables
in solving nonlinear fractional problems across various applied fields.
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1. Introduction
Fractional calculus is the study of integrals and classical derivatives extended or generalized to non-integer order

instances, and it has received a great deal of scholarly interest in the past several decades. In the study of Fractional
derivatives can be found in a variety of technical and physical systems, including viscoelasticity, groundwater, the
propagation of waves, finances, and fluid mechanics [1, 2]. Several researchers have examined theoretical outcomes
derived from the the presence of fractional differential equation solutions and their uniqueness in different formats; some
examples of these investigations are [3–7]. Many fractional differential problems are clearly either without closed form
solutions or have too complex an analytical solution to be of much use. Because of this, numerous authors have developed
a variety of numerical approximation techniques. These include the He’s variational iteration method, Fourier spectral
methods, Finite difference schemes, the homotopy analysis approach, Adomian’s decomposition, and many more that are
categorized in [2]. For comprehensive research on the solution of fractional differential equations, we direct our readers
to the classic books and papers [1, 2].
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We examine fractional Harry Dym equation and fractional Rosenau-Hyman equation both have the following forms:

∂υ
∂ρ

−υ3(ϑ , ρ)
∂ 3υ(ϑ , ρ)

∂ϑ 3 = 0 (1)

using the initial condition’s

υ(ϑ , 0) =

(
a− 3

√
bϑ

2

)2/3

. (2)

and

∂υ
∂ρ

−υ(ϑ , ρ)
∂ 3υ(ϑ , ρ)

∂ϑ 3 −υ(ϑ , ρ)
∂υ(ϑ , ρ)

∂ϑ
−3

∂υ(ϑ , ρ)
∂ϑ

∂ 2υ(ϑ , ρ)
∂ϑ 2 = 0. (3)

using the initial condition’s

υ(ϑ , 0) =−8
3

ccos2
(

ϑ
4

)
. (4)

A vital dynamical equation utilized in many different physical systems is the Harry Dym. Harry Dym is credited
with developing the Harry Dym equation in an unpublished 1973-1974 study, which was first published in Kruskal
and Moser [8]. It represents a system where nonlinearity and dispersion are closely related. Despite not having the
Painleve property, Harry Dymis’ completely integrable nonlinear evolution equation complies with an endless number of
conversion rules. The Korteweg-de Vries equation, which has been used to hydrodynamic issues, is closely connected
to the Harry Dym equation [9]. The Harry Dym equation’s Lax pair is connected to the Sturm-Liouville operator.
The Liouville transformation spectrally converts this operator into the Schrodinger operator [10]. The Rosenau-Hyman
equation was discovered by Rosenau and Hyman [11] and occurs when compaction solutions cause patterns to form in
liquid drops. In mathematical physics and applied sciences, the Rosenau-Hyman equation compact on research is helpful
[12–15].

Considering the Residual Power Series Conformable Method (RPSCM), the objective of the given study is the
development and implementation of the effective analytical method applicable to solving the problem of the nonlinear
conformable time-fractional motion of gases, both in the homogeneous case and in the inhomogeneous one. This means
that the Conditional Random Sampling Method (CRSM) can be an effective analytic tool to determine power series
solution of a number of systems of ordinary differential equations, partial differential equations, integral equations and
fractional fuzzy operators, and integro-differentials [16–20]. It is a high level approximation technique that can be applied
directly and one which is flexible enough to provide exact solution to linear and nonlinear cases without any need of any
linearization, substitution or constraints of the nature of the physical system. The CRSM approach does not require a
comparison of the relevant coefficients and does not require a connection of a recursion one as it is in the traditional PS
method. The correlation between the residual error and the index of residual error and required conformable fractional
derivatives is also calculated in case of finding series coefficients which yields a system of algebraic equations having
one variable or more variables. In some situations, especially where the analytic solutions are polynomial, CRSM gives
a closed representation of a series solution.
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Jafari and Daftardar-Gejji [21] provided the Novel Iterative Technique (NIM) in 2006, and It is now an effective
mathematical approach to evaluating functional equations, both non-linear and linear. Numerous nonlinear problems, such
as algebraic equations, integral equations, and partial or ordinary differential equations of both fractional and integer
order, have been solved using NIM. The unique features of NIM include its ease of use and comprehension, which
make it available to a broad range of scholars and practitioners. Compared to established techniques such as the
homotopy perturbation method [22], the ADM [23], and the VIM [24], NIM has shown improved performance and better
efficiency.That’s why people dealing with complex nonlinear situations find it popular [25].

2. Preliminaries
The most often used definitions of fractional derivatives of order σ > 0 are the Riemann-Liouville and Caputo

fractional derivatives.
Definition 1 The fractional Riemann-Liouville derivative operator Dσ ω(ϑ) defined as [26]:

Dσ ω(ϑ) =
dq

dϑ q

[
1

Γ(q−σ)

∫ ϑ

σ

ω(ρ)
(ϑ −ρ)σ+1−q dρ

]
(5)

in which q−1 < σ < q and σ > 0.
Definition 2 The fractional Caputo derivative of order σ defined as [27]:

Dσ
∗ ω(ϑ) = Jη−σ Dσ ω(ϑ) =

1
Γ(η −σ)

∫ ϑ

σ
(ϑ −ρ)η−σ−1

(
d

dρ

)η
ω(ρ)dρ (6)

where the fractional derivative of the Caputo operator is indicated by σ > 0 for η∈N, η −1 < σ < η , Dσ
∗ (.) and Jη−σ (.)

indicates Caputo fractional integral operator. A new definition known as the “conformable fractional derivative” was
recently put out by Khalil et al. [28].

