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1. Introduction

Fractional Differential Equations (FDEs) [1-3] have wide applications across various fields due to their ability to
simulate complex memory-related phenomena, hereditary properties, and non-local effects. One prominent application of
FDEs is in physics [4, 5], where they are used to characterize the behavior of materials with time-dependent properties,
such as creep and relaxation. In engineering, FDEs are employed in control theory to design controllers for systems with
fractional-order dynamics [6], enhancing performance and stability. Additionally, they play a crucial role in modeling
biological processes [7], including population dynamics, cell growth, and drug transport in tissues, where fractional
calculus effectively captures non-local and memory effects for accurate predictions and analysis. Furthermore, FDEs find
applications in finance for modeling complex market behaviors [8] and in signal processing for analyzing signals with
long-term dependencies and non-local correlations [9].

Fractional Riccati Differential Equations (FRDESs) play a significant role in physics due to their ability to model
complex systems with memory and hereditary properties, which are often described using fractional calculus. These
equations extend the classical Riccati differential equations by incorporating fractional derivatives, allowing for a more
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accurate representation of phenomena such as anomalous diffusion, viscoelasticity, and non-Markovian processes. In
physics, FRDEs are particularly useful in quantum mechanics, where they describe systems with fractional dynamics, and
in statistical mechanics, where they model non equilibrium processes. Additionally, FRDEs find applications in control
theory, signal processing, and the study of nonlinear waves in plasmas and optics. The fractional nature of these equations
provides a powerful tool for understanding systems with long-range interactions and time-dependent behaviors that cannot
be adequately described by integer-order differential equations. Rabiei and Razzaghi [10] introduced fractional Boubaker
wavelets to solve FRDEs. Similarly, Yuttanan [11] proposed fractional-order generalized Legendre wavelets and applied
them to solve FRDEs via the hypergeometric function. Doha et al. [12] developed a spectral method to approximate variable-
order FRDEs by expanding the solution in terms of shifted Chebyshev polynomial series. Momani [13] implemented
a numerical approach based on the iterative reproducing-kernel algorithm for solving FRDEs. Tvyordy;j [14] studied
FRDEs with a variable fractional derivative, capturing the hereditary properties of the medium and its dependence on past
states. They developed a numerical scheme by employing finite differences to approximate the variable-order derivative
and to solve the resulting nonlinear algebraic system. The authors in [15] presented an efficient and stable local Radial
Basis Function (RBF) partition of unity method to numerically solve the time-fractional Black-Scholes equation, while in
[16] the authors proposed an accurate and robust two-step algorithm combining Crank-Nicolson time discretization with
nonuniform meshes, Galerkin finite element spatial discretization, and an Alternating Direction Implicit (ADI) scheme to
efficiently solve the 3D nonlocal heat equation with a weakly singular kernel. In [17] the authors developed and analyzed
efficient Backward Euler (BE)- and Second-Order Backward Differentiation Formula (BDF2)-based finite difference
schemes for the generalized tempered integro-differential equation.

Variable-Distributed Order Fractional Riccati Differential Equations (VDO-FRDEs) constitute a fascinating and
complex area of mathematical modeling. These equations extend classical Riccati equations by incorporating fractional
derivatives of variable order and distributed memory effects. This enables them to describe a broader range of phenomena
where both the order of differentiation and the system’s memory vary. Analyzing VDO-FDEs with y are particularly
challenging, as traditional methods for solving Riccati equations often fail due to the variable order and distributed nature
of the fractional derivative.

In [18], the author utilized a y-Haar wavelet operational matrix to solve y Riccati fractional differential equations,
whereas [19] presents several theorems related to the y variable order. In [20], the authors solved y-Caputo time-fractional
systems by applying the Laplace transform, fixed-point theory, and Gronwall’s inequality. Similarly, [21] introduced the
y-Caputo fractional derivative approach for solving fractional partial differential equations using the y-Haar wavelet
operational matrix. Furthermore, Zhao et al. [22] applied the mapped Jacobi function and the Petrov-Galerkin spectral
method to y-fractional differential equations involving boundary and initial conditions.

The proposed method has promising applications in control and synchronization of nonlinear systems. In adaptive
fuzzy control [23], it can yield more accurate reference trajectories, while in output-feedback projective lag-synchronization
[24], it enhances modeling of variable-order dynamics under uncertainty. When combined with robust neural adaptive
control [25], it provides precise state estimates that improve robustness, and in adaptive backstepping control [26], it
enables more effective treatment of system uncertainties. These applications highlight the method’s value not only as a
numerical scheme but also as a tool for advancing fractional-order control and synchronization.

