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Abstract: In this study, we present a highly efficient spectral numerical approach for solving nonlinear Fractional
Distributed-Order Sine-Gordon Differential Equations (FDO-SGDEs) and Fractional Distributed-Order Klein-Gordon
Differential Equations (FDO-KGDEs) considering initial and Dirichlet boundary conditions. Our proposed method
utilizes the fractional-order shifted Legendre-Gauss collocation method and shifted Chebyshev-Gauss collocation method,
leveraging the Riemann-Liouville fractional derivative to transform the given problems into systems of algebraic equations.
The effectiveness and accuracy of this technique are demonstrated through the successful resolution of four illustrative
examples.
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1. Introduction
Fractional Differential Equations (FDEs) find wide application in various fields due to their ability to model complex

phenomena involving memory, hereditary properties, and non-local effects. One prominent application of FDEs is in
physics [1] particularly in the study of viscoelastic materials and anomalous diffusion phenomena. For example, FDEs
are used to describe the behavior of materials that exhibit time-dependent properties, such as creep and relaxation. In
engineering, FDEs are employed in control theory to design controllers for systems with fractional-order dynamics [2],
leading to improved performance and stability. Additionally, FDEs play a crucial role in modeling biological processes,
such as population dynamics, cell growth, and drug transport [3] in tissues, where the non-local and memory effects
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captured by fractional calculus are essential for accurate predictions and analysis. Furthermore, FDEs have applications in
finance for modeling complexmarket behavior [4] and in signal processing to analyze signals with long-term dependencies
and non-local correlations [5].

The fractional Sine-Gordon equation [6–8] and fractional Klein-Gordon equation [9, 10] are powerful mathematical
tools with a wide range of applications across various scientific disciplines. In theoretical physics [11], these equations
are fundamental in describing complex wave phenomena and interactions between particles. The fractional Sine-Gordon
equation finds applications in the study of soliton dynamics [12], particularly in condensed matter physics and nonlinear
optics, where it models the behavior of solitons in one-dimensional systems, such as Josephson junctions and optical fibers.
Moreover, the fractional Klein-Gordon equation plays an essential role in relativistic quantum mechanics, where it is used
to describe the behavior of particles with fractional spin and non-local interactions, which contributes to understanding
exotic particles and their interactions in high-energy physics.

Gao and Sun in [13] presented two discrete methods designed for the numerical solution of one-dimensional time-
distributed-order fractional wave equations, while the author in [14] used two finite difference methods formulated for
distributed-order differential equations, applicable in one- and two-dimensional domains. The author in [15] explored
the numerical approximation of the distributed order time fractional reaction-diffusion equation over a semi-infinite
spatial domain, employing the finite difference method for temporal discretization and spectral approximation through
Laguerre functions for spatial discretization. Heydari in [16] introduced a set of interconnected distributed-order fractional
Klein-Gordon-Schrödinger equations and incorporated a distributed-order fractional derivative formulated using Caputo
fractional differentiation. In [17] the author presented a new family of fractional functions based on Chelyshkov wavelets
for solving one- and two-variable distributed-order fractional differential equations by utilizing the Caputo sense and
Chelyshkov wavelets with the composite collocation method. Saifullah et al. [9] solved the nonlinear Klein-Gordon
equation by employing a combination of the double Laplace transform and the decomposition method and investigating
the existence of the model incorporating the Caputo fractional derivative. The author in [18] developed a Local Radial
Basis Function-Finite Difference (LRBF-FD) method to solve time-fractional nonlinear Sine-Gordon and Klein-Gordon
equations, while in [19] proposed an accurate and efficient algorithm for the 3D nonlocal heat equation, combining Crank-
Nicolson temporal discretization, Galerkin finite elements. Nikan et al. in [20] proposed a hybrid LRBF-FD algorithm
for solving the time-fractional Klein-Kramers model.

Spectral methods, as highlighted by [21–24], have been extensively utilized across diverse domains for four decades.
Initially applied in limited contexts such as periodic boundary conditions and basic geometries, Fourier-expanded spectral
techniques have recently undergone significant theoretical advancements, offering effective resolutions to multifaceted
problems. Spectral methodologies demonstrate superior performance in terms of accuracy and exponential convergence
rates compared to alternative numerical methods. Central to all spectral techniques is the representation of solutions
as a finite series of orthogonal functions. Various spectral approaches exist, including collocation [25, 26], tau [27,
28], Galerkin [29], and Petrov-Galerkin [30, 31], wherein the coefficients are optimized to minimize absolute errors.
Spectral collocation, for instance, approximates solutions to differential equations with high accuracy, allowing residuals
to approach zero at chosen locations. This technique has found successful applications across scientific and engineering
domains due to its evident advantages. Particularly notable is the compatibility of spectral collocation methods with the
non-local nature of fractional operators, offering promising avenues for solving fractional differential equations.