Definition 3 The definition of the “conformable fractional derivative” of a function of σ -th order is

Tσ (ω)(ρ) = lim
ε→0

ω
(
ρ + ερ1−σ)− (ω)(ρ)

ε
(7)

for every ρ > 0, σ ∈ (0, 1) and for f : [0, ∞)→ R.
The following theorem [27] lists the characteristics of this new definition.
Definition 4 For a function with n variables ϑ1, . . . , ϑb, ω represents the conformable partial derivatives of ω of

order a ∈ (0, 1). The following is the definition of in ϑi [29].

dσ

dϑ σ
i

ω (ϑ1, . . . , ϑη) = lim
ε→0

ω
(
ϑ1, . . . , ϑi−1, ϑi + εϑ 1−σ

i , . . . , ϑη
)
−ω (ϑ1, . . . , ϑη)

ε
(8)

Definition 5 The definition of the conformable integral of a function ω beginning from a ≥ 0 is [30].

Ia
σ (ω)(s) =

∫ s

a

ω(ρ)
ρ1−σ dρ (9)
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3. Residual power series conformable method
Some important definitions and theorems pertaining to residual power series will be presented in this section.
Theorem 1 For some 0 < σ ≤ 1, the fractional power series expansion of ω takes the following form if ρ0 is an

indefinitely σ -differentiable function at a neighborhood of a point ρ0.

ω(ρ) =
∞

∑
k=0

(
T ρ0

σ ω
)(k)

(ρ0)(ρ −ρ0)
kϑ

σ kk!
, ρ0 < ρ < ρ0 +R

1
ϑ , R > 0 (10)

In this case (Tσ ∗ω)(k) (ρ0)
ρ0 is used to denote the fractional derivative k-times [31].

Definition 6 A series of fractional powers pertaining to ρ0 = 0 is defined as ∑∞
η=0 ωη(ϑ)ρηϑ for 0 ≤ m−1 < σ <

m, while ρ is a variable and ωη(ϑ) generally functions that are referred to as the values of the series [32].
Theorem 2 Assuming that υ(ϑ , ρ) at ρ0 = 0 is represented by a multiple fractional power series is expressed as:

υ(ϑ , ρ) =
∞

∑
ϑ=0

ωϑ (ϑ)ρva, 0 ≤ m−1 < σ < m, ϑ ∈ I, 0 ≤ ρ ≤ Rρ (11)

Then ωn(x) =
u(ϑ , 0)

i(aϑ)

a4
n1

if n = 0, 1, 2 . . . are continuots on I ×
(

0, R
1
2

)
and u(ma)

z (ϑ , ρ). Let’s examine a nonlinear

fractional differential equation of the following kind to demonstrate the core concept of RPSCM:

Tϑ υ(ϑ , ρ)+N[ϑ ]υ(ϑ , ρ)+R[ϑ ]υ(ϑ , ρ) = c(ϑ , ρ), ϑ ∈ R, η −1 < ηϑ ≤ η , ρ > 0, (12)

given with the initial condition

ω0(ϑ) = υ(ϑ , 0) = ω(ϑ) (13)

In this instance, R[ϑ ] is linear, and N[ϑ ] c(ϑ , ρ) is a continuous function, and is a non-linear operator. The fractional
power series expansion around ρ = 0 is expressed using the RPSCM technique as the solution of Equation (11) subject to
(12).

ω(η−1)(ϑ) = T (η−1)ϑ
i υ(ϑ , 0) = h(ϑ) (14)

The solution’s expansion form is provided by

υ(ϑ , ρ) = ω(ϑ)+
∞

∑
η=1

ωη(ϑ)
ρηϑ

aη η!
(15)

We may write wk(ϑ , ρ), the k, by taking the next step. υ(ϑ , ρ) truncated series, as follows:
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υk(ϑ , ρ) = ω(ϑ)+
k

∑
η=1

ωs(ϑ)
ρη σ
aη η!

(16)

If υ1(ϑ , ρ), the 1. Residual Power Series Method (RPSM) approximation solution is

υ1(ϑ , ρ) = ω(ϑ)+ω1(ϑ)
ρϑ

ϑ η (17)

Consequently, υk(ϑ , ρ) might be rewritten as

υk(ϑ , ω) = ω(ϑ)+ω1(ϑ)
ρz

ση +
k

∑
η=2

ωs(ϑ)
ρkσ

ση η!
(18)

for 0 < σ ≤ 1, 0 ≤ ρ < R 1
v , ϑ ∈ I and k = 2, 3, 4, . . ..

Initially, we represent the residual function as

Reϑ(ϑ , ρ) = Taυ(ϑ , ρ)+N[ϑ ]υ(ϑ , ρ)+R[ϑ ]υ(ϑ , ρ)− c(ϑ , ρ) (19)

With the residual function k as

Rers(ϑ , ρ) = Taυk(ϑ , ρ)+N[ϑ ]υk(ϑ , ρ)+R[ϑ ]υk(ϑ , ρ)−g(ϑ , ρ), k = 1, 2, 3, . . . (20)

Clearly, Res(ϑ , ρ) = 0 as well as limk→∞ Resk(ϑ , ρ) = Res(ϑ , ρ) for every ϑ ∈ I and 0 ≤ ρ . As a result,
∂ (η−1)σ
∂ρ(η−1)σ

Resk(ϑ , ρ) was actually produced for . . . , k, η = 1, 2, 3, since in the sense of conformable, a constant’s fractional

derivative is zero [33–35]. To solve the equation
∂ η−1)σ

∂ρ(n−1)σ Resk(ϑ , 0) = 0 provides the expected ωη(ϑ) coefficients.

