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Abstract: This paper presents a novel Romanovski-Jacobi (R-J) spectral collocation scheme for numerically solving

Fourth-Order ψ-Fractional Sub-Diffusion models (FO-ψFSDEs). These models, which are governed by ψ-fractional

differential equations, play a crucial role in accurately capturing memory and hereditary properties in complex anomalous

diffusion phenomena, particularly in physics and biology. Due to the analytical complexity of such equations, the

development of efficient numerical methods is essential. The proposed R-J Spectral Collocation (RJSC) approach leverages

the orthogonality and localization properties of R-J polynomials to construct highly accurate approximations. The study

demonstrates the robustness and precision of the method through several benchmark examples, emphasizing its potential

for modeling and simulating real-world fractional dynamical systems.
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1. Introduction

Fractional differential equations, an important part of mathematical modeling across diverse fields like physics [1],

engineering [2], biology [3], and finance [4], rely on integer-order derivatives, reflecting the number of times a function

is differentiated. However, numerous real-world systems exhibit intricate behaviors not fully captured by integer-order

derivatives. Consequently, there is growing interest in incorporating fractional calculus, encompassing integrals and

derivatives of non-integer order, into the classical framework of differential calculus. This extension proves particularly

beneficial for modeling systems with unusual diffusion, effects of memory, and non-local interactions [5, 6]. Within this

framework, fractional differential equations emerge as a powerful tool for describing such complex dynamics.

The fourth-order ψ-fractional sub-diffusion equation simulates complicated anomalous transport processes found

in viscoelastic materials, porous media, and plasma turbulence. This model accurately captures non-Fickian transport
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phenomena as well as super diffusive or sub-diffusive behavior by accounting for both nonlocal memory effects (via the

ψ-fractional time derivative) and high-order spatial interactions (via the fourth-order derivative), unlike classical diffusion

equations. The general form of the model is:

Dδ1, ψY (χ, ρ)+
∂ 4Y (χ, ρ)

∂ χ4 = F (χ, ρ, Y (χ, ρ)), 0 < χ < 1, ρ > 0, (1)

with the initial-Dirichlet boundary conditions


Y (0, ρ) = ψ1(ρ), Y (1, ρ) = ψ2(ρ), Y (χ, 0) = ψ3(χ),

∂ 2Y (0, ρ)

∂ χ2 = ψ4(ρ),
∂ 2Y (1, ρ)

∂ χ2 = ψ5(ρ),

(2)

where Dδ1, ψY (χ, ρ) is the ψ-fractional Caputo-type derivative of order 1 < δ1 < 2 Y (χ, ρ) is the unknown physical

quantity, such as temperature or concentration.

The ψ-fractional differential equation may simulate complicated systems with memory effects and hereditary features,

making it frequently applicable in science and engineering. In physics, it describes anomalous diffusion processes and

nonlocal phenomena in fractal-structured materials. In control theory, ψ-fractional models improve control system stability

and resilience, especially in robotics and automation. These equations are used in biomedical sciences for modeling

biological processes such as drug transport in tissues and brain signal transmission. The ψ-fractional differential equation

offers a more adaptable solution for real-world applications when traditional derivatives are insufficient. The paper in [7]

presents a stable and efficient numerical method for the time-fractional Black-Scholes equation used in option pricing.

Using a finite-difference scheme with a local Radial Basis Function (RBF) partition of unity approach, while the paper

in [8] develops two efficient numerical schemes-based on backward Euler and second-order Backward Differentiation

Formula (BDF) methods-for solving generalized tempered integro-differential equations with respect to another function.

The authors in [9] present an accurate and efficient algorithm for the 3D nonlocal heat equation with a weakly singular

kernel, combining a nonuniform-mesh Crank-Nicolson time discretization with a Galerkin finite element spatial scheme

and an Alternating Direction Implicit (ADI) strategy to reduce computational cost.

In [10], the author utilized a ψ-Haar wavelet operational matrix to solve ψ Riccati fractional differential equations,

whereas [11] addresses several theorems related to theψ variable order. In [12], the authors solvedψ-Caputo time-fractional

systems by applying the Laplace transform, fixed-point theory, and Grönwall’s inequality. Similarly, [13] introduced the

ψ-Caputo fractional derivative approach for solving fractional partial differential equations using the ψ-Haar wavelet

operational matrix. Furthermore, Zhao et al. [14] applied the mapped Jacobi function together with ψ-fractional differential

equations and the Petrov-Galerkin spectral method to problems involving boundary and initial conditions.

