Contemporary Mathematics

https://ojs.wiserpub.com/index.php/CM/ UNIVERSAL WISER
PUBLISHER

Research Article

New Parametric Polynomials of U-Charlier-Poisson Type: Properties
and Szasz-Type Operators Including These Polynomials

Cesarano Clemente!”", Alejandro Urieles?, Javier Villa?, Maria José Ortega’

!'Section of Mathematics, UniNettuno University, Corso Vittorio Emanuele 11, 39, 00186 Rome, Italy
2Mathematics Program, University of the Atlantic, Km 7 Via Pto. Colombia, Barranquilla, Colombia
3Department of Natural and Exact Sciences, University of the Coast, Barranquilla, Colombia

E-mail: c.cesarano@uninettunouniversity.net

Received: 6 June 2025; Revised: 16 July 2025; Accepted: 24 July 2025

Abstract: In this article, we introduce a new family of parametric U-Charlier-Poisson type polynomials, denoted by
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Keywords: Charlier polynomials, Korovkin theorem, Brenke type operators

MSC: 11B68, 11B83, 11B39, 05A19

1. Introduction

Throughout this article, N will mean the set of natural numbers; No = NU {0}, likewise R, R, and C will denote
the set of real numbers, positive real numbers, and the set of complex numbers. As usual, will denote by C|0, o) the set
of all functions f continuous in the interval [0, ). The notation UC|0, «) will denote the space of functions uniformly
continuous on [0, o). The space of all polynomials in one variable with real coefficients is denoted by P, and log(z)
denotes the principal value of the multi-valued logarithm function. In [1], a famous theorem about linear operators is
published, known as the Korovkin theorem, which states that a sequence of linear operators under certain conditions
converges uniformly in each subset of the locally compact domain. Korovkin theorem, in its many applications, was also
used to demonstrate the convergence of Szasz operators, which are defined by (see [2, p.239, Eq. (2)]):

L omv (nx)k k
Su(fsx):=e kg,ok!f<n)7 (1)

where f € C[0, ), n € N, and x > 0. The generalizations of Szasz operators by using polynomials, especially defined via
generating functions, have been frequently studied lately. These kinds of generalizations provide a range of new sequences
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of operators to approximation theory highly advantageous when interpolating positive continuous functions [2]. A known
generalization of (1) can be obtained using the Appell polynomials given by (cf. [3]):

e

Pi(fix): = g(:;gpk(n@f <I]§) ; ()

considering that pi(x) > 0, for x € [0, o) and g(1) # 0.
Some time later, Varma et al. ([3, p.122 Eq. (1.7)]), generalized (1) in the following way: first, they use the Brenke-
type polynomials, which are defined by the following generating function:

Zk

(@500 = Y o), 0
k=0 :

where { and & are analytical functions. Second, they introduce the positive linear operators including the Brenke-type,
polynomials which are given by [3, p.121, Eq. (1.12)]:

U BNt
L1299 = e Lo (). @

where x > 0 and n € N. It is observed that if £ (z) = €% in (3), then the operators (4) concerning (3) lead to (2) with respect
to the Appell polynomials, and if £ (z) = €% and {(z) = 1 in (4), we have (1).

On the other hand, when using the Brenke-type polynomials given in (3), with £(z) = ¢ and {(7) = (1 - g)u , we
have the classic Charlier-Poisson polynomials, which are defined by [4, p.458, Eq. (1.2)]:

k

eZ(]—E>u:;Ck(a, u)%, a#0. &)

a k=0

Then, Varma et al. introduce the positive linear operators involving Charlier-Poisson polynomials (see [5, p.119, Eq.
(1.6)]) by replacing &(z) = ¢ and {(z) = (1 - 2) in (4), as follows:

Ly(fix,a)=¢! (1 _ 1>(a_1)nx i Ci(a, —(a— l)nx)f (k) , ©

]
a far k! n

where @ > 1 and x > 0. We see that if in (6) we take on both sides @ —+ o and x — x — %, then we get the Szasz operators
given in (1). The convergence and bounding properties of these operators were also investigated [5]. Furthermore, in [6],
a study of Charlier-Poisson polynomials is presented, in particular, their explicit representation given by

Cix.a)= Y (Z) (i)k!(a)”—k.

k=0
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The Charlier-Poisson polynomials C,(x, &), x € Ng, and, o¢ > 0, are orthogonal with respect to the Poisson
distribution with mean «, that is,

N e*a X

ZCm(x,oc)Cn(x,a) pr =0 "n!6un, m,neNy,

where 8, is the Kronecker delta. On the topic of polynomial families and their various extensions, a remarkably large
amount of research has appeared in the literature (see, for example, [7-13]).

