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conditions related to the algebraic system. We illustrate effectiveness and feasibility through various numerical tests.
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1. Introduction

Fractional Differential Equations (FDEs) [1, 2] find wide application in various fields due to being able to simulate
complicated memory-related phenomena, hereditary properties, and non-local effects. One prominent application of
FDE:s is in physics [3, 4]. For example, FDEs are used to characterize the performance of materials with properties
that change over time like creep and relaxation. In engineering, FDEs are employed in control theory to design controllers
for systems with fractional-order dynamics [5], leading to improved performance and stability. Additionally, FDEs play
a crucial role in modeling biological processes [6] such as population dynamics, cell growth, and drug transport in tissues,
where the non-local and memory effects captured by fractional calculus are essential for accurate predictions and analysis.
Furthermore, FDEs have applications in finance for modeling complex market behaviors [7] and in signal processing for
analyzing signals with long-term dependencies and non-local correlations [8]. The authors in [9, 10] analyzed quantum
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information entropy in hyperbolic potentials within the fractional Schrodinger equation and showed that decreasing the
fractional derivative enhanced position-space localization while increasing momentum-space delocalization, with key
entropy inequalities and Fisher information trends validated while in [11] further demonstrated that these effects persisted
in double well potentials, with the BBM inequality satisfied and Fisher entropy increasing with potential depth.

Rabiei and Razzaghi in [12] introduced fractional Boubaker wavelets to solve Fractional Riccati Differential
Equations (FRDEs), while the author in [13] introduced fractional-order generalized Legendre wavelets and applied
them to solve FRDEs by utilizing the hypergeometric function. Doha et al. in [14] presented a spectral method
for approximating the variable-order FRDEs by utilizing shifted Chebyshev polynomial series to expand the solution.
The author in [15] implemented a numerical method, the iterative reproducing-kernel algorithm, for solving FRDEs.
Tvyordyj [16] investigated the FRDEs with a variable fractional derivative, reflecting the medium’s hereditary property
and its dependence on past states and develop Numerical Solution of a FRDEs by employing finite differences for
appreciating the variable-order derivative and solving the resulting non-linear algebraic system. The author in [17]
introduced a Galerkin Mittag-Leffler method with a derived Riemann-Liouville operational matrix to efficiently solve
multi-dimensional fractional optimal control problems, while in [18] presented fractional-order Alpert multiwavelet
functions and a Riemann-Liouville operational matrix to efficiently solve fractional pantograph differential equations
by reducing them to algebraic systems with proven error analysis and validated examples.

Variable-Distributed Order Fractional Riccati Differential Equations (VDO-FDEs) with non-smooth solutions
represent a challenging and important area of mathematical modeling. These equations go beyond classical Riccati
equations by incorporating fractional derivatives of variable order and a distribution of memory effects. This allows them
to describe a wider range of phenomena where both the order of differentiation and the “memory” of the system vary. The
analysis of VDO-FDEs with non-smooth solutions remains highly challenging. Traditional methods for solving Riccati
equations often fail when applied to variable-distributed order problems, due to the complexity introduced by fractional
derivatives

For four decades, spectral approaches have been widely used in various fields, as highlighted by [19-23]. Fourier-
expanded spectrum approaches, which were initially used in constrained contexts such as periodic boundary conditions and
fundamental geometries, have recently experienced substantial theoretical advances, allowing them to provide effective
solutions to multifarious issues. In comparison to other numerical approaches, spectral procedures outperform them in
terms of accuracy and exponential convergence rates. All spectral approaches rely on representing solutions as a finite
series of orthogonal functions. Several spectral approaches exist, including collocation [24-27], tau [28-30], Galerkin
[31], and Petrov-Galerkin [32, 33], where coefficients are optimized to minimize absolute errors. Spectral collocation,
for example, approximates differential equation solutions nearly perfectly, allowing residuals to approach zero at specific
points.

The spectral method, while highly accurate for smooth problems, faces several limitations when applied to nonlinear
or higher-dimensional problems. The computational cost increases significantly due to dense system matrices and the need
for iterative solvers for nonlinear terms. In higher dimensions, the number of basis functions grows rapidly, leading to
memory and scalability challenges. Moreover, strong nonlinearities can introduce aliasing errors, and complex geometries
require additional mapping or domain decomposition, reducing efficiency. Finally, time-dependent problems may face
stability constraints, necessitating careful selection of time-stepping schemes. The approach utilizes fractional Shifted
Legendre Gauss-Lobatto (SL-GL) point to approximate solutions for non-linear VDO-FDEs, with non-smooth solution.
The VDO-FDEs are represented as a series of fractional Shifted Legendre Polynomials (SLPs). The residuals of these
equations are evaluated at the SL-GL quadrature points, which yields a system of algebraic equations to be solved. In
addition, we employ Fractional Shifted Legendre Gauss-Lobatto (FSL-GL) and Shifted Chebyshev Gauss-Radau (SC-
GR) points to approximate solutions for time-nonlinear VDO-FDEs under given conditions. The time nonlinear VDO-
FDEs is represented as a truncated series of Shifted Legendre Polynomials (SLPs) and Shifted Chebyshev Polynomials
(SCP). The residuals of these equations at the FSL-GL and SC-GR quadrature points are estimated, leading to a system
of algebraic equations that is subsequently solved. Numerical approaches are conducted to validate the effectiveness of
this methodology.

