
Contemporary Mathematics
https://ojs.wiserpub.com/index.php/CM/

Research Article

Error Analysis and Model Efficiency for the Jaulent-Miodek System
Using Physics-Informed Neural Networks

Ahmad Shafee

PAAET, College of Technological Studies, Laboratory Technology Department, Shuwaikh, 70654, Kuwait
E-mail: as.zada@paaet.edu.kw

Received: 15 June 2025; Revised: 15 September 2025; Accepted: 19 September 2025

Abstract: This paper focuses on approximate solution of the Jaulent-Miodek nonlinear-coupled partial differential
equations. Physics-Informed Neural Network (PINN) architecture is implemented to find an approximate solution against
the independent variables. Loss function is defined using PDEs and initial conditions. The PINN is set up to meet both
the governing PDEs and the starting conditions. It does this by using automated differentiation to enforce the system’s
residuals in the loss function. The results are compared with the exact solution using graphical representations. The model
is tested for specific values of ψ . The error is illustrated in table, which shows the model efficiency and accuracy.
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1. Introduction
The scientific community is looking into whether neural networks are suitable for computational tasks due to their

remarkable success in machine learning tasks like game theory [1], natural language processing [2], and computer vision
[3]. They are also exploring the possibility of using specialized hardware, like Apple’s Neural Engine and Google’s
Tensor Processing Units, to efficiently execute neural networks [4, 5]. As a result, there is now a fascinating new area of
study called scientific machine learning, where traditional applied mathematics issues are tackled using methods like deep
neural networks and statistical learning. Using methods from machine learning and artificial intelligence, in this research,
we aim to provide a concise summary of recent developments in the use of numerical solutions to nonlinear and linear
Partial Differential Equations (PDEs) [6–10].

By offering strong information processing capabilities for improved assimilation of vast volumes of quantitative
and experimental data, Machine Learning (ML) techniques possess the capacity to produce more general and practical
constitutive models in recent years. They have the potential to be another paradigm for multiscale bridging because of
their computing efficiency, versatility in application, and lack of restriction by particular equation forms [11–15]. In other
words, by avoiding tasks associated with compact equation-based visualization of information, machine learning may
more effectively use huge data to simulate genuine continuous multiscale physics [16].

There are certain risk factors associated with the concept of using Deep Neural Network (DNN) to obtain numerical
solutions of PDEs. The piecewise continuous objective function is a prerequisite for the DNN approximation’s
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dependability, per the universal approximation theorem [17, 18]. Nevertheless, the regularity criterion is not always
met by PDE solutions, especially nonlinear PDEs [19]. As a result, the numerical precision of the solutions derived from
the direct DNN prediction is typically insufficient. As an alternative to direct prediction, semi-analytic models are the
subject of a large number of published neural network-based studies. To solve PDEs, for instance, Raissi et al. first created
the Physics-Informed Neural Network (PINN) [20] by including integral forms into the loss function. The hp-Variational
Physics-Informed Neural Network (VPINN), a more accurate form of PINN, was created by Kharazmi et al. [21]. The
DNN was used by the author of [22] to address variational issues resulting from PDEs. These methods transform the
original PDEs into parametric models and include penalty functions to ensure that the DNN models are consistent with
the original PDEs, even if the accuracy of the DNN-based solutions is usually limited.

The automated integration [23] is another technique now in use for computing integrals inDNNs. Using this approach,
the author uses the high-order Taylor series expansion of the integrand around a specified point in the integration domain
to approximate it. After that, an analytical calculation is made of the integrals. Automatic differentiation, often known as
autodiff, is used to calculate the derivatives required for the Taylor series expansion [24]. Overfitting can readily happen
since the derivatives’ information is local. Adaptive integration techniques provide an additional option for the quadrature
rule. The Deep Least Squares (DLS) approach [25], which employs an adaptive mid-point quadrature rule with local error
indications, is one example of how writers have chosen these techniques. It is unclear what quadrature error results from
these indications, which are based on the residual value at randomly chosen places.

Kovacs et al. suggested conditional physics-informed neural networks [26] for partial differential equation eigenvalue
problems. Mao et al. used PINN in their work to estimate the Euler equations [27]. To address multi-scale issues, Wang
et al. developed a novel architecture that makes use of spatiotemporal and multi-scale random Fourier features [28].

The evolution equation known as the Jaulent-Miodek (JM) equations [29] has been used in several science domains,
including fluid mechanics, enhanced matter physics, and optical phenomena. The JM equation is frequently used to
characterize the influence of energy Schrodinger ability [30]. These equation systems are utilized as a model to solve
complex problems in many technological and natural science domains (see [31–33]). Because these nonlinear PDEs are
so important in the previously listed fields, it is essential to comprehend both the numerical and analytic-approximate
solutions. The coupled JM equations are the focus of much mathematical study and are used in many scientific and
technological domains, such as condensed matter physics [34, 35] and plasma physics [36]. Consider the following
system of JM equations:
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For the first time, deep learning is used in this research to estimate the solution of the PDE system. Using the PDEs
system and the problems’ starting values, a loss function is created. Backpropagation is used by the model itself to learn,
optimize the value in each iteration, and offer the solution. Next, the solution is contrasted with the PDE system’s precise
solution. The efficiency of the work offered is thoroughly examined in the outcomes section.