Our contribution aims to introduce a new family of discrete polynomials, called new parametric U-Charlier-Poisson
type polynomials, and we investigate some of their properties. Thus, the operators obtained from Brenke-type polynomials
are applied to the said polynomials. The outline of this work is as follows: In Section 2, we study some basic results of
operators obtained from Brenke-type polynomials applied to Charlier-Poisson polynomials and other results necessary for
developing this work. In Section 3, we introduce the new parametric U-Charlier-Poisson type polynomials and explore
some of their properties. In Section 4, we investigate the orthogonality relation. Finally, in Section 5, we apply the Szész-
type operators (4), obtained from Brenke-type polynomials to the new family of polynomials to study the convergence
and bounding properties.

2. Background and previous results

Let f be some function of a real variable x. The backward and forward difference operators A and V respectively,
are defined as (see [14, p.19-20]):

VI(x): = f(x) = flx=1),
Af(x): = flx+1) = fx). ™

Given two real-valued sequence functions {ay(x)} and {by(x)}, if b_; = 0, then (see [14, p.20])

=

Y (Aa()biex) = — ¥ ax () Vhe(x). (®)
k=0

k=0

Furthermore, for fi(x) and f>(x) with real values, the following property is satisfied (cf. [15]):
V(i(x) f2(x) = i)V f2(x) + falx = 1)V fi(x). ©)
The falling factorial x of order n is (see [16])
(p:=x(x—1)---(x—n+1), with (x)g =1, (10)

and the rising factorial x of order # is (see [16])
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p:=x(x+1)---(x+n-1), (x)o=1.

The rising factorial and the falling factorial fulfill the following relationship (see [15]):

_ I(n+x)
= T
<'x>ﬂ = (x 7'”)'7

where I'(x) is the Gamma function.

(11)

(12)

(13)

On the other hand, the digamma function y/(x) is defined as the logarithmic derivative of the gamma function I'(x)

(see [17])

y(x) = %logl"(x) = l;(x) .

The generalized harmonic number function is given by (see [17])

n—1 1
H'(x)=) ———, n,meN.
" k;)(k—i—x)m

If m =11n (15), then

T
H(x)=) —.
" = k+x
If x=01n (15), we have
U
HYO) =H =Y
k=1

where H]' denotes the so-called n-th harmonic numbers of order m.
Notice that from (12) and (14) follows

S = N () - (o))
_ Dlntx n+x)—wx
= T () - i)

Co iporary Math tics

(14)

(15)

(16)

(17)
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By (12), (16), and (17), we obtain

(= 107 33 (18)

The Stirling numbers of the first kind s(n, k), appear as the coefficients in the following generating function (see

[18]):

(log(1+2))F & 7"
k! = Z S(na k)ﬁ
n=k
In addition, they also satisfy
(@), =Y s(n, k). (19)
k=0

Note that from (19), we can write

( +z)"=;0<i> =Y W, =Y

|
n=0 n. n

(Zn:s(n, k)j) Xk, (20)

Now, (cf. [6, p.170 Eq. (1.1)]) it is possible to represent the Charlier-Poisson polynomials given in (5) as follows:

e A +w)= i(—a)"Cn(x, (X):—T, 21
n=0 '

with o # 0. Note that by taking @ = a, w = —E, and x = u in (21) we have (5).
a
It is worth noting that the classical orthogonal polynomials possess a weight function that conforms to the Pearson
equation of the form

Voo )] = t(x)o(x), (22)

with ¢ a polynomial of degree < 2 and 7 a polynomial of degree < 1. We note that in (22) the backward difference
operator V, given in (7), is used for orthogonal polynomials on the lattice and it is replaced by differentiation in the case
of orthogonal polynomials on an interval of the real line. The Pearson equation is an important part of the theory of
classical orthogonal polynomials because it enables us to derive many useful properties of these polynomials.

Let f € UCJ0, ), If § > 0, the modulus of continuity of the function f, denoted by @(f; 8) is defined by (cf. [5])

o(f;8): = ST(? )\f(X)—f(y)L where |x—y| < 6. (23)
x,y€|0, 0
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Additionally, it is well known that,

0= ol <0.8) (H57 1)) @4

Also, we have if f is uniformly continuous, then

If() = f )| < o(f; 8). (25)

The following Proposition summarizes some properties of the operators defined in (6).

