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Abstract: This article proposes two upper bounds for the gap of discrete and integral Jensen inequality for the functions
f € Cla, b]. First bound is obtained when |f’|?, ¢ > 1 is convex and second is obtained when this function is concave. In
the convex case, an example is discussed to authenticate the bound when || is not convex. Accordingly and consequently,
bounds for the gap of celebrated Hermite-Hadamard and well-known Holder inequalities are deduced. Also, some
estimates for the quasi-arithmetic and power means, and for some basic divergences are obtained from the main results.
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1. Introduction

Mathematical inequalities for convex functions are proved to be very useful tools in various aspects [[-6]. Among
these tools, Jensen’s inequality is the most powerful and it is described as [7, p. 43]:

Theorem 1 If f: [k, ko] — R is a convex function and y, € [k, k2], {; > 0fora=1,2, ..., nwith0 < ¢, =Y"_, {,,
andy = % Y1 4uya. Then

UESS WAH) m
na=1

This can be remarkably noted that the inequality under consideration has been generalized in different senses. One
of their generalizations is in the Riemann integral sense. This generalization is described as [8]:
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Theorem 2 Let [k;, k3] C R and €1, &: [a;, az] — R be two measurable functions such that & (x) € [ky, kp], Vx €
[a1, az]. Further, suppose that the functions &, €&, and (f o&)).&; are integrable on [ay, a3] for f: [ki, ko] — R as convex
function. Also, suppose that &(x) >0 on [a1, a2], [, &2(x)dx =€, >0, and & = é JuZ €1(x)&2(x)dx, then

1@< [ (roe) et @

[

Some useful applications of this inequality can be found in statistics [9], optimization [10], economics [11], finance
[12] and information theory [13—15] etc. For some particular convex functions and substitutions, this inequality provides
some other inequalities such as AM-GM, the Hermite-Hadamard, Ky Fan’s, Holder’s, and Levinson’s inequalities etc.
The literature on various results around Jensen’s inequality can be found in [16—19].

2. Bounds for the gap of Jensen’s inequality with applications

Noteworthy that the discrepancy of both sides of Jensen’s inequality is known as the Jensen gap. The following main
result is about a bound for this gap from the right. The bound is acquired, using basic concept of convexity.

Theorem 3 Let f: [k;, ko] — R be a first order differentiable function, |f’|7 is convex for g > 1, and y, € [ki, k2|, {4 €
R for each a € {1, ..., n}. Further, assume that }!! ¢, = ¢, #0andy = ézgzl £4ya € [k1, kp]. Then

Ly O+ )
ST; ( 5 . 3)

) Zéaf Vo)
0=

Proof. The well-known integration gives the following result keeping in mind the condition: if y # y, for a =

1, 2, ..., n without loss of generality

3

n a o a f 1—1 atty !
D e e e | °
Implies that
o Za(y_ya) ! / v = f(y Ly
P / 7 =t e = £0) = 5 1 laf ) ©)

Upon applying the absolute value and then the triangle inequality to the above, we deduce

y Ya) /|f (1= 1)ya+17)| dt. )

<y

1 &
‘ E Zgafya

=1

Application of the Holder inequality in above inequality gives the following inequality
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1

</ |F (1 =1)ya+1y) \th). (7

From the statement, | /|7 is convex therefore the above inequality becomes

y))a

‘ Z af(Va)

”ll

1 n
‘f(y) — 5 ¥ af () ®)
ng=1
n 1 é
Z b ) (/0 ((1—t)!f’(ya)|q+r\f’(y)\q)dr) : ©)
Calculating the integral in the above inequality, we obtain (3). O

The following theorem is about the second main result, which also proposes an upper bound for the gap of Jensen’s
inequality but this time using concavity.