The approach utilizes fractional shifted Legendre-Gauss-Lobatto and shifted Chebyshev-Gauss-Radau points to
approximate solutions for nonlinear Fractional Distributed-Order Sine-Gordon Differential Equations (FDO-SGDEs) and
Fractional Distributed-Order Klein-Gordon Differential Equations (FDO-KGDEs), with initial and boundary conditions,
respectively. The FDO-SGDEs and FDO-KGDEs are represented as a truncated series of fractional shifted Legendre
polynomials and shifted Chebyshev polynomials. The residuals of these equations are evaluated at the fractional shifted
Legendre Gauss-Lobatto and shifted Chebyshev Gauss-Radau quadrature points are estimated, leading to a system of
algebraic equations that is subsequently solved. Numerical simulations are conducted to verify the accuracy of the
proposed methodology.

The main contributions of this study can be summarized as follows:
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1. We develop an efficient and accurate numerical framework for solving nonlinear FDO-SGDEs and FDO-KGDEs
by employing fractional shifted Legendre and shifted Chebyshev spectral collocation methods.

2. The approach leverages fractional shifted Legendre Gauss-Lobatto and shifted Chebyshev Gauss-Radau points
to systematically approximate the solutions, transforming the differential equations into solvable algebraic systems while
preserving the non-local properties of fractional derivatives.

3. The methodology is validated through extensive numerical simulations, demonstrating its high precision,
exponential convergence, and computational efficiency compared to existing techniques.

4. This work provides a unified framework applicable to both initial-value and boundary-value problems, highlighting
the flexibility and practical applicability of spectral collocation methods in solving complex fractional differential
equations. These contributions collectively underscore the novelty, effectiveness, and potential impact of the proposed
approach across scientific and engineering applications.

The paper is structured as follows: Section 2 provides an introduction to fundamental concepts and reviews key
properties of Shifted Legendre Polynomials (SLP), shifted Chebyshev polynomials, and fractional shifted Legendre
polynomials. Section 3 focuses on solving FDO-SGDEs with both initial-value and boundary conditions, while Section
4 addresses FDO-KGDEs under similar conditions. Section 5 presents numerical examples that demonstrate the efficacy
and accuracy of the proposed methods. Finally, Section 6 summarizes the findings and draws conclusions based on these
findings.

2. Relevant basics
2.1 Fractional calculus

This section serves as an introduction to the principal terminologies employed in the subsequent section, specifically
delineating the Left and Right Caputo definitions.

Definition 2.1 [32] Left and Right Caputo derivative Dα
1 of order α1

Dα1
+ Z(ϱ) =

1
Γ(η −α1)

(∫ ϱ

0
(ϱ−κ)η−α1−1Z(η)(κ)dκ

)
, η −1 < α1 ≤ η , ϱ> 0, (1)

Dα1
− Z(ϱ) =

(−1)η

Γ(η −α1)

(∫ L

ϱ
(κ −ϱ)η−α1−1Z(η)(κ)dκ

)
, η −1 < α1 ≤ η , ϱ> 0. (2)

The operator Dα1
± adheres to the following properties

Dα1
± Iα1

± Z(κ) = Z(κ)Iα1
± Dα1

± Z(κ) =−
⌈α1⌉−1

∑
ω1=0

Z(ω1)(0+)
κω1

ω1!
+Z(κ). (3)

In which Dα1± and I±α1 represent the operators corresponding to the left and right Caputo differential and integral,
respectively.

Dα1
+ κω1 =


0, for ω1 ∈ N0 and ω1 < ⌈α1⌉,

Γ(ω1 +1)
Γ(ω1 +1−α1)

κω1−α1 , for ω1 ∈ N0 and ω1 ≥ ⌈α1⌉ or ω1 ̸∈ N and ω1 > ⌊α1⌋,
(4)
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while ⌊α1⌋ and ⌈α1⌉ denote the floor and ceiling functions, respectively, whereas N= {1, 2, . . .} and N0 = {0, 1, 2, . . .}.
Definition 2.2 [32] For α1 > 0, the fractional integrals of order α1, both left-sided and right-sided, are specified as

follows:

Iα1
+ Z(ϱ) =

1
Γ(α1)

∫ ϱ

0
(ϱ−κ)α1−1Z(κ)dκ, (5)

Iα1
− Z(ϱ) =

1
Γ(α1)

∫ L

ϱ
(κ −ϱ)α1−1Z(κ)dκ. (6)

2.2 Shifted Legendre polynomial

The Legendre polynomials ℓȷ(χ) ( ȷ= 0, 1, . . .) satisfy the Rodrigues formula [33]

ℓȷ(χ) =
(−1) ȷ

2 ȷȷ!
D ȷ((1−χ2) ȷ). (7)

Accordingly, ℓ(m)
ȷ (χ) (the m-th derivative of ℓȷ(χ)) is given by

ℓ
(m)
ȷ (χ) =

ȷ−m

∑
ı=0 (ı+ȷ=even)

Cm( ȷ, ı)ℓı(χ), (8)

where

Cm( ȷ, ı) =
2m−1(2ı+1)Γ

(
m+ ȷ− ı

2

)
Γ
(

m+ ȷ+ ı+1
2

)
Γ(m)Γ

(
2−m+ ȷ− ı

2

)
Γ
(

3−m+ ȷ+ ı
2

) .

