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Abstract: This article proposes two upper bounds for the gap of discrete and integral Jensen inequality for the functions
f ∈C[a, b]. First bound is obtained when | f ′|q, q > 1 is convex and second is obtained when this function is concave. In
the convex case, an example is discussed to authenticate the bound when | f ′| is not convex. Accordingly and consequently,
bounds for the gap of celebrated Hermite-Hadamard and well-known Hölder inequalities are deduced. Also, some
estimates for the quasi-arithmetic and power means, and for some basic divergences are obtained from the main results.
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1. Introduction
Mathematical inequalities for convex functions are proved to be very useful tools in various aspects [1–6]. Among

these tools, Jensen’s inequality is the most powerful and it is described as [7, p. 43]:
Theorem 1 If f : [k1, k2]→R is a convex function and ya ∈ [k1, k2], ℓa ≥ 0 for a = 1, 2, ..., n with 0 < ℓn = ∑n

a=1 ℓa,

and y = 1
ℓn

∑n
a=1 ℓaya. Then

f (y)≤ 1
ℓn

n

∑
a=1

ℓa f (ya). (1)

This can be remarkably noted that the inequality under consideration has been generalized in different senses. One
of their generalizations is in the Riemann integral sense. This generalization is described as [8]:
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Theorem 2 Let [k1, k2]⊂ R and ε1, ε2: [a1, a2]→ R be two measurable functions such that ε1(x) ∈ [k1, k2], ∀ x ∈
[a1, a2]. Further, suppose that the functions ε2, ε1ε2 and ( f ◦ε1).ε2 are integrable on [a1, a2] for f : [k1, k2]→R as convex
function. Also, suppose that ε2(x)≥ 0 on [a1, a2],

∫ a2
a1

ε2(x)dx = εn > 0, and ε̄ = 1
εn

∫ a2
a1

ε1(x)ε2(x)dx, then

f (ε̄)≤ 1
εn

∫ a2

a1

( f ◦ ε1)(x)ε2(x)dx. (2)

Some useful applications of this inequality can be found in statistics [9], optimization [10], economics [11], finance
[12] and information theory [13–15] etc. For some particular convex functions and substitutions, this inequality provides
some other inequalities such as AM-GM, the Hermite-Hadamard, Ky Fan’s, Hölder’s, and Levinson’s inequalities etc.
The literature on various results around Jensen’s inequality can be found in [16–19].

2. Bounds for the gap of Jensen’s inequality with applications
Noteworthy that the discrepancy of both sides of Jensen’s inequality is known as the Jensen gap. The following main

result is about a bound for this gap from the right. The bound is acquired, using basic concept of convexity.
Theorem 3 Let f : [k1, k2]→R be a first order differentiable function, | f ′|q is convex for q> 1, and ya ∈ [k1, k2], ℓa ∈

R for each a ∈ {1, ..., n}. Further, assume that ∑n
a=1 ℓa = ℓn ̸= 0 and y = 1

ℓn
∑n

a=1 ℓaya ∈ [k1, k2]. Then

∣∣∣ f (y)− 1
ℓn

n

∑
a=1

ℓa f (ya)
∣∣∣≤ 1

|ℓn|

n

∑
a=1

|ℓa (y− ya)|
(∣∣ f ′(y)∣∣q + ∣∣ f ′(ya)

∣∣q
2

) 1
q

. (3)

Proof. The well-known integration gives the following result keeping in mind the condition: if y ̸= ya for a =

1, 2, ..., n without loss of generality

n

∑
a=1

ℓa (y− ya)

ℓn

∫ 1

0
f ′((1− t)ya + ty)dt =

n

∑
a=1

ℓa (y− ya)

ℓn

[
f ((1− t)ya + ty)

y− ya

∣∣∣1
0

]
. (4)

Implies that

n

∑
a=1

ℓa (y− ya)

ℓn

∫ 1

0
f ′((1− t)ya + ty)dt = f (y)− 1

ℓn

n

∑
a=1

ℓa f (ya). (5)

Upon applying the absolute value and then the triangle inequality to the above, we deduce

∣∣∣∣∣ f (y)− 1
ℓn

n

∑
a=1

ℓa f (ya)

∣∣∣∣∣≤ n

∑
a=1

∣∣∣∣ℓa (y− ya)

ℓn

∣∣∣∣∫ 1

0

∣∣ f ′((1− t)ya + ty)
∣∣dt. (6)

Application of the Hölder inequality in above inequality gives the following inequality
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∣∣∣∣∣ f (y)− 1
ℓn

n

∑
a=1

ℓa f (ya)