Proposition 1 Forn € N, let L,(f; x, a) be the positive linear operators involving Charlier-Poisson polynomials in
the variable x > 0. Then, the following statements hold.

1. [5, Lemma 1] The operators defined in (6) satisfy the following identities:

1) Ly(L;x,a) = 1.

1
(i) Ly(s; x, a) =x+ —.
n

1 2
(i) Ly(s%1 x, @) =22+ (34 —— ) + =
n a—1 n?

2. [5, Theorem 1] Let E be the set given by
S:={f:[0, ) = R: [f(x)| <M, Ac RandM e RT}.

If f € C[0, 0) NS, then

lim L, (f; x, a) = f(x).

n—so0

That is, the operators defined in (6) converge uniformly on every compact subset of [0, o).
3. [5, Theorem 2] Let f € UC|0, o) N S. Then the operators L, given in (6) satisfy

L35 @)= f(9)] < {1+\/x(1+all)+j}w(f; )

with @ given by (23).

3. New parametric U-Charlier-Poisson type polynomials and some of their pro-
perties
In this section, we shall introduce a new class of discrete polynomials, which we denote by GLZH] (x; o, B, A) and
will we call new parametric U-Charlier-Poisson type polynomials. Furthermore, we obtain some of their properties.
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Definition 1 For a fixed J € N, f, A € R and o # 0, the new family of parametric U-Charlier-Poisson type

polynomials GLZH] (x; a, B, A) in the variable x € R are defined by the means of the power series expansion at 0 of

the following generating function:

24J om_ 0 n
. _ - n —J X _ 2+J], . 2
ez 0B, 2) = | B2 (o) ] =3 | 149 = R 6w as B2 26)
24J om _

From (26) and taking A ; (A, &) = A"(—a) ™/ H , the first parametric U-Charlier-Poisson type polynomials
m=2

m_2
are obtained, which are:

Gy @, B, A) = B+4;(A, ),

G a, B, A) = —af +A;(A, @) +x(B+A;(A, @),

GE (s a, B, A) = 0B —2afx+x(x— 1)(B+A;(A, ),

GE i a, B, A) =~ B+ a2Bx—2afx(x— 1) +x(x— 1)(x—2)(—af + B +A;(A, a)).

Note thatif B = 1 and A =0, z = w in (26), we have the classic Charlier-Poisson polynomials given in (21). Therefore,
the generating function of GLZH] (x; o, B, A? in (26) includes, as its special cases, the generating function of the Charlier-
. . . 2+J], .
Poisson polynomials, i.e., C,(x, &) =G, (x; a, 1, 0).

Substituting x = 0 in (26), we have

247 om __

u(0; 2 @, B, A) = [ﬁe‘“—&—l”(—a)’Hzm_z =Y G0, @ B A @7)
m=2 :

n=0

which leads us to the following definition.
Definition 2 (Parametric U-Charlier-Poisson numbers) The associated sequence of parametric U-Charlier-Poisson
numbers is given by evaluating the polynomial at x = 0:

GE N, B, A): =G0 a, B, A), neN,.

These numbers arise as coefficients in expansions where the variable x is fixed, and they are central in the structural
and algebraic properties studied later.
We can compute a few values of the numbers GLZH] (a, B, A) as follows:

G([)H”(OC, B, A)=B+A4;(A, ), G[32+f](a, B,A)= —[30537
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G e, B, ) = —Ba, G e, B, ) = Bo,
GE (e, B, 1) = 0B, G2, B, A) = —Ba’.

We now isolate a sequence of coefficients arising from the parametric structure of the generating function. In
particular, the contribution corresponding to the second summand in the generating function

24J om_ 1

/l”(—a)”
s 2" =2

(1+2)*

yields a sequence of numbers U (&), which we define via the expansion:

2+4+J om _ 1

[2+J]
1500 =Lu

A”(fa) —J

These coefficients encapsulate the purely parametric contribution independent of 3, and their structure is useful in
analyzing limiting cases and algebraic identities. Although a closed-form expression is not available, they may be seen
as structurally analogous to convolution-type sequences arising in exponential generating functions.