Next, denoting by (u, v) and ∥u∥ the inner product and norm of space L2[−1, 1]. Complete orthogonal system is the
set of ℓk(t) in L2[−1, 1]

(
ℓȷ(t), ℓk(χ)

)
=

1∫
−1

ℓȷ(χ)ℓk(χ) dt = hkδȷk, (9)

where hı =
2

2ı+1
and δȷk is the Dirac function. Thus for any v ∈ L2[−1, 1],

v(χ) =
∞

∑
ı=0

aıℓı(χ), aı =
1
hı

1∫
−1

v(χ)ℓı(χ) dχ. (10)
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Let us denote by ℓL, ı(χ) the SLP which defined on the interval [0, L]. These polynomials can be engendered from
the recurrence relation [33]:

( ȷ+1)ℓL, ı+1(χ) = (2ȷ+1)
(

2χ
L

−1
)
ℓL, ı(χ)− ȷℓL, ı−1(χ), ı = 1, 2, · · · . (11)

The analytic form of ℓL, ı(χ) may be written as

ℓL, ı(χ) =
ı

∑
ȷ=0

(−1)ı+ȷ (ı+ ȷ)!
(ı− ȷ)! ( ȷ!)2 L ȷ χ ȷ. (12)

The orthogonality condition is

∫ L

0
ℓL, ı(t)ℓL, ı(χ)wL(χ) dχ = hL

ı δıȷ, (13)

where wL(χ) = 1 and hL
ȷ =

L
2ȷ+1

.

If function R̂(χ) ∈ L2[0, L]. Then one can express it by means of ℓL, ı(χ) as

R̂(χ) =
∞

∑
ı=0

cıℓL, ı(χ),

where cı is given by

cı =
1
hL

ı

∫ L

0
R̂(χ)ℓL, ı(χ)dχ, ı = 0, 1, 2, · · · . (14)

In the approximation R̂(χ) may be expanded as

R̂N(χ)≃
N

∑
ı=0

cıℓL, ı(χ). (15)

2.3 Shifted Chebyshev polynomial

The Chebyshev polynomials are defined on the interval [−1, 1], by [33]

C j(σ) = cos( j arccos(σ)), j ≥ 0. (16)

Also
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C j(±1) = (±1) j, C j(−σ) = (−1) jC j(σ). (17)

Let wc(t) =
1√

1−σ2
, the we introduce the following norm and inner product of the the weighted space L2

wc as

∥R̂∥wc = (R̂, R̂)
1
2
wc , (R̂, V̂)wc =

1∫
−1

R̂(σ) V̂(σ)wc(σ)dσ . (18)

The set of Chebyshev polynomials satisfies [33]:

∥Ck∥2
wc = hc

k =


ςk

2
π, k = j,

0, k ̸= j,

ς0 = 2, ςk = 1, k ≥ 1. (19)

Now, we define the following norm and discrete inner product

∥R̂∥wc = (R̂, R̂)
1
2
wc , (R̂, V̂)wc =

N

∑
j=0

R̂(σN, j) V̂(σN, j)ϖc
N, j. (20)

Let us denote by CL, m(σ) the shifted Chebyshev polynomials which defined on the interval [0, L]. The analytic form
of CL, m(σ) is obtained from

CL, m(σ) = n
m

∑
j=0

(−1)m− j (m+ j−1)! 22 j

(m− j)! (2 j)! T j σ j, (21)

where CL, m(0) = (−1)m and CL, m(σ) = 1.
The orthogonality condition is

∫ L

0
CL, m(σ)CL, j(σ)WL(σ)dσ = δm j hL

j , (22)

where wT (σ) =
1√

T σ −σ2
and hT

j =
c j

2
π , with c0 = 2, ci = 1, i ≥ 1.

As in the previous subsection, if R̂(σ) ∈ L2
wL(σ)[0, L]. Then one can express it by means of CL, i(σ) as

R̂(σ) =
∞

∑
j=0

a jCL, j(σ), (23)

where
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a j =
1

chT
j

∫ L

0
R̂(σ)CL, j(σ)WL(σ)dσ , j = 0, 1, 2, · · · . (24)

2.4 Fractional-order shifted Legendre function

Definition 2.3 Now, we define the new Fractional-Order Shifted Legendre Polynomials (FO-SLP) is offered by

ℓ
(λ )
M, j(χ) = ℓ j

(
2
( χ
M

)λ
−1
)
=, 0 < λ < 1, j = 0, 1, · · · , 0 ≤ χ ≤M. (25)

Theorem 2.1 For W(λ )
M, f (χ) = λ (Mλ − χλ )χλ−1, the set of FO-SLP forms a complete L2

W(λ )
f

[0, M]-orthogonal

system

M∫
0

ℓ
(λ )
M, i(χ)ℓ

(λ )
M, j(χ)W

(λ )
M, f (χ)dx = δi jh

(λ )
M, k, (26)

where h(λ )M, k =

(
M
2

λ
)

hi.