Spectral methods [15, 16] employ orthogonal basis functions to deliver precise approximations having high

convergence rates. Orthogonal basis functions, utilized in spectral approaches [16], provide precise approximations

with high convergence rates. Meshless approaches [17, 18], such as Method of Fundamental Solutions (MFS) and RBF

interpolation, are effective for complex boundary conditions and irregular geometries. These methods contribute to a better

understanding of memory effects, anomalous diffusion. For four decades, spectral methods have been widely applied

across various fields, as highlighted in [19–22]. Initially, Fourier-based spectral methods were restricted to specific cases,

such as periodic boundary conditions and simple geometries. However, recent theoretical advancements have significantly

expanded their applicability, enabling effective solutions to a wide range of problems. Compared to other numerical

methods, spectral approaches offer superior accuracy and exponential convergence rates. These methods represent solutions

as finite series of orthogonal functions. Several spectral techniques exist, including collocation [23–26], tau [27–29],

Galerkin [30], and Petrov-Galerkin [31], where coefficients are optimized to minimize absolute errors. For instance,
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spectral collocation approximates differential equation solutions with remarkable accuracy, allowing residuals to approach

zero at specific points.

The main goal of this article is to utilize the Romanovski-Jacobi Spectral Collocation (RJSC) method to approximate

Fourth-Order ψ-Fractional Sub-Diffusion models (FO-ψFSDEs). To approach the numerical solution, the problem’s

residuals are calculated using a finite expansion. When initial and boundary criteria are enforced, the approach produces

more accurate numerical outputs that are reliable and consistent.

In this work, we develop a novel RJSC method for the numerical solution of fourth-order ψ-fractional sub-diffusion

equations. The proposed scheme leverages the orthogonality and adaptability of Romanovski-Jacobi Polynomials (R-JPs)

to efficiently approximate both the spatial derivatives and ψ-fractional operators, leading to high accuracy with relatively

few collocation points. Unlike classical spectral approaches that rely solely on Jacobi or Legendre bases, the use of

Romanovski-Jacobi functions provides enhanced flexibility for handling non-standard kernels and boundary behaviors

arising inψ-fractional models. The effectiveness and robustness of the method are demonstrated through several benchmark

examples, confirming its superiority in accuracy and convergence. Therefore, the proposed RJSC framework offers a

powerful and efficient numerical tool for modeling complex anomalous diffusion processes governed by ψ-fractional

dynamics.

The remainder of this manuscript is organized as follows. In Section 2, we present essential preliminaries and

mathematical concepts related to ψ-fractional calculus and the Romanovski-Jacobi polynomial basis. Section 3 introduces

the proposed Romanovski-Jacobi spectral collocation scheme and details the construction of the numerical method. In

Section 4, several numerical examples are provided to illustrate the accuracy, efficiency, and convergence behavior of

the developed approach. Finally, Section 5 summarizes the main conclusions and outlines potential directions for future

research.

2. Fundamental concepts

In this section, we introduce key definitions and lemmas that will be utilized during the remainder of this work.

2.1 Fractional calculus

This section specifies the fundamental terms used throughout the subsequent sections.

Definition 1 [32] The right and left Caputo fractional derivative Dα1 of order α1 are

Dα1
+ Y (θ) =

1
Γ(η −α1)

(∫
θ

0
(θ −κ)η−α1−1Y (η)(κ)dκ

)
, η −1 < α1 ≤ η , θ > 0. (3)

Dα1
− Y (θ) =

(−1)η

Γ(η −α1)

(∫ L

θ

(κ −θ)η−α1−1Y (η)(κ)dκ

)
, η −1 < α1 ≤ η , θ > 0. (4)

The operator Dα1
± has the subsequent property:

Dα1
± Iα1

± Y (κ) = Iα1
± Dα1

± Y (κ) =−
dα1e−1

∑
ω1=0

Y (ω1)(0+)
κω1

ω1!
+Y (κ), (5)

Dα1± and I±α1 represent the operator values for both the left and right Caputo derivatives and integrals, respectively.

Definition 2 [32] For the Riemann-Liouville fractional integrals with order α1 > 0, the right- and left-sided

formulations are:
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Iα1
+ Y (σ1) =

1
Γ(α1)

∫
σ1

0
(σ1 −κ)α1−1Y (κ)dκ, (6)

Iα1
− Y (σ1) =

1
Γ(α1)

∫ L

σ1

(m−σ1)
α1−1Y (m)dm. (7)

2.2 The ψ fractional calculus

This section outlines essential concepts, definitions, and results from ψ-fractional calculus that will be utilized in the

following sections. For p ≥ 1, the space Lψ
p (c, d), denotes the set of Lebesgue measurable functions on the finite interval

(c, d) that are p-integrable with respect to the measure dψ:

Lp
ψ(c, d) :=

[
Y :

∫ d

c
|Û (χ)|pdψ < ∞

]
.

Lp
ψ(c, d) is a Banach space with norm ||Y ||Lp

ψ
,

||Y ||Lp
ψ
=

(∫ d

c
| ˆ(χ)|pdψ

)1/p

.

When p = 2, space Lp
ψ(c, d) transforms into a Hilbert space with inner product:

(Y , V̂ )ψ =
∫ d

c
Y (χ)V̂ (χ)dψ.

We utilize L2
ψ(c, d) for weighted Hilbert space with inner product:

(Y , V̂ )Ω =
∫ d

c
Y (χ)V̂ (χ)Ω(χ)dχ.