The main contributions of this study can be summarized as follows:
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1. We develop a novel and efficient spectral collocation framework for solving nonlinear VDO-FDEs with non-
smooth and time-nonlinear solutions, a class of problems that has received very limited attention in the literature.

2. The proposed approach utilizes FSL-GL and SC-GR points to systematically approximate the solutions, transfor-
ming the VDO-FDE:s into solvable algebraic systems while accurately capturing the non-local and hereditary properties
of fractional derivatives.

3. A unified representation of nonlinear VDO-FDE:s is constructed using truncated expansions in shifted Legendre
and shifted Chebyshev polynomials, enabling the method to handle both variable-distributed order and time-dependent
dynamics within the same computational framework.

4. The effectiveness of the proposed methodology is validated through comprehensive numerical experiments,
demonstrating its robustness, accuracy, and exponential convergence in the presence of non-smooth solutions, outperfor-
ming conventional approaches.

5. This work establishes a flexible and generalizable framework for addressing a wide range of fractional models,
underscoring the novelty and practical impact of combining advanced spectral collocation techniques with variable-
distributed order fractional calculus.

This paper is structured as follows: Section 2 introduces the fundamental concepts. Section 3 addresses VDO-FDEs
with non-smooth solutions, while section 4 focuses on time-nonlinear VDO-FDEs. Section 5 presents numerical examples,
and section 6 concludes the study.

2. Fundamental concepts
2.1 Fractional calculus

This section specifies the fundamental terms utilized throughout the subsequent section, specifically the Left and
Right Caputo formulas.
Definition 1 [34] Left and Right Caputo derivative D(?) of order 1 (%)

9 A 1 v () — A
p1% () = Tr—n(@)) (/0 (@ —x)7 1) 102/(7>('<)d’<) , v=1<n(@) <y, ¥ >0. (M
CD”(OJ/)%A(@):i(_l)Y (/.L(K—@)V"(g)1022“’)(1()(11() y—1<n(@)<vy, ¥ >0. )
- Llp—n(#)) \Jz ’ U

Definition 2 [35] The Caputo Variable Order-Fractional (VO-F) derivative of order 1 () is defined as

1 x _ oUWV (¥ | €
(x))/o (=) m%’ de, y=1<n(x) <y, #>0. 3)

DI 0=

Definition 3 [35] The Riemann-Liouville VO-F derivative of order 1() is defined by

1 dY

RLN(X) o) _ “
D = ) art

4 ~
[fa-ep e @, eae y-1<n <v.w>0. @
0

2.2 SLPs
The Legendre polynomials £;(%)(j =0, 1, ...) adheres to Rodrigues’ formula [36].
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(@) = St (1-%) )

Accordingly, E&m) (%) is given by

() = (;,-lj),jD" (1-2%)) (©)

where

. . {
2’”‘1(21+1)F(m+2] l>r(m+];-l+ )

e () ()

Then, we denote (u, v) and ||u|| as the inner product and norm within the space L?>[—1, 1]. Complete orthogonal
system is the set of £;(¢) in L?[—1, 1]

Cn(J, 1) =

(10, @) = [4@)0() dr =y, )

—1

2
where h, = il and & represents the Dirac delta function. Therefore for any v € L2[—1, 1],
oo | 1
W)=Y al(@), a=o / WD) dV . ®)
1=0 1
-1

The SLPs, denoted as ¢, ,(%), are defined over the range [0, L] and can be generated using the subsequent recursive
formulan [36]:

Gt Dl (@) = @5+ 1) <2i’”—1>&,1(?/>—m, @), =12, ©)

The analytical expression for ¢, (%) can be expressed as

@)=Y ()T — D

=0 =) Gn2Li (10)

The condition for orthogonality is
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/ O (P (@) a = 5, (1)

L
where w, (%) = 1 and h; = CTEnE
If function % (%) € L*[0, L]. Next, it can be represented using ¢;, ,(%) as

%) =Y clL (D).
1=0
The value of ¢, is determined by
1 (L
cl:ﬁ/ B (@Y (P)AY, 1=0,1,2, . (12)
7 /0
Approximation w (%) can be expressed as:
R N
%N(@):ZC,ELJ(@). (13)
1=0

2.3S8cp

According to [36], Chebyshev polynomials are defined on the interval [—1, 1]

€ g (%) =cos( 7 arccos(¥)), 7 >0. (14)
Also
C ()= (£1)7, G (-2)=(-1)7C (). (15)
Assume we(t) = %@2, we present the subsequent || %/ || and (%, ¥) for the weighted space as
1 1
|2l = (@, Do (@)= [ %) P @ (@) (16
-1

Chebyshev polynomials satisfy the following [36]:
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|Gil|2e =hg =< 2 ©0=2 =1, k>1

where norm and discrete inner product as

~

|2\ = (%, %)} (%, V) Z (D, ) V(O 5) By, 4

we?
The quadrature weights for the shifted rule @ / are obtained by

c L
Oy, ; = 5 @i

In particular, for the Chebyshev-Gauss-Lobatto case the weights w; on [—1, 1] are
T

2N’

;= T

Na

61, o, (¥) represents the SCP specified on [0, L]. We obtain the analytic form of €7, o, (%) from,

