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Abstract: The Stochastic Graphene Sheets Equation (SGSE) is taken into consideration in this study. By applying
two different methods such as the Sardar subequation method and Jacobi Elliptic Function (JEF) method, we obtain
new periodic solitons, dark and bright solitons, anti-Kink and Kink solitons solutions for the SGSE. Because graphene
sheets are important in many fields, such as electronics, photonics, and energy storage, the solutions of the stochastic
graphene sheets model are beneficial in understanding several fascinating scientific phenomena. Using MATLAB, we
exhibit several 2D and 3D graphs that illustrate the impact of multiplicative noise on the exact solutions of SGSE.
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1. Introduction

Partial Differential Equations (PDEs) serve as fundamental tools in modeling a variety of physical phenomena,
making their solutions crucial for real-life applications. Solutions to PDEs enable us to model complex phenomena
including fluid dynamics, heat transfer, quantum mechanics, financial mathematics, and more. The importance of these
solutions lie in their ability to provide insight into the behavior of systems governed by these equations, allowing for
predictions and optimizations are crucial for both theoretical understanding and practical applications. Recently, many
practical and effective methods, such as the sine-Gordon expansion technique [1], the F-expansion method [2, 3], the
Riccati equation method [4], Jacobi elliptic function expansion [5], modified extended tanh function method [6, 71, (G’ /G)-
expansion [8, 9], exp-function method [10], exp(—@(¢))-expansion method [11], sine-cosine method [12, 13], modified
extended direct algebraic method [ 14, 15], Kudryashov-expansion method [ 16], extended tanh method [17], Hirota bilinear
method [18], (G’/G?)-expansion method [19], modified auxiliary equation method [20], generalized exponential rational
functional method [21], etc, have recently been devised to get exact solutions for PDEs.
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Graphene, a two-dimensional allotrope of carbon, has garnered significant attention in material science due to
its unique properties, including extraordinary electrical conductivity, exceptional mechanical strength, and remarkable
thermal conductivity [22-24]. Stochastic graphene sheets, which incorporate a probabilistic approach to modeling
the arrangement and behavior of graphene atoms, have emerged as a fascinating area of research. By incorporating
randomness and variability into the design and manufacturing processes, researchers are able to explore innovative
applications and enhance the functionalities of graphene-based materials.

The concept of stochasticity in graphene sheets allows scientists to consider the inherent irregularities and fluctuations
that occur during the synthesis of these materials. Traditional approaches often assume a perfectly ordered lattice
structure, neglecting the influence of defects and irregularities. However, real-world graphene often contains vacancies,
structural defects, and varying atom placements that can significantly alter its properties. By employing stochastic models,
researchers can predict how these variations affect the electronic, mechanical, and thermal characteristics of graphene
sheets, providing a more accurate representation of their behavior in practical applications.

Stochastic graphene sheets hold great promise for various applications in electronics, energy storage, and composite
materials. For instance, in the field of electronics, incorporating stochastic features can lead to the development of novel
transistors with enhanced performance, as the random arrangement of dopants may optimize charge carrier mobility. In
energy storage, stochastic graphene structures have the potential to improve the efficiency of supercapacitors and batteries
by allowing for more efficient ion transport through irregular pathways in the material. Similarly, in composite materials,
the incorporation of stochastic graphene can enhance the mechanical properties, providing better strength and flexibility
by enabling more effective load distribution.

In this study, we consider the (2 + 1)-dimensional Stochastic Graphene Sheets Equation (SGSE) in the following
form:

gtx + (gxxx + g%x + o gx)x + (ngy = .ugx%a (1)

where ¢ (x, y, t) denotes the amplitude of the real wave function in the graphene sheet; #/(z) is the Brownian motion;
a; and o are real constants; u is the intensity of noise. Recently, Khater et al. [25] used many approaches, including
the generalized rational, Khater II, and Khater III methods, to achieve the exact solutions of Eq. (1) with 4 = 0. While,
Mohammed et al. [26] obtained the stochastic exact solutions for SGSE (1) by using the extended tanh function method.

The aim of this paper is to determine the exact stochastic solutions of SGSE (1) by utilizing the JEF method and
Sardar subequation method. The SGSE (1) has vital applications in domains such as electronics, photonics, and energy
storage; therefore, the derived solutions may be utilized to examine many important scientific phenomena. We also give
several 2D and 3D graphical representations using the MATLAB application to study how noise impacts the analytical
solutions of the SGSE (1).