Definition 3 [33, 34] The left- and right-sided ψ-fractional integrals of a function Y (χ) with order α1 > 0 are defined
as

ψ D−α1
c, χ =

1
Γ(α1)

∫
χ

c
ψ

′
(ρ)
(
ψ(χ)−ψ(ρ))

)α1−1
Y (ρ)dρ, χ ∈ (c, d),

ψ D−α1
χ, d =

1
Γ(α1)

∫ d

χ

ψ
′
(ρ)
(
ψ(ρ)−ψ(χ))

)α1−1
Y (ρ)dρ, χ ∈ (c, d).

In the preceding formulation, the condition Y (χ) ∈ L1
ψ(c, d) is frequently assumed to be necessary but applicable.

The options of ψ in the preceding definition are as follows.
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Remark 1 Definition 3 defines fractional operators ψ D−α1
c, χ and ψ D−α1

χ, d , which generalize existing fractional integral

operators:

• ψ(χ) = χ is the classical Riemann-Liouville-type fractional integral.

• ψ(χ) = log(χ) is the Hadamard fractional integral [35–37].
• ψ(χ) = exp(χ) is the fractional integral with exponential kernel [38].
Lemma 1 [34] The semigroup property described below is applicable: for α1, β1 > 0, α1 +β1 > 0

ψ D−α1
c, χ

(
ψ D−β1

c, χ Y (χ)
)
=ψ D−(α1+β1)

c, χ Y (χ), ψD−α1
χ, d

(
ψ D−β1

χ, dY (χ)
)
=ψ D−(α1+β1)

χ, d Y (χ).

Lemma 2 [33, 39] The findings below are applicable for α1 > 0, β1 >−1

ψ D−α1
c, χ

(
ψ(χ)−ψ(c)

)ν
=

Γ(ν +1)
Γ(ν +α1 +1)

(
ψ(χ)−ψ(c)

)ν+α1 ,

ψ D−α1
χ, d

(
ψ(d)−ψ(χ)

)ν
=

Γ(ν +1)
Γ(ν +α1 +1)

(
ψ(d)−ψ(χ)

)µ+α1 .

Definition 4 [34] For χ ∈ (c, d), the left- and right-sided ψ-Riemann-Liouville fractional derivatives (also known as

ψ-derivatives) of a given function Y (χ) with order α1 > 0 are defined as

ψ D−α1
c, χ Y (χ) = δ

n
ψ

[
ψ D−(n−α1)

c, χ Y (χ)

]
=

1
Γ(n−α1)

δ
n
ψ

∫
χ

c
ψ

′
(ρ)
(
ψ(χ)−ψ(ρ)

)n−α1−1
Y (ρ)dρ,

ψ D−α1
χ, d Y (χ) = (−1)n

δ
n
ψ

[
ψ D−(n−α1)

χ, d Y (χ)

]
=

(−1)n)

Γ(n−α1)
δ

n
ψ

∫ d

χ

ψ
′
(ρ)
(
ψ(ρ)−ψ(χ)

)n−α1−1
Y (ρ)dρ.

Definition 5 [34] For χ ∈ (c, d), the left-sided and right-sided ψ-Caputo fractional derivatives of a known function

Y (χ) with orderα1 ∈ (n−1, n), n ∈ N+ are defined as:

CψDα1
c, χY (χ) =ψ D−(n−α1)

c, χ

[
δ

n
ψY (χ)

]
=

1
Γ(n−α1)

∫
χ

c
ψ

′
(ρ)
(
ψ(χ)−ψ(ρ)

)n−α1−1
δ

n
ψY (ρ)dρ,

CψDα1
χ, dY (χ) = (−1)n

ψ D−(n−α1)
χ, d

[
δ

n
ψY (χ)

]
=

(−1)n

Γ(n−α1)

∫ d

χ

ψ
′
(ρ)
(
ψ(ρ)−ψ(χ)

)n−α1−1
δ

n
ψY (ρ)dρ.

2.3 The R-J polynomials

RJSC techniques are extremely successful for solving Distributed-Order Fractional Complex Differential Equations

(DOFCDEs) because of their ability to scale and responsiveness to variable modifications, particularly those using Jacobi

polynomials. These approaches efficiently address issues that grow in size or complexity while retaining performance

as approximation accuracy increases with additional points of collocation. They are capable of analyzing DOFCDEs at

numerous levels, ranging from localized dynamics to large systems, while maintaining computational effectiveness. These

techniques’ efficiency in terms of Jacobi polynomial parametric variance originates from its durability and adaptability for

utilize with different forms of fractional differential equations with changing variables. Scientists can improve both the
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convergence rate and correctness of computational solutions by continually modifying Jacobi polynomial variables, hence

increasing the method’s overall effectiveness.

Definition 6 [40] The Romanovski Polynomials (RPs) with degree i and of form (ρ1, σ1) indicate with R̂
(ρ1, σ1)
` and

are defined

R̂
(ρ1, σ1)
` :=

(ρ1 +1)`
`! 2

F1(−`, `+ρ1 +σ1 +1; ρ1 +1, ρ). (8)

Using the provided values ρ1 > −1 and σ1 < −2M −ρ1 − 1, the explicit equation following may be utilized for
generating the collocation comprising (M +1) amount of the one dimensional R-JPs on [0, ∞).