For four decades, spectral methods have been widely applied across various fields, as highlighted in [27-32]. Initially,
Fourier-based spectral methods were restricted to specific cases, such as periodic boundary conditions and simple geometries.
However, recent theoretical advancements have significantly expanded their applicability, enabling effective solutions
to a wide range of problems. Compared to other numerical methods, spectral approaches offer superior accuracy and
exponential convergence rates. These methods represent solutions as finite series of orthogonal functions. Several spectral
techniques exist, including collocation [33-36], tau [37—40], Galerkin [41, 42], and Petrov-Galerkin [2, 43, 44], where
coefficients are optimized to minimize absolute errors. For instance, spectral collocation approximates differential equation
solutions with remarkable accuracy, allowing residuals to approach zero at specific points.

When implementing the Shifted Legendre Polynomial (SLP) spectral collocation, the choice of collocation nodes
strongly influences how rapidly the discrete solution error decreases with polynomial degree. If the exact solution (in the
y-transformed variable) is analytic on an open region containing the physical interval, interpolation by shifted Legendre
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polynomials at appropriately chosen nodes yields (near-)exponential convergence as the polynomial degree increases. In
practice the two common node families are Shifted Legendre-Gauss (SL-G) and Shifted Legendre-Gauss-Lobatto (SL-GL)
points. SL-GL nodes include the interval endpoints and therefore allow direct enforcement of boundary/initial conditions
and typically simplify construction of differentiation matrices used in collocation; they also cluster near endpoints which
helps to resolve boundary-layer behaviour or endpoint singularities that frequently appear in fractional problems. SL-G
nodes (which exclude endpoints) often provide slightly better interior approximation and more accurate quadrature for
inner products but require special treatment to impose endpoint conditions.

For variable-order y-fractional problems, endpoint regularity is decisive: if the solution displays reduced smoothness
at an endpoint, it clustering of SL-GL nodes improves local resolution and prevents severe degradation of the convergence
rate. Conversely, if the solution is globally analytic in the y-domain, both SL-G and SL-GL collocation recover spectral
decay of the error; differences are then primarily practical. Finally, node choice also interacts with nonlinear terms: denser
sampling near regions where nonlinearities vary rapidly reduces aliasing error and improves the effective convergence.
In our experiments (Section 4) we therefore use SL-GL nodes as a robust default and report the observed exponential
decay for smooth test solutions; we also demonstrate how reduced endpoint regularity slows convergence unless endpoint
clustering or a weighted basis is used. This approach employs fractional SL-GL points to approximate solutions for
nonlinear Variable-Order Caputo y-Fractional Riccati Differential Equations (VOC-y-FRDEs). The VOC-y FRDEs are
expressed as a series of fractional SLPs using the fractional differential operator y. The residuals of these equations are
evaluated at the SL-GL quadrature points, resulting in a system of algebraic equations that is then solved. Numerical
experiments are conducted to validate the effectiveness of this methodology.

The principal contributions of this work can be summarized as follows.

(i) We propose, for the first time, a spectral scheme based on Shifted Legendre Polynomials (SLPs) for solving the
nonlinear Variable-Order Caputo y-Fractional Riccati Differential Equation (VOC-y-FRDE).

(i1) The method efficiently transforms the VOC-y-FRDE, together with its associated conditions, into an algebraic
system that is straightforward to implement numerically.

(iii) The approach fully exploits the orthogonality and approximation power of SLPs, leading to high-accuracy results
with relatively low computational cost.

(iv) The effectiveness and feasibility of the proposed approach are validated through a set of numerical experiments,
which demonstrate its robustness and superiority compared to existing techniques. These features collectively underscore
the originality and practical relevance of the present study.

This paper is structured as follows: Section 2 introduces the fundamental concepts of y fractional calculus and reviews
the key properties of SLPs. Section 3 discusses the spectral collocation method for solving nonlinear VOC-y-FRDE:s.
Section 4 presents numerical examples to demonstrate the efficacy and accuracy of the proposed methodology. Finally,
Section 5 summarizes the findings and provides conclusions based on the results.