Theorem 4 Assume a function f: [ki, kp] — R and impose the condition that | |7 is concave for g > 1, and assume
that y, € [k, k2], g € Rforeacha e {1,2,...,n} with {;: =Y, £, #0. Also, lety: = ézzzl Lyya € [ki, k2], then

Y+ Ya
( . )‘ (10)

Proof. Application of the generalized Jensen’s inequality for concave functions in (7) acquires

y)’a

‘ Z Caf(va)

01— L tert| < B[22 (| () (ty+<1—t>ya)dr)\q)‘l’
— i la(y —ya) f’(/l (ty+(1—t)y )dt)‘ (11)
a=1 bn 0 ‘
_ az"ll Ea(ygnya) f<§4;ya)’
which is the required inequality. O

Theorem 3 directly acquires a remarkably true variant of the Holder inequality as:

Proposition 5 Taking two positive tuples (py, ..., pn) and (g1, ..., qu), forg > 11 & (1, 1+ %) , f1 > 1, and
ti +L =1. Then
2 N
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Proof. Let f(k) = k™2 for k > 0, then one can readily verify that | /|7 and f are convex functions, and therefore (3)
al

Q-

can be applied for f(k) = k2, £, = pi} and y, = g, pa?, the following result can be obtained

() (84)-($00) )

(13)
, 1) g-ny 417 A
t2 n Vl: _h l’l= q\i— 2~ q n 1
§ — Z pi} (Zan 1 patclla — GuPa ) ’ Zan lpaga + qa . « Z pg )
24 a=1 a=1Pa a=1Pa Da a=1
Since the inequality x? —xg < (x1 —x2)? holds for 6 € [0, 1] and 0 < x» < x1, therefore by putting 6 = %7 X1 =

n %] n 1 -1 n o
( a:quZ)( a:1l’a> ,xQ:(Zazlqapa) , it follows that

n % n é n n n -l n 2 é
Y Pl Ya2| —Yawa<|| L)X r | Y qara : (14)
a=1 a=1 a=1 a=1 a=1 a=1

Now (13) and (14) give (12). O

Theorem 4 directly gives a remarkable variant of Holder’s inequality as:

Proposition 6 Taking two positive tuples (11, 02, .....N,) and (o1, 0,....0,,) and further targeting & € (1, 1+ %),
¢ > 1 for g > 1, imposing é—k% =1, then

| (15)
: -3 N
< Y OaNa -2 Y CuNa+MaOu * Yo Oa
< 521 Gf(ﬁ;gm%ﬁ)‘ 1 9Tt le !
a= a=1%Ya

Proof. Consider f(k) = k. It is evident that f is convex for k > 0, while | /|7 is concave. Hence, by applying (10)
5

with f(k) = K, 0, = Gf, and y, = nac,; ¢ and simplifying, we arrive at
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(16)

1
e E-17 ¢
(Zﬁzl%na G-E)‘ Y1 Calla+MNaCa ° Z=16§
2

since the inequality d—d < (C—d)l holds for0 <7< 1and 0 < d < ¢, therefore by putting c = ( 1 nag)éfl ( 1 G§> ,

d=(Y; C’ana)5 ,and [ = % we obtain

17)
1
n n £-1 n el
< Z 0-5 Z 775 - ( Z Gana>
a=1 a=1 a=1
Thus (16) and (17) gives (15) O
Theorem 4 gives another remarkably true variant of the Holder’s inequality as:
Corollary 7 Taking positive tuples (11, N2, N3, ..., N,) = N and (03, Oz, O3, ..., 6,) = ¢ and further taking
g€ (0, 1)Withé € (1, 1+$) and & = % for ¢ > 1. Then
1 1
n 3 n ¢
a=1 a=1 a=1
(18)
Xo_ina ¢ &\ <!
1 & & el leg £ ﬁ + 7 Oa
<=) |o; | == ngo,° || x | ===
ga;l =1 Gaé o 2

1
Proof. Let f(k) = k< for k > 0. It is clear that | /| is concave and f is convex on (0, co) when é e(l, 1+ é) and

q > 1. Therefore, applying (10) with f(k) = ké, l,=0%, andy, = ng Ga_é, it follows that
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Multiplication of the term

) . X na
1 a1 Na - 1y o0
<Ly fog (T peg )
gazl a—lGﬂ

Definition 8 Mathematical formula of the power mean is [14]

1

(i Z:l Zllyz’;) ' )

(I o)

MLy y) =

Where r € (—oo, ) is its order and (€1, (2, ..., €y) =€, (y1,¥2, ..., yn) = are two tuples with £, =Y"_, (,.

with both sides of the above inequality gives

r#£0,

r=0.