∣∣∣∣∣≤ n

∑
a=1

∣∣∣∣ℓa (y− ya)

ℓn

∣∣∣∣(∫ 1

0

∣∣ f ′((1− t)ya + ty)
∣∣q dt

) 1
q

. (7)

From the statement, | f ′|q is convex therefore the above inequality becomes

∣∣∣∣∣ f (y)− 1
ℓn

n

∑
a=1

ℓa f (ya)

∣∣∣∣∣ (8)

≤
n

∑
a=1

∣∣∣∣ℓa (y− ya)

ℓn

∣∣∣∣(∫ 1

0

(
(1− t)

∣∣ f ′(ya)
∣∣q + t

∣∣ f ′(y)∣∣q)dt
) 1

q

. (9)

Calculating the integral in the above inequality, we obtain (3).
The following theorem is about the second main result, which also proposes an upper bound for the gap of Jensen’s

inequality but this time using concavity.
Theorem 4 Assume a function f : [k1, k2]→R and impose the condition that | f ′|q is concave for q > 1, and assume

that ya ∈ [k1, k2], ℓa ∈ R for each a ∈ {1, 2, . . . , n} with ℓa: = ∑n
a=1 ℓa ̸= 0. Also, let y: = 1

ℓa
∑n

a=1 ℓaya ∈ [k1, k2], then

∣∣∣∣ f (ȳ)− 1
ℓa

n

∑
a=1

ℓa f (ya)

∣∣∣∣≤ n

∑
a=1

∣∣∣∣ℓa(ȳ− ya)

ℓa

∣∣∣∣∣∣∣∣ f ′( ȳ+ ya

2

)∣∣∣∣. (10)

Proof. Application of the generalized Jensen’s inequality for concave functions in (7) acquires

∣∣∣∣ f (ȳ)− 1
ℓa

n

∑
a=1

ℓa f (ya)

∣∣∣∣ ≤
n

∑
a=1

∣∣∣∣ℓa(ȳ− ya)

ℓn

∣∣∣∣(∣∣∣∣ f ′(∫ 1

0

(
ty+(1− t)ya

)
dt
)∣∣∣q) 1

q

=
n

∑
a=1

∣∣∣∣ℓa(ȳ− ya)

ℓn

∣∣∣∣∣∣∣∣ f ′(∫ 1

0

(
ty+(1− t)ya

)
dt
)∣∣∣

=
n

∑
a=1

∣∣∣∣ℓa(ȳ− ya)

ℓn

∣∣∣∣∣∣∣∣ f ′(y+ ya

2

)∣∣∣,

(11)

which is the required inequality.
Theorem 3 directly acquires a remarkably true variant of the Hölder inequality as:
Proposition 5 Taking two positive tuples (p1, . . . , pn) and (q1, . . . , qn), for q > 1 t2 ̸∈

(
1, 1+ 1

q

)
, t1 > 1, and

1
t2
+ 1

t1
= 1. Then
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(
n

∑
a=1

pt1
a

) 1
t1
(

n

∑
a=1

qt2
a

) 1
t2

−
n

∑
a=1

qa pa

≤

 t2

2
1
q

n

∑
a=1

∣∣∣∣pt1
a

(
∑n

a=1 paqa

∑n
a=1 pt1

a
−qa p

− t1
t2

a

)∣∣∣∣
((

∑n
a=1 paqa

∑n
a=1 pt1

a

)q(t2−1)

+
qq(t2−1)

a

pq
a

) 1
q


1
t2 ( n

∑
a=1

pt1
a

) 1
t1

(12)

Proof. Let f (k) = kt2 for k > 0, then one can readily verify that | f ′|q and f are convex functions, and therefore (3)

can be applied for f (k) = kt2 , ℓa = pt1
a and ya = qa p

− t1
t2

a , the following result can be obtained

((
n

∑
a=1

pt1
a

)t2−1( n

∑
a=1

qt2
a

)
−

(
n

∑
a=1

qa pa

)t2) 1
t2

≤

 t2

2
1
q

n

∑
a=1

∣∣∣pt1
a

(
∑n

a=1 paqa

∑n
a=1 pt1

a
−qa p

− t1
t2

a

)∣∣∣((∑n
a=1 paqa

∑n
a=1 pt1

a

)q(t2−1)

+
qq(t2−1)

a

pq
a

) 1
q


1
t2

×

(
n

∑
a=1

pt1
a

) 1
t1

.