One can use A (A, o) in the following manner:

Aj(A, @) = A"(—a) 2! U (e 28
J( ’ 06 H om_9 Z ( )
Whereby some U,?H](a) are
24J H»m 24J ~m
247 _ 2m—1 24 _ 2m —1
v @) = () [ 5y oy @) =2-0) ' [] 55—
m=2 m=2
247 om 2t om
247 247
U1[+](OC)—( a) / m_ 7o’ U3[+]( = JH2m
m=2

Proposition 2 Let B € R— {0}, J € N fixed, and {G,[f“] (a, B, l)}: . be a parametric U-Charlier-Poisson type
sequence of numbers defined as in (27). Then, the following relationship is fulfilled:

Fa, B, ) = (=1)"Ba, (29)

with

Co iporary Math tics 8 | Cesarano Clemente, ef al.



GE (@, B, 1) = B+A;(A, a). (30)

Proof. By using (27) follows

Y GE e B A5 = Ak o)+ i(

n=0

oo nZn
s G o, B2 +ZG[2+” a, B, /1 Z "o A (2, @).

n=1 n=0

With what we have,

=

GF o B )= X [0 — G B A)] E (B A (A, ). (1)
n=1
From (31) follows (29) and (30). Proposition 2 is proved. O

With its proof, the following proposition provides a concise formula for the parametric U-Charlier-Poisson type
polynomials G,LZH] (o, B, A).
Proposition 3 Given a fixed J € N, let { [2” (x; a, B, l)} » be a parametric U-Charlier-Poisson type sequence

of polynomials, defined as in (26). Then, the following explicit representation hold:

GL2+J](X; a, ﬁ7 A,) :ﬁ(_a)ncn(x’ a)_i_l”(_a)*J lﬁ; ;:_;] <x>n7 32)

where (x),, is the falling factorial defined in (10).
Proof. Using the generating function of the parametric U-Charlier-Poisson type polynomials given in (26), we have

24J om_ 1

[2+J] 7" _ n —J X
ZG xoc,[s,)L)H = |Be “4+A"( Hzm (1+2)

_ > " . " n -2+‘12m*1- /o .
= BT (ol @) 2o 5 ZO()z

o Zn _ _2+J 2m _ 1- oo Zn
= BY Gl 2 o) | T] e | XL
n=0 |m=2 | n=0
oo 2+J om _ n
_ -7 <
- L [poram e ar-o I 5 ] piE
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Considering the above expression, we thus have (32). Proposition 3 is demonstrated. O

Proposition 4 For a fixed J € N, let {G[ZH] (x; o, B, l)} » be a parametric U-Charlier-Poisson type sequence of
polynomials defined by (26). If 3 — 0 and A — 1, then the following identity holds:

n 24 o0 2+4J om _
I e R 0 | = €3
k=0 k 2
Proof. Let us write (26) as
[Be™ (1 +2)" +4;(A, @) (1 +2) T % (14+2) 7 = (ZGEM B a ’1).> 4™
n=0

- (i [2+J] x B, a, ) r:) <Zacn o, )};)

From the above expression and (28), we have

n

B+e*A;(A, a)=) Z( )G[ZH] B, o, A) oGk (—x, —oc)z—.

!
n=0k=0 n:

- ﬂ+ia”<zvf“] : fl!>n!=i2(2) GE(w: B @ ), (x-S

P
n=0 n=0k=0 n.

Then, taking B — 0 and A — 1, follows

00 24+J HAm __ © Ny n
Y a (Zn'Him 1) ¥ 3 ()6 s B e -

n=0 n=0k=0

from which (33) follows. Proposition 4 is demonstrated. O

Proposition 5 ForafixedJ €N, B € R—{0}, let {G,[CZH (x; a, B, l)} be a parametric U-Charlier-Poisson type
sequence of polynomials defined by (26). Then, we have the following re]atlonshlp

Aj(A, @)C, x—a+2ﬁsnkﬂ< Z() G a, By A, (34)

where s(n, k) is defined by (19).
Proof. From (26), implies that

Co iporary Math tics 10 | Cesarano Clemente, ef al.



B(1+2)*

= (Yo wa .15 | (oS | -4 @) Y o'Culx, —a) ;.
n=0 n: n=0 n=0 n:
Now, using (20) follows:
I‘l s n n n Z n Zn
ﬁZ(ank ) - LI (N)er wap e L a0 L a6 -,
n=01=0 n=0 .

I
[ agki

3
I

which yields (34). Our Proposition 5 is proven.

(Z (l’l) 2+J x «a, ﬁ ;L) oa' I _ _(A7a)ancn(x’ —(X)) wa
0 \/=0 n!

n

O

Proposition 6 For a fixed J € N, f € R— {0} the following relations hold for the parametric U-Charlier-Poisson

type polynomials defined by (26):

n G B.2) = Y (1) (- R G (e B 2), (G5 =0), G3)
k=1
LB e p 1) - R @) G @ B4+ G B A) A (L @) =0, (6)
where oo € R—{0},z¢€ C—{0, —1}, n € N with
Rz o) = [1 ] (37)
X5 Z5 = 3
¢ a | (14+z)log(1+z)

and A;(A, ) given in (28).