The paper is arranged as follows: In section 2, the wave equation for the SGSE (1) is obtained. In section 3, the
stochastic solution of the SGSE (1) is acquired. In section 4, we discuss the impact of Brownian motion on the obtained
solutions of the SGSE (1). Finally, the conclusions of this study are given.

2. Traveling wave Eq. for SGSE

The next wave transformation

G(x, y, 1) = 3’;(5)6[“%@7%”%]7 & =Cix+Ey+éar, 2

where % is a deterministic function, &, & and &; are unknown constants, is utilized to create the wave equation for
SGSE (1). We see that
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G = 6L + W, + % uzﬁp—%uzﬁﬂe[“w’)‘%“z’]

= (G uTW ) D=1 3)

and
Gy = (16 X" + & L W)W -1 g = g WV O3], (4)
G, = E2 W -2 g g g bV (=% (5)

Plugging Eq. (2) into Eq. (1) and using (3-5), we attain
G2+ (818 + ol + ) 2" + & (2 2 2 <0, ()
Taking the expectations, we have
G2+ (& + &l + ol 2+ E(Z 2 e B O =0, ()
Since # () has a Normal distribution, then E(e*” (1)) = 2" Hence, Eq. (7) tends to
G2+ (66 +umbl+mé) 2" +& (2 2") =0. ®

After twice integrating Eq. (8) and neglecting the integration constant, we obtain

P+ Y+ hP =0, 9)
where
2 2
1
A = §1§3+a1§1 + 026 and @ = —5.
& 26;

3. Exact solutions of SGSE

We solve the wave equation (9) by using the JEF method and the Sardar subequation method. The SGSE solutions
(1) may then be derived by applying the transformation (2).
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3.1 JEF-method
Here, we apply the JEF-method (see [27]). Assuming the solutions to Eq. (9) have the form:

7§ = foaj[x(éwy (10)

where (&) =sn(€, i), for 0 <7 < 1, is Jacobi elliptic sine function; ag, aj, ...., ay are unknown constants and ayy # 0.
To determine m, we balance 2 with 2 in Eq. (9) to have

2m=m+2,
hence
m=2. (11
By utilizing Eq. (11), we rewrite Eq. (10) as
Z (&) =ar+arx(§)+ax’ (), (12)
Differentiating Eq. (12) twice
Z(E) =2ar —ay (P + 1)) —dar (7% + 1) 3% +2a172 1> + 6arii* x*. (13)

Substituting Eqs (12) and (13) into Eq. (9), we attain
(67%ar + 2had) x* + (2/%a) + 29ha1a2) 1> + (a0 har —dar (% + 1) + e ar + 2had) x°
—[(# + 1)y — SHay — 2ehaoar)x + (2ar + Aag + had) = 0.
Putting the coefficient of " equal to zero, we get forn =4, 3, 2, 1, 0:
67>a, + ,sza% =0,
2ia) + 2.dhajar = 0,

2aghay —day (i + 1) + dhar + ahat =0,
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(ﬁ2+ Da) — e a) —29hapa; =0,

an

2a2+;zf1a0+5272a(2) =0.

The following two sets are obtained by solving these equations:
First set:

22 4+1) =2Vt —i2 + 1
ap = % ’
ai :07
e —6ii

2= % ’
& = i :

1 +4&Vat —i2 +1

Second set:
2+ 1)+ 2Vt —i2 +1
apg = o )
2
al ZO,
- —61°
2 = JZ/Z ’
52 — 751
1 -4Vt —i2 +1

For the first set, the solution of SGSE (1) in the elliptic function form, utilizing (12), is

2+ 1) =2V -1 6 5 N\ (-l
g(xa Vs t) - ( % - an (57 n))e 2 ) (14)
where £ = &1 x— &1 t. If i — 1, then Eq. (14) becomes
1 +4EVat —i2 +1
9 3.0) = | o = otk e 04 (15)
&
h =G1X— r.
where & = &1x 448

For the second set, the solutions of SGSE (1), utilizing (12), is

2 ) ) )
R e 30 (16)
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S
t.
1 —4E2Vit — 2 +1
If7i — 1, then Eq. (16) becomes

where £ = &1 x—

&,
1—4&2"

where & = &1 x—

Similarly, we can change sn(&, 7) in (12) by cn(&, i) to get the following elliptic solution of the SGSE (1):

o (2_4fl2)_2\/ fl4_ﬁ2+ 1 6ﬁ2 2 - (ﬂW(t)*luzl)
g(xv Y, t) - ( v‘Z{2 +%Cl’l (57 n))e 2 )
or
(AR VA L 6 5 N - i
4 (x, v, t)—( 7 +Ecn (é,n))e 247
If 7i — 1, then the solutions (18) tends to
—4
G(x, y, t)= (J + ﬁsechz(é))e(”w(”*%”zﬁ,
2 2
or