Proof. Due to the orthogonality property of Legendre polynomials, we have

1∫
−1

ℓi(χ)ℓ j(χ)W f (χ)dχ = δi jhi, (27)

let χ = 2
( χ
M

)λ
−1, we obtain

1∫
−1

ℓi(χ)ℓ j(χ)W f (χ)dχ =
2λ
Mλ

M∫
0

χλ−1ℓi

(
2
( χ
M

)λ
−1
)
ℓ j

(
2
( χ
M

)λ
−1
)
W f

(
2
( χ
M

)λ
−1
)
)dχ,

=

(
2

Mλ

) M∫
0

ℓ
(λ )
M, i(χ)ℓ

(λ )
M, j(χ)W

(λ )
M, f (χ)dχ,

= δi jhi.

(28)

Thus, we conclude
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M∫
0

ℓ
(λ )
M, i(χ)ℓ

(λ )
M, j(χ)W

(λ )
M, f (χ)dχ = δi j

(
M
2

λ
)

hi,

= δi jh
(λ )
M, k.

(29)

Corollary 2.1 Let FN = span{ℓ(λ )M, i : 0 ≤ i ≤ N}, be the finite-dimensional fractional-polynomial space. Due to the
orthogonal property (29), the function ζ (χ) ∈ L2

W(λ )
f

[0, M] may be expressed as

ζ (χ) =
∞

∑
i=0

γiℓ
(λ )
M, i(χ), γi =

1

h(λ )M, k

M∫
0

ℓ
(λ )
M, i(χ)ζ (χ)W(λ )

M, f (χ)dχ.

Theorem 2.2 The Caputo fractional derivative of order δ , of FO-SLP Dδ
χℓ

(λ )
M, j(χ) can obtained in terms of FO-SLP

as

Dδ
χℓ

(λ )
M, j(χ) =

N

∑
n=0

ε(n, j, λ )
δ ℓ

(λ )
M, n(χ), (30)

where

ε(n, j, λ )
δ =

j

∑
k=1

n

∑
s=0

E(λ , j)
k E(λ , n)

s

h(λ )M, n

kλΓ(kλ )Γ
(

k+ s− δ
λ
+1
)

T λ (k+s+1)−δ

Γ(kλ −δ +1)Γ
(

k+ s− δ
λ
+2
) .

Proof. The analytical form of ℓ(λ )M, j(χ) is given by

ℓ
(λ )
M, j(χ) =

j

∑
k=0

E(λ , j)
k χλk,

where

E(λ , j)
k =

(−1) j−k (Γ( j+1)Γ( j+ k+1))
k!( j− k)!Γ(k+1)Γ( j+1)Mλk .

By means of Eq. (1), we find
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Dδ
χ(χλk) =

kλΓ(kλ )χkλ−δ

Γ(kλ −δ +1)
,

thus

Dδ
χ

(
ℓ
(λ )
M, j(χ)

)
= ℓ

(δ , λ )
M, j (χ) =

j

∑
k=1

E(λ , j)
k

kλΓ(kλ )χkλ−δ

Γ(kλ −δ +1)
.

Based on Corollary 2.1, we can write

χkλ−δ =
N

∑
n=0

bk, nℓ
(λ )
M, n(χ), (31)

where

bk, n =
1

h(λ )M, n

n

∑
s=0

Γ
(

k+ s− δ
λ
+1
)

T λ (k+s+1)−δ

Γ
(

k+ s− δ
λ
+2
) E(λ , n)

s .

Thence, we conclude

Dδ
χ

(
ℓ
(λ )
M, j(χ)

)
=

N

∑
n=0

ε(n, j, λ )
δ ℓ

(λ )
M, n(χ), (32)

where

ε(n, j, λ )
δ =

j

∑
k=1

E(λ , j)
k

kλΓ(kλ )
Γ(kλ −δ +1)

bk, n.

3. Non-linear Caputo FDO-SGDEs
In this section, we present a numerical methodology that extends the capabilities of the fractional-order shifted

Legendre-Gauss collocation and shifted Chebyshev-Gauss collocation schemes to solve the space-time nonlinear FDO-
SGDEs. Collocation points are strategically placed at the fractional shifted Legendre-Gauss and shifted Chebyshev-Gauss
interpolation nodes for the temporal and spatial variables, respectively. The crux of our proposed algorithm involves
discretizing the space-time nonlinear FDO-SGDEs, leading to the formulation of a system of algebraic equations for the
determination of unknown coefficients.
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Specifically, we focus on the subsequent space-time nonlinear FDO-SGDEs.

cDω
χ R̂(σ , χ)+

∂ 2R̂(σ , χ)
∂σ 2 + sin(R̂(σ , χ)) = G(σ , χ), (33)

with the initial-boundary conditions

R̂(σ , 0) = η1(σ), R̂(0, χ) = η2(χ), R̂(L, χ) = η3(χ). (34)

where R̂(σ , χ) is unknown function, while ν(σ , χ), G(σ , χ), η1(σ), η2(χ), η3(χ) are given functions.
The approximate solution is chosen as

