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Abstract: This study investigates higher-order recurrence relations by examining the behavior of their solutions through
Lie symmetry analysis, periodicity, and stability. Using Lie symmetry techniques, the work in this paper uncovers
invariant transformations and structural properties of the equations. The analysis also identifies conditions under which
solutions display periodic behavior and evaluates the stability of equilibrium points. To support the theoretical results,
graphical representations of the solutions are presented, illustrating the predicted dynamics. These findings offer valuable
insights into the qualitative behavior of complex difference equations and considerably extend some existing findings in
the literature.

Keywords: difference equation, symmetry, reduction, group invariant solutions

MSC: 39A10, 39A99, 39A13

1. Introduction

The study of difference equations and the available methods for solving them has received considerable attention over
the years. One of the effective approaches for solving these equations is through Lie symmetry analysis, which involves
finding an invariant that reduces the order of the equation. Various notable researchers like Maeda [1] and Hydon [2] have
significantly advanced the use of Lie symmetry analysis in this area of focus. Difference equations are commonly applied
in various real-world scenarios, such as disease modeling, loan amortization, meteorology, and image processing.

Recurrence equations of a general order have been thoroughly investigated by scholars like Giimiis and Abo-Zeid
[3], who have explored the exact solutions, as well as the stability, oscillatory behavior and periodic properties of

AaXp—2k—1

Xptl = . ,n=0,1,2,..., )
b—c[] xn—21-1
=0
where a, b, ¢ are non-negative real numbers. The initial conditions x_o;_1, x_o, ..., X_1, Xo are real numbers, and k, n

are non-negative integers. They found periodic solutions and determined the conditions under which solutions are stable.
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This work is motivated by the findings in [3]. In their work, they presented exact solutions of a class of higher-order
difference equations (1), and it serves as a foundation for the current study, which aims to build upon and extend their
results using alternative methods and perspectives. Equation (1) can be generalized as

Xn—2k—1

- .k
A, +B, lnoxnfﬂfl

; 2

Xn41 =

where A, and B, are arbitrary real sequences, provided that the denominator is not zero. For related work, please see
[4—11]. Much work still needs to be done to determine exact formulas for solutions of general difference equations. Lie
symmetry analysis, which has been widely applied to differential equations, has recently been utilized in the study of
difference equations and fractional differential equations to gain insights into their structures and solutions [12—16]. For
solutions of differential and fractional differential equations from different approaches, please see [17, 18].

This work provides a comprehensive analysis of higher-order recurrence relations through the lens of Lie symmetry
methods. A key novelty lies in the application of continuous symmetry techniques to (2), offering a unified framework
for analyzing the dynamic behavior of these higher-order difference equations. The main contributions include the
identification of symmetries that ease the reduction and solution of (2), an exploration of the periodic nature of their
solutions, and a detailed stability analysis of equilibrium points. The advantage of this Lie symmetry method is that it
provides a convenient change of variables without the need for guesswork.

For definiteness, we study the equivalent recurrence relation given by

Xn

xn+2k+2:—k7n:0a 1727 ) (3)
An + Bn H Xn4-21
1=0
for some arbitrary convenient real sequences A, = A,,Hk“ and B, = I§n+2k+1 where xq, X1, ..., Xpr+1 are initial values

and k is a non-negative integer.

The paper is organized as follows. Section 2 presents the foundational theory required for determining symmetries
of difference equations and performing order reduction. It also includes a brief review of classical results concerning
the stability of equilibrium points. In Section 3, we derive symmetries and solutions of equation (3), with a more in-
depth analysis provided for certain special cases. Section 4 focuses primarily on the stability of equilibrium points and
the periodic behavior of the solutions of (3). Lastly, in Section 5, we demonstrate that several known results from the
literature can be recovered as particular cases of our work.

2. Preliminaries

Most of the definitions used in this paper are drawn from [2, 19], and most of the notation follows the conventions
they adopted.

Definition 1 Let G be a local group of transformations acting on a manifold M. A subset.” C M is called G-invariant,
and G is called symmetry group of ., if whenever x € ., and g € G is such that g - x is defined, then g -x € .% [20].

Definition 2 Let G be a connected group of transformations acting on a manifold M [20]. A smooth real-valued
function ¥ : M — R is an invariant function for G if and only if

X(¥) =0
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for all x € M, and every infinitesimal generator X of G [2].
Definition 3 A parameterized set of point transformations,

Te:x—£(x; €), C))

wherex =x;, i=1, ..., p are continuous variables, is a one-parameter local Lie group of transformations if the following
conditions are satisfied:

(1) Iy is the identity map if £ = x when € = 0.