Glx, v, 1)= %sech%g)e(u%)f%uz,)’

3.2 Sardar subequation method

Supposing that the solution of Eq. (9) takes the next, with m = 2, form:

F(E)=Ly+ 0, P+, P,

where & solves

P = \V 944-;11(@24—7@,

amn

(18)

(19)

(20)

@1

(22)

(23)

where /11, and 5, are real constants. For the solutions of Eq. (23), there are several cases that rely on &, and £, as follows:

Case 1: If #; > 0, and A, = 0, then
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P1(&) = £/ pafusechy (VI E), (24)

and
P2(€) = £/ pghicschyy (/11 §), (25)
where
sech,,(0) = ————— and csch,,(0) = 2
i) = o e 0 rai\%) = o g0
Case 2: If A1 < 0, and hp = 0, then
P3(€) = £/ —pghysecpy(v/ =11 ), (26)
and
P4(&) = £/ —pghicscpy(v/ —11 &), 27
where
2 2

secyq(0) and cscpy(0) =

= pebitge b pebi _ge 01

ﬁ2
Case 3: If hy < 0, and Ay = Zl, then

P5(E) = 1) by (1) 18, (28)
Po() = 1 3 cothpg (| SE) 9)

Py(E) = i\/%ﬁl(cothpq(\/—2ﬁ1§)iJ}chscth(\/—Zﬁlé)), (30)

and
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@g(&):ﬁ:\/?<tanhpq(\/?§)+cothpq( ’Tﬁ‘g)),

where

_ pe®—qe”®

~ ped +ge*

B pe® +ge®

tanh,,, (6) and coth,,(0) = e g O

2
1
Zv

Py(8) =+ @tanpq(ﬁé),
910(5) = i\/@“”pq(\/?é);

) = [ (1) £ Pasecp(y/ L)),

h
Case 4: If Ay > 0, and hp =

2128) = ) (cou(ITE) = paese(v/IH1E)).

and

2138) = 1/ (1m0t 28)),

where

0i —0i
and cot,y(0) :i%.
pe?t —ge™

peei _ qe—ei

tan,,(0) = — - :
pq( ) lp€9’+q€_9’

Now, we try to solve the wave equation (9). By differentiating Eq. (22) twice and utilizing (23), we get

F" =1 (P +2P%) + 2 (hy + 20 P* +3.9%).

Setting Eq. (22) and Eq. (37) into Eq. (9) we have

(603 + S 03) P* + (20, + 201 02.95) PP + (4la iy + 2tlolr + 02
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(33)

(34

(35)

(36)

(37
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+ 0. oh)) P + (U1 By + 2840001 + 21 01) P+ (2hnls + by + 5 05) = 0.

If we set all of the coefficients of Z7* to zero, we have an algebraic system of equations. When we solve this system
for ﬁ% —3h, > 0, we obtain the following two sets:
SetI:

—2fi; — 2/ (3 — 3Hy)

-6 2
to=( % ), a=o, b=—_7 S =4/(F=3h). (38)

Set II:

—2fiy +24/ (72 — 3hy)

_ R R TN
t=( o ). 6=0, 6= "7 oh=—4y/(1~3h). (39)

Set I: The solution of Eq. (9) by using (38) is

g(é):—zﬁl—z,/(h{—%) 6

4 —%9’ (&)- (40)

As a result, the SGSE solution (1) is

*Zﬁl -2 (ﬁz *352) .
G(x, y, 1) = ( \/17 i@%g))e(uwn—%u%x

P ~ (41)
Now, we obtain by using Eqs (24)-(36):

Case I-1: If 21 > 0, and hp = 0, then

90,3, 1) = (St = L el (/i) ) el - 40, “2)
and

Gx, y, 1) = (‘;21 - 61;2’“ csch?, (V/Ing) ) ¥ (=34, 3)

Case I-2: If 21 <0, and hp = 0, then
G(x, y, 1) = 61:;? seclz,q(\/ihlf)e(“w(”_%“zt), (44)

and
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6
G(x, y, 1) = p‘“ oSCpg(v/— 1 €)™ ) (45)