R̂(σ , χ) = ∑
ŝ=0, 1, ...,N
t̂=0, 1, ...,M

ẽŝ, t̂CL, ŝ(σ)ℓ
(λ )
T, t̂ (χ). (35)

Next, we evaluate spatial partial derivatives
∂R̂(σ , χ)

∂σ
,

∂ 2R̂(σ , χ)
∂σ 2 as

∂R̂(σ , χ)
∂σ

= ∑
ŝ=0, 1, ...,N
t̂=0, 1, ...,M

ẽŝ, t̂
∂CL, ŝ(σ)

∂σ
ℓ
(λ )
T, t̂ (χ) = ∑

ŝ=0, 1, ...,N
t̂=0, 1, ...,M

ẽŝ, t̂C
(1)
L, ŝ(σ)ℓ

(λ )
T, t̂ (χ), (36)

∂ 2R̂(σ , χ)
∂σ 2 = ∑

ŝ=0, 1, ...,N
t̂=0, 1, ...,M

ẽŝ, t̂
∂ 2CL, ŝ(σ)

∂σ 2 ℓ
(λ )
T, t̂ (χ) = ∑

ŝ=0, 1, ...,N
t̂=0, 1, ...,M

ẽŝ, t̂C
(2)
L, ŝ(σ)ℓ

(λ )
T, t̂ (χ). (37)

Then, we evaluate temporal partial derivatives
∂R̂(σ , χ)

∂ χ
,

∂ 2R̂(σ , χ)
∂ χ2 as

∂R̂(σ , χ)
∂ χ

= ∑
ŝ=0, 1, ...,N
t̂=0, 1, ...,M

ẽŝ, t̂CL, ŝ(σ)
∂ℓ(λ )T, t̂ (χ)

∂ χ
= ∑

ŝ=0, 1, ...,N
t̂=0, 1, ...,M

ẽŝ, t̂CL, ŝ(σ)ℓ
(λ )
T, t̂, 1(χ), (38)

∂ 2R̂(σ , χ)
∂ χ2 = ∑

ŝ=0, 1, ...,N
t̂=0, 1, ...,M

ẽŝ, t̂CL, ŝ(σ)
∂ 2ℓ

(λ )
T, t̂ (χ)

∂ χ2 = ∑
ŝ=0, 1, ...,N
t̂=0, 1, ...,M

ẽŝ, t̂CL, ŝ(σ)ℓ
(λ )
T, t̂, 2(χ). (39)

Additionally, cDω
χ R̂(σ , χ), the Caputo fractional derivative of order ω , has been provided by
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cDω
χ R̂(σ , χ) = ∑

ŝ=0, 1, ...,N
t̂=0, 1, ...,M

ẽŝ, χ̂CL, ŝ(σ) cDω
χ

(
ℓ
(λ )
χ̂ (χ)

)
,

= ∑
ŝ=0, 1, ...,N
χ̂=0, 1, ...,M

ẽŝ, χ̂CL, ŝ(σ)ℓ
(λ )
χ̂, ω(χ).

(40)

Using shifted Legendre Gauss-Lobatto quadrature, we handle the distributed fractional term as

∫ 1

0
ℵ(ω) cDω

χ ϕ̌(σ , χ)dω

=
∫ 1

0
ℵ(ω) ∑

ŝ=0, 1, ...,N
χ̂=0, 1, ...,M

ẽŝ, χ̂CL, ŝ(σ)R̂(λ )
χ̂, ω(χ)dω,

= ∑
ŝ=0, 1, ...,N
χ̂=0, 1, ...,M

ẽŝ, χ̂CL, ŝ(σ)
∫ 1

0
ℵ(ω)ℓ

(λ )
χ̂, ω(χ)dω,

= ∑
ŝ=0, 1, ...,N
χ̂=0, 1, ...,M

ẽŝ, χ̂CL, ŝ(σ) 0E (λ )
χ̂ (χ), (41)

where

E (λ )
χ̂ (χ) =

∫ 1

0
ℵ(ω)ℓ

(λ )
χ̂, ω(χ)dω,

= ∑
ŵ=0, 1, ...,W

0WW , ŵ
1 ℵ(0Ωŵ

1 )ℓ
λ
χ̂, 0Ωŵ

1
(χ).