)T, Iy, =T, for every a and b sufficiently close to 0.

(3) Each £; can be represented as a Taylor series (in a neighborhood of € = 0 that is determined by x), and therefore

)?i(xzs):xi+8§i(x)+0(82), i=1, .. p 5

Let us consider the following difference equation:

Xn4-2k+2 = G(n7 Xns Xn+2, Xn+65 -« -+ xn+2k+1)7 (6)

where G is a smooth function such that its partial derivation of G with respect to x,, is not zero. Symmetry groups are
useful in determining infinitesimal transformations. Suppose

X = xn + €& (n’xn)+0(£2)7 (7
represents a one-parameter Lie group of transformations for equation (6), with the associated generator given by

d

V=_£&(n, xn)g ®)

It is crucial to recognize that finding the characteristic & = £ (n, x,) requires knowledge of the (2k)th prolongation
of V:

d
vRE = ég +(8%8)

)

a)511-"-2

0
+,,,+(52k€)m7 Q)

where S’ : n — n+ i is the forward shift operator. The expression in (7) forms a symmetry group if and only if the following
condition is satisfied:

SH*F2E (n, x,) VR (G) =0 : (10)

X2k 2=G (1, Xn, Xpi 25 ey Xngok)
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The characteristic function is obtained by solving the functional equation (10) and using the canonical coordinate
[21]

dx,
en = / oy (11)

which helps derive the invariants that can reduce the order of the difference equations. As shown in [21], selecting the
canonical coordinate (11) guarantees that the recurrence equation can be transformed into the form ¢+ — ¢, = dj,, with
the solution expressed as

n
Cn = Z di +wi, (12)

k:n()

where wy is a constant. Based on (12), it is straightforward to find the solution in terms of the original variables. In this
paper, we derive the solution using the canonical coordinate through a different approach.

The following definitions and theorem from [19] are useful for analyzing the local and global stability properties of
the equilibrium point.

Theorem 4 The equilibrium point X of equation (6) is considered locally stable if for any € > 0 [19], there exists
6 > 0 such that

|xo — x|+ |x1 — % + - + |xap—2 — X| + |x2k1 — X < 8, (13)
implies
|x, —%| < € foralln > 0. (14)

Theorem 5 The equilibrium point X of equation (6) is considered a global attractor if for any solution {x,};_, of (6)
[19],

lim x,, = x.
n—soo

Theorem 6 The equilibrium point X of equation (6) is globally asymptotically stable if X is both locally stable and a
global attractor of (6) [19]. Let

oG
== (%, ..., %), fori=2nr=0,1,..., k
pl aXn+l ('x7 ) x)? ori r’ r ) ) )

Then, the characteristic equation corresponding to equation (6) near the equilibrium point £ is

)L2k+2_p2k12k_..._p212—p0:0. (15)

Volume 6 Issue 4|2025| 5041 Contemporary Mathematics



Theorem 7 Suppose f is a smooth function defined in an open neighborhood around x [19]. The following statements
hold:

(1) The equilibrium point X is locally asymptotically stable if all the roots of the characteristic equation (15) have
absolute values less than one.

(2) The equilibrium point X is unstable if at least one root of the characteristic equation has an absolute value greater
than one.

Theorem 8 The equilibrium point ¥ of equation (6) is referred to as non-hyperbolic if there exists a root of equation
(15) with an absolute value equal to one [19].

3. Main results
To determine the characteristic function & associated with equation (3), we apply the symmetry condition from

equation (10) to equation (3), leading to

G

axn—}—Zl

k
E(n+2k, xni2k) — Y, E(n+21, x,42) =0, (16)
=0

_ Xnt4
aer—Z Xn+2 8JCrH—4

where G is the right hand side expression in (3). We now apply the differential operator
(16). This results in:

to equation

oG , k 9°G
— n+2, xyu0)— )y ———&(n+21, x
a)C;'H—Z é ( " ) 1:20 axn+2&xn+21 é( n+21)
(17)
k 2
Xn+4 8 G G ’
— n+2l, x + n+4, x,44)| =0,
X2 P axn+48xn+21 é( n+2l) axn+4€ ( n—+ )]
that is,
oG _, Xpia 0G [ 9°G  xyu4 0%G }
— n+2, x,12)+ n+4, x,04)+ | — n, x
axn+2§ ( " ) Xn+2 axn+4€ ( " ) OXpXni2  Xn42 OXpXnig é( n)
9°G  Xyp4 9°G °G Xpiq 0°G
52 - E(M=+2, xpp2)+ | — 4+ s— | E(n+4, x414)
0Xy.,  Xn+2 OXpi2Xntd OXpiaXni2  Xnt2 0Xoy
2°G Xpis  0°G )
+ — n—+2l, x,.0;) =0.
,; < OXni2Xn42l  Xng2 OXpi2iXnid d 21)
This can be simplified to:
X,
Xnia& (n42, Xpi2) — X048 (N +4, Xnja) — xn+z (E(n+2, xp42) +E(n+4, x404)) =0. (18)
n+
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After a series of lengthy computations, we found the characteristic functions to be Q(n, x,) = o,x,, where a,, satisfy

Oy + O 2 + Opa + -+ + Oyop—2 + Cok =0, (19)
that is,
0(n, x,) = uxy = teftitiy,, (20)
form=1, ..., k;k>1andi® = —1. If follows from (8) and (20) that the infinitesimal generators are
Xi(m) = ' x,— | Xo(m) = (—1)"e' %1 J , 1)
Xn dxp

1 <m < k. To linearize equation (3), we use the canonical coordinate given by

d 1
S,,:/ o inx, (22)

O Xy O

where @, satisfies equation (19). For convenience, we use the invariant

I, =03,8, + 0y 2Sp 2 + Oy aSyqa~+ -+ Oy 2k 2Sp12k—2 + Oy 24Sp42k

=In|xx,12. . Xy 2k—2]- (23)

We examine how this invariant I, behaves under the action of the vector fields X I[Zk] (m) and Xz[Zk] (m). Applying

Xl[zk] (m) to I, gives:

2k ; nmimw a M a
Xl[ ](m)[n = ¢'k+1 Xn + o+ el Xp42k=—— In \xnxn+2 e Xp2k
0x, X2k
jnmz l.(n+2k)m7r
Syl = SRR Ly 28
o 1— ei2m7‘f
—e k+I1 lw
— ek
=0, (24)

and similarly for X,(m). The action of the vector fields X;(m) and X»(m) on the invariant I, results in X,(m)I,, = 0 for
r =1, 2. This shows that I, is indeed invariant under the action of the above vector fields.
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Letting |r,| = exp{—In|x,Xp+2 . .. Xu12k| }, the following similarity variable can be obtained:

1

fp=—————————.
XnXp42 «+ - Xn42k—2

On one hand, shifting equation (25) twice and substituting x,, 2+ into the resulting equation gives

Fnt2 :Anrn + B,

which, upon iteration, leads to

Pontl = (H Al+2k1> r+ Z ( H A/+2k2> B 12j,

ky=j+1
for =0, 1. On the other hand, using (25), we obtain that

I'n

Xn4+2k+2 = Xn

'n42

which, upon iteration, leads to

F(2k42)m41+2

_ <”Hl "2kt Vymet | § ) +2(1) )xl
m=0 "2 (k+1)m+| 4 |+1]+1(1) 7

1
T k+2)m+1
X(2k+2)n+l = (H L )xl,lzo,...,2k+1,

where | -] is the floor function and 7(/) represents the remainder when / is divided by 2. Using (27) in (29), we have

(k+-D)me+ 5] -1 (et mt | L]—1 [ (ke Dm+[ 51
I Ao | Fe) )y T Asyicw) | Bajieq

n—l k=0 j=0 ko=j+1

Y2t 2t :xl,gl (ktDm+ L] (et Dmt [ L] [ (et Dmt (L]
I Ay )rept+ X T Axuyicy | B2jie)

k1=0 j:() k2=j+1

(k+1)m+| -1 (k+D)m+| 5] =1 [ (e D)m+ | ] -1 Byt
[T Axeoy |+ ) I1 Agigtr(ty | =

j=0 ko=j+1 T(1)

i (k+1ym+| £ (k+D)m+| 5] [ (ke Dym+] 4] Baiet
HO Aprey |+ X [T Awyreqy | =5

kp=j+1 Te(1)

(25)

(26)

@7

(28)

(29)

(30)
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Equivalently, by back-shifting (30) 2k + 1 times, we obtain the solution of (2) as follows:

(k+1)m+|5]-1 (k+Dmt ] =1 [ (k- Dm+ ] -1 Byt
- IT Aopy 4oy |+ )y I1 Ak it(t) | 7

nl k=0 j=0 ko=j+1 T(1)—2k—1
X(2k+2)nt1—2k—1 =X[—-2k—1 H

" (kH)mH%JA G MH)mH%JA Byjiapy
lq[:Io 2ky+r(l) | T j)=:0 kZ:IJI'H 2o+ 1) | oy it

(€2

IfA, =A =A and B, = B = B, where A, B are constant, we simplify (30) and (31) to more manageable expressions:

B (k+Ds+[4]-1

Ak+D)s+[ 5] + Al
n F1(i) 1=0
Xarsomei =% [ | T (32)
SZOA(HI)HL%JH + B : Al
Tz(i) 1=0
, (k)54 4 ]—1
IA(k+1)s+L5J 4 B o
= Tr(i)—2k—1 1=0
Xk2pnti-2—1 = Xi—2—1 | | 0 PRI (33)
=0 AUHDs+[ 5141 _B y Tl
Tr(i)—2k—1 1=0
fori=0, ..., 2k+ 1, respectively.
4. Behavior and periodic nature of the solutions
Theorem 9 Let (x,),>0 be a solution to
X
S (34)
A+B I xpy2i
i=0
for some non-zero constants A # +1 and B, such that the initial conditions x;, j =0, ..., 2k+ 1, satisfy F_ (34 (j)) =
1-A
L/r_ie()) = 5 Then (x,),>0 is periodic with period 2k + 2.
1-A
Proof. Assuming 7_ (o1 ¢(j)) = 5 Using (32), we have that
e llen (k+1)s+| 5] -1
- Al+D)s+[ 3] +BF_ (o 1(j) 1;() Al
Xaksomi =% [ | PRV (3%5)
$=0 (k)5 £ ] +1 p (k+1)erL 3] I
A PUAB ey LA
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) k+1)s4] &
AktDs+5] 4 B 1-4 1— A
n—1 B 1-A

ZXiH . 1—A l_A(k+l)s+L%J+l
=0 A (k)54 4] +1 +B< ) ( >
B 1-A

=Xi,

foralli=0,1, ..., 2k+1.
To recover the result in Theorem 3.1 in [3], we substitute A = — in (34).
c

—-=x(n)
8
H |
y | i i i i :
6 ! [ | i i i ! |
\ H s H \ \
d \ \ i i i \ ; \
4
S ! ]
2 i h dai i g it l f
AR F AT AR A A AN LA
fj § L R AR R AR A
H H H " e il H ! H
. S RNE R RN R WL
T A T A L T TR TR 1
i il ] i 0 i i i i
O O R A A
2
0 20 40 60 80 100
Figure 1. Plot of x,,112 = n with the initial conditions xo = 1/2, x; =1/3, xx =2, x3=1/6, ;4 =9, x5 =6, x5 =
(4 - ann+2)€n+4xn+6xn+8xn+l0)
5, X7 = 73, Xg = 1/15, X9 = 71, X10 = 17 X11 = 3 satisfying X0X2X4X6X8X1(0) = X1X3X5X7X9X|] = (l 7A)/B
Figure 1 is an illustration of Theorem 9. The x;’s, i =0, ---, 2k + 1, satisfy the conditions in Theorem 9 and 12-
periodic solutions were expected.
Theorem 10 Let (x,),~0 be a solution to
X
. (36)

Xn2k+2 = ,

k
—-1+B _Hoxn+2i

=

for some non-zero constant B. Then (x,),~0 is periodic with period 4k + 4, provided that k is even.
Proof. Suppose that & is even. Using (32), we have that
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: (k+1)s+ 5 ]—1
pg (CDEDHE 4B Y (<1

1=0
Xk =6 [ | PYEY (37)

5=0 (_1)(k+1)s+L§J+1+BFT(i) E’o (—1)!