ﬁZ
CaseI-3: If 7 <0, and hp = Il’ then

h 3k “h ,
<(g()@ Y, t) = (j—i_ j nh127q( Tlé))e(uW(t)_%HZt)7 (46)
K 3 ~h 4
G, 1) = (g + o coth, (1 5 8) )l 1073k, @7)
h 3%
G(x, y, 1) = ( szl %1 hpg (/=27 ) £ /pgeschpg (v/—2h1E)) ) )= (48)
and
B 3% “h 2
95,3, 1) = (T + 2 g (1 18) + cothyg (| 182 el 040, 49)

hZ
CaseI-4: If A >0, and hp = Il’ then

_ —3h 377i1 2 IO\ (u (1)—4pu2r)
g('x7 Y, t) - ( % - % tanl’q < 2 é)) € :

_ (3 3 o \/’kTl (W (1)~ )
g(xv Y, t) - ( % - 5272 COth < 2 é: ¢ ’
—3ﬁ1 < \f §> w0~ i) 1)

—-3h 3h 1,2

G(x, y, 1) = ( %1 — ﬂ,l (tanpq (V21 &) £ \/pgsecy, (\/ﬁé)) ) V(6= au71) (52)
—3h 3h 1,2

G(x, 1) = ( %1 - %l (cotpq V21 &) £ \/pgescp, (\/ﬁg)) ) V(6 =a8%), (53)
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and

9(x, 1) = (

- (o (18 ety 50)) ) 5>

Set II: The solution of Eq. (9) by using (39) is

Z(6) =

As a result, the SGSE solution (1) is

“2m+2y/(R-3h) g

2hy 424/ (2 — 3h)
%@w%( I AP

Now, we obtain by using Eqs (24)-(36):
Case II-1: If 2; > 0, and Ay = 0, then

G(x, y, 1) =

and

G(x, y, 1) =

Case II-2: If 2; <0, and Ay = 0, then

Iy )= (207

and

%) )

6
PR stz (/g el )38

_6pg
L et (V)

—4m 6th1 \/716 )

Iy 1) = (207

2

h
CaseII-3: If 71 <0, and 7ip = Zl, then we get the following hyperbolic solutions

hy  3h
g(xv Vs t) = (?214_?1
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i L))o 1,

2[)

Zt)'

*7# )

(54

(55)

(56)

(57)

(38)

(39)

(60)

(61)
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ho 3k — 1
G(x, y, 1) = (721+?21 oth2, Tlg))e(uwt) buln) (62)
9(x, v, 1) = ( ;1 Z;l (cothyy(v/=27E) & y/pGeschp (/=2 &))? ) el (=547, (63)
and
ho 3 ~h 2
G, 3, 1) = (S + 5ty (1 —8) + cothyg (1| 1 E))2) e 040, (64)

ﬁZ
CaseIl-4: If 3y >0, and iy = Zl’ then we get the following trigonometric solutions

—h1 3R h win_ 1,2
G(x, y, 1) = (V; — jzltaniq(’ /ég))e(ufﬂ(t) a0} (65)
—h1  3h h Wi -1
G 0)= (g = g oty 5 8l 7, (66)
g - hy 3ﬁ1 (1) Lu?r)
(x,y, 1) = ( 7 d (tanpy (/201 &) £ \/pgsec,q(v/ 21 §)) ) , (67)
G(x,y,t)= (JZZ 12 (cotpg(V/2m &) £ \/Pgescpg(v/2hi &) ) —juzt), (68)
and
- 3m n I (12
3 0) = (g = G (g () G 6) + oty (1 5 §))7) el 107280, (69)

4. Discussion and impacts of noise

Discussion: In this work, we acquired the exact solutions of the SGSE (1) by using two methods, including the
JEF method and the Sardar subequation method. The JEF method has provided elliptic solutions such as Eq. (14) and
Eq. (18). While the Sardar subequation method has provided solitary hyperbolic solutions such as Eqs (42) and (43),
and solitary trigonometric solutions such as Eqs (44) and (45). The study of solitary exact solutions for graphene sheet
equations has far-reaching implications in both theoretical and applied physics. Understanding these nonlinear wave
phenomena can pave the way for the development of graphene-based devices that exploit solitons for data transmission,
energy harvesting, and sensing applications. Furthermore, insights gained from these mathematical models contribute to
the broader understanding of nonlinear systems in condensed matter physics, fostering innovations that harness the unique
properties of two-dimensional materials.