Consequently, the approximate solutions υη(ϑ , ρ) can be derived, accordingly.
The following theorem regarding the method’s convergence analysis can be expressed.
Theorem 3 If 0 < K < 1 and 0 < ρ < R < 1, then

∥∥υη+1(ϑ , ρ)
∥∥≤ K ∥υη(ϑ , ρ)∥ for all η ∈N, therefore a precise

solution converges to the sequence of approximate solutions [36].
Proof. For every 0 < ρ < R < 1, we possess

∥υ(ϑ , ρ)−υη(ϑ , ρ)∥=

∥∥∥∥∥ ∞

∑
ı=η+1

υı(ϑ , ρ)

∥∥∥∥∥≤ ∞

∑
ı=η+1

∥υı(ϑ , ρ)∥ ≤ ∥ω(ϑ)∥
∞

∑
ı=η+1

Kı =
Kη+1

1−K
∥ω(ϑ)∥η→∞0. (21)

4. New iterative method
For the purpose of solving the functional equation, Daftardar-Gejji and Jafari [21] have presented a novel iterative

technique.
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υ(ϑ̄ , ρ) = p(ϑ̄ , ρ)+L(υ(ϑ̄ , ρ))+N(υ(ϑ̄ , ρ)), (22)

where ω is a specified function, and linear and non-linear functions of υ are given by L and N, respectively, ϑ̄ =

(ϑ1, ϑ2, · · · , ϑη). We are trying to find a solution υ of (7) that has the following series form:

υ(ϑ̄ , ρ) =
∞

∑
ı=0

υı(ϑ̄ , ρ) (23)

L is linear, so

L

(
∞

∑
ı=0

υı

)
=

∞

∑
ı=0

L(υı) . (24)

As can be seen in [21], the nonlinear operator N is broken down as

N

(
∞

∑
ı=0

υı

)
= N (υ0)+

∞

∑
ı=1

{
N

(
ı

∑
j=0

υ j

)
−N

(
ı−1

∑
j=0

υ j

)}
. (25)

Equations (8)-(10) show that (7) is equal to

∞

∑
ı=1

υı = ω +
∞

∑
ı=0

L(υı)+N (υ0)+
∞

∑
ı=1

{
N

(
ı

∑
j=0

υ j

)
−N

(
ı−1

∑
j=0

υ j

)}
(26)

The recurrence relation is defined as:

υ0 = ω

υ1 = L(υ0)+N (υ0)

υm+1 = L(υm)+N (υ0 + · · ·+υm)−N (υ0 + · · ·+υm−1) , m = 1, 2, · · ·

(27)

Then,

(υ1 + · · ·+υm+1) = L(υ0 + · · ·+υm)+N (υ0 + · · ·+υm) , m = 1, 2, · · · , (28)

and
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∞

∑
ı=0

υı = ω +L

(
∞

∑
ı=0

υı

)
+N

(
∞

∑
ı=0

υı

)
. (29)

The approximate solution for the k-term of Equations (7)-(8) is υ = υ0 +υ1 + · · ·+ υk−1. We direct the reader to
paper [21] for the method’s convergence.

5. Applications of residual power series conformable method
5.1 Problem 1

Let the fractional nonlinear Harry Dym Equation:

∂υ
∂ρ

−υ3(ϑ , ρ)
∂ 3υ(ϑ , ρ)

∂ϑ 3 = 0 (30)

using the initial condition’s

υ(ϑ , 0) = ω(ϑ) =

(
a− 3

√
bϑ

2

)2/3

. (31)

The exact solution is found for the related integer order problem a = 1 and b = 1 in the limit sense as,

υ(ϑ , ρ) =
(

a− 3
2

√
b(ϑ +bt)

)2/3

. (32)

For residual power series, where υ = υ(ϑ , ρ) .

υ(ϑ , ρ) = ω(ϑ)+
∞

∑
η=1

ωη(ϑ)
ρηϑ

ση η!
(33)

and the truncated k-th series of υ [ϑ , ρ].

υk(ϑ , ρ) = ω(ϑ)+
k

∑
η=1

ωη(ϑ)
ρη

aη η!
, k = 1, 2, 3, . . . (34)

A residual function of k-th of nonlinear Harry Dym equation:

Rerυk(ϑ , ρ) =
∂υk

∂ρ
−υ3

k (ϑ , ρ)
∂ 3υk(ϑ , ρ)

∂ϑ 3 . (35)
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The 1st truncated series υ1(ϑ , ρ) = ω(ϑ)+ω1(ϑ)
ρσ

σ
should be substituted into the 1sρ truncated residual function

in order to get the coefficients ω1(ϑ) in υ1(ϑ , ρ).

Resυ1(ϑ , ρ) = ω1(ϑ)−
(

ω(ϑ)+
ρaω1(ϑ)

σ

)3(
ω ′′′(ϑ)+

ρaω ′′′
1 (ϑ)

σ

)
. (36)

Using equation Resυ1(ϑ , ρ), we can now substitute ρ = 0 and get

Resmυ1(ϑ , 0) = ω1(ϑ)−ω3
0 (ϑ)ω ′′′

0 (ϑ). (37)

Thus for Reυ1(ϑ , 0) = 0

ω1(ϑ) = ω3
0 (ϑ)ω ′′′

0 (ϑ). (38)

ω1(ϑ) =− b3/2

3

√
a− 3

√
bϑ

2

. (39)

Consequently, the first RPS approximations of the nonlinear Harry Dym:

υ1(ϑ , ρ) = ω(ϑ)+
ρσ (ω3

0 (ϑ)ω ′′′
0 (ϑ))

σ
. (40)

υ1(ϑ , ρ) =

(
a− 3

√
bϑ

2

)2/3

+

− b3/2

3

√
a− 3

√
bϑ

2

ρσ

σ
. (41)

Once more, we use the second truncated series solution υ2(ϑ , ρ) = ω(ϑ) +ω1(ϑ)
ρσ

σ
+ω2(ϑ)

ρ2σ

2σ2 to find the
second unknown coefficient ω2(ϑ).