From Theorem 3, an inequality for the power mean is established as follows:

(19)

(20)

@n

Corollary 9 Lety = (y1,y2,...,yn) and £ = ({1, {2, ..., £,) be some positive tuples with 7, £, = £,,. Also, assume

thatr, t € (—eo, o)\ {0}, r>1, and ¢ > 1,
1.ift, r > 0, then

t n
ML y) = A (L, y) < Y

=
Q
—
N
PN
j\
~
S~—
\
=
Q™
S—

. 1
2. Ift,r<0w1th5r§§(1, 1—}—5), then
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Zérén a=1
(23)
. 1
V(A0 )T+ ()
ya (AL y))!
3.Ift <0and r >0, then
t n
24rly, a=1
(24)

Proof. 1. Assume f(&) = &7 with & > 0. For the specified values of 7, r: |f/|7 is convex, and f is concave. Using
(3) for f(&) = &7, then substitution of y, by y%, provides (22).

2. Let f(&) = &7, € > 0. The functions | /|7 and f are convex, adopting the steps of part 1, (23) can be obtained.

3. By taking the proposed values of r, 7, it can be observed that the functions |f/|7 and f(&) = & are convex for
& > 0. Thus, following the procedure of part 2, (24) can be established. O

Theorem 3 directly establishes a remarkable relation between different means as:

Corollary 10 Provided that ¢ > 1, y = (yi, y2, ..., yn) and £ = (1, {5, ..., £,) are two positive n-tuples, and
Y 14y =4~y Then

1
A (L, y) 1 (///{’(& y)+y2>‘f
1. ———= < — e , V) —Va _— 2
1
n q qaN\ q
2 () — () < gl ‘. <ln ///0)5&)’))’ (J//o (&2)’)4-%) a3 26)
ng—1 a

Proof. 1. Let f(&£) = —Iné for & > 0, then |f’|? is a convex function. So, (25) can be obtained using (3) for such
functions.
2. Let f(&) = ¢® forall & € R, then the function |f’|7 is convex. (26) can be obtained using (3) for such functions along

with y, = Iny,. O
Theorem 4 provides a platform to establish an inequality in terms of power mean as:
Corollary 11 Assuming that ¢, = Y"_, 1, for a positive tuple n = (11, 12, ..., N,). Further, assuming another
positive tuple 6 = (01, 02, ..., 0y), —0 <1 <r<0,g>1,and1 <t < l+$, then
R M (M, o0)+0) ol
A (0,0) 0. 0) < 1 ¥ (. o) - op)| (L2 @)
ag=1
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Proof. Assume f(k) = kr for k > 0. It is evident that, for the specified values of ¢, r, and 7 the function |f |7 is
concave and f is convex. Thus, consequent upon the use of (4) for f(k) = k* and y, — 6, we have

ZZ:lnaGar Za 1naf Oy < u=1 NG}, Al [(6+0, ol
(i) - (B < L m (B [1 (552)

Yo—1Ma Yae1Ma
(28)
WL R AIND VL AN IR (B o)
Za=1 1@ 7a _ | &a=l @ 7a < ‘%r ,0)— Gr - - ta 0
(B ) - (Bt ) < § na(az(n o) a0l | —
Simple calculations give the desired result. O