2. Fundamental concepts
2.1 The y fractional calculus

This section outlines essential concepts, definitions, and results from y-fractional calculus that will be utilized in the
following sections. For p > 1, the space L;’,/ (¢, d), denotes the set of Lebesgue measurable functions on the finite interval
(¢, d) that are p-integrable with respect to the measure dy:

d A
hte.di= | [ 1@ Gray <.

LY, (c, d) is a Banach space with norm H?!/HL%,
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Wiy = [1Goray) "

When p =2, space L{;, (¢, d) transforms into a Hilbert space with inner product:
A d A
@ = [ 07 .
c
We utilize L%, (¢, d) for weighted Hilbert space with inner product:
A d A~
@ Fa= [ #@)P02ADL.
c

Definition 1 [7, 45] The left- and right-sided y-fractional integrals of a function %/ () with order a; > 0 are defined
as

% (p)dp, x€(c,d),

vDy'd = F(:Xl) ./xd‘l’ P)(w(p)—w(0)™ % (p)dp, %€ (c,d).

In the preceding formulation, the condition %/ (x) € Llll,(c, d) is frequently assumed to be necessary but applicable.
The options of y in the preceding definition are as follows.

Remark 1 Definition 1 defines fractional operators l,,DL + and yD_ "7, which generalize existing fractional integral

od
operators
y(x) = x is the classical Riemann-Liouville-type fractional integral.
v(x) = ( ) is the Hadamard fractional integral [46—48].
. l,u( )= exp( %) is the fractional integral with exponential kernel [49].

Lemma 1 [45] The semigroup property described below is applicable: for a;, f; > 0

D5 WD (20) =y DU (), YD, WD (30) =y DGV ().

Lemma 2 [7, 50] The findings below are applicable for o > 0, f; > —1

V’D;(;C] (W(%) - lI/(C))V = l_m (W(x) . III(C))VJra] ,
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Definition 2 [45] For x € (c, d), the left- and right-sided y-Riemann-Liouville fractional derivatives (also known as
y-derivatives) of a given function % (x) with order a; > 0 are defined as

WD () =8|y DL Vo) | = sy [TV e v - i) Z plap.

% —(n—a > -1)" d n—ap—1
WD () = (178 WD % )] = ey [ o) (o) - i) p)ap.

Definition 3 [45] For x € (¢, d), the left-sided and right-sided y-Caputo fractional derivatives of a known function
% () with ordera; € (n— 1, n), n € N+ are defined as:

A

VDL (1) =y DL |85 ()| = s [V )W) - i) 5y ),

cWDS % (x) = (~1)4,D, [5&3@2(%)] = i/ v (0) (wip) —w(x)" '8y (p)dp.

r(l’l—al) X

Definition 4 [19, 51] The left fractional integral of a function % of order oy (x) with regard to the kernel v is
described below:

1

w/l v (w(x) —w(p)™ % (p)dp.

o (X) g _

However, the right fractional integral is determined as

1 d

190 () = m/}{ v (w(p) —w(x))* ' % (p)dp.

Definition 5 [19, 51] We describe two distinct types of Riemann-Liouville fractional derivatives: type | and type 2.
The left Riemann-Liouville fractional derivative type 1 of function % (order a, kernel V) is defined as:

1 L4 /cx v (w(x) - w(p)) “ % (p)dp.

DAY (1) = T(1—o1(%)) (w’(%) dx

The right one can be described as:

| ( -1 d
C(l—ai(x) v (x) dx

DO (x) = )/Cx v (w(p)—w(x) "M% p)ap.

The left and right operators for the Riemann-Liouville fractional derivative type 2 are as follows:
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and

DI U (x) = ( ,_1 d){ ( ! ) /cxv/(w(p)—w(x))

ar(X) g5
W (p)dp|.
v(x)dx  |[T(1—oy ) p]

Definition 6 [19, 51, 52] The left-sided and right-sided w-Caputo fractional derivatives of a known function % (x)
with order ; () are described as:

Y M (1) = l—oq /llf w(p))*a'(”)%(%(p»dp,
Cyp§ W (x) = 1—a1 /w ~w(x ))’a](")%(%(p))dn

Lemma 3 [50, 45] For % € Clc, d] and o > 0, there hold
WDEF DY DU () =% ()WDY E (D,

and for % € ACy e, d]

. A D 1(x)—i 152/"](6)
D_al( x) Dg‘l(l)% — . [‘I’ X —w. al(x)—z—l’
v WP ") =% ) = & "=y YW )
6]
L yDy 1 2 (o)
D—an() DX gy — P () — V=x.d d) — o (x)—i-1
Y (V/ x,d (%)) (X) l;() F((Xl(%)—l) (II/( ) WX)
2.2 SLP
The Legendre polynomials £;(%#)(j = 0, 1...) adheres to Rodrigues’ formula [53].
VA .
0,00 = S pi((1- ). @

2J j!