Resυ2(ϑ , ρ) = ω1(ϑ)

+
ρσ ω2(ϑ)

σ

−
(

ω(ϑ)+
ρσ ω1(ϑ)

σ
+

ρ2σ ω2(ϑ)

2σ2

)3(
ω ′′′(ϑ)+

ρσ ω ′′′
1 (ϑ)

σ
+

ρ2σ ω ′′′
1 (ϑ)

2σ2

)
(42)
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Now, equating for ρ = 0 and applying Tσ to both sides of Resυ2(ϑ , ρ) yields:

ω2(ϑ) = ω3
0 (ϑ)ω ′′′

1 (ϑ)+3ω2
0 (ϑ)ω1(ϑ)ω ′′′

0 (ϑ),

ω2(ϑ) =− b3

2

(
a− 3

√
bϑ

2

)4/3 .
(43)

Consequently, the following are the second RPS approximations of the nonlinear Harry Dym equation:

υ2(ϑ , ρ) = ω(ϑ)+
ρσ (ω3

0 (ϑ)ω ′′′
0 (ϑ))

σ
+

ρ2σ (ω3
0 (ϑ)ω ′′′

1 (ϑ)+3ω2
0 (ϑ)ω1(ϑ)ω ′′′

0 (ϑ)
)

2σ2 ,

υ2(ϑ , ρ) =

(
a− 3

√
bϑ

2

)2/3

+

− b3/2

3

√
a− 3

√
bϑ

2

ρσ

σ
+

− b3

2

(
a− 3

√
bϑ

2

)4/3

ρ2σ

2σ2 .

(44)

Similarly, we use the same process for n = 3 to get the following outcomes:

ω3(ϑ) = ω3
0 (ϑ)ω ′′′

2 (ϑ)+3ω2
0 (ϑ)ω2(ϑ)ω ′′′

0 (ϑ)+3ω2
0 (ϑ)ω1(ϑ)ω ′′′

1 (ϑ)+3ω0(ϑ)ω2
1 (ϑ)ω ′′′

0 (ϑ),

ω3(ϑ) =− 17b9/2

2

(
a− 3

√
bϑ

2

)7/3 .
(45)

υ3(ϑ , ρ) = ω(ϑ)+
ρσ (ω3

0 (ϑ)ω ′′′
0 (ϑ))

σ
+

ρ2σ (ω3
0 (ϑ)ω ′′′

1 (ϑ)+3ω2
0 (ϑ)ω1(ϑ)ω ′′′

0 (ϑ)
)

2σ2

+

(
ω3

0 (ϑ)ω ′′′
2 (ϑ)+3ω2

0 (ϑ)ω2(ϑ)ω ′′′
0 (ϑ)+3ω2

0 (ϑ)ω1(ϑ)ω ′′′
1 (ϑ)+3ω0(ϑ)ω2

1 (ϑ)ω ′′′
0 (ϑ)

)
t3σ

6σ3 ,

υ3(ϑ , ρ) =

(
a− 3

√
bϑ

2

)2/3

+

− b3/2

3

√
a− 3

√
bϑ

2

ρσ

σ
+

− b3

2

(
a− 3

√
bϑ

2

)4/3

ρ2σ

2σ2 +

− 17b9/2

2

(
a− 3

√
bϑ

2

)7/3

ρ3σ

6σ3 .

(46)
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Table 1 presents a numerical comparison between the exact solution and the fourth-order approximate RPSCM
solutions of the nonlinear Harry Dym equation.

υ(ϑ , ρ) =
(

a− 3
2

√
b(ϑ +bρ)

)2/3

. (47)

Table 1. Analysis of various fractional order for ρ = 0.3 of Example 1 using RPS

ϑ RPSσ = 0.6 RPSσ = 0.8 RPSσ = 1 Exactσ = 1 Absolute errorσ = 1

0.0 1.7487 1.79027 1.81276 1.81277 1.33831×10−5

0.1 1.62677 1.67003 1.69333 1.69335 1.74536×10−5

0.2 1.49999 1.54529 1.56953 1.56955 2.35036×10−5

0.3 1.36741 1.41526 1.44063 1.44066 3.29591×10−5

0.4 1.22771 1.27891 1.30567 1.30572 4.87203×10−5

0.5 1.07878 1.13477 1.16332 1.1634 7.73366×10−5

0.6 0.91691 0.980586 1.01162 1.01175 1.35843×10−4

0.7 0.73379 0.812531 0.847442 0.847721 2.78489×10−4

0.8 0.502197 0.622368 0.665115 0.665858 7.42739×10−4

0.9 0.0405885 0.379045 0.450855 0.454264 3.40912×10−3

1.0 -8.69723 -0.783118 0.0738184 0.168227 9.44085 ×10−2

In Figure 1, the comparison of NIM solution and exact for 3D and 2D plot of u(ϑ , ρ) for ρ = 0.01 for various values
of σ = 1, σ = 0.8, σ = 0.6, and σ = 0.4 of various fractional order.