Definition 12 Let (y1,y2,...,y,) =yand ({1, {2, ..., £,;) = £ be two n-tuples of positive numbers, and Y, £, = ¢,
Then, the quasi-arithmetic (q-a) mean .# with respect to a continuous and strictly monotone function ¢ is [14]

Mo(l,y) = < Zﬁsoya)- (29)

Theorem 3 yields the following bound for the well-known g-a mean as a straightforward application:

Corollary 13 Letg > 1 and suppose two positive n-tuples y = (y1, y2, ..., ¥n), €= (€1, 02, ..., Ly) wWith Yo, Ly =£),.
Further, assume a continuous and strictly monotone function ¢. Then if |(x o ¢~')’|¢ is convex for a function y o ¢!, the
following inequality holds

1 n
x (Ao(L,y)) Zﬁax )| < Z| Q(Mp(L,y) —9(va))|
”a 1 a=1
(30)
1
« (Lo VoL G0 Y obu '
2
Proof. Inequality (30) follows from inequality (3) by taking f — x o @~ and y, — @(y.)- O

Theorem 4 gives remarkably true inequality for q-a mean as:

Corollary 14 Lety = (y1, y2, ¥3, -+, Yn), W= ({1, {2, {3, ..., £,) are positive tuples, and Y"_, ¢, = £,. Also,
go @', and ¢ are functions such that the later one is continuous and strictly monotone. Further, impose the condition
that |(go @~!)|4 is concave function. Then

1 & 1 &
g(///(p(W, f Zgag Ya) ST Z | W, y)— (p(ya))|
=1 a=1
€1y
_ Mo(W,¥))+0(Va
Jipopty (Rt 00 )
Proof. The setting of y, — ¢(y,) and f — go @1 in (4), (31) can be obtained. O
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The generalized form of Theorem 3 is:

Theorem 15 Assume that: f: [k;, k»] — R is a function, g > 1, and the function |f’|9 is convex. Further: €, &, are
integrable functions defined on the interval [a;, az], and for all x € [a;, ay] the values of & lie in [k;, k]. Furthermore:
Ja2 &x(x)dx = &, # 0 and & = - [ &1 (x)&2(x)dx € [ki, k). Then

p@—l/ﬂﬁammww

8}’l-al

< a2|82(x)(8—£1(x))|<|f/(8)|q+|f/(€1(x))|q>qu. (32)

= el Jay 2

Example 1 Let f(x) = %x%, x €[4, 1], then [f'(x)| = /x. Now [f'(x)| is not convex but |f'(x)|* = x is convex.
Also, let &1 (x) =x, &(x) = 1, then &, = [ & (x)dx = f%I ldx=05and &=L [ ¢ (x)&(x)dx=2 f%l xdx = 0.75. Using
(32) for these values we get the following result

0.0061 < 0.108 (33)

The result calculated in (33) shows that the upper bound for the Jensen gap proposed in (32) is remarkably close to
the true discrepancy.

Remark 16 Theorem 15 immediately yields the integral form of Proposition 5, as well as Corollaries 9 through 10
and 13.

As a direct application of Theorem 15, a remarkable bound for the discrepancy of Hermite-Hadamard inequality is
proposed as:

Corollary 17 Let |f’|7 for g > 1 be a convex function, when f € Cl[z, z2]. Then

12 + 1 2
/ f(x)dx—f<Z1 Zz>’§ 1 / |(Zl+Z2—2x)<
-2y 2 2 %21 ) Ja

(z2—21

q :
r (“;Zz)‘ +|f/(x)|q) dx.  (34)

Proof. Let [k;, k2] = [z1, 22, €&2(x) = 1 and € (x) = x for all x € [z, z2]. Then inequality (34) follows easily from
(32). 0

Remark 18 For g =1, the result (3) and its connected results give some results which are presented in [14].