(13)

Since the inequality xθ
1 − xθ

2 ≤ (x1 − x2)
θ holds for θ ∈ [0, 1] and 0 ≤ x2 ≤ x1, therefore by putting θ = 1

t2
, x1 =(

∑n
a=1 qt2

a

)(
∑n

a=1 pt1
a

)t2−1
, x2 =

(
∑n

a=1 qa pa

)t2
, it follows that

(
n

∑
a=1

pt1
a

) 1
t1
(

n

∑
a=1

qt2
a

) 1
t2

−
n

∑
a=1

qa pa ≤

((
n

∑
a=1

qt2
a

)(
n

∑
a=1

pt1
a

)t2−1

−

(
n

∑
a=1

qa pa

)t2) 1
t2

. (14)

Now (13) and (14) give (12).
Theorem 4 directly gives a remarkable variant of Hölder’s inequality as:
Proposition 6 Taking two positive tuples (η1, η2, .....ηn) and (σ1, σ2....σn) and further targeting ξ ∈ (1, 1+ 1

q ),
ς > 1 for q > 1, imposing 1

ς +
1
ξ = 1, then

( n

∑
a=1

ης
a

) 1
ς
( n

∑
a=1

σξ
a

) 1
ξ
−
( n

∑
a=1

σaηa

)

≤

ξ
n

∑
a=1

∣∣∣∣∣σξ
a

(
∑n

a=1 σaηa

∑n
a=1 σξ

a
−ηaσ

− ξ
ς

a

)∣∣∣∣∣
∑n

a=1 σaηa +ηaσ
− ξ

ς
a ∑n

a=1 σξ
a

2

ξ−1
1
ξ

.

(15)

Proof. Consider f (k) = kξ . It is evident that f is convex for k > 0, while | f ′|q is concave. Hence, by applying (10)

with f (k) = kξ , ℓa = σξ
a , and ya = ηaσ

− ξ
ς

a , and simplifying, we arrive at
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( n

∑
a=1

ης
a

)ξ−1( n

∑
a=1

σξ
a

)
−

(
n

∑
a=1

σaηa

)ξ
 1

ξ

≤

ξ
n

∑
a=1

∣∣∣∣∣σξ
a

(
∑n

a=1 σaηa

∑n
a=1 σξ

a
−ηaσ

− ξ
ς

a

)∣∣∣∣∣
∑n

a=1 σaηa +ηaσ
− ξ

ς
a ∑n

a=1 σξ
a

2

ξ−1
1
ξ

.

(16)

since the inequality cl −dl ≤ (c−d)l holds for 0≤ l ≤ 1 and 0≤ d ≤ c, therefore by putting c=
(
∑n

a=1 ης
a
)ξ−1

(
∑n

a=1 σξ
a

)
,

d = (∑n
a=1 σaηa)

ξ , and l = 1
ξ we obtain

(
n

∑
a=1

σξ
a

) 1
ξ
(

n

∑
a=1

ης
a

) 1
ς

−

(
n

∑
a=1

σaηa

)

≤

( n

∑
a=1

σξ
a

)(
n

∑
a=1

ης
a

)ξ−1

−
( n

∑
a=1

σaηa

)ξ
 1

ξ

.

(17)

Thus (16) and (17) gives (15)
Theorem 4 gives another remarkably true variant of the Hölder’s inequality as:
Corollary 7 Taking positive tuples (η1, η2, η3, . . . , ηn) = η and (σ1, σ2, σ3, . . . , σn) = σ and further taking

ς ∈ (0, 1) with 1
ς ∈ (1, 1+ 1

q ) and ξ = ς
ς−1 for q > 1. Then

(
n

∑
a=1

ης
a

) 1
ς
(

n

∑
a=1

σξ
a

) 1
ξ

−
n

∑
a=1

ηaσa

≤1
ς

k

∑
a=1

∣∣∣∣∣σξ
a

(
∑n

a=1 ης
a

∑n
a=1 σξ

a
−ης

a σ−ξ
a

)∣∣∣∣∣×


∑n
a=1 ης

a

∑n
a=1 σξ

a
+ης

a σ−ξ
a

2


1
ς −1

.

(18)

Proof. Let f (k) = k
1
ς for k > 0. It is clear that | f ′|q is concave and f is convex on (0, ∞) when 1

ς ∈ (1, 1+ 1
q ) and

q > 1. Therefore, applying (10) with f (k) = k
1
ς , ℓa = σξ , and ya = ης

a σ−ξ
a , it follows that
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(
1

∑n
a=1 σξ

a

n

∑
a=1

ης
a

) 1
ς

− 1

∑n
a=1 σξ

a

n

∑
a=1

σaηa

≤ 1

∑n
a=1 σξ

a

n

∑
a=1

∣∣∣∣∣σξ
a

(
∑n

a=1 ης
a

∑n
a=1 σξ

a
−ης

a σ−ξ
a

)∣∣∣∣∣× 1
ς


(

∑n
a=1 ης

a
∑n

a=1
+ης

a σ−ξ
a

)
2


1
ς −1

.