Proof. To prove (35), we note that by differentiating (26) with respect to x, we can write

Volume 6 Issue 4]2025| 11
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oo

& Engal 0,15 = T ¥ 001} 062 e o)
n=1 : 1 :

n=1k=

@n%GLZjIJ](x; o, fB,A)= i(_l)kl(k—l)v(z>(n k)GL na, BA).

k=1

Of the above expression and applying (13) follows (35).
Now to prove (36), we derive (26) with respect to z as follows:

d 2+J 7"
aizu(X; - aaﬁ,)’ ZGVH-I X3 avﬁ’}\')ma (38)
and

ur; o, By A) = —— [(1+2) (Be “+4;(A, )] — aBe(1+z)". (39)

9
dz (14+2z)

Likewise, if we derive (26) with respect to x, we have the following:

Sulrzapi)= ¥ 6 e ph) (0

%u(x; zo, B, A)=(1+2) log(1+z)(Be ¥ +A;(A, a)). 41

By using (38), (39), (40), and (41), we obtain

X

19 1
aa—zu(x, z o, B, l)_a [(lJrz)log(]Jrz)

};xu(x; o, fB,A)
+ulxz o B, A)—(14+2)"A;(4, a) =0

2, 1y x 9 P+ &
< — ZG}'L+1 a?Bva’>n' a”0|:(l+Z)10g(1+Z):| axG ( ’avﬁvz’)n!

s e ma o -a ¥ (
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n

d _[24J]
Lxc (v @ B, A)5;

o [(1 +2)log(1+2z)

[2+J] &
+ZG (xa[il——ZA)La(}—'fO.
n=0 n=|
Of the previous equation taking X (x; z; o) as in (37), (36) follows. Proposition 6 is proved. O

Proposition 7 For a fixed J € N, f € R — {0}, let Gl (x; a, B, 1) be the parametric U-Charlier-Poisson type
polynomials. Then the following statement holds:

d Hn ; 24J om _ 1 ;
- = ﬁfx) SR Z ~1'ot G (o B2 (42)

using (x), given by (11) and H,(x) = H] (x) given in (16).
Proof. Taking z — —z and x — —x in (26), we have

oo

Bl-2)" = =Y (=16 (—x a, B, A)%"! —Aj(A, @)e % (1—z) 7

n=0

I
—
yok
—_
=
Q
=
I\l
~—
N
013
Naw)
Q
ShS
Jr
~
|
Ra:
K
=
=
S|
—- =
~—
~
8
D18
—_
E
V:
O
|
=
8
S | 5%

n
n!

£ (B retinas s acyeacal;

SR PR e kL z
PICIEE W LZO (1) 1ret ey o B2 - A5Gk o (-1 )|
n
(W= Y (=18 G (s a. B,A) = B4, (R, 0)(~1)"0"Cu(—x, @),
k=0
This way, using (18) follows (42). This completes the demonstration of Proposition 7. O
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4. Orthogonality relationship of the polynomials GLZH] (x;a,B, 1)

The main aim of this section is to obtain the relation of orthogonality satisfied by the polynomials GLZH] (x; 00, B, 1),
and apply it to study a relationship between these polynomials and the operator V given in (7).
For a fixed J € N, we define the parametric U-Charlier-Poisson discrete weight function w® as

e %o

x!

0%(x; B, A) =

IM(B, A, ) +i®(B, A, a)| 2, (43)

where o € R, a <0; B, A € R— {0}, on the lattice N; z, w € C; z = aj +iaz, w = ¢| + ic in the circle C(0, |n|) and
[n] = min{|z|, |w|}. While M(B, A, @) and ®(, A, ) are given by

M(B, A, @)

B (B+A;(A, a)(escos(crtx) + & cos(ar)))

+[A;(A, o) e182cos(a(az +¢2)), (44)
OB, A, @) = PA;(A, a)(grsin(ca) + & sin(ay)))

+[A;(4, @) e1&sin(a(az +c2), (45)

where A;(A4, ) given in (28), & = "%, and & = e“1%.
With the weight @%(x; 8, A) given in (43), we can introduce on IP the inner product as follows:

oo

<f7 g>a)‘1 = Zf('x)g(x)wa(x; ﬁa /’L)a

x=0

where f, g € P. Which has positive weights for every o < 0.
The Pearson equation concerning (22) for weight (43) is now of the form

a—x

Vol (x;a, B, A) = (a) P (x; 0, B, 2). (46)

Theorem 1 ForafixedJ e N,ifa eR, oo <0, §, A € R—{0}, and m, n € Ny. Then, the parametric U-Charlier-
Poisson type polynomials for the weight (43) satisfy the following orthogonality relation:

e %a*

x!