Accordingly, Eim) (%) is given by
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j—m

M@= Y Call, D), 3)

i=0(i4j=even)

where

_ 2m71 (2l+ I)F( m+2j—i)1—\( m+j;-i+1)

F(m)r( 2—m;—j—i)l—~( 3—m;—j+i)

Then, we denote (u, v) and ||u|| as the inner product and norm within the space L?[—1, 1]. Complete orthogonal
system is the set of 4 (¢) in L?[—1, 1]

1
(65(0), () = [ @)@ dt = @

-1

where h; = ﬁ and J; represents the Dirac delta function. Therefore for any v € L*[—1,1],

o 1 1

W) =Y ati @), a=o [v@)6(@) v 5)
i=0

hi .
-1

The SLPs, denoted as ¢y ;(%), are defined over the range [0, L] and can be generated using the subsequent recursive
formulan: [53]

(G4 D) = Qi) D)@~ i1 (P), =12, . ©)

The analytical expression for 1 ;(%') can be expressed as

i o (i) .
) :.,-Zo(_l)lﬂu—(j;(]jzﬁu 7 ™)

The condition for orthogonality is
L L
/0 O ()0 (D (D) dY = WL, ()

where w (%) = 1 and h; = TLH

If function % (%) € L?[0, L]. Next, it can be represented using ¢; ;(%) as
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622(@) = ZC"ELJ‘(@)'
i=0

The value of ¢; is determined by

1 /L .

c,:hj/ B (DN D)V, i=0,1,2, . ©)

- Jo

l
Approximation % (%) can be expressed as:

N
%N(g) ~ ZCI[LJ(@) (10)
i=0

3. Spectral collocation for solving non-linear VOC-y-FRDE

This section presents a computational approach that enhances the functionality of the Shifted Legendre-Gauss-Lobatto
Collocation (SL-GL-C) schemes for solving the nonlinear VOC-y-FRDE. Collocation points are strategically placed at
the interpolation nodes of the SL-GL method. The core of our proposed algorithm involves discretizing the non-linear
VOC-y-FRDE, resulting in a system of algebraic equations to solve for the unknown coefficients.

Specifically, we focus on the subsequent non-linear VDO-FRDEs.

DN VG D)+ (W) B (D) +MPVE (V) =G(#), 0<n(@)<], (11)
with initial condition
%(0) =0, (12)

where the functions 1(%), A(#), (%) are well-known, and the coefficient functions A (%), and ¢(%/) are continuous
and bounded, while % (%) is an unknown function and €D"(¥):¥%/ (%) represent the y Caputo fractional derivative of
order 11(#) In addition, the nonlinear operator satisfies a local Lipschitz condition in the unknown function.

Definition 7 The y Caputo fractional derivative [54] of order (%) can be described as follows:

DNVT @) = s [ (e (W) (e 7 @ e, -1 <n(@) <3 @ >0, (13

here, ¥ represents the ceiling function applied to 1(%).
If % pprox(#) is defined as an approximation of (11):

%Approx(@) = Z ar 2, T (@), (14)

71=0,1,...,v2
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the derivative DY)V of %, pprox(¥) is:

DY (@)= Y, g DNV (L (7). (15)

71=0,1,..., »»

By using the y Caputo derivative of (%) as defined in Definition 13, we obtain:

»

1 5(7)

Cpn@gyn ) 16
PPy F(l—n(@))o/ a0 (16)

Therefore, it follows that:

T1—V) (V2+"L'1 *1)! 22 C

oV @)= Y (-1 (v2—m)! (2)! LF

Dn(@’)w'gfl. (17)

71=0,1,..., vy
Then, we get the following:
Cpn@), W%Approx(@) = Z a%Dn(j/)’ W("g]w yl (g)) = Z an AL (&) (18)
71=0,1,...., v 71=0,1,..., v»

Equation (11) can be rewritten as:

Y aqA o (@)+A®2) Y aq L @)+e@) Y a4 () =G¥). (19)