Figure 1. Comparison of NIM solution and exact for 3D and 2D plot

In Figure 2, 3D plot of RPS solution of u(ϑ , ρ) for ρ = 0.01 for various values of σ = 1, σ = 0.8, σ = 0.6, and
σ = 0.4 of various fractional order.
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Figure 2. 3D plot of RPS solution of u(ϑ , ρ) for ρ = 0.01

5.1.1 Implementation of NIM

We derive the corresponding form for the conformable derivative by applying NIM procedure:

∂υ
∂ρ

= υ3(ϑ , ρ)
∂ 3υ(ϑ , ρ)

∂ϑ 3 . (48)

using the initial condition’s

υ(ϑ , 0) =

(
a− 3

√
bϑ

2

)2/3

. (49)

We obtain the following several terms based on the NIM procedure:

υ0(ϑ , ρ) =

(
a− 3

√
bϑ

2

)2/3

,
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υ1(ϑ , ρ) =− b3/2ρσ

σ 3

√
a− 3

√
bϑ

2

,

υ2(ϑ , ρ) =− b3ρ3σ

4σ3

(
a− 3

√
bϑ

2

)4/3 ,

υ3(ϑ , ρ) =
3√2b9/2ρ5σ (15σ −16ρσ )

3σ6
(

2a−3
√

bϑ
)7/3 .

(50)

The final NIM algorithm solution is as follows:

υ(ϑ , ρ) = υ0(ϑ)+υ1(ϑ)+υ2(ϑ)+υ3(ϑ)+ · · · , (51)

υ(ϑ , ρ) =

(
a− 3

√
bϑ

2

)2/3

− b3/2ρσ

σ 3

√
a− 3

√
bϑ

2

− b3ρ3σ

4σ3

(
a− 3

√
bϑ

2

)4/3 − b3ρ3σ

4σ3

(
a− 3

√
bϑ

2

)4/3 +
3
√

2b9/2ρ5σ (15σ −16ρσ )

3σ6
(

2a−3
√

bϑ
)7/3 .

(52)

In Figure 3, the comparison of NIM solution and exact for 3D and 2D plot of υ(ϑ , ρ) for ρ = 0.01 for various values
of σ = 1, σ = 0.8, σ = 0.6, and σ = 0.4 of various fractional order.

Figure 3. Comparison of NIM solution and exact for 3D and 2D plot
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In Figure 4, the 3D plot of NIM solution of υ(ϑ , ρ) for ρ = 0.01 for various values of σ = 1, σ = 0.8, σ = 0.6, and
σ = 0.4 of various fractional order.

Figure 4. 3D plot of NIM solution

5.2 Problem 2

Let us examine the fractional-order Rosenau-Hyman Equation:

∂υ
∂ρ

−υ(ϑ , ρ)
∂ 3υ(ϑ , ρ)

∂ϑ 3 −υ(ϑ , ρ)
∂υ(ϑ , ρ)

∂ϑ
−3

∂υ(ϑ , ρ)
∂ϑ

∂ 2υ(ϑ , ρ)
∂ϑ 2 = 0. (53)

using the initial condition’s

υ(ϑ , 0) = ω(ϑ) =−8
3

ccos2
(

ϑ
4

)
. (54)

The exact solution for c = 1 is found as:
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υ(ϑ , ρ) =−8
3

ccos2
(

1
4
(ϑ − cρ)

)
. (55)

For residual power series, where υ = υ(ϑ , ρ) .

υ(ϑ , ρ) = ω(ϑ)+
∞

∑
η=1

ωη(ϑ)
ρηϑ

ση η!
(56)

and the truncated k-th series of υ [ϑ , ρ].

υk(ϑ , ρ) = ω(ϑ)+
k

∑
η=1

ωη(ϑ)
ρη

aη η!
, k = 1, 2, 3, . . . (57)

A residual function of k-th of nonlinear Rosenau-Hyman Equation:

Rerυk(ϑ , ρ) =
∂υk

∂ρ
−υk(ϑ , ρ)

∂ 3υk(ϑ , ρ)
∂ϑ 3 −υk(ϑ , ρ)

∂υk(ϑ , ρ)
∂ϑ

−3
∂υk(ϑ , ρ)

∂ϑ
∂ 2υk(ϑ , ρ)

∂ϑ 2 . (58)

The 1st truncated series υ1(ϑ , ρ) = ω(ϑ)+ω1(ϑ)
ρσ

σ
should be substituted into the 1sρ truncated residual function

in order to get the coefficients ω1(ϑ) in υ1(ϑ , ρ).

Resυ1(ϑ , ρ) = ω1(ϑ)−
(

ω(ϑ)+
ρσ ω1(ϑ)

σ

)(
ω ′′′(ϑ)+

ρσ ω ′′′
1 (ϑ)

σ

)

−
(

ω(ϑ)+
ρσ ω1(ϑ)

σ

)(
ω ′(ϑ)+

ρσ ω ′
1(ϑ)

σ

)

−3
(

ω ′(ϑ)+
ρσ ω ′

1(ϑ)

σ

)(
ω ′′(ϑ)+

ρσ ω ′′
1 (ϑ)

σ

)
.

(59)

Using Equation Resυ1(ϑ , ρ), we can now substitute ρ = 0 and get

Resmυ1(ϑ , 0) = ω1(ϑ)−ω0(ϑ)ω ′
0(ϑ)−3ω ′

0(ϑ)ω ′′
0 (ϑ)−ω0(ϑ)ω ′′′

0 (ϑ). (60)

Thus for Reυ1(ϑ , 0) = 0.
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ω1(ϑ) = ω0(ϑ)ω ′
0(ϑ)+3ω ′

0(ϑ)ω ′′
0 (ϑ)+ω0(ϑ)ω ′′′

0 (ϑ). (61)

ω1(ϑ) =−2
3

c2 sin
(

ϑ
2

)
. (62)

Consequently, the first RPS approximations of the nonlinear Rosenau-Hyman Equation:

υ1(ϑ , ρ) = ω(ϑ)+
ω0(ϑ)ω ′

0(ϑ)+3ω ′
0(ϑ)ω ′′

0 (ϑ)+ω0(ϑ)ω ′′′
0 (ϑ)

σ
, (63)

υ1(ϑ , ρ) =−8
3

ccos2
(

ϑ
4

)
+

(
−2

3
c2 sin

(
ϑ
2

))
ρσ

σ
. (64)

Once more, we use the second truncated series solution υ2(ϑ , ρ) = ω(ϑ) +ω1(ϑ)
ρσ

σ
+ω2(ϑ)

ρ2σ

2σ2 to find the
second unknown coefficient ω2(ϑ).