LC(n+1)a”"

28,4, 7 = gl

S, n- (47

Where Q(B, A, o) =M(B, L, &) +iO(B, 1, o).
Proof. One can see that from (26) follows:
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Ux,z, o, B, 1)

I
=
N
s
S~—
=
= |
N~
s
Yy
S =
N~
N
=
+
S
~.
?)
Q
SN—
(aok
N
S =
N——
N:

This implies that
Ulxiz, o B, 2) =Y. DE (s a, B, 1), (48)
n=0

where

Similarly, we obtain
U m X X
D .2 = Y B ) -y o
On the other hand, we have

U(X; <y aa ﬁ, A)[]()C’ w, a’ ﬁ’ A')

[Be = +A;(0, )] [Be™ +A4;(A, @)] (1+2) (1 4+w)*
e e (B A (R, 0)e®)(B+A (A, @)e™)(1+2) (1 +w),

and so, we have that
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i QU (x; z, o, B, MU (x; w, @, B, A)

X (B+Aj(A, a)e™)(B+Aj(A, @)e™)e e @ IH1HW)

k=0

(B+AjA, 0)e*)(B+A;(A, a)e™)e*e™™.

So,

=

ZU(X 2,0, B, AU w o B,A)

!
far k!

e—aak o0 W
= (B+A;(A, a)e™)(B+A;(A, a)e™) ) o

|
=0 n:

(49)

Applying equation (48) to the left-hand side of (49) yields

=) —O ~k oo — =)
Y Uiz, 0, B, AU w, @, B, A) S = Z ZDM (v o, B, )2 Y D e, B, AW

|
Pr? k! ~ " k! =

0 oo (Xk

Y Y ob e, B A)DE (s o, By A) 2w (50)

m, n=0k=0

By combining Equation (49) with Equation (50), we have that

Y (B+en)(B+en) T = Y Y DE e o, B 4D (k@ B AL

n=0 m, n=0k=0 k!

‘Which results in

o' (B+AjA, @)e™)(B+A;(A, a)e™)
.

pl2+] [24J] . n!
k;o ik o, B D (ks o, B2 T

}, ifm=n,

0, if m # n.

@Z Dk a, B, A)DZ (ks 1, B, 1) = —
k=0 : :

e %ot [a"(B+A;(A, )e™)(B+A;(A, a)eaw)} 5

And so we can see that

e @ k

ZG”’ (x, a, B, MG (x, a, B, ) o

=nla"(B+A;(A, a)e®)(B+Aj(A, &t)e™ ) S, n. (51

Now, from Equation (51), we consider the following product:

Co iporary Math tics 16 | Cesarano Clemente, ef al.



(B+A;(A, @)e®)(B+A;(A, a)e®™) = B>+ BerA;(A, @)+ BerA (A, a)e®
+]Aj(A, a)) g1 826 % 2%, (52)

Finally, we take into consideration the following: we develop the calculations in (52) and substitute Equations (44)
and (45) into the result, then organizing (51) with these calculations we get (47), which completes the proof of Theorem
1. O

Through renewed invocation of (52) with well-defined parameters, we establish the following result.

Corollary 1 For a fixed J e N, if a €R, a <0, §, L € R—{0}, and m, n € N.. Assume that z; = a; + iay,
72 = ¢1 +ica, with ay, ¢; — 0 and a, — ¢; = § in the circle C(0, [n7]). Then, the parametric U-Charlier-Poisson type
polynomials satisfy the following orthogonality relation

e %o

x!

-2 F(n+1)oc”
‘Ql(ﬁa A‘? (X)| - Ql(ﬁ7 A,, a) 5m,n-

Y G2, o, B, 1)GE ) (x, . B, A)
x=0
With Q; (B, 4, o) =M (B, A, o) +i®;(B, A, o). Also M (B, A, &) and O (3, A, @) are given by
Mi(B, &, @) = B (B+245(A, )cos(a) + [4(%, @) cos(2a())

©1(B, A, &) =2BA;(A, a)sin({a) +[A;(A, a))*sin(2{ ).