& me g (m+ 7 —1)1227 P
L, al(@)_n}zo(—n f(al_/)!(zj)!m v/

where 67, o, (0) = (—1)* and 61, o, (%) = 1.
The condition for orthogonality is

L
/0 G, o (D)CL, 5 (D )WL(D)AY =8y 5 Iy,

1 s .
where wr (%) = ———— and, W', = =g, withco=2, ¢ y = 1.
VT — 92 S "

Similar to the preceding subsection, if % (%) € L%VL(% [0, L]. Then it can be expressed as ¢ # (%) as

U= i ayC, 7(¥),
=0

where

(17)

(18)

(19)

(20)

@1

(22)
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1 L
“ = /0 U6, g (DWL(D)AY, F=0,1,2, . (23)

2.4 Fractional-order shifted Legendre function

Definition 4 Currently, let us define the new Fractional-Order Shifted Legendre Function (FO-SLP) as follows:
*) X\
) 0=ty 2(]) 1) =0<A<l £=01,0<y<.A. (24)

Theorem 1 For 7//;?) (x) = A(a* — x*)x*~1, the collection of FO-SLP forms a comprehensive L;(A) [0, .Z]-

f
orthogonal system

M
[0 8% 007D 0 dv=5,17) (25)
0

%l
where h(/;[) =7 h;.

Proof. By the orthogonality property of Legendre polynomials, it follows that:

1
[0 €0 #i0) dx = b 26)

2\ T ") n 27
- <////1)/€/// () Ly /(%) Yy f(X)dX
0

Thus, we conclude
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M A

p) M
J88 00 &0 00 73 0 dx =38, n
0 (28)

— *)
=0ishy « =

Corollary 1 Let Fy = span{éf;/) ;10 < i < N} denote the finite-dimensional fractional-polynomial space. The
function {(x) € L;(M [0, #] can be expressed as
I

M
o . (0 1 A A
=Yl 0, vi= e [0 00 S # G d
=0 h.///, ko

Theorem 2 Caputo’s fractional derivative with order 8, of FO-SLP D3¢ (x) can obtained in terms of FO-SLP

o, g
as
DS Z € (%)a (29)
where
o A(k+s+1)—6
S n E(l f) l n) kAT (kAT k—|—s_x+1 T
=15=0 ///n F(kl_6+1)r(k+s—i+2)
Proof. The analytical form of E(JQ ¥ (x) is expressed as
S
A, 7
x) = ZEIE vf)lek
k=0
where

)L/ _ (= SO+ DD +k+1))
(/ k)'F(k—H) (F + 1)

Using the definition of the Caputo derivative, we obtain:

KAT(KA)y**—9

S Ak
D) = T —s 11y
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thus

. 7y kAT (KAL) x*—2

S
=Y gl L
= (kA —06+1)

Using Corollary 1, we may define

kA8 & (1)
X0 = Y bl (), (30)

where

k+s— % + l) Tk(k+s+l)—5

1 & F(
— (4, n)
bk, n — h(l) ZO 6 ES .

M, n 5= I'(kd+s——=—+2

A

Thence, we conclude

5 (/M) o A0 ()

Dyl ;) =Y & 7 Ty (1), G1)

where

7
N ) BT

P T(kA—6+1)

3. Spectral collocation for solving non-linear VDO-FDEs

This section presents a computational approach that extends the capabilities of the Shifted Legendre-Gauss-Lobatto
Collocation (SL-GL-C) scheme for solving nonlinear VDO-FDEs. Collocation points are strategically chosen at the
interpolation nodes of the SL-GL method. The core of the proposed algorithm involves discretizing the nonlinear VDO-
FDEs, which leads to a system of algebraic equations for determining the unknown coefficients.

Specifically, we focus on the subsequent non-linear VDO-FDEs.

D" g (@) = 6w, %(@)), (32)

with initial condition
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% (0) =0, (33)

where
R 1 PN
Dg(nu))%(@):/() Wi (n(2))D" D)% (2 Yan (), (34)

the functions % (%) is an unknown function and D"*)% (%) represent the fractional Caputo derivative of order 1(%),
and the function G(%, % (%)) denotes the nonlinear source term.
Definition 5 The fractional Caputo VO-F derivative [22] of order (%) can be described as follows:

1

S T

g'] A
/ @ =) NG D e)de, y—1<n(D)<y, X >0, (35)
0

here, ¥ represents the ceiling function applied to 1(%).
If %Approx(@ ) is defined as an approximation of (32):

Unpprox (Y ) = Y  aq % (D), (36)

1'1:0, 1, ey
where 77 1, (%) is SLPs, and the derivative DY) of %AAppmx(@ ) is:

D" Vlpgon() = Y an DL 5 (). (37)

71=0,1, .., v

By using the Caputo derivative of 1(#) as defined in Definition (35), we obtain:

o
, 1 o)
DIy / v
@) ] @ o)

(3%

B N1+ 1)
- T(+n-n(@))”

Therefore, it follows that:
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(Vz-l—T] — 1)! 22T

D) ¢ Y = _1)a" DN gyn
L, 1:1( ) r1=0,;~~« Vz( ) (vo —1p)! (2171)! LT
(39)
= Y (pn > nl(vatn —1)122 &)
1=0T . vy (va—7)! Q) L7 (1 —n(¥))!
Then, we get the following:
D"V Ypoox (@)= Y, an D" L (@)= Y agAL (%) (40)
‘51:0, 1, ..., T] :0, I, ...
Moreover
1 ) 1
| wm@pi @@ an@) = [ win@) ¥ agbq@)dn@)
T1:0, 1, ..., \%)
1
= Y e[ M@ s @), 2)an@))
Tl=0, 1, ..., \2) 0
(41)
2
= Z ZaTl Oy,, Wi (n(@)vz7 i)AL7 7 (n(@)vzT i )
71=0, 1, ..., v i=0
- Z Clq;l §L7 T (@).
71:0, 1, ...,
Equation (32) can be rewritten as:
Z drg, CL, T (@) =G <g7 Z ar D%L, T (@)> . (42)
71=0, 1, ..., »» 71=0, 1, ..., v»