R̂
(ρ1, σ1)
` (ρ) =

`

∑
k=0

(−1)k (Γ(`+ρ1 +1)Γ(−`−ρ1 −σ1))

k!Γ(`− k+1)Γ(k+ρ1 +1)Γ(−`− k−ρ1 −σ1)
ρ

k, `= 0, ..., M . (9)

On the range [0, ∞], the R-JPs, given as R̂
(ρ1, σ1)
` (ρ), are orthogonal with regard to the weight function W (ρ) =

ρρ1(1+χ)σ1 . Their criteria for orthogonality is as follows:

∫
∞

0
R̂

(ρ1, σ1)
n (χ)R̂

(ρ1, σ1)
m (χ)w(χ)dχ = hnδnm,

where h` =
Γ(`+ρ1 +1)Γ(−`−ρ1 −σ1)

Γ(2`+ρ1 +σ1 +1)`!Γ(−`−σ1)
is a normalization constant.

Theorem 3 Consider ρ1 >−1 and ρ1 +σ1 +N +1 < 0. For 0 ≤ `, m ≤ N
2
, the RPs [40]

∫
∞

0
R̂

(ρ1, σ1)
` (ρ)R̂

(ρ1, σ1)
m (ρ)wρ1, σ1(ρ)dt = (−1)`+1 Γ(−`−ρ1 −σ1)Γ(`+ρ1 +1)(σ1 +1)`

`!(2`+ρ1 +σ1 +1)Γ(−σ1)
δ`m, (10)

where the weight function is wρ1, σ1(ρ) = ρρ1(1+ρ)σ1 .

The relation between the Jacobi Ĵ
(ρ1, σ1)
` (ρ) and the RPs R̂

(ρ1, σ1)
` (ρ) is given by

R̂
(ρ1, σ1)
` (ρ) = Ĵ

(ρ1, σ1)
` (1+2ρ), (11)

the explicit description of RPs is expressed via

R̂
(ρ1, σ1)
` (ρ) :=

`

∑
m=0

a(ρ1, σ1)
`, m ρ

m, a(ρ1, σ1)
`, m =

(
`+ρ1 +σ1 +m

m

)(
`+ρ1

`−m

)
. (12)

R-JPs are eigenfunctions of the Sturm-Liouville operator Lρ1, σ1 is defined as:
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Lρ1, σ1u : = ρ(1+ρ)∂ 2
ρ u(ρ)+((2+ρ1 +σ1)ρ +(1+ρ1))∂ρ u(ρ)

= ρ
−ρ1(1+ρ)−σ1∂ρ(ρ

ρ1+1(1+ρ)ρ1+1
∂ρ u(ρ)).

(13)

Lemma 4 The following recursive relationship applies to the one-dimensional R-JPs [41]



R̂
(ρ1, σ1)
`+1 (ρ) =

(
A(ρ1, σ1)
` (ρ)−B(ρ1, σ1)

`

)
R̂

(ρ1, σ1)
` (ρ)−C(ρ1, σ1)

` R̂
(ρ1, σ1)
`−1 (ρ), `≤ 1,

R̂
(ρ1, σ1)
0 (ρ),

R̂
(ρ1, σ1)
1 (ρ) = (ρ1 +σ1 +2)ρ +ρ1 +1,

(14)

where



A(ρ1, σ1)
` =

(2`+ρ1 +σ1 +1)(2`+ρ1 +σ1 +2)
(`+1)(`+ρ1 +σ1 +1)

,

B(ρ1, σ1)
` =− (2`+ρ1 +σ1 +1)(2`(`+1)+(ρ1 +σ1)(ρ1 +2`+1))

(`+1)(`+ρ1 +σ1 +1)(2`+ρ1 +σ1)
,

C(ρ1, σ1)
` =

(`+ρ1)(`+σ1)(2`+ρ1 +σ1 +2)
(`+1)(`+ρ1 +σ1 +1)(2`+ρ1 +σ1)

.

(15)

Theorem 5 The R-JPs satisfy [41]

ρ(ρ +1)∂ρR̂
ρ1, σ1
` (ρ) = Aρ1, σ1

` R̂
ρ1, σ1
`−1 (ρ)+Bρ1, σ1

` R̂
ρ1, σ1
` (ρ)+Cρ1, σ1

` R̂
ρ1, σ1
`+1 (ρ), (16)

where

Aρ1, σ1
` =− (`+ρ1)(`+σ1)(`+ρ1 +σ1 +1)

(2`+ρ1 +σ1 +1)(2`+ρ1 +σ1)
,

Bρ1, σ1
` =

`(σ1 −ρ1)(`+ρ1 +σ1 +1)
(2`+ρ1 +σ1)(2`+ρ1 +σ1 +2)

,

Cρ1, σ1
` =

`(`+1)(`+ρ1 +σ1 +1)
(2`+ρ1 +σ1 +1)(2`+ρ1 +σ1 +2)

.