71=0,1,.., vy 71=0,1,..., vy 71=0,1,..., vy

The residual of Eq. (19) is set to zero by utilizing the SL-GL collocation technique at v, — 1, of the SL-GL points.
By utilizing Eq. (14)—(19), then (11) can be written as:

Z ag AL o (D1, v,,i) +A(Y) Z ae L1, 0 (P, v,,i) +@(Z)( Z an, L1 0 (P v,.i))

71=0,1,..., v» 71=0,1,...,v» 71=0,1,..., »
(20)
:G(@L Vz,i)'
Rearranging the preceding equation results in:
Z ag [AL-, T +}'(@)$L7 Tl] (@L, V2, i) + (P(@)( Z ag gL- T (% V2, i))z
Tl=0,1...‘,\/2 Tl=0,1,...,V2
€2y

ZG(%, Vz.,l')’ = 17 .oy V2.

Therefore, we obtain:
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Z aT|YL, T (%V271)+(p(g)( Z a’flgL,‘El(@L, Vz,i))z :G(%,Vz,i)), = 17 (AR v27 (22)

71=0,1,...,v» 71=0,1,.., v

where Yy, ¢, = [AL ¢, + A(#)ZL 1, ]. Using Eq. (12) and (14), we acquire:

Z drg $L7 T (0) =0. (23)

’51:0, 1, N )

Equations (22), and (23) form a set of (v» + 1) algebraic equations involving the variables a;, 71 =0, 1, ..., v».

<— 1 )Tl aTl = O,
’51:0, 1., \%)

(24)
Z aTIYL,Tl (@L,Vz,i)—i_(P(@)( Z aﬁg[‘?fl(%,VzJ))z:G(@L?\/z,i))a l: 17 AR V2.

11:0, 1,...,V2 11:0, 1,...,V2

Finally, solving the system is straightforward, allowing Uy pprox to be expressed in a closed form.

4. Numerical results

The efficiency and precision of the recommended technique are demonstrated by the following two instances; The
Absolute Error (AEs) represents the discrepancy between the measured and estimated solution:

AES() = |B(Y) ~ Bappro P ). (25)

where, at the point %, the approximate and exact solutions are % (%) and % pprox(? ). The procedure for calculating the
greatest absolute errors (L) and (L) is as outlined below:

L., = max{AEs(¥)}. (26)

All numerical simulations and computations in this study were performed on a computer with an Intel Core 17 processor.
The algorithm code was run via Mathematica version 12.2.
Example 1 Consider the non-linear VOC-y-FRDE:

DI IVG D)+ B (Y + (B (D)) =G,
27)

G(%) is given from the exact solution % (%) = (w(#))%, w(%) = %3, and N(¥) = ¥ sin(¥), %@% where
D)) Y9 (%) is VOC-y-FRDE.
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We obtain AEs with various values of 17(#/) in Table 1, and the CPU running time is 92.688 sec. when (%) = %@/ %,
and 138.466 when (%) = % sin(#'). The findings indicate that the proposed method offers higher levels of accuracy.

Furthermore, it is noteworthy that satisfactory approximations can be achieved using a limited number of data points.
2 . .

= % respectively. Figure 2

compare the exact and approximate solutions. When we compare Mean Absolute Error (MAE) in Table 2 between our

method and the method in [18], the results show that, even by a few points, our technique is more accurate.

Figure 1 represents the AEs of Example 1 when v; = 16, n(%) = % ?cos(x) and n(%)

Table 1. The AEs of Example 1 with virous of % and (%) at v, = 8

1

Y =8, n@)=%sin(¥) vn=8n%)=1i%2
0 2.0817 x 1077 3.4695 x 107
0.1 2.0817 x 1077 3.4695 x 10717
0.2 2.7756 x 1017 3.4695 x 10~18
0.3 1.3878 x 1017 2.6021 x 1017
0.4 1.2143 x 1077 8.6736 x 10718
0.5 3.1225x 1077 0
0.6 2.7062 x 10710 2.2898 x 10710
0.7 4.7705 x 1018 4.5103 x 1017
0.8 1.1449 x 10710 1.5613 x 10710
0.9 1.4225x 10716 7.9797 x 10~17
1.0 1.6653 x 10710 5.5511x 107