(19)

Multiplication of the term ∑n
a=1 σξ

a with both sides of the above inequality gives

(
n

∑
a=1

ης
a

) 1
ς
(

n

∑
a=1

σξ
a

) 1
ξ

−
n

∑
a=1

ηaσa

≤1
ς

k

∑
a=1

∣∣∣∣∣σξ
a

(
∑n

a=1 ης
a

∑n
a=1 σξ

a
−ης

a σ−ξ
a

)∣∣∣∣∣×


∑n
a=1 ης

a

∑n
a=1 σξ

a
+ης

a σ−ξ
a

2


1
ς −1

.

(20)

Definition 8 Mathematical formula of the power mean is [14]

Mr(ℓ, y) =


(

1
ℓn

∑n
a=1 ℓayr

a

) 1
r
, r ̸= 0,

(
∏n

a=1 yℓa
a
) 1
ℓn , r = 0.

(21)

Where r ∈ (−∞, ∞) is its order and (ℓ1, ℓ2, . . . , ℓn) = ℓ, (y1, y2, . . . , yn) = y are two tuples with ℓn = ∑n
a=1 ℓa.

From Theorem 3, an inequality for the power mean is established as follows:
Corollary 9 Let y = (y1, y2, . . . , yn) and ℓ= (ℓ1, ℓ2, . . . , ℓn) be some positive tuples with ∑n

a=1 ℓa = ℓn.Also, assume
that r, t ∈ (−∞, ∞)\{0}, r > t, and q > 1,

1. if t, r > 0, then

M t
r (ℓ, y)−M t

t (ℓ, y)≤ t

2
1
q rℓn

n

∑
a=1

|ℓa (M
r
r (ℓ, y)− yr

a)|

×

(
yqr

a (M r
r (ℓ, y))

qt
r + yqt

a (M r
r (ℓ, y))q

yqr
a (M r

r (ℓ, y))q

) 1
q

.

(22)

2. If t, r < 0 with t
r ̸∈
(

1, 1+ 1
q

)
, then
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M t
t (ℓ, y)−M t

r (ℓ, y)≤ t

2
1
q rℓn

n

∑
a=1

|ℓa (M
r
r (ℓ, y)− yr

a)|

×

(
yqr

a (M r
r (ℓ, y))

qt
r + yqt

a (M r
r (ℓ, y))q

yqr
a (M r

r (ℓ, y))q

) 1
q

.

(23)

3. If t < 0 and r > 0, then

M t
t (ℓ, y)−M t

r (ℓ, y)≤− t

2
1
q rℓn

n

∑
a=1

|ℓa (M
r
r (ℓ, y)− yr

a)|

×

(
yqr

a (M r
r (ℓ, y))

qt
r + yqt

a (M r
r (ℓ, y))q

yqr
a (M r

r (ℓ, y))q

) 1
q

.

(24)

Proof. 1. Assume f (ξ ) = ξ t
r with ξ > 0. For the specified values of t, r: | f ′|q is convex, and f is concave. Using

(3) for f (ξ ) = ξ t
r , then substitution of ya by yr

a provides (22).
2. Let f (ξ ) = ξ t

r , ξ > 0. The functions | f ′|q and f are convex, adopting the steps of part 1, (23) can be obtained.
3. By taking the proposed values of r, t, it can be observed that the functions | f ′|q and f (ξ ) = ξ t

r are convex for
ξ > 0. Thus, following the procedure of part 2, (24) can be established.

Theorem 3 directly establishes a remarkable relation between different means as:
Corollary 10 Provided that q > 1, y = (y1, y2, . . . , yn) and ℓ = (ℓ1, ℓ2, . . . , ℓn) are two positive n-tuples, and

∑n
a=1 ℓa = ℓn. Then

1. M1(ℓ, y)
M0(ℓ, y)

≤ exp

 1
ℓn

n

∑
a=1

|ℓa (M1(ℓ, y)− ya)|
(

M q
1 (ℓ, y)+ yq

a

2yq
aM

q
1 (ℓ, y)

) 1
q

 . (25)

2. M1(ℓ, y)−M0(ℓ, y)≤ 1
ℓn

n

∑
a=1

∣∣∣∣ℓa

(
ln

M0(ℓ, y)
ya

)∣∣∣∣(M q
0 (ℓ, y)+ yq

a

2

) 1
q

. (26)

Proof. 1. Let f (ξ ) = − lnξ for ξ > 0, then | f ′|q is a convex function. So, (25) can be obtained using (3) for such
functions.
2. Let f (ξ ) = eξ for all ξ ∈ R, then the function | f ′|q is convex. (26) can be obtained using (3) for such functions along
with ya = lnya.