The residual of Eq. (42) is set to zero by utilizing the SL-GL collocation technique at v, — 1, of the SL-GL points.
By utilizing Eq. (36)-(42), then (32) can be written as:

Z a‘[]cL, T (Q/L Vz,i):G<@L, Vo, is Z arlgL, TI(Q/L, Vz,l')> ) l:17 ceey V2. (43)

71=0, 1, ..., »p 71=0, 1, ..., »»

Using Eq. (33) and (36), we acquire:
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Z aﬂgL, T (0) =0. (44)

71=0, 1, ..., »»

Equations (43) and (44) form a set of (v, + 1) algebraic equations involving the variables a;, 71 =0, 1, ..., V2.

(*1)11‘1‘51 = dy,

71=0, 1, ..., »»

Y  anl (P v, i) =G (% vy, i Y  an (P, i)) i=1,..., v

71=0, 1, ..., »» 71=0, 1, ..., »»

(45)

Finally, solving the system is straightforward, allowing OZZAApprox to be expressed in a closed form.

4. Time nonlinear VDO-FDEs

We present a numerical methodology that extends the solution capabilities of time-nonlinear VDO-FDEs using the
Fractional Shifted Legendre Gauss-Lobatto Collocation (FSL-GL-C) and Shifted Chebyshev Gauss-Radau Collocation
(SC-GR-C) schemes. Collocation points for the spatial and temporal variables are selected at the FSL-GL and SC-GR
interpolation nodes, respectively. The core of the proposed algorithm involves discretizing the time-nonlinear VDO-FDEs,
resulting in a system of algebraic equations for determining the unknown coefficients.

Specifically, we focus on the subsequent time nonlinear VDO-FDEs.

X PU (Y, A
D", )+ T G g 2@, ) (46)
with the initial-boundary conditions

where DS 7 (1) = [L R (0N (2)) DLV §(@, x)dn(x), and % (¥, ¥) is unknown function, while

v(#, %), m(#), m2(x), n3(x) are given functions.
The approximate solution is chosen as

Dy.a@. 0)= Y &6 @) 0, (48)

()

where ET, ;

(%) is fractional shifted Legendre polynomials, and %7, (%) is shifted Chebyshev polynomials. Next, we
WUV, x) PUY, %)
o 02

evaluate spatial partial derivatives as
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oU (Y, x) _ 0% 5(¥) ~ (D) )
= & 1——=——lr i(x) = & 16, () (X)s (49)
oY §=0, ;, Va ' oY ' §=0, IZ7 N b L
=0, 1, .., .4 =0, 1, ..., M
PU Y, x) 9°%1 5(¥) 6) )
: & == lri(X) = &, i (2 (x). (50)
0?2 0. 124 P t 0W?2 i 0. 124 o YL, T, i
=0, 1, ..., M =0, 1, ..., M

cD;)(n(l))@/A (@7 x) _

§
t

e
B
>
E
Uy
@
S

o
>
xXe

=)
X
P
&
>
—
=
s
=

0,1, ...,
0,1, ..

A

(51)
= 55, 2 G s(D)0)
Z eS-,l L7S< ) X a)(%)
§=0, 1, .., N
2=0, 1, ..., A
The distributed fractional term is handled as follows by using FSL-GL quadrature:
] cpoM@)) 5 ! 5 > (1(2))
| ®@mG) D" s, panto = [ Rm@) Y &b @2
§=0, 1, .., N
;z:%', 11 s M
: (n(x))
= L a6@) | @)%, an@) (s
f( =0, 1, ..., v
= Y &6 f(@)ogfgnm)(%),
§=0,1, ..., N
2=0, 1, ..., A
where
1
M) (4 — (n(x))
a0 = [ ®@mGoNEE), Gdn()
(53)

Currently, using (48)-(51), we may rewrite (46) as:
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~ 2 A
Y %208+ Y G )
§=0, 1, .., N §=0, 1, o, N
=0, 1, .., M =0, 1, oo, M
(54
~ A
=G| 7,1 ¥ &6
§=0, 1, oy N
i=0,1, ..., A
By treating the Dirichlet boundary and initial conditions as
" ~ A
B, 0= Y &b (D)0 =m(2),
§=0, 1, .., N
=0, 1, ..., A
" ~ A
20.0= Y & 6060 =m), .
§=0, 1, .y N ' (55)
=0, 1, o, M
" ~ A
HLo= Y &) =mx)
§=0, 1, oy N
i=0,1, ..., A

The residual of Eq. (54) is set to zero by utilizing the FSL-GL-C and SC-GR-C technique at (M — 1)(N — 1). Then

we write:

= , W N §=0, 1, 0, N
2=0.1, . =0, 1, ..., A
(56)
=G| %o xre Y &P ) ) |
§=0, 1, oy N '
=0, 1, ... M
we reliance on Eq. (55) we obtain
Y & (P )0 = (%),
§=0, 1, oy N
=01, ... M
5. 161, (0)0) (xr. mxr, <),
$=0, 1Z P (00 3(ar, o) = (27, < (57)
=0, 1, ., M
Y & s o) = m(xr <)
§=0, 1, oy N
=0, 1, ..., A4

Combining Eq. (56) and (57) we obtain
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Y & $)08y 7 ))(XT, O+ ), & ffL(z)\(g/L s)ggﬂ_’)f(XT, 1)
§=0, 1, ..., N §=0,1, ..., N
2=0,1, .., # =0, 1, ..., M
= G| %eare Y &G )0, a) :
§=0, 1, s N
=0, 1, o
Y, &GP )00) = m(# ), (58)
§=0, 1, ..., N i
=0, 1, o
Y & f(O)égf(xT, o) =mxr, <),
§=0,1, .., N
=0, 1,
Y & f(L)g(T),L;(XT, o) =mxr, <)
§=0,1, .., N
=0, 1, ..., A4

This yields a system of algebraic equations that is straightforward to solve.

5. Numerical results

The efficacy and precision of the proposed approach are demonstrated through the examples, where the Absolute
Error (AEs) refers to the disparity between the observed and predicted solution:

AES(%) = | U (%)~ U (¥ ). (59)

For the point %, the approximate and exact solutions are (%) and % (% ). The approach for determining the
largest AEs (L.) Maximum Absolute Error (MAE) and (L) is as described below:

L., = max{AEs(%)}. (60)

Example 1 Consider the non-linear VDO-FDEs with non-smooth solution:

{DZ’ NG (@)% (@) + (% @) =), o)

P (0) = 0.

G(A@) is given from the exact solution % (%) = w3 sin(#%/), where DY}]("(%)%A(@) = [sT(M(#) - 0.5)
D"y (@ )dn ().
We obtain L., with various values of v, in Table 1. The findings indicate that the proposed method offers higher

levels of accuracy. Furthermore, it is noteworthy that satisfactory approximations can be achieved using a limited number
2

%
of data points. Figure I represents the AEs of Example 1 when v; = 16, (%) = %% cos(x) and (%) = 5 respectively.
Figure 2 compare the exact and approximate solutions. Figure 3 depicts the convergence decay curve of Example 1. The
results show that, even by a few points, our technique is more accurate. Table 1 demonstrates that the proposed spectral
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method achieves high accuracy even with a moderate number of collocation points. The MAE decreases exponentially as
v, increases, indicating rapid convergence. Furthermore, both forms of (%) yield comparable accuracy, highlighting the
robustness of the approach. The results indicate that the proposed method accurately captures the non-smooth behavior
of the solution. The convergence of @Appmx(@ ) towards the exact solution demonstrates that even a limited number
of collocation points is sufficient to resolve the main features of the solution, including its rapid growth and oscillatory
behavior. This suggests that the method can be efficiently applied to other nonlinear VDO-FDEs with similar complexities.

Table 1. The Maximum Absolute Error (MAE) of Example 1 for various values of v, and (%)

n() v =4 V=6 v, =38 v, =10 v, =12 v, =14 v, =16 v, =18
@2cos(x) 1.5x1073  1.0x107  1.7x107%  35x1077 97x107% 33x107% 13x107® 58x107°
2
% 12x1073  97x107°  16x10% 34x1077 95%x10°% 33x10®% 13x10% 58x107°
1.2 x10%F — 1.2 x 10°%F ]
1.0 x 10°F ] 1.0 x 10°F ]
_. 0.8x107 1 08x10° 1
=
= 0.6 %107 1S 06x 107 1
0.4 x 10°F ] 0.4 x 10°F ]
0.2 x 10°F ] 0.2 x 10°F ]
Us ‘ ‘ ‘ ‘ n 0f ]
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
y
gyz
Figure 1. The AEs for Example | when v; = 16, n(%) = #?cos(#) and (%) = 5 respectively
08— 40) 1 08 40 ]
e ﬁ/\ppmx(y) N ﬁAppmx(Y)
§ 06 B 7 5 06 B 7
2 047 ] 2 047 :
< «
= <
0271 ] 027 ]
0.0 oo ‘ ‘ ‘ ] 0.0 [ e ‘ ‘ ‘ J
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0

Figure 2. The Zapprox (%) and % (%) for Example 1 when v, = 16 and (%) = #? cos(x) and (%) =

J]JZ

respectively

Taking v, = 16 and n(%') = Z2 cos(x), we obtain the numerical approximation %Approx(@ ) of Example 1 as:
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Unpprox () = —5.55112x 10717 +6.80521 x 107°% —0.00123008% % 4-0.13706% > +-2.55368%*
—9.415519° +39.9614%° — 140.491%7 +380.918%% —787.504%° +1,232.86% !0 (62)

—1,446.987'" +1,250.72%'2 —771.615% 3 +321.258% 14 — 80.8449%' 1> +9.28482%16.

0F
—eo—1(y) =2 cos[y]
2+ 2
y
. —— =73
S 4l
I~
N
-6
-8+

5 10 15 20

vy

@2
Figure 3. The My convergence for Example 1 when n(%) = %2 cos(x) and (%) = 5 respectively

2
Taking v, = 16 and n(%') = 5 we acquire the numerical outcome %Appmx(@ ) of Example 1 as:

Unpprox(Z) = 0. +6.74469 x 107°% —0.00122209%% 4-0.136719%> 4-2.56075%* — 9.49992%3
+40.6046%° — 1438127 +392.96% 8 —818.943%° +1,292.59%10 — 1,529.63Z''  (63)
+1,333.112'1% — 829.233% 13 +-348.072% 4 —88.3007% 1> +10.2219% 1.