The generalized form of Theorem 4 is:

Theorem 19 Assume that f: ki, k] — R is a function and for g > 1 the function |f’|7 is concave. Further, assume
that &1, & are integrable functions defined on the interval [a;, az]. Here, also assume that for all x € a1, a;] the values of
the function ¢ lie in [k1, ko). Now, if [ & (x)dx =€, # 0 and & = L al €1(x)&2(x)dx € [ki, k2], then

&
an
< /
ay

As a direct application of Theorem 19, another remarkable bound for the discrepancy of Hermite-Hadamard
inequality is proposed as:

&(x) (€ —&(x))
&n

V@—l/ﬁﬂawmmw

gn ap

7 (‘H;‘ (x)> ‘dx. (35)

Corollary 20 For g > 1 and a function f € C[zy, z2], assuming | f’|7 as a concave function. Then

1 2 2+ 2
Zz—Zl/Z1 f(X)dX—f< 2 >’</Zl

A+ —2x
2(z—21)

f (W) ’dx. (36)
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Proof. Let [k, kz] = [z1, 22], &(x) = 1, and € (x) = x for all x € [z;, z2]. Then their substitutions in (35) gives (36).
O

3. Applications to divergences and entropies

Definition 21 The Csiszar I'-divergence for positive tuples (I, b, ..., I,) =1, and (m;, mp, ..., m;) = m and a
function I': (0, ) — R is provided with the following mathematical formula [20]

n la
m) :aglmar <m> ) (37)

Theorem 22 Let the function [I"| for g > 1 is convex for I': (0, o) — R as an arbitrary function. Further, assume
thatl= (1, bp, ..., I,), m = (my, my, ..., my) are positive n-tuples. Then

(g ) B (e )+ )
1Ma /) ;2 alma Mg nlma Mg

Proof. Applying Theorem 3 with f =T, ¢, =m,, and y, = ,% forael,2,...,n,(38) follows. O
Definition 23 Let (m;, my, ..., m,) = m be a positive probability distribution (ppd). The mathematical formula for
Shannon entropy is

1 N
m)| < ) (38)
l[

L]

a

SE(m) =—Y" mglogm,. (39)
a=1

Corollary 24 The following inequality holds provided that ¢ > 1 and m = (m, my, ..., my,) is a ppd.

1
1 n 1 5
logn — SE(m S;Z|nma—1|(nq—|—m2) : (40)

a=1

Proof. The inequality (38) gives directly (40), when we use the convex function I'(§) = —logé& (£ € (0, «)), and
l, = 1 therein. O

Definition 25 The mathematical formula of Kullback-Leibler divergence (KL-divergence) for two ppds, (my,ma, ...,
my) =mand (I}, lp, ..., I,) =1, is given by

m) = i I,log (}j:) . (41)
a=1 a

Corollary 26 Let (I1, I, ..., I,) =land (m;, my, ..., my) = m be two ppds. Further with g > 1, the following
inequality holds:
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1

)< — gl (1 (Pe) ) 0
a(m 72%2’1'% a’<+(la @

Proof. Let I'(§) = —log&, & € (0, ), then clearly |I'|7 = 9. Here ' and |I"|7 for ¢ > 1 are convex functions.
Using I'(&) = —log&, & € (0, =), in (38), we deduce (42). O

Definition 27 The mathematical form of Bhattacharyya coefficient for two ppds (11, I, ..., l,) =land (m;, my, ...
m,) = m is given by

)

n
lm:Z

Corollary 28 The following inequality holds, provided two ppds (my, ma, ..., m,) =m, (I}, b, ..., [,) =1, and
q>1:

1—-Be(l.m) < lf!ma—l|<1+< "l’)q) (43)

2 q g=1

Proof. Let T'(E) = —/E, & € (0, ), then Tand | (£)|7 = 217,5’% are convex for ¢ > 1. Using this function in (38),
we get (43). O

Remark 29 The integral form of the above inequalities which are obtained for various divergences, can be presented
as direct applications of Theorem 15.