Resυ2(ϑ , ρ) = ω1(ϑ)+
ρσ ω2(ϑ)

σ

−
(

ω(ϑ)+
ρσ ω1(ϑ)

σ
+ω2(ϑ)

ρ2σ

2σ2

)(
ω ′′′(ϑ)+

ρσ ω ′′′
1 (ϑ)

σ
+ω ′′′

2 (ϑ)
ρ2σ

2σ2

)

−
(

ω(ϑ)+
ρσ ω1(ϑ)

σ
+ω2(ϑ)

ρ2σ

2σ2

)(
ω ′(ϑ)+

ρσ ω ′
1(ϑ)

σ
+ω ′

2(ϑ)
ρ2σ

2σ2

)

−3
(

ω ′(ϑ)+
ρσ ω ′

1(ϑ)

σ
+ω ′

2(ϑ)
ρ2σ

2σ2

)(
ω ′′(ϑ)+

ρσ ω ′′
1 (ϑ)

σ
+ω ′′

2 (ϑ)
ρ2σ

2σ2

)
.

(65)

Now, equating for ρ = 0 and applying Tσ to both sides of Resυ2(ϑ , ρ) yields:

ω2(ϑ) = ω0(ϑ)ω ′
1(ϑ)+ω1(ϑ)ω ′

0(ϑ)+3ω ′
0(ϑ)ω ′′

1 (ϑ)+3ω ′
1(ϑ)ω ′′

0 (ϑ)+ω0(ϑ)ω ′′′
1 (ϑ)+ω1(ϑ)ω ′′′

0 (ϑ),

ω2(ϑ) =
1
3

c3 cos
(

ϑ
2

)
.

(66)

Consequently, the following are the second RPS approximations of the nonlinear Rosenau-Hyman Equation:
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υ2(ϑ , ρ) = ω(ϑ)+
ω0(ϑ)ω ′

0(ϑ)+3ω ′
0(ϑ)ω ′′

0 (ϑ)+ω0(ϑ)ω ′′′
0 (ϑ)

σ

+

ρ2σ (ω0(ϑ)ω ′
1(ϑ)+ω1(ϑ)ω ′

0(ϑ)+3ω ′
0(ϑ)ω ′′

1 (ϑ)+3ω ′
1(ϑ)ω ′′

0 (ϑ)

+ω0(ϑ)ω ′′′
1 (ϑ)+ω1(ϑ)ω ′′′

0 (ϑ))

2σ2 ,

υ2(ϑ , ρ) = − 8
3

ccos2
(

ϑ
4

)
+

(
−2

3
c2 sin

(
ϑ
2

))
ρσ

σ
+

(
1
3

c3 cos
(

ϑ
2

))
ρ2σ

2σ2 .

(67)

Similarly, we use the same process for n = 3 to get the following outcomes:

ω3(ϑ) = ω0(ϑ)ω ′
2(ϑ)+ω1(ϑ)ω ′

1(ϑ)+ω2(ϑ)ω ′
1(ϑ)+3ω ′

0(ϑ)ω ′′
2 (ϑ)+3ω ′

1(ϑ)ω ′′
1 (ϑ)+3ω ′

2(ϑ)ω ′′
0 (ϑ)

+ω0(ϑ)ω ′′′
2 (ϑ)+ω1(ϑ)ω ′′′

1 (ϑ)+ω2(ϑ)ω ′′′
0 (ϑ),

ω3(ϑ) =
1
6

c4 sin
(

ϑ
2

)
.

(68)

υ3(ϑ , ρ) = ω(ϑ)+
ω0(ϑ)ω ′

0(ϑ)+3ω ′
0(ϑ)ω ′′

0 (ϑ)+ω0(ϑ)ω ′′′
0 (ϑ)

σ

+

ρ2σ (ω0(ϑ)ω ′
1(ϑ)+ω1(ϑ)ω ′

0(ϑ)+3ω ′
0(ϑ)ω ′′

1 (ϑ)+3ω ′
1(ϑ)ω ′′

0 (ϑ)

+ω0(ϑ)ω ′′′
1 (ϑ)+ω1(ϑ)ω ′′′

0 (ϑ))

2σ2

+

(ω0(ϑ)ω ′
2(ϑ)+ω1(ϑ)ω ′

1(ϑ)+ω2(ϑ)ω ′
1(ϑ)+3ω ′

0(ϑ)ω ′′
2 (ϑ)+3ω ′

1(ϑ)ω ′′
1 (ϑ)

+3ω ′
2(ϑ)ω ′′

0 (ϑ)+ω0(ϑ)ω ′′′
2 (ϑ)+ω1(ϑ)ω ′′′

1 (ϑ)+ω2(ϑ)ω ′′′
0 (ϑ))ρ3σ

6σ3

υ3(ϑ , ρ) = − 8
3

ccos2
(

ϑ
4

)
+

(
−2

3
c2 sin

(
ϑ
2

))
ρσ

σ
+

(
1
3

c3 cos
(

ϑ
2

))
ρ2σ

2σ2 +

(
1
6

c4 sin
(

ϑ
2

))
ρ3σ

6σ3 .

(69)

Table 1 presents a numerical comparison between the exact solution and the fourth-order approximate RPSCM
solutions of the nonlinear Rosenau-Hyman Equation.