Now, adopting (38)-(41) we can rewrite (33) in form:

∑
ŝ=0, 1, ...,N
χ̂=0, 1, ...,M

ẽŝ, χ̂CL, ŝ(σ) 0E (λ )
χ̂ (χ)+ ∑

ŝ=0, 1, ...,N
t̂=0, 1, ...,M

ẽŝ, t̂C
(2)
L, ŝ(σ)ℓ

(λ )
T, t̂ (χ)

+ sin

 ∑
ŝ=0, 1, ...,N
t̂=0, 1, ...,M

ẽŝ, t̂CL, ŝ(σ)ℓ
(λ )
T, t̂ (χ)

= G(σ , χ),

(42)
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while the numerical treatments of initial and Dirichlet boundary conditions are



R̂(σ , 0) = ∑
ŝ=0, 1, ...,N
t̂=0, 1, ...,M

ẽŝ, t̂CL, ŝ(σ)ℓ
(λ )
T, t̂ (0) = η1(σ),

R̂(0, χ) = ∑
ŝ=0, 1, ...,N
t̂=0, 1, ...,M

ẽŝ, t̂CL, ŝ(0)ℓ
(λ )
T, t̂ (χ) = η1(χ),

R̂(L, χ) = ∑
ŝ=0, 1, ...,N
t̂=0, 1, ...,M

ẽŝ, t̂CL, ŝ(L)ℓ
(λ )
T, t̂ (χ) = η1(χ).

(43)

In the proposed shifted Legendre-Gauss collocation and shifted Chebyshev-Gauss collocation method, the residual
of (49) is set to be zero at (M− 1)(N − 1) of shifted Legendre-Gauss and shifted Chebyshev-Gauss points. Then we
find

∑
ŝ=0, 1, ...,N
χ̂=0, 1, ...,M

ẽŝ, χ̂CL, ŝ(σL, s) 0E (λ )
ˆχT, τ
(χT, τ)+ ∑

ŝ=0, 1, ...,N
t̂=0, 1, ...,M

ẽŝ, t̂C
(2)
L, ŝ(σL, s)ℓ

(λ )
T, t̂ (χT, τ)

+ sin

 ∑
ŝ=0, 1, ...,N
t̂=0, 1, ...,M

ẽŝ, t̂CL, ŝ(σL, s)ℓ
(λ )
T, t̂ (χT, τ)

= G(σL, s, χT, τ),

(44)

we reliance on Eq. (43) we obtain



∑
ŝ=0, 1, ...,N
t̂=0, 1, ...,M

ẽŝ, t̂CL, ŝ(σL, s)ℓ
(λ )
T, t̂ (0) = η1(σL, s),

∑
ŝ=0, 1, ...,N
t̂=0, 1, ...,M

ẽŝ, t̂CL, ŝ(0)ℓ
(λ )
T, t̂ (χT, τ) = η1(χT, τ),

∑
ŝ=0, 1, ...,N
t̂=0, 1, ...,M

ẽŝ, t̂CL, ŝ(L)ℓ
(λ )
T, t̂ (χT, τ) = η1(χT, τ).

(45)

Combining Eq. (44) and (45) we obtain
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

∑
ŝ=0, 1, ...,N
χ̂=0, 1, ...,M

ẽŝ, χ̂CL, ŝ(σL, s) 0E (λ )
ˆχT, τ
(χT, τ)+ ∑

ŝ=0, 1, ...,N
t̂=0, 1, ...,M

ẽŝ, t̂C
(2)
L, ŝ(σL, s)ℓ

(λ )
T, t̂ (χT, τ)

+sin

 ∑
ŝ=0, 1, ...,N
t̂=0, 1, ...,M

ẽŝ, t̂CL, ŝ(σL, s)ℓ
(λ )
T, t̂ (χT, τ)

= G(σL, s, χT, τ),

∑
ŝ=0, 1, ...,N
t̂=0, 1, ...,M

ẽŝ, t̂CL, ŝ(σL, s)ℓ
(λ )
T, t̂ (0) = η1(σL, s),

∑
ŝ=0, 1, ...,N
t̂=0, 1, ...,M

ẽŝ, t̂CL, ŝ(0)ℓ
(λ )
T, t̂ (χT, τ) = η1(χT, τ),

∑
ŝ=0, 1, ...,N
t̂=0, 1, ...,M

ẽŝ, t̂CL, ŝ(L)ℓ
(λ )
T, t̂ (χT, τ) = η1(χT, τ).

(46)

This results in a system of algebraic equations that is simple to solve.

4. Non-linear Caputo FDO-KGDEs
In this Section, we solve space-time non-linear FDO-KGDEs

cDω
χ R̂(σ , χ)+

∂ 2R̂(σ , χ)
∂σ 2 + γR̂(σ , χ)+(R̂(σ , χ))δ = G(σ , χ), (47)

with the initial-boundary conditions

R̂(σ , 0) = η1(σ),

R̂(0, χ) = η2(χ),

R̂(L, χ) = η3(χ).