Impacts of noise: We utilize the Matlab program to present some figures for some selected solutions of the SGSE
(1), including Eqgs (14), (42), and (46). Also, we examine how multiplicative noise affects the solitary wave solutions of
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the SGSE (1) by providing some 2D and 3D graphs for appropriate parametric selections and for various values of the

noise amplitude ¢ as follows:

(a) (b)
=1 =
2 °
] 5
S ©
wn w
1 1
Space “x’ 0 0 Time <" Space “x 0 0 Time “”
u=0 u=0.1
(c) )
2
1 W77
=1 =
2 °
20 E 7
-1 AN 2 ///","/
5 \
4
Space “x” 0 0 Time <" Space “x” 0 0 Time “”
u=03 u=1
O] ®
=1 =
2 2 / \
= ]
S S
wn w
—0=0
c=0.1
—0=03
15 o=l
—_—0=2
1 2
Space “x” 0 0 em 0 0.5 1 1.5 2 25 3
Time “7 Time <"

©=0,01,03,1,2

Figure 1. (a-e) display 3D-shape for the periodic solution ¢ (x, y, t) stated in Eq. (14) withy =0, #=0.5, £, =& =1, & =-2,1 €0, 3], x€ [0, 4]
and with distinct o (f) displays 2D-shape of Eq. (14) with different u
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(b)

=1 =1
= 3
3 g
A S
0] wn
2
£ l
Space “x 0 0 Time “¢”
u=0
() (d)
g g
E E
1 1
Space “x 0 0 Time < Space “x 0 0 Time “”
u=03 u=1
(e) 63)
0
-2

= =

2 °

E b

(=3 (=]

wn wn

3
2
1 1
Space “x” 00 Time “” 0 0.5 1 1.5 2 2.5 3

1me 7 Time “r”

u=2 1£=0,0.1,03,1,2
Figure 2. (a-¢) display 3D-shape for the dark solution ¥ (x, y, ¢) stated in Eq. (42) withy =0, & =& =1, & = -2, 1 € [0, 3], x € [0, 4] and with
distinct u (f) displays 2D-shape of Eq. (42) with different u
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(@) (®)

=1 =)
2 2
E E
(=3 (=]
0] wn
2
£ l t3]
Space “x 0 0 Time “” Space “x 0 0 Time “’
u=0 u=0.1
(©) (d)
= 0 =
2 2
S S » / X
] S \’o{‘/%
» « AT
WNSTAA T
@Y,
U ?“'(/,
1 1
Space “x 0 0 Time “¢” Space “x 0 0 Time <
u=03 u=1
(e) )
4
) /\
g g 0
E 5 \
& S -2
4 —0=0
-10 c=0.1
I —0c=0.3
3 -6 —c=1
2 —_—=2
1 1 -8
Space “x” 0 0 e 0 0.5 1 1.5 2 2.5 3
Time 7 Time <

£=0,01,03,1,2

Figure 3. (a-¢) display 3D-shape for the bright solution ¢ (x, y, ) stated in Eq (46) withy =0, & =& =1, & = =2, 1 € [0, 3], x € [0, 4] and with
distinct u (f) displays 2D-shape of Eq. (46) with different

Figures 1-3 indicate that when noise is eliminated (i.e. when it = 0), there are several solutions, such as periodic,
bright, dark, soliton, and others. Introducing noise with & = 0.1, 0.3, 1, 2 causes the surface to become significantly
flatter, following minor transit patterns, as seen by the 2D graph. This indicates that when noise is present, the solutions

of SGSE (1) tend to converge toward zero.
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5. Conclusions

In this study, we acquired the solutions of the Stochastic Graphene Sheet Model (SGSE) induced in the It6 sense by
multiplicative noise. We obtained new periodic soliton, dark and bright solitons, anti-kink and kink solitons solutions for
SGSE by applying two different techniques, namely the Sardar subequation method and Jacobi elliptic function method.
Because graphene sheets are crucial in a variety of domains, including energy storage, photonics, and electronics, the
solutions to the stochastic graphene sheets model help explain a number of intriguing scientific occurrences. Several 2D
and 3D graphs that we display using MATLAB illustrate the effect of multiplicative noise on the analytical solutions of
the SGSE (1). We determined that the white noise stabilized the solutions at zero. In future studies, we can acquire the
exact solutions for the stochastic graphene sheet model with additive or multiplicative color noise.
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