Table 2. The AEs of Example 1 with virous of % and (%) at v, =8

n() vy =9,[18] v, =8, Our Method  CPU (Sec.)
0.6  4.8789x10°° 1.9013x 101 26, 797
0.7 2.7562 x 10~° 1.8804 x 10~13 30, 75
0.8 1.5301 x 10~° 1.7764 x 1013 30, 217
0.9 8.6081 x 1077 2.1302x 101 31, 843
1.0 5.3605 x 107 1.6723 x 1013 18, 874
1.5x 10" 1.5x 10"
|
: |
~1.0x10™" ~1.0x10"
=) (=)
m \ m
5.0 x 1074 “‘ \ 5.0 x 107 | %
it |1 |
dvnIm | i i 2 * /
~alll o~ L H | - A\ j” W} ’
0.0 02 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
Yy Y

Figure 1. The AEs for Example 1 when vy =8, (%) = #sin(#') and n(¥) = %?,7/% respectively
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, 3 U spprox(Y)
E: 0.6+ E: 0.6
= S
E 2
S 04l S 04l
< =
021 02}
0.0;or-smere- ot = o ) | | 0.0f+smmssnsses seeneaneas waeenees” ’ | |
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
Y Yy

Figure 2. The %approx(%) and % (%) for Example 1 when v, = 8 and (%) = #sin(#) and (%) = %”I% respectively

Taking v, = 8 and (%) = @ %sin(% ), we acquire the numerical outcome % pprox(#2) of Example 1 as:
Unpprox(#) = —1.11022 x 10710 — 4.44089 x 107'% +1.42109 x 10~"4%2 —1.57208 x 10~ %3
+6.53699 x 10" B4 - 1.38778 x 107 2%° +1.° —9.26327 x 10~ 3% (28)

+2.19253 x 10~ B3#8.

Taking vo =8 and (%) = %@ 2, we acquire the numerical outcome %4 prox (%) of Example 1 as:

U pprox(#) =0.—9.76996 x 10~ 15%2 1-8.61533 x 10~ 14%3 —3.43725 x 107 3% * 1-7.39409 x 10~ 3%

(29)
+1.2° 454344 x 107 3% 7 —1.3618 x 10 P8,
Example 2 Consider the non-linear VOC-y-FRDE:
c 4 ’ ) 2 %
DY VG )+ (@ D)+ % (D)) =G@),
(30)

G(%) is given from the exact solution % (%) = (% )(W(%)?> +0.5u(Z), w(#) = %3, and n(¥) = 2?, %ﬁ where

p\”) Y% (%) is VOC-y-FRDE.
We obtain AEs with various values of (%) in Table 3 in this Example 2, and the CPU running time is 110.688
sec. when %, and 117.578 when n(%) = %3 Figure 3 represents the AEs of Example 2 when v; =8, n(%) = 2?

and N (%) = J{i respectively. Figure 4 compare the exact and approximate solutions when v, = 8 and n(%') = % and

a3 . . . .
n¥%)= % respectively. The results show that, even by a few points, our technique is more accurate.
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Table 3. The AEs of Example 2 with virous of % and (%) at v, = 8

g 3
8 V2:3,71(W/):% V2:87TI(07L/):WT
0 6.9389 x 108 7.3726 x 10718
0.1 3.6863 x 1018 1.5179 x 10~18
0.2 1.9949 x 1017 47705 x 10718
0.3 2.1684 x 10718 1.1601 x 1017
0.4 4.4235%x 1017 7.2642 x 10718
0.5 7.5894 x 1017 3.0358 x 1018
0.6 1.4268 x 10716 4.0549 x 10717
0.7 2.7181 x 10716 3.9397 x 1017
0.8 4.3715%x 10716 2.7539 x 10~7
0.9 7.2381 x 10710 7.0690 x 1017
1.0 24173 x 1013 1.3965 x 10~16
2.5x 10" 25101
20x 10" 2.0x%x 107" ‘
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Figure 3. The AEs for Example 2 when v; =8, n(%) = % and (%) = ? respectively
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Figure 4. The % pprox () and % (%) for Example 2 when v, =8 and v; = 8, (%) = % and (%) = ? respectively

Volume 7 Issue 3|2026| 3177

Contemporary Mathematics



Taking vo =8 and (%) = %, we acquire the numerical outcomes %4 pprox(#) of Example 2 as:

U pprox(Z) =0.+0.333333% +-3.4639 x 107 14%2 —3.63654 x 10~ 393 +1.75115 x 10 12o*