; o 1\s+LE]
(—1)+l3) + Bfy;) (1(21)2>

1+ (1)S+l5J>

5s=0 i .
—(—1)s*l3) + BFy;, < 5

x;, ifniseven

— (38)
_ o q(=nplat
xXi [—1+ By ;] , if n is odd,
foralli=0, 1, ..., 2k+ 1. A closer look at (38) shows that
X(4k+4)n+i =Xi, (39)
fori=0,1, ..., 2k+ 1, forall n.
2,000 J— x(n)
1,000
i !
0 l_‘ '.‘?\ _“ nl’h‘ I|. ’i:\ 1'i. ,.Hl
i i i i § il il Lt
I 11 1 i
— i i ! o
= -1,000 i 1 i’ i
= i i I !
i i ] !
i i ! !
-2,000 i i ' |
-3,000
-4,000
0 20 40 60 80 100
Figure 2. Plot of X414 = X /(=1 + XpXp12Xn4+4Xn+ 6Xn+8Xn+10Xn+12) Withxg =2, x1 =3, ;» =3, x3 =6, ;4 =3, x5 =6, X6 =5, x7 = —3, x5 =
15, xg = —1, x;0 =1, x11 = 1, x10 = —1, x13 = 1 satisfying the conditions in Theorem 10
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Figure 2 is an illustration of Theorem 10. The x;’s, i =0, ---, 2k + 1, satisfy the conditions in Theorem 10 and
28-periodic solutions were expected.
Theorem 11 Let (x,),>0 be a solution to

Xn

Andt2kt2 = — (40)
1+ B[] xp42i
i=0
for some non-zero constant B.
(i) The sole equilibrium point X = 0 is non-hyperbolic.
(ii) For positive initial conditions x;, i =0, ..., 2k+ 1 and B, the solution (x,),>0 converges to the equilibrium point

x=0.

(iii) For positive initial conditions x;’s, 0 < i < 2k + 1 and B, the sole equilibrium point X = 0 of (40) is (globally)
asymptotically stable.

Proof. One can readily see that the sole equilibrium point of (40) is x = 0.

@) If
Xn
f(xm X425 -« ey xn+2k) =% (41)
1+ B[] xu+2i
i=1
we have
d d
f =1, f =0,i=0,1,2,..., k. (42)
dxn (0,0, ..., 0) dxp i (0,0, ..., 0)

It follows that the characteristic equation of (34) about X = 0 is given by A%¥*2 — I = 0 whose roots have magnitude
equal to one. This proves that ¥ = 0 is non-hyperbolic.
(i) If we assume that the initial conditions are all positive, then we have (from (32)) that:

3 i
oy VB (ke s |5
X(2k42)n+i =i H ;
=014 By (k+1)s + {2J +1)

(43)

nl By
:}CiH 1— T() i
s=0 14 Bz ((k+1)s+ {2J +1)
n—1
:u,-HE(s).
s=0
ForB>0,0<E&(s)<1,s=0, 1, ..., n— 1. It follows that (x,),>0 — 0, as n — eo.
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(iii) Let € > 0. Assume that the initial conditions xs, i =0, 1, ..., 2k+ 1, are in such a manner that |x;| <
€
. It follows that

(2k+1)(B+2)
ol + x| -+ + bkt | < 57 (44)
0 1 241l = B
and we know from (45) that
X(2k+2)n+i <x,i=0,1,..., 2k+17 (45)
€
for all 1 Bi itive. In oth ds, fi | < x| € ——————<e¢,th ists 6 =¢/(B+2
or all n, as long as B is positive. In other words, for [x(2x 12| < [xi] < kB2 =° ere exists /(B+2)

in such a manner that |xo| 4+ |x1| + - - + [x2k1] < 8. Tt follows that, the equilibrium point & = 0 is locally stable. On the
other hand (see (if)), x, tends to zero as n goes to infinity. The point ¥ = 0 is then a global attractor and locally stable: it
is globally asymptotically stable.

To recover the result in Theorem 4.3 in [3], one can substitute B = — Sin (40). The result follows from part (ii).
a
Figure 3 is an illustration of Theorem 11.
Theorem 12 Let (x,),~0 be a solution to Equation (34) for some constant A such that |[A| 1. The equilibrium point

X =0 0f (34) is asymptotically stable when |A| > 1 and unstable for |A| < 1. Additionally, any non-zero equilibrium point
of (34) is non-hyperbolic.