Theorem 4 provides a platform to establish an inequality in terms of power mean as:
Corollary 11 Assuming that ℓa = ∑n

a=1 ηa for a positive tuple η = (η1, η2, . . . , ηa). Further, assuming another
positive tuple σ = (σ1, σ2, . . . , σa), −∞ < t < r < 0, q > 1, and 1 < t

r < 1+ 1
q , then

M t
t (η , σ)−M t

r (η , σ)≤ t
rℓa

n

∑
a=1

|ηa(M
r
r (η , σ)−σ r

a)|
(

M r
r (η , σ)+σ r

a

2

) t
r −1

. (27)
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Proof. Assume f (k) = k
t
r for k > 0. It is evident that, for the specified values of q, r, and t the function | f ′ |q is

concave and f is convex. Thus, consequent upon the use of (4) for f (k) = k
t
r and ya → σ r

a , we have

∣∣∣∣ f (∑n
a=1 ηaσ r

a

∑n
a=1 ηa

)
−
(

∑n
a=1 ηa f (σa)

∑n
a=1 ηa

)∣∣∣∣≤ n

∑
a=1

∣∣∣∣ηa

(
∑n

a=1 ηaσ r
a

∑n
a ηa

−σ r
a

)∣∣∣∣ t
r

(
σ̄ +σa

2

) t
r −1

.

∣∣∣∣∣
(

∑n
a=1 ηaσ r

a

∑n
a=1 ηa

) t
r

−
(

∑n
a=1 ηaσ t

a

∑n
a=1 ηa

)∣∣∣∣∣≤ n

∑
a=1

|ηa (M
r
r (η , σ)−σ r

a)|
t
r

 ∑n
a=1 ηaσ r

a
ℓa

+σ r
a

2

 t
r −1

.

(28)

Simple calculations give the desired result.
Definition 12 Let (y1, y2, . . . , yn) = y and (ℓ1, ℓ2, . . . , ℓn) = ℓ be two n-tuples of positive numbers, and ∑n

a=1 ℓa = ℓn.

Then, the quasi-arithmetic (q-a) mean M with respect to a continuous and strictly monotone function φ is [14]

Mφ(ℓ, y) = φ−1

(
1
ℓn

n

∑
a=1

ℓaφ(ya)

)
. (29)

Theorem 3 yields the following bound for the well-known q-a mean as a straightforward application:
Corollary 13 Let q> 1 and suppose two positive n-tuples y= (y1, y2, . . . , yn), ℓ= (ℓ1, ℓ2, . . . , ℓn)with∑n

a=1 ℓa = ℓn.

Further, assume a continuous and strictly monotone function φ. Then if |(χ ◦φ−1)′|q is convex for a function χ ◦φ−1, the
following inequality holds

∣∣∣∣∣χ (Mφ(ℓ, y)
)
− 1

ℓn

n

∑
a=1

ℓaχ(ya)

∣∣∣∣∣≤ 1
|ℓn|

n

∑
a=1

∣∣ℓa
(
φ(Mφ(ℓ, y))−φ(ya)

)∣∣

×
(
|(χ ◦φ−1)′(φ(Mφ(ℓ, y)))|q + |(χ ◦φ−1)′(φ(ya))|q

2

) 1
q

.

(30)

Proof. Inequality (30) follows from inequality (3) by taking f → χ ◦φ−1 and ya → φ(ya).

Theorem 4 gives remarkably true inequality for q-a mean as:
Corollary 14 Let y = (y1, y2, y3, . . . , yn), w = (ℓ1, ℓ2, ℓ3, . . . , ℓn) are positive tuples, and ∑n

a=1 ℓa = ℓn. Also,
g ◦φ−1, and φ are functions such that the later one is continuous and strictly monotone. Further, impose the condition
that |(g◦φ−1)′|q is concave function. Then

∣∣∣∣∣g(Mφ(w, y))− 1
ℓn

n

∑
a=1

ℓag(ya)

∣∣∣∣∣≤ 1
|ℓn|

n

∑
a=1

∣∣ℓa
(
φ(Mφ(w, y)−φ(ya)

)∣∣

×
∣∣∣∣(g◦φ−1)′

(
φ(Mφ(w, y))+φ(ya)