υ(ϑ , ρ) =−8
3

ccos2
(

1
4
(ϑ − cρ)

)
. (70)
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In Figure 5, the comparison of 3D and 2D plot of υ(ϑ , ρ) for ρ = 1 and c = 1for various values of σ = 1, σ =

0.8, σ = 0.6, and σ = 0.4 of various fractional order.

Figure 5. Comparison of 3D and 2D plot

Figure 6. In figure 6, 3D plot of RPS solution of υ(ϑ , ρ) for ρ = 1 and c = 1 for various values of σ = 1, σ = 0.8, σ = 0.6, and σ = 0.4 of various
fractional order
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5.2.1 Implementation of NIM

We derive the corresponding form for the conformable derivative by applying NIM procedure:

∂υ
∂ρ

= υ(ϑ , ρ)
∂ 3υ(ϑ , ρ)

∂ϑ 3 +υ(ϑ , ρ)
∂υ(ϑ , ρ)

∂ϑ
+3

∂υ(ϑ , ρ)
∂ϑ

∂ 2υ(ϑ , ρ)
∂ϑ 2 . (71)

With the following initial conditions:

υ(ϑ , 0) =−8
3

ccos2
(

ϑ
4

)
. (72)

We obtain the following several terms based on the NIM procedure:

υ0 =−8
3

ccos2
(

ϑ
4

)
,

υ1(ϑ , ρ) =−
2c2ρσ sin

(
ϑ
2

)
3σ

,

υ2(ϑ , ρ) =
c3ρ3σ cos

(
ϑ
2

)
6σ2 ,

υ3(ϑ , ρ) =
c4ρ6σ sin

(
ϑ
2

)
72σ5 .

(73)

The final NIM algorithm solution is as follows:

υ(ϑ , ρ) = υ0(ϑ)+υ1(ϑ)+υ2(ϑ)+υ3(ϑ)+ · · · , (74)

υ(ϑ , ρ) =−8
3

ccos2
(

ϑ
4

)
−

2c2ρσ sin
(

ϑ
2

)
3σ

+

c3ρ3σ cos
(

ϑ
2

)
6σ2 +

c4ρ6σ sin
(

ϑ
2

)
72σ5 .

(75)

6. Graphical and tables discussion
In this study, we evaluated the effectiveness of the Residual Power Series ConformableMethod (RPSCM) and aNovel

IterativeMethod (NIM) for solving the fractional nonlinear Harry-Dym and Rosenau-Hyman equations using conformable
fractional derivatives. The comparison of these methods, presented through various figures and tables, highlights their
accuracy and computational efficiency in obtaining approximate solutions for these challenging equations. Table 1 shows
the analysis of various fractional orders for ρ = 0.3 of Example 1 using RPS. This table demonstrates how the solution
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behavior of υ(ϑ , ρ) varies as the fractional order changes, revealing the sensitivity of the solution to the fractional
derivative. Figure 1 presents a comparison between the NIM solution and the exact solution for both 3D and 2D plots
of υ(ϑ , ρ) for ρ = 0.01. It includes results for various values of σ = 1, σ = 0.8, σ = 0.6, and σ = 0.4, for different
fractional orders. The plots clearly show how the solution behaves for different fractional orders, offering insights into the
convergence and accuracy of the NIM. Figure 2 illustrates the 3D plot of the RPS solution for υ(ϑ , ρ) at ρ = 0.01, again
for varying values ofσ and fractional orders. This figure allows a detailed view of how the solution changes with fractional
order and highlights the RPS method’s effectiveness in capturing the dynamics of the system. Table 2 provides a similar
analysis for the NIM method, presenting the fractional order analysis for ρ = 0.3 of Example 1. It serves as a comparison
to Table 1, emphasizing the differences in the solutions obtained from the two methods. Figure 3 presents the comparison
of the NIM solution and the exact solution for both 3D and 2D plots of υ(ϑ , ρ) for ρ = 0.01. The plots, like those in
Figure 1, help visualize the performance of the NIM for various fractional orders and show the differences in solution
accuracy for different values of σ . Figure 4 shows the 3D plot of the NIM solution for υ(ϑ , ρ) at ρ = 0.01, again for
varying fractional orders. This figure demonstrates how the NIM method captures the solution dynamics across different
fractional orders and provides a clear view of the solution’s sensitivity to these variations. Table 3 displays the analysis
of fractional orders for ρ = 0.5 and c = 1 of Example 2 using RPS. This table provides an additional test case, further
highlighting the robustness of the RPS method in handling different problem settings. It shows the impact of fractional
order on the solution υ(ϑ , ρ) for varying values of σ . Figure 5 compares the 3D and 2D plots of υ(ϑ , ρ) for ρ = 1 and
c = 1, for varying values of σ and fractional orders. The comparison of the RPS solution with the exact solution provides
an assessment of the accuracy and convergence of the RPS method for this case. Figure 6 shows the 3D plot of the RPS
solution for υ(ϑ , ρ) at ρ = 1 and c = 1, for different fractional orders. This figure illustrates how the solution evolves
as fractional order changes, highlighting the influence of σ and fractional order on the behavior of the system. Table 4
presents the analysis of various fractional orders for ρ = 0.5 and c = 1 of Example 1 using NIM. This provides a direct
comparison with Table 3, highlighting the differences in solution accuracy and convergence when using the two methods.
Figure 7 shows the comparison of the NIM solution with the exact solution for both 3D and 2D plots of υ(ϑ , ρ) at ρ = 1
and c = 1. It clearly demonstrates the differences in the solutions for various fractional orders, giving insights into the
convergence and accuracy of the NIM. Figure 8 presents the 3D plot of the NIM solution for υ(ϑ , ρ) at ρ = 1 and c = 1,
for varying fractional orders. This figure further emphasizes the behavior of the solution for different fractional orders
and values of σ , showcasing how the NIM adapts to these changes.