Example 2 Consider the non-linear VDO-FDEs with non-smooth solution:

{Dﬁé‘ NG ()~ % () + (% (@) =GP, o

% (0) = 0.

G(%) is given from the exact solution % (%) = W12’ where Dg;] (&) ()= fol C(n(#)—0.5) D" (%)
dn(#).

We obtain L., with various values of v, and and 17(%/) in Table 2 in this Example 2. Figure 4 represents the AEs
of Example 2 when v; = 16, (%) = 0.9% and n(%') = # sin(#') respectively. Figure 5 compare the exact and
approximate solutions when v, = 16 and (%) = 0.9% and n(%') = % sin(#) respectively. The convergence decay of
our technique is shown in Figure 6. The results show that, even by a few points, our technique is more accurate.
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Table 2. The MAE of Example 2 with various values of v, and (%)

n() v, =4 V=6 v =238 v, =10 v =12 v =14 v, =16 v, =18
0.9% 32x1070 2.6%x1072  14x1073  54x107°  1.7x10°  33x10°% 14x10%  6.1x107°
sin(#)  35x1071 26x1072  13x1073  52x107°  1.6x107%  32x107%  13x107® 58x107°
P 3 6.0 x 107 1
6.0 x 10”7 0
of ] 5.0 x 10°F ]
5.0 x 10”7
of ] 4.0x10°F ]
4.0x%10
= o 1 = 3.0x10°F f
5 3.0x10 5
2.0x 107 ] 2.0x 10°F ]
1.0 x 10°F ] 1.0 x 10°F ]
07\ L L L L \7 07\ L L L L \7
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
y y

Figure 4. The AEs for Example 2 when v; = 16, n(%') = 0.9% and n(%) = & sin(¥) respectively

ia(y) ! a(y)

44 Uppron¥) [ 4rl-- U ppproxV) 1
kel [ 7/ ] =] L ]
g 2 § 2
< I S

1t ‘,-' , 1F |

(O s el ] L 1

0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
y y

—eo—1(y) =y sin[y]

2+
—=-n() =09y

153}
= a4l
©
N
6
8l

Figure 6. The Mg convergence for Example 2 when 1(#') = 0.9% and (%) = % sin(#) respectively

Table 2 shows that the proposed method achieves highly accurate approximations even for moderate values of v;.
The MAE decreases rapidly as v, increases, demonstrating the exponential convergence of the method. The two different
forms of (%) produce similar accuracy, indicating the robustness of the technique for different fractional distributions.
As shown in Figure 6, the maximum error decays exponentially with increasing V,, which is a typical characteristic
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of spectral collocation methods. Minor differences between the two 11(#) choices reflect the influence of the fractional

distribution on solution sensitivity. Taking v, = 18 and (%) = % sin(#), we acquire the numerical outcome %Appmx (#)
of Example 2 as:

Unpprox () = 0.+3.80936 x 107°% —0.000867023%2 +0.121913% +2.87085%* — 13.1463%°

+78.7328%° —351.038% 7 +1,260.04%% —3,510.66%° +7,616.62% 0 —12,817.9% !

(65)
+16,651.%'2 —16,510.3% 13 +12,256.5% 1% —6,590.54% 15 + 2,423 891 — 545 508 %17
+56.7422%18.
Taking v, = 18 and n(%') = 0.9%/, we acquire the numerical outcome %Approx(@ ) of Example 2 as:
Unpprox(Z) = 0.+3.93134 x 107°% — 0.000885176%2 +0.122798% > +2.84965%* — 12.8479%°
+76.0079%° —333.878%7 +1,182.45%8 —3,251.98%° +6,970.11%'° —11,596.2% '
(66)
+14,903.221% — 14,629.9%' 13 +10,759.8%'* — 5,736.08% 1> +2.,093.09% 16
—467.755% 17 + 48360713,
Example 3 We consider the non-linear VDO-FDEs:
1% » > >
Dy "G @) T (AP =G@), “
%(0) =0.

G(%) is given from the exact solution % (%) = #%(¢*” — 1), where Dg‘(n(g))%(@) = fol r'(n(#%)—0.5D1%)
U (P )dn(Y).
We obtain L., with various values of v, and 17(%)in Table 3 in this Example 3. Figure 7 illustrates the AEs of Example

& sin( &
3whenv, =14, n(¥) = Ysin(¥) and n(%) = ) respectively. Figure 8 compare the exact and approximate solutions
_ Hsin(¥)

8
when v, =16, (%) and n(%) = 3 respectively. The convergence decay of our method is illustrated in

Figure 9. The findings demonstrate that our method provides improved accuracy even with a small number of data points.