(48)

where ν(σ , χ), G(σ , χ), η1(σ), η2(χ), η3(χ), γ, δ are given functions, while R̂(σ , χ) unknown function.
Based on the information included in the previous sections, we obtain
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∑
ŝ=0, 1, ...,N
χ̂=0, 1, ...,M

ẽŝ, χ̂CL, ŝ(σ) 0E (λ )
χ̂ (χ)+ ∑

ŝ=0, 1, ...,N
t̂=0, 1, ...,M

ẽŝ, t̂C
(2)
L, ŝ(σ)ℓ

(λ )
T, t̂ (χ)

+ γ ∑
ŝ=0, 1, ...,N
t̂=0, 1, ...,M

ẽŝ, t̂CL, ŝ(σ)ℓ
(λ )
T, t̂ (χ)+

 ∑
ŝ=0, 1, ...,N
t̂=0, 1, ...,M

ẽŝ, t̂CL, ŝ(σ)ℓ
(λ )
T, t̂ (χ)


δ

= G(σ , χ),

(49)

Finally, we get a system of algebraic equations which can be solved for the unknown coefficients



∑
ŝ=0, 1, ...,N
χ̂=0, 1, ...,M

ẽŝ, χ̂CL, ŝ(σL, s) 0E (λ )
ˆχT, τ
(χT, τ)+ ∑

ŝ=0, 1, ...,N
t̂=0, 1, ...,M

ẽŝ, t̂C
(2)
L, ŝ(σL, s)ℓ

(λ )
T, t̂ (χT, τ)

+γ ∑
ŝ=0, 1, ...,N
t̂=0, 1, ...,M

ẽŝ, t̂CL, ŝ(σL, s)ℓ
(λ )
T, t̂ (χT, τ)+

 ∑
ŝ=0, 1, ...,N
t̂=0, 1, ...,M

ẽŝ, t̂CL, ŝ(σL, s)ℓ
(λ )
T, t̂ (χT, τ)


δ

= G(σL, s, χT, τ),

∑
ŝ=0, 1, ...,N
t̂=0, 1, ...,M

ẽŝ, t̂CL, ŝ(σL, s)ℓ
(λ )
T, t̂ (0) = η1(σL, s),

∑
ŝ=0, 1, ...,N
t̂=0, 1, ...,M

ẽŝ, t̂CL, ŝ(0)ℓ
(λ )
T, t̂ (χT, τ) = η1(χT, τ),

∑
ŝ=0, 1, ...,N
t̂=0, 1, ...,M

ẽŝ, t̂CL, ŝ(L)ℓ
(λ )
T, t̂ (χT, τ) = η1(χT, τ).

(50)

5. Numerical results
The efficiency and precision of the recommended technique are demonstrated by the following two instances; the

Absolute Error (AEs) represents the discrepancy between the measured and estimated solution:

AEs(σ) = |R(σ , χ)−R̂(σ , χ)|, (51)

where, at the point σ , χ , the approximate and exact solutions are R(σ , χ) and R̂(σ , χ). The procedure for calculating
the greatest absolute errors (L∞) and (L2) is as outlined below:

L∞ =max{AEs(σ , χ)}. (52)
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All numerical simulations and computations in this study were performed on a computer with an Intel Core i7
processor. The algorithm code was run viaMATHEMATICA version 12.2.

Example 1We consider the FDO-KGDEs [14],



cDω
t R̂(σ , χ)− ∂ 2R̂(σ , χ)

∂σ 2 = G(σ , χ),

R̂(σ , 0) = 0,

R̂(0, χ) = 0, R̂(1, χ) = 8χ3 sin(1),

(53)

where the initial-boundary conditions are given from the exact solution R̂(σ , χ) = 8χ3 sin(σ).
We compared the absolute errors with various values of N andM in Table 1 between our technique and method in

[14]. Figure 1 represents the approximate solution R̂(σ , χ), σ -direction, and χ-direction of Example 1. Figure 2 show
the absolute error for Example 1 for N = M = 14. The convergence decay curve of Example 1 is plotted in Figure 3.
Results show that, even within a few points, our approach offers better accuracy.

Table 1. MAX for Example 1 with various values ofN , andM

Method in [14] Our method at different values of (N , M)

τ ME (N , M) ME

1/20 7.139630e−3 (6, 6) 1.19473×10−4

1/40 1.827607e−3 (8, 8) 7.97729×10−7

1/80 4.617229e−4 (10, 10) 3.76398×10−9

1/160 1.156327e−4 (12, 12) 1.21174×10−11

1/320 2.853888e−5 (14, 14) 3.15303×10−14

Figure 1. σ and χ-direction curve of the AEs Example 1 whenN =M= 14 and λ =
1
2
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Figure 2. AEs for Example 1 forN =M= 14

Figure 3. ME convergence for Example 1 for difference ofN , M

Example 2We consider the nonlinear FDO-KGDEs (47),



cDω
t R̂(σ , χ)− ∂ 2R̂(σ , χ)

∂σ 2 + R̂(σ , χ)+(R̂(σ , χ))3 = G(σ , χ),

R̂(σ , 0) = 0,

R̂(0, χ) = χ2, R̂(1, χ) = χ2e
1
2 ,

(54)

where the initial-boundary conditions are given from the exact solution R̂(σ , χ) = χ2e
1
2 σ .