(17)

Lemma 6 [42] The R-JPs are the eigenfunctions of the singular Sturm-Liouville issue:
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Lρ1, σ1R̂
ρ1, σ1
` (ρ) = δ

ρ1, σ1
` R̂

ρ1, σ1
` (ρ), (18)

with their corresponding eigenvalues

δ
ρ1, σ1
` = `(`+ρ1 +σ1 +1)< 0. (19)

Theorem 7 The R-JP derivatives are provided by [41]

dq

dρq R̂ρ1, σ1
m (ρ) =

m−q

∑
l=0

Cρ1, σ1, q
l, m R̂

ρ1, σ1
l (ρ), (20)

where

Cρ1, σ1, q
l, m =

(−1)qΓ(−m−ρ1 −σ1)

Γ(−m−ρ1 −σ1 −q)
cn−q

k (ρ1 +q, σ1 +q, ρ1, σ1). (21)

Theorem 8 [42] (R-J-Gauss quatruture) R-J-Gauss nodes {ρ`}M
`=0 being the zeros of R̂

ρ1, σ1
M+1 and the corresponding

weights are given by

ϖ
ρ1, σ1
` =

Gρ1, σ1
M

R̂
ρ1, σ1
M (ρ`)∂ρR̂

ρ1, σ1
M+1 (ρ`)

=
Ǧρ1, σ1

M

ρ`(1+ρ`)
[
∂ρR̂

ρ1, σ1
M+1 (ρ`)

]2 , (22)

where

Gρ1, σ1
M =

(2M+ρ1 +σ1 +2)Γ(−M−ρ1 −σ1 −1)Γ(1+M+ρ1)

(M+1)!Γ(−M−σ1)
,

Ǧρ1, σ1
M =

Γ(−M−ρ1 −σ1 −1)Γ(2+M+ρ1)

(M+1)!Γ(−M−σ1 −1)
.

(23)

3. The spectral collocation method

In this section, we provide a technique for solving the FO-ψFSDEs by utilizing the RJSC methodology. This approach

is described as follows:

Dδ1, ψY (χ, ρ)+
∂ 4Y (χ, ρ)

∂ χ4 = F (χ, ρ, Y (χ, ρ)), 0 < χ < 1, ρ > 0, (24)

with the initial-Dirichlet boundary conditions
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
Y (0, ρ) = ψ1(ρ), Y (1, ρ) = ψ2(ρ), Y (χ, 0) = ψ3(χ),

∂ 2Y (0, ρ)

∂ χ2 = ψ4(ρ),
∂ 2Y (1, ρ)

∂ χ2 = ψ5(ρ).

(25)

The approximate solution of Y̌ (χ, ρ) can be extended by integrating the shifted Jacobi polynomials with the shifted

R-JPs

Y̌ (χ, ρ) = ∑
ŝ=0, 1, ..., M
ρ̂=0, 1, ..., N

εŝ, ρ̂Ĵ α1, β1
ŝ (χ)R̂

ρ1, σ1, ε

ρ̂
(ρ),

(26)

while Ĵ α1, β1
ŝ (χ) is shifted Jacobi polynomials R̂

ρ1, σ1, ε

ρ̂
(ρ) is fractional R-JPs. Next, the spatial derivatives are obtained

as

∂ Y̌ (χ, ρ)

∂ χ
= ∑

ŝ=0, 1, ..., M
ρ̂=0, 1, ..., N

εŝ, ρ̂Ĵ α1, β1
ŝ, 1 (χ)R̂

ρ1, σ1, ε

ρ̂
(ρ),

∂ 2Y̌ (χ, ρ)

∂ χ2 = ∑
ŝ=0, 1, ..., M
ρ̂=0, 1, ..., N

εŝ, ρ̂Ĵ α1, β1
ŝ, 2 (χ)R̂

ρ1, σ1, ε

ρ̂
(ρ),

∂ 4Y̌ (χ, ρ)

∂ χ4 = ∑
ŝ=0, 1, ..., M
ρ̂=0, 1, ..., N

εŝ, ρ̂Ĵ α1, β1
ŝ, 4 (χ)R̂

ρ1, σ1, ε

ρ̂
(ρ).

(27)

The ψ-RL fractional derivative Dδ1, ψY (χ, ρ) at 1 < δ1 < 2 as follows

Dδ1, ψY (χ, ρ) =

(
1

ψ
′
(ρ)

d
dρ

)2[ 1
Γ(2−δ1)

∫ t

0
(ψ(ρ)−ψ(ρ))1−δ1Y (χ, ρ)dρ

]
(28)

Additionally, Dδ1, ψ Y̌ (χ, ρ), has been provided by utilize (28)

Dδ1, ψ Y̌ (χ, ρ) = ∑
ŝ=0, 1, ..., M
ρ̂=0, 1, ..., N

εŝ, ρ̂Ĵ α1, β1
ŝ (χ)Dδ1, ψ(R̂

ρ1, σ1, ε

ρ̂
(ρ))

= ∑
ŝ=0, 1, ..., M
ρ̂=0, 1, ..., N

εŝ, ρ̂Ĵ α1, β1
ŝ (χ)R̂

ρ1, σ1, ε

ρ̂, δ1, ψ
(ρ).