Table 3. The MAE of Example 3 with virous of v, and (%)

n() V=2 =4 wv=6 Vv, =38 v, =10 v =12 v =14
% sin

s

87x107"  21x107%2 21x107* 1.1x107° 37x10° 81x107'2 15x10°"

85x1071  21x1072 22x107* 12x107° 39x10? 84x1072 14x107"

]
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2.0x 10 ¢ ] 1.4 x10™F
1.2 x 10}
15x10™ ¢ ] 1.0 x 10™¢
= =0.8x 10"
\5 _14 b
R Lo 107 1 Mo06x10mf
05 %10 L ] 0.4 x 10"
0.2 x 10"
O 7\ L L L L \7 0 7\ L L L L L
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
y y
Figure 7. The AEs for Example 3 when v; = 14, n(%) = QSIE(W) and (%) = % respectively
6t | 40 6[| 4O
o [ e [ e
g 3 ER:
< [
< 9f S 2F
1F 1
(U T ‘ ‘ ‘ e (U — o - ‘ ‘ ‘
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
y y
Figure 8. The Zpprox (%) and % (%) for Example 3 when v, = 14 and n(%) = @S“;(@) and (%) = % respectively
0F e ]
2k —o—1(y) =7y sin[y]|]
1
4 =3y
= 6
$ s
~
-10 ¢
-12 1
14 f ‘
2 4 6 8 10 12 14
V2
Figure 9. The Mg convergence for Example 3 when n(%/) = 63/51131(61/) and (%) = % respectively

& N
Taking v, = 14 and (%) = —, we acquire the numerical outcome %approx (%) of Example 2 as:
Unpprox () = 0.— 1.70886 x 10712 +1.77693 x 1071022 1 2.93 1 2.* 1-1.33333%° 1-0.666673% ¢

+0.26664127 4+0.0889643% 8 +0.02524%° +0.006581412'1° + 0.00116868% ! (68)

+0.000454715%' 12 — 0.0000270163% 13 +0.0000278129% 4.
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_ & sin(¥)

Taking vo = 14 and n(%) 3

Unpprox () = 0. — 1.55609 x 10712 +1.63654 x 1071922 1 2.3 1 2.* 1-1.33333%° 1-0.666673% ¢
+0.266642%7 +0.0889617% 8 4 0.0252446%° +0.00657583% 10 +0.00117331% !
+0.000452205% 12 — 0.0000262183% 13 +0.0000276999% 4.

Example 4 Consider the non-linear VDO-FDEs with non-smooth solution with the boundary conditions:

DG () —20% (%) +30(% (%))} = G(#),

2 (0) =0,
Y (2) =8V2.

, we acquire the numerical outcome %Appmx(@ ) of Example 2 as:

(69)

(70)

G(%) is given from the exact solution % (%) = 3, where DZ;I("(@»%A(@) = fol C(n(#) —0.5D"?) 9 (%)

dn ().

Table 4. The MAE of Example 4 with various values of v, and (%) = % sin(%)

V) MAE
2 8.729 x 107!
4 7.816 x 1072
6 3.896 x 1073
8 1.529 x 10~
10 6.484 x 1070
12 5.238 x 1077
14 1.113 x 1077
16 3.702 x 10~8
18 1.450 x 1078
20 6.286 x 1077

Table 4 demonstrates that the proposed spectral technique maintained high accuracy even when applied to this

nonlinear problem with a non-smooth solution. The MAE values decrease exponentially as v, increases, confirming the
spectral convergence behavior of the method. The results further show that the technique effectively handles nonlinearities
of cubic order without stability deterioration or loss of accuracy. As illustrated in Figure 10, the absolute errors remain

uniformly small across the entire domain, while Figure 11 indicates a clear exponential decay trend with increasing

collocation points. These findings confirm the robustness and computational efficiency of the proposed approach, even

for complex fractional operators and non-smooth boundary behaviors.
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4.0 % 107}
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Figure 10. The AEs for Example 4 when v; =20, n(%) = #'sin(%)

0 [ T =
—e—7(x) =x sin[x]
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8L L
5 10 15 20

143

Figure 11. The Mg convergence for Example 4 when (%) = % sin(%)

Example 5 We consider time nonlinear VDO-FDE:s,

U, 0)=0, (71)
70, 0=22 A1 x)=xcos(l),
L 1 x
where the exact solution % (%, x) = %2 cos(# ') and n(yx) = 5

While D "% (3, 1) = [} T(4=n(0))D"O% (W, x)dn(x).

We obtain L. for different .# and .4 values in Table 5 in this Example 5. Figure 12 represents the ¢ -direction, and
x-direction of Example 5. Figure 13 shows the AEs for Example 5. The convergence decay of our technique is shown
in Figure 14. The results show that even by a few points our technique is more accurate. Table 5 demonstrates that the
proposed method achieves high accuracy even with a small number of collocation points. As .4 and .# increase, the
MAE decreases rapidly, confirming the spectral convergence of the method. Figures 12-14 illustrate the effectiveness
of the proposed approach in capturing the non-linear and time-dependent features of the solution. The rapid decay of
the absolute error and the MAE with increasing collocation points indicates that even a relatively coarse discretization
accurately approximates the exact solution.
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Table 5. The MAE for Example 5