2

)∣∣∣∣ .
(31)

Proof. The setting of ya → φ(ya) and f → g◦φ−1 in (4), (31) can be obtained.
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The generalized form of Theorem 3 is:
Theorem 15 Assume that: f : [k1, k2]→ R is a function, q > 1, and the function | f ′|q is convex. Further: ε1, ε2 are

integrable functions defined on the interval [a1, a2], and for all x ∈ [a1, a2] the values of ε1 lie in [k1, k2]. Furthermore:∫ a2
a1

ε2(x)dx = εn ̸= 0 and ε̄ = 1
εn

∫ a2
a1

ε1(x)ε2(x)dx ∈ [k1, k2]. Then

∣∣∣∣ f (ε)− 1
εn

∫ a2

a1

( f ◦ ε1)(x)ε2(x)dx
∣∣∣∣≤ 1

|εn|

∫ a2

a1

|ε2(x)(ε − ε1(x))|
(
| f ′(ε)|q + | f ′(ε1(x))|q

2

) 1
q

dx. (32)

Example 1 Let f (x) = 2
3 x

3
2 , x ∈ [ 1

2 , 1], then | f ′(x)| =
√

x. Now | f ′(x)| is not convex but | f ′(x)|2 = x is convex.
Also, let ε1(x) = x, ε2(x) = 1, then εn =

∫ a2
a1

ε2(x)dx =
∫ 1

1
2

1dx = 0.5 and ε̄ = 1
εn

∫ a2
a1

ε1(x)ε2(x)dx = 2
∫ 1

1
2

xdx = 0.75. Using
(32) for these values we get the following result

0.0061 < 0.108 (33)

The result calculated in (33) shows that the upper bound for the Jensen gap proposed in (32) is remarkably close to
the true discrepancy.

Remark 16 Theorem 15 immediately yields the integral form of Proposition 5, as well as Corollaries 9 through 10
and 13.

As a direct application of Theorem 15, a remarkable bound for the discrepancy of Hermite-Hadamard inequality is
proposed as:

Corollary 17 Let | f ′|q for q > 1 be a convex function, when f ∈C[z1, z2]. Then

∣∣∣∣ 1
z2 − z1

∫ z2

z1

f (x)dx− f
(

z1 + z2

2

)∣∣∣∣≤ 1

2×2
1
q (z2 − z1)

∫ z2

z1

|(z1 + z2 −2x)|
(∣∣∣∣ f ′( z1 + z2

2

)∣∣∣∣q + | f ′(x)|q
) 1

q

dx. (34)

Proof. Let [k1, k2] = [z1, z2], ε2(x) = 1 and ε1(x) = x for all x ∈ [z1, z2]. Then inequality (34) follows easily from
(32).

Remark 18 For q = 1, the result (3) and its connected results give some results which are presented in [14].
The generalized form of Theorem 4 is:
Theorem 19 Assume that f : [k1, k2]→ R is a function and for q > 1 the function | f ′|q is concave. Further, assume

that ε1, ε2 are integrable functions defined on the interval [a1, a2]. Here, also assume that for all x ∈ [a1, a2] the values of
the function ε1 lie in [k1, k2]. Now, if

∫ a2
a1

ε2(x)dx = εn ̸= 0 and ε̄ = 1
εn

∫ a2
a1

ε1(x)ε2(x)dx ∈ [k1, k2], then

∣∣∣∣ f (ε)− 1
εn

∫ a2

a1

( f ◦ ε1)(x)ε2(x)dx
∣∣∣∣≤ ∫ a2

a1

∣∣∣∣ε2(x)(ε − ε1(x))
εn

∣∣∣∣ ∣∣∣∣ f ′(ε + ε1(x)
2

)∣∣∣∣dx. (35)

As a direct application of Theorem 19, another remarkable bound for the discrepancy of Hermite-Hadamard
inequality is proposed as:

Corollary 20 For q > 1 and a function f ∈C[z1, z2], assuming | f ′|q as a concave function. Then

∣∣∣∣ 1
z2 − z1

∫ z2

z1

f (x)dx− f
(

z1 + z2

2

)∣∣∣∣≤ ∫ z2

z1

∣∣∣∣ z1 + z2 −2x
2(z2 − z1)

∣∣∣∣ ∣∣∣∣ f ′( z1 + z2 +2x
4

)∣∣∣∣dx. (36)
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Proof. Let [k1, k2] = [z1, z2], ε2(x) = 1, and ε1(x) = x for all x ∈ [z1, z2]. Then their substitutions in (35) gives (36).