3.1 Inequalities for the Zipf-Mandelbrot entropy

The Zipf-Mandelbrot (Z-M) entropy is one of the most prominent entropies in information theory. This entropy has
been estimated through various results around Jensen’s inequality, for some suitable results see [21]. Now to present the
formal mathematical form of this entropy, first we give probability mass function for (Z-M) law by assuming the values

asac{l,2,...,n},s >0, A >0, with a generalized harmonic number G, A s: =Y5_; W, as below:
1/(a+A)*
r = 44
(a,n, A, s) Gn, As ( )
Now the Zipf-Mandelbrot entropy can be followed as:
s & log(a+A)
Z(G, A, s) = +1ogG, A s- 45
( ) = (a+A) EUn, A, s (45)
Corollary 30 Lets >0, A>0and/, >0fora=1,2,...,nwith }.0_,l, = 1. Then
1 " logl, 1 & 1 g
—Z(G, A, 5) — — L1+ . (46)
GnASa 1(a+A égg a+A GnAs ¢ +lg(a+A>qsGZ,A7s

Volume 6 Issue 5/2025| 5761 Contemporary Mathematics



_ 1 _
Proof. For m, = @Gy 4 1,2, ..., n, we have

n n

my 1
E 1—227—1 A) —logG, —log!
a=1ma 0g = (a+A)‘YGn,A,s( slog(a+A) —1log Gy, o, s —logla)

(47)
—Z(G, A, s) — G:{\J unl (;(:g[l{,)s7
and
L n qN + 1 & 1 é
q
3 (0 (5 Eleatorn (s, )

Now using (47) and (48) in (42), we get (46). O
Corollary 31 Let Aj, Ap >0, 51,52 >0. Then

" log(a+A2)2Gy A 1 & 1 1
(GA17SI Z a+A)1Gn — STZ A S1G A>)2G
a=1 1 n, Ay, s 29 g=1 a+ 1 n, Ay, s (a+ 2) n,Ay, 53
(49)
1
x [ 1+ (a—"_AZ)SZGn,Az,SZ 1 q.
(a"‘V_Al)Sl Gn,Al,sl
_ 1 _ 1 _
Proof. For m, = @A Gy Ay I, = @226, ny sy a=1,2,...,n, we have
/! 1
mglo
Z g l a;l a+A1)slGn Ap, sy
X (log(a +A2)s2 Gn,Az,sz - IOg(a +A; )Sl Gl’l7/\1.S|) (50)
log(a+A2)2Gy, a,, s
G, A1, s1)+ 272
( 1 1 ; ( +Al)‘]Gn At sy
Also,
1 & ma>q)q 1 & 1 1
— mg—Iq| | 1+ ( =—
2% [;l’ ‘ a| ( la % (; (a+Ar) lGn Ay, 81 (a+A2)s2G"-,A2752
51)

1
y <1+ ((GJFAZ)SZGmAg,sz)q) .
(a+A1>slGn7A1,51
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Now utilizing (50) and (51) in (42), we get (49). O

4. Conclusion

The Jensen gap can be utilized for obtaining error bounds while approximating some parameters specially in
optimization. In this article, two upper bounds are proposed for the discrepancies of discrete as well as generalized
Jensen inequality for the functions f € C such that |f’|7 for g > 1 is either convex or concave. The first bound which is
obtained for the convex function under consideration is useful for the functions when |f’| is not convex and in this regard
an example is discussed. In the example, numerically the Jensen gap is calculated as true discrepancy which is 0.0061,
while the upper bound proposed in inequality (32) for this gap is calculated as 0.108 for ¢ = 2, which shows that the
proposed upper bound is remarkably close to the true discrepancy.

New bounds for the discrepancy of the Hélder and Hermite-Hadamard inequalities are deduced from the main results.
Further, some inequalities for geometric, power, and quasi-arithmetic means, Csiszar, and Kullback-Leibler divergences,
Bhattacharya coefficient and Shannon, and Zipf-Mandelbrot entropies are obtained.
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