(N, M) (2,2) (4, 4) (6, 6) (8, 8) (10, 10) (12, 12) (14, 14)
MAE 2.10x 107! 7.10x 1073 1.02x 1074 8.75x 1077 4.92x107° 1.93x 10711 5.55x 10714
4.0 10 ‘ ‘ 4010 ‘ ‘ ‘ ‘ :
3.0 x 10} 3.0x 10
o = i ]
S -14 3 14
52.0X10 r QZ.OXIO [ 1
< 3
1.0 x 107 1.0 x 10 1
07\ L L L L L L ] 07\ L L L \7
0.0 0.5 1.0 1.5 2.0 2.5 3.0 0.0 0.5 1.0 1.5 2.0 2.5 3.0
y X
JC3
Figure 12. & and y-direction curve of the AEs Example 5 when ./ = .# = 14 and n(x) = =5
'
‘ 4.0x10™ o
09 0% 10 ‘
3
)
3
~
Figure 14. MAE convergence for Example 5 for difference of A", .#
Example 6 We consider time nonlinear VDO-FDEs,
Volume 6 Issue 6/2025| 8225 Contemporary Math

o

S




092
U, 0)=0, (72)
%0, 2)=0, %, x)=xsin(1),
e ! 1
where the exact solution % (%, x) = xzsin(#') and n(x) = e

While DY" 7 (%, ) = [} T(4—n(x)D" O (¥, x)dn ().

We obtain L. for different .4#” and .# values in Table 6 in this Example 6, while Table 7 displays AEs with () =
2

3 Figure 15 illustrates the % -direction, and y-direction of Example 6. Figure 16 shows the AEs for Example 6 for

2
t
N =M =14 withn(yx) = 3 The convergence decay of our technique is shown in Figure 17. The results show that

even by a few points our technique is more accurate. Figures 15-17 illustrate the effectiveness of the proposed method in
accurately resolving the time-dependent nonlinear VDO-FDE. The rapid decay of absolute error and MAE with increasing
collocation points indicates the spectral accuracy of the method. This demonstrates that the approach provides highly
accurate solutions even with a relatively coarse discretization.

Table 6. The MAE for Example 6

(N, M) (2,2) 4, 4) (6, 6) (8, 8) (10, 10) (12, 12) (14, 14)
MAE 822x 1072  1.81x1073 1.54x107°  1.02x1077 476x10710  1.53x10712  422x10°P
Table 7. L., for Example 6 with various values of ¢, x, .4/, and .#
(Z, x) N =M=12 N =H=14
(0.1,0.1) 2.4807 x 10713 1.0894 x 10~
0.2,0.2) 4.6731 x 1013 5.5511 x 10716
0.3,0.3) 5.7590 x 10~ 13 2.0262x 101
(0.4,0.4) 9.2640 x 10~ 13 6.9389 x 1010
0.5, 0.5) 9.0594 x 1014 2.6090 x 1013
(0.6, 0.6) 8.9195x 10713 1.0547 x 10-1
0.7,0.7) 1.0666 x 10~12 1.8874x 101
(0.8, 0.8) 4.0001 x 1013 2.6645 % 1013
0.9, 0.9) 47573 x 10~13 7.7716 x 10~16
40 x 107F 40 x10"F
~3.0x10"F = 3.0x10"f
Lg) =
S i)
r,? 2.0 x 10F % 2.0 x 10}
~ =~
1.0 x 10" 1.0 x 107}
00 05 10 15 20 25 3.0 0.0 0.2 0.4 0.6 0.8 I.

Figure 15. & and y-direction curve of the AEs Example 6 when .#" = .# = 14 and n(x) = £
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20 o p(x)=73
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Figure 17. MAE convergence for Example 6 for difference of A", .#

Example 7 We consider time Distributed-Order Fractional Differential Equations (DO-FDEs),

=G, x),
@, 0)=0, (73)
w (0

where the exact solution % (%, ) = x%g2(1 — )4,
white D)% (@ 1) = (i (5 - () ) "0 (@ an )

Table 8. The MAE for Example 7

(A, M) (6, 6) (7,7) (8, 8) ©,9) (10, 10)
MAE in [37] 4x107° 2.43%x107° 1.57 x 1079 1.07 x 1076 7.57x 1077
MAE 429x10719  645x10712  1.60x 10713  568x107*  4.76x 10714
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Figure 18. AEs for Example 7 for 4" = .# =10
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Figure 19. % and x-direction curve of the AEs Example 7 when /" = .# = 10

Table 8 presents the Mean Absolute Error (MAE) for Example 7 and compares the results with those reported in
[37]. It is evident that the proposed method achieves significantly higher accuracy, with errors reduced by several orders
of magnitude for all tested grid sizes. The rapid decay of the MAE as (4", .#) increase confirms the exponential
convergence behavior typical of spectral approaches. Figures 18-19 illustrate the absolute error distribution and directional
profiles of the approximate solution, showing smooth and stable behavior across both spatial and temporal directions.
These results demonstrate that the present scheme not only outperforms existing methods in accuracy but also maintains
robustness and efficiency for nonlinear variable-order fractional differential equations.

6. Conclusion

Our primary objective is to improve spectral algorithms for solving non-linear VDO-FDEs using the SL-GL-C
method, particularly focusing on non-smooth solutions. These new algorithms are developed by transforming the
mentioned problems into a system of algebraic equations. In addition, we solve time nonlinear VDO-FDEs with initial and
boundary conditions using FSL-GL and SC-GR. The time nonlinear VDO-FDE:s are represented by a decreased sequence
of SLPs, and SCP. The residuals of the equations at the FSL-GL and SC-GR quadrature points are calculated, resulting in
a system of algebraic equations to be solved. Then, we have included numerical examples that demonstrate for assessing
the accuracy and practicality of the current algorithms. The comparisons provided show the accuracy and effectiveness
of the spectral collection method. Examples that demonstrate a concept or principle.
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