The framework associated with the proposed PINN is not only applied to the Jaulent-Miodek system, but also to a
broad range of nonlinear coupled PDEs. Applications comprise the study of liquid flow, non-linear wave propagation,
plasma physics, and optical systems, where analytical solutions are seldom obtainable. This demonstrates the wider
applicability and flexibility of the approach toward real-world issues involving complex dynamical systems.

2. Methodology
A popular machine-learning approach for approximating ODEs and PDEs is called PINN. For the first time, the study

uses PINN to estimate the solution of the PDE system. Two neurons that receive the independent variables σ and ψ make
up the PINN input layer. Fully connected layers (hidden layers) are connected to the input layer. Features are extracted
from the initial conditions and backpropagation using hidden layers. Equation (3) expresses nonlinearity, which is added
using the tanh function as an activation function.

tanh(z) =
ez − e−z

ez + e−z (3)

2.1 Loss function
The loss function is constructed from the initial condition loss and the PDE system residual loss:

L (θ) = LPDEs +λLIC (4)

where λ is the weighting coefficient balancing the two terms contributions.
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2.2 Back propagation
Gradients of the loss function computedwith regard to the neural network parameters are obtained by backpropagation.

The Adam optimizer minimizes the loss function. The solution is evaluated against the initial condition and compared
with the solution of previous iterations to notice the convergence.

3. Results
The presented model is implemented in Python and evaluated on Google Colab. We used the feed forward neural

network with 4 hidden layers. The initial layer comprised 256 neurons that were randomly set to initial values of weights
between−0.71 and 0.70 so as to provide a wide range of representation at the input layer. The second layer of the network
consisted of 128 units, and the 3rd layer comprised of 128 neurons, weight distributions falling within the range of −0.09
to 0.09 and almost equal means, due to which the training was stable, and the approximation symmetrical in the area.
The last layer involved one or two neurons, depending on the system variable under study and the weights were in the
range of −0.09 to 0.09. The activation function employed in the entire network is hyperbolic tangent (tanh), because of
its smoothness to capture the non linear dynamics in stability. Figure 1 shows the weight distributions of hidden layers,
showing the histograms shaped like Gaussians. This means that the weights were set up correctly and the learning process
is steady.

The convergence behavior of the model is illustrated in Figure 2. The total loss, PDE loss and Initial Condition (IC)
loss are decreasing with the epochs, indicating the effectiveness of the model.
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Figure 1. Weight distribution of PINN layers

Figure 2. Convergence of the model

Figure 3a-b show the PINN approximation and exact solution for ϕ1 respectively. Similarly, Figure 3c-d illustrate
the comparison of PINN approximation and exact solution for ϕ2 respectively. The exact solution is given as
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Figure 3. PINN approximations and exact solutions for system of PDEs

Both the surfaces seems alike with no visual error. However, we compute the absolute error between the exact
solution and PINN approximation, which is shown in Figure 4. The 3D surface of absolute error shows that there is very
little error between the two solutions.

Figure 4. Absolute error between PINN approximations and exact solutions
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The model is also simulated for the specific value of ψ = 0.1. Figure 5 shows the output of ϕ1 and ϕ2 respectively,
for specific values of ψ . The PINN solution almost overlap the exact solution. Table 1 shows the comparison of the PINN
approximation, exact solution, and their absolute error for both the functions.

Figure 5. The comparison of PINN predication and exact solutions (ψ = 0.10)

Table 1. Tabulated results for varying σ

σ ψ Φ1exact Φ1pred |Φ1error| Φ2exact Φ2pred |Φ2error|

−10 0.1 0.0610 0.0610 5.7594×10−5 0.0419 0.0419 3.0475×10−5

−08 0.1 0.0603 0.0603 5.2457×10−5 0.0853 0.0853 2.9226×10−5

−06 0.1 0.0575 0.0575 4.8262×10−5 0.1722 0.1722 2.4527×10−5

−04 0.1 0.0472 0.0472 4.4975×10−5 0.3354 0.3354 1.5065×10−5

−02 0.1 0.0201 0.0201 8.2533×10−5 0.5739 0.5739 4.2315×10−5

00 0.1 0.0004 0.0004 1.5057×10−5 0.6978 0.6978 1.2534×10−5

02 0.1 0.0193 0.0193 1.0483×10−5 0.5795 0.5795 8.0451×10−5

04 0.1 0.0468 0.0468 4.7354×10−5 0.3405 0.3405 6.1573×10−5

06 0.1 0.0574 0.0574 2.2872×10−5 0.1751 0.1751 2.0012×10−5

08 0.1 0.0603 0.0603 4.3873×10−5 0.0868 0.0868 2.3171×10−5

10 0.1 0.0610 0.0610 5.3993×10−5 0.0426 0.0426 3.0000×10−5

4. Conclusion
In this paper, a PINN is implemented to obtain approximate solutions for the system of JM equations, which is

a nonlinear coupled PDE system. The PINN approximate the solution using back propagation techniques, which is a
unsupervised technique. Adam optimizer is used to minimizes the loss function, which is designed using the PDEs and
ICs. Themodel accuracy and efficiency is evaluated by different graphical comparison and errormetrics. The convergence
of model and the absolute error between the PINN approximation and exact solution show that the model is highly accurate.
In future, this model can be used for ODE system of infectious disease for prediction.
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