Using the orthogonality property of the polynomials G2 (x, o, B, A), the summation by parts given in (8), and the

Pearson equation given in (46), we can see the following structure relation:
Proposition 8 The parametric U-Charlier-Poisson type polynomials given in (26), satisfy

AGE (v at, B, 2) = o, G, B 1), (53)

n—1,n~n—1

where a% are the Fourier coefficients.

n—1,n
Proof. Writing the polynomials AGEZH) (x; a, B, A) = G2+ x+1La, B, A)— G2+ (x; a, B, A) in terms of
{ LZH](x, a, B, l)} , we have

n>0

n—1
P e B ) -G e B A) = Y af G (s . B ),
k=0

where
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<AG[2+J](X a, B, A), G (x: a, B, ,1)>
al, = o k=0,1,...,n—1.
(G o, B A), G, B 2))
wa

This way, applying (8) and (9) follows

- ZGW Lo, B, M)V (0%(L, B, M)GE (L @, B )

= -~ Y & wa Boa) [o(L B VG (L B, 2) + G L - 1 @, B AVl (L)
L=0

= Y G o, B A)0%(L, B, A)VGE L a0, B, 2)
L=0

ZGZH L—1; 0, B, AGE N (L—1; a, B, A)Ve® (L; B, A).

Now, due to orthogonality of G[ZH] (L—1; a, B, 1), and since VG has degree k — 1, we have that the first sum is
zero. For the second sum, substituting (46) yields

(GE, 6Py af, = ZG”’ Lia, B AGE(L 1 e B Mo (L, B, 1) EE

%
7 [2+J] [24J] . o
- ZG L a7B7A)Gk (L_l, a,ﬁ,?t)a) (L7B7A') (54)

This sum is zero for k+1 < n, so only a?_ 1.n Can be non-zero. Therefore, from (54) follows (53). The proposition

8 is proved. O
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5. Szasz-type operators including the parametric U-Charlier-Poisson type poly-
nomials
In this section, we present a positive linear Szasz-type operator given by (4) involving the U-Charlier-Poisson type

polynomials. With the help of the Korovkin theorem, we study the convergence and some properties.
Definition 3 We define the Szasz-type operators, including the generating function of the parametric U-Charlier-

Poisson type polynomials given in (26), with & = a, z= ——, and x = —(a — 1)nx as follows:
a
_ 1\ @O =GP (g~ Dnx, a, B, A k
hirn) = Berayr e (1-1) g G Elem P B2 (1), (55)
k=0 :

where f € C[0, ), n€N, Be#A;(A, o), and x > 0.
Lemma 1 Forn € N and x > 0, the operators J,, defined by (55) satisfy the following identities:
L. J,(1,x)=1,

2. Ju(s, x) =x+ pe
n

(Be+Aj(A, o))’

1 n 2Be
2 1 2 .
na—t)+—— 2P 1| mBe+Ai(d, )
n(Be+A;A,a)) n
Proof. Using the generating function of the parametric U-Charlier-Poisson type polynomials, given by (26), we can
see that

, with Be £ A;(A, a).

3. Ju(s?, x) = x> +x

© G _(q— nx; a, B, A ~(a-Dnx
ZGk (=( k]!) B ):<1_1> (Be+A;(A, a)), (56)

k=0 a

> 24 (a—1)nx, a, B, A —(a=1)nx
Zka (= k!l) B, ):<1—1) [Be+nx(Be+Aj(A, a))], (57)

k=0 a

= RGP (—(a—1)nx, a, B, 1) ( 1>(al)nx

177
kg k! a
x [*x*(Be+Aj(A, &) +n*x(Be+A;(A, &))@ +2Pe], (58)
where
© 1
B e 2Be 1

Then, multiplying each equation in (56)-(58) by their respective right multiplicative inverses and applying the
operator definition (55) yields the lemma’s assertions. O
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Theorem 2 Let S: = {f: [0, ) — R: | f(x)| < Me**}, where A € R. If f € C[0, o) NS, then

lim J,,(f, x) = f.

n—oo

That is, the operators defined in (55) converge uniformly on every compact subset of [0, o).