(29)

Combing Eqs. (24)-(29), we obtain
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∑
ŝ=0, 1, ..., M
ρ̂=0, 1, ..., N

εŝ, ρ̂Ĵ α1, β1
ŝ (χ)R̂

ρ1, σ1, ε

ρ̂, δ1, ψ
(ρ)+ ∑

ŝ=0, 1, ..., M
ρ̂=0, 1, ..., N

εŝ, ρ̂Ĵ α1, β1
ŝ, 4 (χ)R̂

ρ1, σ1, ε

ρ̂
(ρ)

=F

χ, ρ, ∑
ŝ=0, 1, ..., M
ρ̂=0, 1, ..., N

εŝ, ρ̂Ĵ α1, β1
ŝ (χ)R̂

ρ1, σ1, ε

ρ̂
(ρ)

 .

(30)

Furthermore, the given conditions can be expressed as



∑
ŝ=0, 1, ..., M
ρ̂=0, 1, ..., N

εŝ, ρ̂Ĵ α1, β1
ŝ (0)R̂ρ1, σ1, ε

ρ̂
(ρ) = ψ1(ρ),

∑
ŝ=0, 1, ..., M
ρ̂=0, 1, ..., N

εŝ, ρ̂Ĵ α1, β1
ŝ (1)R̂ρ1, σ1, ε

ρ̂
(ρ) = ψ2(ρ),

∑
ŝ=0, 1, ..., M
ρ̂=0, 1, ..., N

εŝ, ρ̂Ĵ α1, β1
ŝ (χ)R̂

ρ1, σ1, ε

ρ̂
(0) = ψ3(χ),

∑
ŝ=0, 1, ..., M
ρ̂=0, 1, ..., N

εŝ, ρ̂Ĵ α1, β1
ŝ, 2 (0)R̂ρ1, σ1, ε

ρ̂
(ρ) = ψ4(ρ),

∑
ŝ=0, 1, ..., M
ρ̂=0, 1, ..., N

εŝ, ρ̂Ĵ α1, β1
ŝ, 2 (1)R̂ρ1, σ1, ε

ρ̂
(ρ) = ψ5(ρ).

(31)

The Equations (30) and (31) are nearest to being zero at specific nodes.



∑ ŝ=0, 1, ..., M
ρ̂=0, 1, ..., N

εŝ, ρ̂Ĵ α1, β1
ŝ

(
χ

α1, β1
M , ι

)
R̂

ρ1, σ1, ε

ρ̂, δ1, ψ

(
ρ

ρ1, σ1, ε

κ

)
+∑ ŝ=0, 1, ..., M

ρ̂=0, 1, ..., N
εŝ, ρ̂Ĵ α1, β1

ŝ, 4

(
χ

α1, β1
M ,ι

)
R̂

ρ1, σ1 ,ε
ρ̂

(ρ
ρ1, σ1, ε

κ )

= F

(
χ

α1, β1
M , ι

, ρ
ρ1, σ1, ε

κ , ∑ ŝ=0, 1, ..., M
ρ̂=0, 1, ..., N

εŝ, ρ̂Ĵ α1, β1
ŝ

(
χ

α1, β1
M , ι

)
R̂

ρ1, σ1, ε

ρ̂

(
ρ

ρ1, σ1, ε

κ

))
,

∑ ŝ=0, 1, ..., M
ρ̂=0, 1, ..., N

εŝ, ρ̂Ĵ α1, β1
ŝ (0)R̂ρ1, σ1, ε

ρ̂
(ρ

ρ1, σ1, ε

κ ) = ψ1(ρ
ρ1, σ1, ε

κ ),

∑ ŝ=0, 1, ..., M
ρ̂=0, 1, ..., N

εŝ, ρ̂Ĵ α1, β1
ŝ (1)R̂ρ1, σ1, ε

ρ̂
(ρ

ρ1, σ1, ε

κ ) = ψ2(ρ
ρ1, σ1, ε

κ ),

∑ ŝ=0, 1, ..., M
ρ̂=0, 1, ..., N

εŝ, ρ̂Ĵ α1, β1
ŝ

(
χ

α1, β1
M , ι

)
R̂

ρ1, σ1, ε

ρ̂
(0) = ψ3(χ

α1, β1
M , ι

),

∑ ŝ=0, 1, ..., M
ρ̂=0, 1, ..., N

εŝ, ρ̂Ĵ α1, β1
ŝ, 2 (0)R̂ρ1, σ1, ε

ρ̂
(ρ

ρ1, σ1, ε

κ ) = ψ5(ρ
ρ1, σ1, ε

κ ),

∑ ŝ=0, 1, ..., M
ρ̂=0, 1, ..., N

εŝ, ρ̂Ĵ α1, β1
ŝ, 2 (1)R̂ρ1, σ1, ε

ρ̂
(ρ

ρ1, σ1, ε

κ ) = ψ5(ρ
ρ1, σ1, ε

κ ).