3. Applications to divergences and entropies
Definition 21 The Csiszár Γ-divergence for positive tuples (l1, l2, . . . , ln) = l, and (m1, m2, . . . , mn) = m and a

function Γ: (0, ∞)→ R is provided with the following mathematical formula [20]

MΓ(l, m) =
n

∑
a=1

maΓ
(

la
ma

)
. (37)

Theorem 22 Let the function |Γ′|q for q > 1 is convex for Γ: (0, ∞)→ R as an arbitrary function. Further, assume
that l = (l1, l2, . . . , ln), m = (m1, m2, . . . , mn) are positive n-tuples. Then

∣∣∣∣∣Γ
(

∑n
a=1 la

∑n
a=1 ma

) n

∑
a=1

ma −MΓ(l, m)

∣∣∣∣∣≤ 1

2
1
q

n

∑
a=1

∣∣∣∣ma

(
∑n

a=1 la
∑n

a=1 ma
− la

ma

)∣∣∣∣(∣∣∣∣Γ′
(

∑n
a=1 la

∑n
a=1 ma

)∣∣∣∣q + ∣∣∣∣Γ′
(

la
ma

)∣∣∣∣q) 1
q

. (38)

Proof. Applying Theorem 3 with f = Γ, ℓa = ma, and ya =
la
ma

for a ∈ 1, 2, . . . , n, (38) follows.
Definition 23 Let (m1, m2, . . . , mn) = m be a positive probability distribution (ppd). The mathematical formula for

Shannon entropy is

SE(m) =−
n

∑
a=1

ma logma. (39)

Corollary 24 The following inequality holds provided that q > 1 and m = (m1, m2, . . . , mn) is a ppd.

logn−SE(m)≤ 1

2
1
q

n

∑
a=1

∣∣nma −1
∣∣( 1

nq +mq
a

) 1
q

. (40)

Proof. The inequality (38) gives directly (40), when we use the convex function Γ(ξ ) = − logξ (ξ ∈ (0, ∞)), and
la = 1 therein.

Definition 25 Themathematical formula ofKullback-Leibler divergence (KL-divergence) for two ppds, (m1,m2, . . . ,

mn) = m and (l1, l2, . . . , ln) = l, is given by

Kd(l, m) =
n

∑
a=1

la log
(

la
ma

)
. (41)

Corollary 26 Let (l1, l2, . . . , ln) = l and (m1, m2, . . . , mn) = m be two ppds. Further with q > 1, the following
inequality holds:

Contemporary Mathematics 5760 | Yu-Ming Chu, et al.



Kd(m, l)≤ 1

2
1
q

n

∑
a=1

∣∣ma − la
∣∣(1+

(
ma

la

)q) 1
q

. (42)

Proof. Let Γ(ξ ) = − logξ , ξ ∈ (0, ∞), then clearly |Γ′|q = ξ−q. Here Γ and |Γ′|q for q > 1 are convex functions.
Using Γ(ξ ) =− logξ , ξ ∈ (0, ∞), in (38), we deduce (42).

Definition 27 The mathematical form of Bhattacharyya coefficient for two ppds (l1, l2, . . . , ln) = l and (m1, m2, . . . ,

mn) = m is given by

Bc(l, m) =
n

∑
a=1

√
lama.

Corollary 28 The following inequality holds, provided two ppds (m1, m2, . . . , mn) = m, (l1, l2, . . . , ln) = l, and
q > 1:

1−Bc(l, m)≤ 1

21+ 1
q

n

∑
a=1

∣∣ma − la
∣∣(1+

(√
ma

la

)q) 1
q

. (43)

Proof. Let Γ(ξ ) =−
√

ξ , ξ ∈ (0, ∞), then Γ and |Γ′(ξ )|q = 1
2q ξ− q

2 are convex for q > 1. Using this function in (38),
we get (43).

Remark 29 The integral form of the above inequalities which are obtained for various divergences, can be presented
as direct applications of Theorem 15.