—-—x(n)
8 4
i
61 i
\
i
4 S Lol
PO
g ' 4 .i“ !\. !!\
= Bhy oo
i 1] 1 ] . [ i i
Ui i
AN A N NN NN AR NN
AR AR A AT AN R AT ST AN
0 ”~ lilu " l!’“ ﬂ" U h ] !”4 |Mu :"IL
i A i v '"W i i,‘j
2 |
0 20 40 60 80 100
Figure 3. Plot of x,112 = %, /(1 4 Xy Xps2Xn 44X+ 6Xnr8%nr10) With xo = 1/2, x1 = 1/3,'% =2, x3 = 1/6, x4 =9, x5 = 6, x6 = 5, X7 = —3, x3 =
1/15, xg = —1, x10 = 1, x11 = 3 satisfying the conditions in Theorem 11

Proof. The fixed points of (34) are found by solving the equation #A + Bx**! — 1) = 0. If
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Xn

8(Xny Xnt2, oy Xn42k) = Xnjokt2 = ——— (46)
A+ BT xp42i
i=0
we have

A —Bx2 k
8. x, = 2 8 g = +Hxn+2i, s=1,2, ..., k 47)

(A+B 1 Xny2i)? (A+B 1T Xny2i)? 2y
It follows that the characteristic equation associated with (34) is A2+2 — 1 /A =0since g ,,(0,0,...,0)=1/A

andg ,,.,(0,0,...,0)=0,s=1,2,..., k. Clearly, [A| <1 when |A| > I, which shows that the point ¥ = 0 is locally
asymptotically stable. Similarly, [A| > 1 when |A| < 1 and so, the point ¥ = 0 is unstable.

Any non-zero equilibrium point % satisfies A + B#**! — 1 = 0. It follows that the characteristic equation associated
with (34) is

12k+2_(A_1)12k—--~—(A—1)12—A=07 (48)

since g, x, (X, %, ..., X) =Aand g ., (X, %,..., X) =A—1,s=1, 2, ..., k. Equation (48) can take the form
(A=A A%+ 422 +1) =0, (49)

or simply (A2 —A)(1 —A%+2)/(1-21%)=0.

It follows that, when A > 0, the solutions of (49) are A = /A or Ay = eikﬂTSl, s=1,2, ...,k k+2, ..., 2k+ 1.
Similarly, when A < 0, the solutions are A = :I:i\/m orA, = eik%, s=1,2, ..., k, k+2, ..., 2k+ 1. This proves that
any non-zero equilibrium point is non-hyperbolic since one can find a root of (48) such that its modulus is one.

5. Discussion and conclusion

This paper has investigated a higher-order difference equation through the lens of Lie symmetry analysis. By
identifying the symmetry generators and utilizing canonical coordinates, we successfully derived invariants that simplify
the equation, allowing us to express the solutions in a closed form. Furthermore, we analyzed the periodicity and stability
of the solutions, particularly through a characteristic equation, thus highlighting the conditions under which the solutions
exhibit periodic behavior and remain bounded. These findings contribute to a deeper understanding of the dynamic
properties of such equations, reinforcing the results established in previous studies and providing a foundation for further
exploration in the field of difference equations. This systematic method is applicable to most difference equations. A
limitation of the method resides in the case where the characteristic functions are identically zero.

The results in this paper can be used to recover some known results in the literature by studying some special cases.

Setting j = 2k+ 1 —i, it is easy to show that BJ =k— {éJ and 7(j) = 1 — 7(i). Thus, equation (33) takes the

form:
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B (k+1)s+k—| 411

1 AlrDsth=14) y 5 Al
= T (2k+1(j 1=0
Xakram—j =% [ ] it 7 (50)
=0 ; B (k+1)s+k—[ 4]
A+ 1)s+k+1-[ 5] + Y Al
T (2k+1())) =0
The case when A,, = 1 and B,, = B. Suppose B is a real constant. Using (33), the solution takes the form
N J
n—1 L FBF_opiq(j) <<k+ 1)s+k— \‘ZJ )
X(2k+2)n—j =X—j H (&2))]

s=0 1—|—Bi7,(2k+f(j)) ((k—|— 1)S+k— \\éJ + 1)

j=0, ..., 2k+1. Note that 7; = 1/r;

To recover the results in Theorem 4.1 in [3], it is sufficient to substitute B= —c/a in (51). Not only have we recovered
the results in Theorem 4.1 in [3], we have also simplified the presentation of their results considerably.

Theorem 4.4 in [3] is obtained by setting B =1 in (51).

The case when A, = A # 1 and B,, = B are constants. Here, thanks to (50), the solution becomes:

| _ (k+l)s+k—[lj
ArDstd) g g0 (AZATT T T

n—1
o 1-A
X(2k+2)n—j _X—JSIJO Dokl d 1 1 — Ak Ds+k=[ 4141 7 (52)
A( +1)s+k—[ 5]+ +BF7(2k+T(j))( 1—A
as in [3].
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