(32)

Finally, solving the system is straightforward, allowing Y̌ (χ, ρ) to be expressed in a closed form.
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4. Numerical results

The efficacy and precision of the proposed approach are demonstrated through the examples, where the Absolute

Error (AEs) refers to the disparity between the observed and predicted solution:

AEs(χ, ρ) = |Y (χ, ρ)− Y̌ (χ, ρ)|. (33)

For the point χ, ρ , the approximate and exact solutions are Y (χ, ρ) and Y̌ (χ, ρ). The approach for determining

the largest AEs (L∞) and (L2) is as described below:

L∞ =max{AEs(χ, ρ)}. (34)

All numerical simulations and computations in this study were performed on a computer with an Intel Core i7 processor.

The algorithm code was run via MATHEMATICA version 12.2.

Example 1We consider FO-ψFSDEs,



Dδ1, ψY (χ, ρ)+
∂ 4Y (χ, ρ)

∂ χ4 +Y (χ, ρ)2 = F (χ, ρ),

Y (0, ρ) = 0, Y (1, ρ) = ρ sin[1], Y (χ, 0) = 0,

∂ 2Y (0, ρ)

∂ χ2 = 0,
∂ 2Y (1, ρ)

∂ χ2 =−ρ sin[1],

(35)

where F (χ, ρ) is given from the exact solution Y (χ, ρ) = ρ sin(χ), ψ(ρ) = 0.2ρ3, and δ1 = 1.3, 1.5. We obtain L∞

for different M and N values in Table 1 in this Example 1. Figure 1 shows the AEs for Example 1 where δ1 = 1.3 and
δ1 = 1.5 respectively. The convergence decay of our technique is shown in Figure 2. The results show that even by a few

points our technique is more accurate. Taking δ1 = 1.5, and N , M = 4, we obtain the numerical solution of Example 1
as:

χ
3
ρ[−0.082257−7.69189×10−2(−1+2ρ)+5.98907×10−3(1−6ρ +6ρ

2)

−4.82563×10−5(−1+12ρ −30t2 +20ρ
3)−6.99175×10−4(1−20ρ +90t2 −140ρ

3 +70ρ
4)]

+χ
2
ρ[1.38778×10−17 −1.52222×10−16(1−6ρ +6ρ

2)−4.22995×10−16(−1+12ρ −30ρ
+20ρ

3)

−2.88018×10−16(1−20ρ +90ρ
2 −14ρ

3 +70ρ
4)]+ρ[0.+2.77556×10−17(−1+2ρ)

+1.33032×10−16(1−6ρ +6ρ
2)+3.04903×10−16(−1+12ρ −30ρ

2 +20ρ
3)

+2.07692×10−16(1−20ρ +90ρ
2 −140ρ

3 +70ρ
4)]+χρ[4.96925×10−1 +4.94256×10−1(−1+2ρ)
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−2.99454×10−3(1−6ρ +6ρ
2)+2.41281×10−5(−1+12ρ −30ρ

2 +20ρ
3)

+3.49587×10−4(1−20ρ +90ρ
2 −140ρ

3 +70ρ
4)]+χ

4
ρ[6.06722×10−3 +3.39814×10−3(−1+2ρ)

−2.99454×10−3(1−6ρ +6ρ
2)+2.41281×10−5(−1+12ρ −30ρ

2 +20ρ
3)

+349587×10−4(1−20ρ +90ρ
2 −140ρ

3 +70ρ
4)]. (36)

Table 1. The MAE for Example 1 with different values of N , M

(N , M ) δ1 = 1.3 CPU (sec) δ1 = 1.5 CPU (sec)

(4, 4) 3.465×10−3 3.703 3.959×10−3 3.999

(6, 6) 5.473×10−5 4.702 5.810×10−5 4.453

(8, 8) 2.303×10−7 6.613 2.615×10−7 6.374

(10, 10) 5.637×10−10 13.548 5.539×10−10 13.924

Figure 1. AEs for Example 1 for N = M = 10, and 1 = 1.3, 1.5 respectively

Figure 2. Mean Absolute Error (MAE) convergence for Example 1 for difference of M, N
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Example 2We consider FO-ψFSDEs,



Dδ1, ψY (χ,ρ)+
∂ 4Y (χ, ρ)

∂ χ4 +Y (χ, ρ)3 = F (χ, ρ),

Y (0, ρ) = ρ3, Y (1, ρ) = e1ρ3, Y (χ, 0) = 0,

∂ 2Y (0, ρ)

∂ χ2 = ρ3,
∂ 2Y (1, ρ)