3.1 Inequalities for the Zipf-Mandelbrot entropy

The Zipf-Mandelbrot (Z-M) entropy is one of the most prominent entropies in information theory. This entropy has
been estimated through various results around Jensen’s inequality, for some suitable results see [21]. Now to present the
formal mathematical form of this entropy, first we give probability mass function for (Z-M) law by assuming the values
as a ∈ {1, 2, . . . , n}, s > 0, Λ ≥ 0, with a generalized harmonic number Gn, Λ, s: = ∑n

a=1
1

(a+Λ)s , as below:

Γ(a, n, Λ, s) =
1/(a+Λ)s

Gn, Λ, s
, (44)

Now the Zipf-Mandelbrot entropy can be followed as:

Z(G, Λ, s) =
s

Gn, Λ, s

n

∑
a=1

log(a+Λ)
(a+Λ)s + logGn, Λ, s. (45)

Corollary 30 Let s > 0, Λ ≥ 0 and la ≥ 0 for a = 1, 2, . . . , n with ∑n
a=1 la = 1. Then

−Z(G, Λ, s)− 1
Gn, Λ, s

n

∑
a=1

log la
(a+Λ)s≤

1

2
1
q

n

∑
a=1

∣∣∣∣ 1
(a+Λ)sGn, Λ, s

− la

∣∣∣∣
(

1+
1

lq
a(a+Λ)qsGq

n, Λ, s

) 1
q

. (46)
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Proof. For ma =
1

(a+Λ)sGn, Λ, s
, a = 1, 2, . . . , n, we have

n

∑
a=1

ma log
ma

la
=

n

∑
a=1

1
(a+Λ)sGn, Λ, s

(−s log(a+Λ)− logGn, Λ, s − log la)

=−Z(G, Λ, s)− 1
Gn, Λ, s

n

∑
a=1

log la
(a+Λ)s ,

(47)

and

1

2
1
q

n

∑
a=1

∣∣ma − la
∣∣(1+

(
ma

la

)q) 1
q

=
1

2
1
q

n

∑
a=1

∣∣∣∣ 1
(a+Λ)sGn, Λ, s

− la

∣∣∣∣
(

1+
1

lq
a(a+Λ)qsGq

n, Λ, s

) 1
q

. (48)

Now using (47) and (48) in (42), we get (46).
Corollary 31 Let Λ1, Λ2 ≥ 0, s1, s2 > 0. Then

−Z(G, Λ1, s1)+
n

∑
a=1

log(a+Λ2)
s2Gn, Λ2, s2

(a+Λ1)s1Gn, Λ1, s1

≤ 1

2
1
q

n

∑
a=1

∣∣∣∣ 1
(a+Λ1)s1Gn, Λ1, s1

− 1
(a+Λ2)s2Gn, Λ2, s2

∣∣∣∣

×
(

1+
(
(a+Λ2)

s2Gn, Λ2, s2

(a+Λ1)s1Gn, Λ1, s1

)q) 1
q

.

(49)

Proof. For ma =
1

(a+Λ1)
s1 Gn, Λ1, s1

, la = 1
(a+Λ2)

s2 Gn, Λ2 , s2
, a = 1, 2, . . . , n, we have

n

∑
a=1

ma log
ma

la
=

n

∑
a=1

1
(a+Λ1)s1Gn, Λ1, s1

×
(
log(a+Λ2)

s2Gn, Λ2, s2 − log(a+Λ1)
s1Gn, Λ1, s1

)

=−Z(G, Λ1, s1)+
n

∑
a=1

log(a+Λ2)
s2Gn, Λ2, s2

(a+Λ1)s1Gn, Λ1, s1

.

(50)

Also,

1

2
1
q

n

∑
a=1

∣∣ma − la
∣∣(1+

(
ma

la

)q) 1
q

=
1

2
1
q

n

∑
a=1

∣∣∣∣ 1
(a+Λ1)s1Gn, Λ1, s1

− 1
(a+Λ2)s2Gn, Λ2, s2

∣∣∣∣

×
(

1+
(
(a+Λ2)

s2Gn, Λ2, s2

(a+Λ1)s1Gn, Λ1, s1

)q) 1
q

.

(51)
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Now utilizing (50) and (51) in (42), we get (49).

4. Conclusion
The Jensen gap can be utilized for obtaining error bounds while approximating some parameters specially in

optimization. In this article, two upper bounds are proposed for the discrepancies of discrete as well as generalized
Jensen inequality for the functions f ∈C such that | f ′|q for q > 1 is either convex or concave. The first bound which is
obtained for the convex function under consideration is useful for the functions when | f ′| is not convex and in this regard
an example is discussed. In the example, numerically the Jensen gap is calculated as true discrepancy which is 0.0061,
while the upper bound proposed in inequality (32) for this gap is calculated as 0.108 for q = 2, which shows that the
proposed upper bound is remarkably close to the true discrepancy.

New bounds for the discrepancy of the Hölder and Hermite-Hadamard inequalities are deduced from the main results.
Further, some inequalities for geometric, power, and quasi-arithmetic means, Csiszár, and Kullback-Leibler divergences,
Bhattacharya coefficient and Shannon, and Zipf-Mandelbrot entropies are obtained.
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