(31
+0.148148%° +6.03867 x 10~ 2® —4.24364 x 10~ 2% +1.20029 x 10~ 28
Taking v =8 and n(%') = ?, we acquire the numerical outcomes %4 pprox(#) of Example 2 as:
Unpprox(Y) =0.+1.94289 x 1071°% 4-0.166667%* +-4.65183 x 10~ 4#> —2.14551 x 10~ 3%
(32)
+5.25247 x 107 B3 —6.92196 x 10~ B3#6 +0.037037% 7 — 1.23628 x 10~ 3%/8.
Example 3 We consider the non-linear linear VOC-y-FRDE:
c Y ’ % %
DY VB (D) + (X (@) =G),
(33)

A

G(%) is given from the exact solution % (%) = % sin(% ), y(¥ ) = ?, and (%) = # sin(%), where "D?,/(?y)’ Y ()
is VOC-y-FRDE.

We obtain L. with various values of v, in Table 4 in this Example 3. Figure 5 illustrates the AEs of Example 3
when (%) =% sin(¥), y(¥) = %—4, v; = 10, and v; = 12, respectively. Figure 6 compare the exact and approximate
solutions when nN(%) = #sin(%), y(¥) = ?, vi = 10, and v; = 12, respectively. The convergence decay of our
method is illustrated in Figure 7. The findings demonstrate that our method provides improved accuracy even with a small
number of data points.

Table 4. The MAE of Example 3 with virous of v, n(#) = #'sin(#%), and (%) = =~

n() Vv, =2 v, =4 V=6 v, =38 v, =10 v, =12

Wsin(%)  3.03x1072  13x107* 23x1077 24x1071% 1.6x10713 3.3x10716

CPU (Sec.) 22.093 65.499 118.658 259.327 358.594 512.453

Taking vo = 10 and n(%') = % sin(¥'), we acquire the numerical outcome %App,(,x(@ ) of Example 3 as:
Unpprox(Z) =0.4+9.94116 x 107 12% + 1.2 +9.55438 x 10> —0.166667%* +-3.802 x 10~ %>
+0.00833224%% +1.95037 x 10~ %7 —0.000200587% % +1.42051 x 107°%° (34)

+2.31427 x 107510,
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Taking vo = 12 and n(%') = ¥ sin(¥'), we acquire the numerical outcome %App,,,x(@ ) of Example 3 as:

Unpprox(#) = —5.55112x 10717 —5.9952 x 10715% + 1.9% — 1.16415 x 10~ %> — 0.166667%*

—1.0153 x 1079 4+ 0.00833334%° — 1.29898 x 107327 — 0.000198387%% (35)
+—3.31785 x 10 8%°2.78426 x 10 %10 — 1.49622 x 10~ 8% —2.12011 x 10~ 8% 12,
1.5 x 10" 2.0 x 107 : I
13 1.5 x 107" [
_10x10™ _ i
A 2 ol
m m 1.0 x 10" A .
5.0 x 107 ) | “‘ B “ |
[ 5.0x 1077 | A
‘ Fa J | | r
0 | \ \ ’ ’ L L i3 O Il L L : “ ‘ \
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Figure 5. The AEs for Example 3 when n(%) = ¥sin(¥), y(¥) = %4 , Vi = 10, and v; = 12, respectively
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Figure 6. The % pprox(%) and % (%) for Example 3 when 1(%) = ¥ sin(¥), w(¥)
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Figure 7. The Mg convergence for Example 3 when n(%) = #sin(%) and y(¥%) = %

5. Conclusion

Our primary objective is to improve spectral algorithms for solving non-linear VOC-y-FRDE using the SL-GL-C
method, and Caputo-y fractional differential equation. These new algorithms are developed by transforming the mentioned
problems into a system of algebraic equations. We have included numerical examples that demonstrate for assessing the
accuracy and practicality of the current algorithms. The comparisons provided show the accuracy and effectiveness of the
spectral collection method. Examples that demonstrate a concept or principle. Beyond solving fractional Riccati-type
models, the proposed spectral collocation method shows strong potential for control and synchronization of nonlinear
systems. Its exponential convergence enables more accurate reference trajectories and state estimates, enhancing adaptive
fuzzy, backstepping, and neural control schemes. It also improves modeling of uncertain systems with input nonlinearities
and nonlinear optimal control tasks, such as gas compressors, while capturing fractional-order effects in flexible robot
manipulators. These features highlight its promise for advancing fractional-order modeling in practical control and
synchronization applications.
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