∂ χ2 = e1ρ3,

(37)

whereF (χ, ρ) is given from the exact solutionY (χ, ρ) = ρ3eχ , ψ(ρ) = 0.5ρ2, and δ1 = 1.4, 1.6, 1.7. We obtain L∞ for

different M and N values in Table 2 in this Example 2. Figure 3 shows the AEs for Example 2 where δ1 = 1.4, 1.6, 1.7
respectively. The convergence decay of our technique is shown in Figure 4. The results show that even by a few points our

technique is more accurate. Taking δ1 = 1.7, and N ,M = 4 , we obtain the numerical solution of Example 2 as:

χ
3
ρ[0.0453387+0.0830195(−1+2ρ)+0.0477077(1−6ρ +6ρ

2)+0.0098067(−1+12ρ −30ρ
2 +20ρ

3)

−0.0002203(1−20ρ +90ρ
2 −140ρ

3 +70ρ
4)]+ρ[0.25+0.45(−1+2ρ)+0.25(1−6ρ +6ρ

2)

+0.05(−1+12ρ −30ρ
2 +20ρ

3)−1.31605×10−16(1−20ρ +90ρ
2 −140ρ

3 +70ρ
4)]

+χ
2
ρ[0.125+0.225(−1+2t)+0.125(1−6ρ +6ρ

2)+0.025(−1+12ρ −30ρ
2 +20ρ

3) (38)

+1.62549×10−16(1.−20ρ +90ρ
2 −140ρ

3 +70ρ
4)]+χρ[0.246104+0.442282(−1+2ρ)

+0.244919(1−6ρ +6ρ
2)+0.0488512(−1+12ρ −30ρ

2 +20ρ
3)+0.00011015(1−20ρ +90ρ

2 −140ρ
3 +70ρ

4)]

+χ
4
ρ[0.0131282+0.0229258(−1+2ρ)+0.0119437(1−6ρ +6ρ

2)+0.00225616(−1+12ρ −30ρ
2 +20ρ

3)

+0.00011015(1−20ρ +90ρ
2 −140ρ

3 +70ρ
4)].

Table 2. The MAE for Example 2 with different values of N , M

(N , M ) δ1 = 1.4 CPU (sec) δ1 = 1.6 CPU (sec) δ1 = 1.7 CPU (sec)

(4, 4) 3.465×10−3 3.361 3.959×10−3 3.704 3.959×10−3 3.859

(6, 6) 5.473×10−5 4.046 5.810×10−5 4.312 5.810×10−5 4.687

(8, 8) 2.303×10−7 6.515 2.615×10−7 7.266 2.615×10−7 7.187

(10, 10) 5.637×10−10 15.079 5.539×10−10 14.202 5.539×10−10 14.859
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Figure 3. AEs for Example 2 for N = M = 10, and 1 = 1.4, 1.6, 1.7 respectively

Figure 4. MAE convergence for Example 2 for difference of M, N

Example 3We consider FO-ψFSDEs,



Dδ1, ψY (χ, ρ)+
∂ 4Y (χ, ρ)

∂ χ4 +Y (χ, ρ)2 = F (χ, ρ),

Y (0, ρ) = ρ2, Y (1, ρ) = ρ2 cos[1], Y (χ, 0) = 0,

∂ 2Y (0, ρ)

∂ χ2 =−ρ2,
∂ 2Y (1, ρ)

∂ χ2 =−ρ2 cos[1].

(39)
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In this example, the source term F (χ, ρ) is constructed from the exact analytical solution Y (χ, ρ) = ρ2 cos(χ).
We obtain L∞ for different M and N values in Table 3 in this Example 3.

Table 3. The MAE for Example 3 with different values of N , M

(N , M ) δ1 = 1.5 CPU (sec) δ1 = 1.9 CPU (sec)

(4, 4) 1.56×10−3 3.812 1.45×10−3 3.421

(6, 6) 2.38×10−5 4.0 0.184×10−5 4.094

(8, 8) 1.04×10−7 6.484 9.02×10−8 6.189

(10, 10) 2.16×10−10 13.842 2.13×10−10 14.627

5. Conclusion

The paper introduces an accurate and efficient numerical approach to solve FO-ψFSDEs. To obtain spectral solutions,

this technique utilized RJSC methods that take into account initial and boundary conditions. The approach achieves

remarkable precision by computing quadrature points’ residuals and converting them into algebraic systems. This innovation

not only improves the precision of solving FO-ψFSDEs but also facilitates the exploration of complex systems governed

by fractional dynamics in a variety of fields such as engineering, physics, and biology. The application of RJSC methods

represents a significant advancement in numerical analysis, providing a solid foundation for addressing FO-ψFSDEs.

The rigorous computing of residuals at quadrature points improves solution precision and ensures that the approach

accurately depicts the system’s underlying behavior. This degree of precision is required for areas involving technical

design, scientific research, and risk management. The results demonstrate the accuracy and efficiency of this method

through illustrative examples, confirming its potential for practical applications across physics, biology, and engineering.

This work emphasizes the critical role of advanced numerical techniques in addressing fractional differential equations,

paving the way for further research and advances in fractional modeling and computation.
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