We can acquire the L∞ displayed in Table 2 by applying our technique in this Example 2 with various values ofN and
M, while Table 3 displays AEs with N =M = 14 and λ =

1
2
and λ =

1
3
. Figure 4 epresents the approximate solution

R̂(σ , χ), σ -direction, and χ-direction of Example 2. Figure 5 shows the absolute error for Example 2 for N =M= 14

with λ =
1
2
and λ =

1
3
, respectively. The convergence decay of our technique is shown in Figure 6. Results show that,

even within a few points, our approach offers better accuracy.
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Table 2. The MAE for Example 2

(N , M) MAE

(2, 2) 9.27×10−1

(4, 4) 5.26×10−4

(6, 6) 1.90×10−6

(8, 8) 4.06×10−9

(10, 10) 5.62×10−12

(12, 12) 7.11×10−15

(14, 14) 4.05×10−15

Figure 4. σ and χ-direction curve of the AEs Example 2 whenN =M= 14 and λ =
1
2

Figure 5. AEs for Example 2 forN =M= 14 and λ =
1
2
and λ =

1
3
respectively

Volume 6 Issue 5|2025| 6887 Contemporary Mathematics



Figure 6. ME convergence for Example 2 for difference ofN , M

Table 3. L∞ for Example 2 with various values of σ , and χ

Our method whenN =M= 14

(σ , χ) λ =
1
2

λ =
1
3

(0.1, 0.1) 1.0072×10−16 1.0891×10−16

(0.2, 0.2) 5.5157×10−17 2.1702×10−17

(0.3, 0.3) 1.9440×10−17 8.8378×10−17

(0.4, 0.4) 5.7577×10−17 8.8166×10−17

(0.5, 0.5) 1.5660×10−16 5.3385×10−16

(0.6, 0.6) 1.1845×10−16 3.9506×10−17

(0.7, 0.7) 3.8633×10−16 9.1942×10−16

(0.8, 0.8) 1.7110×10−16 7.6748×10−16

(0.9, 0.9) 2.2535×10−16 1.1795×10−17

Example 3 Consider the non-linear FDO-SGDEs (33),



∫ 1
0 Γ(4−ω) cDω

t R̂(σ , χ)dω − ∂ 2R̂(σ , χ)
∂σ 2 + sin(R̂(σ .χ)) = G(σ , χ),

R̂(σ , 0) = 0,

R̂(0, χ) = 0, R̂(1, χ) = χ2 sin(1),

(55)

where the initial-boundary conditions are given from the exact solution R̂(σ , χ) = χ2 sin(σ).
We can acquire the L∞ displayed in Table 4 by applying our technique in this Example 3. Figure 7 represents the

approximate and exact solutions of Example 3. Figure 8 shows the absolute error for Example 3. The convergence decay
of our technique is shown in Figure 9. Results show that, even within a few points, our approach offers better accuracy.
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Table 4. The MAE for Example 3

(N , M) MAE

(4, 4) 1.66×10−3

(6, 6) 1.49×10−5

(8, 8) 9.98×10−8

(10, 10) 4.71×10−10

(12, 12) 1.52×10−12

(14, 14) 6.22×10−14

(16, 16) 3.40×10−16

Figure 7. σ and χ-direction curve of the AEs Example 3 whenN =M= 16 and λ =
1
2

Figure 8. AEs for Example 3 forN =M= 16
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Figure 9. ME convergence for Example 3 for difference ofN , M

Example 4 Consider the non-linear FDO-SGDEs (33),



∫ 1
0 Γ(4−ω) cDω

t R̂(σ , χ)dω − ∂ 2R̂(σ , χ)
∂σ 2 + sin(R̂(σ .χ)) = G(σ , χ),

R̂(σ , 0) = 0,

R̂(0, χ) = χ2, R̂(1, χ) = eχ2,

(56)

where the initial-boundary conditions are given from the exact solution R̂(σ , χ) = χ2eσ .

Table 5. The MAE for Example 4

(N , M) MAE

(4, 4) 4.07×10−2

(6, 6) 5.64×10−4

(8, 8) 4.79×10−6

(10, 10) 2.63×10−8

(12, 12) 1.02×10−10

(14, 14) 2.99×10−13

We can obtain the L∞ displayed in Table 5 by applying our technique in this Example 4 with different values of N
andM. Figure 10 shows the absolute error for Example 4 for N andM= 14. The convergence decay of our technique
is shown in Figure 11. Figure 12 represents the approximate solution R̂(σ , χ), σ -direction, and χ-direction of Example
4. Results show that, even within a few points, our approach offers better accuracy.
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Figure 10. AEs for Example 4 forN =M= 14

Figure 11. ME convergence for Example 4 for difference ofN , andM

Figure 12. σ and χ-direction curve of the AEs Example 4 whenN =M= 14 and λ =
1
2
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6. Conclusion
The research presented a precise and effective numerical approach to solve nonlinear FDO-SGDEs and FDO-KGDEs

with initial and boundary conditions. By utilizing fractional shifted Legendre Gauss-Lobatto and shifted Chebyshev
Gauss-Radau collocation methods, the technique derived spectral solutions that incorporated the given boundary and
initial conditions. Through the computation of residuals at quadrature points and their transformation into an algebraic
system, as demonstrated in the study, the method achieved a high level of accuracy and reliability.
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