Proof. By using Lemma 1, we have

lim J, (s, x,a) =x', i=0,1,2.
n—soo

In this way, using Korovkin’s Theorem [19], convergence is guaranteed in each compact subset of [0, o) . O
The next result gives the rate of convergence of the sequence J, to f by means of the modulus of continuity.
Theorem 3 Let f € UC|0, ) N S. Then the operators J,, satisfy the inequality that follows:

50 - 100] < {1+ VG B Do (5 ).

with

Yo(x; B, A) =

2+12m_1
2m—72

where H = (,Be—i—l(—a)"H
m=2

H
)

n(a—1)(Be+H)>+3Be+H

n*(Be+H)>—2Be ] 2Be

n*(Be+H)

], a#1

Proof. By using (23), (25), the Definition of the new operators given in (55), and identity 1 of Lemma 1, we can

write

IhUw)f@NF(

Thereupon

Un(fs ) = f0)] =

IN

This way of (24) follows:

Co iporary Math tics

a

g

1—=

)

1
1——
a

1
1—=
a

)

(a—1)nx oo

(a—1)nx oo
) £

k=0

G (—(a—1)nx, a, B, 1)

)3

k=0

(a—1)nx o

>

k=0

k!

f<z>1xﬂ@-

GPN(~(a—1)nx, a, B, A

G][<2+J](_(a_kt)nx, a, B, 1) (f (k> f(x)>|

k!

>k<ﬁ)—fw)-
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(a=Dnx o G2 (g~ 1)nx, a, B, A
a(f, %) — f(x)] < {H(l—;) y % (—(a k')nxa B )Cs i—x+1>w(f,5)}
k=0 :
] 1\ & G2 (—(a—Dnx,a, B, A) [k
< {1+5H(1—a> X - ‘n"‘ o(f.5)  (59)

On the other hand, it holds by Cauchy-Schwarz inequality for series, and Lemma 1 the following:

1 —(a—1)nx 1/2
()
a

> G[2+]]—a—lnx,a, JA) [k 2\ /2
X(Z ACURLLY. >(>> |

k=0

G (—(a—1)nx, a, B, 1)
k!

k
- —x
n

k=0

Then, taking

a1\ V2 [ e A24] N 1/2
I 1\ @b G,y (—(a—Nnx,a,B,A) [k
$= (H (-2) ) (Z g G )

is fulfilled

—(a—1)nx (a—1)nx o 2+J] o 2 1/2
X H71 (1_1) H(l—l) ZGk ( (a l)nx, a,ﬁ,l) (k_x>
“ a k=0 k! n

—(a—1)nx (a—Dnx o AR, 2
= H! (1 - 1) [H (1— 1) Y G ez Umaf2) <k ok +x2>
n

!
k=0 k!

1/2

1 —(a—1)nx 1/2
= g <1_) []n(sz,x)—Z)an(s, x>+x2]"(1’x)] ’
a

So, of (59) and the above expression, we get
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50 = 1] < {14 5 VIR A (1. 9).

O
1
By choosing 6 := 6, = ﬁ, we arrive at the desired result. Theorem 3 is proved.
Lemma 2 For x € [0, o), the sequence of operators J,, given in (55) satisfy the following property
1 2Be 2Be
Ju((s—x)%, x) = —
A e e T wperah o) | et Atk )
n(Be+A;A,a)) n
with Be #£A;(A, a).
Proof. By taking advantage of the linearity property of J,, operators, we have
Jo((s—x)2, x) = Ju(s%, x) = 22, (5, x) —¥* (1, x).

Next, we apply Lemma 1, we obtain the desired outcome. O
Theorem 4 Let f € C[0, «o) NS and x € [0, ). The operators J, satisfy the inequality that follows:

Un(f, %) = f(0)] < 20(f; v/Tu), (60)

where

1 2Be 2Be

- - .
nla— _ 2Be 1 n(Bet+Aj(A, a)) n?(Be+Aj(4, a))
@= Ot Bera, ) n

T, =x

Proof. By the identity 1 of Lemma 1, and using the modulus of continuity property, it is fulfilled

sz (-0 g G (o= e po2) (%)

a n

k=0

N1 & G2 (—(a—Dnxa, B 4) [k
<{1+H(1_a> Skgo k! ‘n_x‘ ol

On the other hand, by Lemma 2 and the Cauchy-Schwarz inequality, it holds
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= G][<2+]](_(a_ l)nx7 a, ﬁa )‘)

)»

(a—1)nx
(D
n a

= k!

1/2

=GP (a1 a, B 2) [k | /

xqY ' - —x
= k! n
—Na—1)nx
< H (1 - 1) {Tn}l/z'
a
1 1/2
This way, |/,(f, x) — f(x)] < {1 + 5@} . Thus, by taking 6 = /T, we have the desired result. O
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