Table 2. Analysis of various fractional order for ρ = 0.3 of Example 1 using NIM

ϑ NIMσ = 0.6 NIMσ = 0.8 NIMσ = 1 Exactσ = 1 Absolute errorσ = 1

0.0 1.53451 1.75053 1.81289 1.81277 1.15206×10−4

0.1 1.40557 1.62901 1.69348 1.69335 1.31731×10−4

0.2 1.27082 1.50281 1.56971 1.56955 1.52902×10−4

0.3 1.12909 1.37111 1.44084 1.44066 1.8084 ×10−4

0.4 0.978794 1.23281 1.30594 1.30572 2.19124×10−4

0.5 0.817572 1.08637 1.16367 1.1634 2.74254×10−4

0.6 0.64177 0.929489 1.01211 1.01175 3.59265×10−4

0.7 0.445117 0.758427 0.848225 0.847721 5.04231×10−4

0.8 0.215243 0.56629 0.666653 0.665858 7.95371×10−4

0.9 -0.0786102 0.337131 0.455863 0.454264 1.59936×10−3

1.0 -0.540982 0.00668695 0.175936 0.168227 7.70871×10−3
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Table 3. Analysis of various fractional order for ρ = 0.5 and c = 1 of Example 2 using RPS

ϑ RPSσ = 0.6 RPSσ = 0.8 RPSσ = 1 Exactσ = 1 Absolute errorσ = 1

0.0 -1.32968 -1.33252 -1.33313 -1.33313 1.08504×10−8

0.1 -1.33234 -1.33333 -1.33313 -1.33313 7.37605×10−8

0.2 -1.33333 -1.33249 -1.33146 -1.33146 1.58187×10−7

0.3 -1.33266 -1.32997 -1.32813 -1.32813 2.42218×10−7

0.4 -1.33033 -1.3258 -1.32315 -1.32315 3.25644×10−7

0.5 -1.32633 -1.31998 -1.31653 -1.31653 4.08256×10−7

0.6 -1.32069 -1.31253 -1.30828 -1.30828 4.89847×10−7

0.7 -1.31341 -1.30347 -1.29843 -1.29843 5.70214×10−7

0.8 -1.30451 -1.29281 -1.28701 -1.28701 6.49156×10−7

0.9 -1.29402 -1.28059 -1.27403 -1.27403 7.26475×10−7

1.0 -1.28196 -1.26683 -1.25953 -1.25953 8.01979×10−7

Table 4. Analysis of various fractional order for ρ = 0.5 and c = 1 of Example 1 using NIM

ϑ NIMσ = 0.6 NIMσ = 0.8 NIMσ = 1 Exactσ = 1 Absolute errorσ = 1

0.0 -1.33332 -1.33333 -1.33333 -1.33333 2.06249×10−6

0.1 -1.33336 -1.33276 -1.33258 -1.33258 2.06000×10−6

0.2 -1.33174 -1.33052 -1.33017 -1.33017 2.05236×10−6

0.3 -1.32845 -1.32663 -1.3261 -1.32609 2.03959×10−6

0.4 -1.32351 -1.32108 -1.32038 -1.32037 2.02173×10−6

0.5 -1.31693 -1.3139 -1.31302 -1.31302 1.99881×10−6

0.6 -1.30872 -1.3051 -1.30405 -1.30405 1.97089×10−6

0.7 -1.29891 -1.29471 -1.29349 -1.29348 1.93805×10−6

0.8 -1.28752 -1.28274 -1.28136 -1.28135 1.90036×10−6

0.9 -1.27458 -1.26924 -1.26769 -1.26769 1.85792×10−6

1.0 -1.26011 -1.25423 -1.25252 -1.25252 1.81084×10−6

In Figure 7, the comparison of 3D and 2D plot with exact solution of u(ϑ , ρ) for ρ = 1 and c = 1 for various values
of σ = 1, σ = 0.8, σ = 0.6, and σ = 0.4 of various fractional order.

Figure 7. Comparison of 3D and 2D plot
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In Figure 8, the 3D plot of NIM solution of u(ϑ , ρ) for ρ = 1 and c = 1 for various values of σ = 1, σ = 0.8, σ =

0.6, and σ = 0.4 of various fractional order.

Figure 8. 3D plot of NIM solution

Overall, the graphical results provide a comprehensive view of how both the RPSCM and NIM methods perform
in solving fractional nonlinear equations. The figures and tables validate the effectiveness of these methods, showing
that both converge quickly and yield precise results. The comparison between the methods demonstrates their versatility
and robustness in solving complex fractional-order equations, making them valuable tools for researchers and engineers
working on fractional differential equations. Future studies can extend these methods to more complexmodels and explore
their applications in various fields, further enhancing our understanding of non-local phenomena and their real-world
applications.

7. Conclusion
In conclusion, the application of the Residual Power Series Conformable Method (RPSCM) and the novel iterative

method proves to be highly effective in solving the fractional nonlinear Harry-Dym and Rosenau-Hyman equations
with conformable fractional derivatives. Both methods demonstrate excellent accuracy and computational efficiency
in obtaining approximate solutions to these complex equations, which are otherwise challenging to solve using traditional
approaches. The results, validated through numerical simulations, show that the proposed methods converge rapidly
and provide precise solutions, even for higher fractional orders. The comparison of the methods further highlights
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their robustness and versatility in tackling nonlinear fractional problems. These findings suggest that the RPSCM and
the iterative method offer valuable tools for researchers and engineers working on fractional differential equations in
various scientific and engineering applications. Future research can extend these methods to more complex fractional
models, providing deeper insights into non-local phenomena in a variety of fields.
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