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Abstract: The findings of this study are connected with geometric function theory and were acquired by using
subordination-based techniques in conjunction with Zeta-Riemann fractional differential operator information, we used
the Zeta-Riemann fractional differential operator to investigate a certain classes of analytic functions. It is also shown that
for particular choice of parameters for the new generalized classes, the classes of starlike, close-to-convex and a-convex
functions emerges. Many classes of univalent functions were investigated with the use of convolution and subordination
principle. Further, some classes are defined and developed by using the Zeta-Riemann fractional differential operator.
The connections between the classes are given in the definition or in associated remarks and characterization properties
are also proved, including combinations of functions belonging to those classes and inclusion relations.
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1. Introduction and prelimiaries

Geometric Functions Theory (GFT) is an amalgamation of geometry along with analysis. The theory of analytic
univalent and multivalent functions are two of the most important aspects of the GFT. Investigations in these areas
constitute an ancient topic in mathematics, especially in Complex analysis, that has drawn quite a few scholars due to the
absolute elegance of their geometrical properties as well as numerous study opportunities. Inarguably, the most significant
field of complex analysis to feed just one or many variables is the investigation of univalent functions. Univalent functions
are covered in detail in the standard works of Duren [1] and Goodman [2]. The idea of analytic function subordination
was first introduced by Littlewood [3], and Rogosinski [4] developed the phrase and established the fundamental results
utilizing subordination. The concept of subordination was recently employed by Srivastava and Owa [5] to explore a
number of fascinating properties of the generalized hypergeometric function. A generalization of differential inequalities,
known as differential subordinations, was the subject of an article by Miller and Mocanu [6] . There have been numerous
fascinating properties of GFT that were studied and investigated by several authors, see [7—16].
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Let o7 denote the class of function satisfying f(0) = f'(0) — 1 = 0 written as:

FE) =E+ Y axE™, (1)
K=2

which are analytic and univalent in the open unit disc = {& : |§| < 1}. If f and g are analytic in %, f is subordinate
to g, denoted f(&) < g(&), if there exists an analytic function @, with @(0) =0 and |@(£)| < 1 for all £ € %, such that
f(&)=g(@(&)), & € %. If the function g is univalent in %, f(&) < g(&) is given as (see [17-19]):

f(0) = ¢(0) and f(%) C g(%).

For two functions f; (&) € &/ (1 = 1, 2) are given by

FE) =E+ Y ax ¥,
K=2

we define the convolution of f1 (&) and f>(&) as (see, for example [20], p.246)

Ui (@) =&+ X ax 10w, 28" = (52 £)(©)

The Zeta-Riemann fractional differential operator is an intriguing extension of classical differential operators, derived
from the fusion of the ideas embedded in the Riemann zeta function and the principles of fractional calculus. It emerges
from the need to analyze non-local phenomena in mathematical physics and applied mathematics through the lens of
fractional derivatives. The fractional calculus, as a mathematical field, explores derivatives and integrals of arbitrary
orders, allowing for a more nuanced understanding of dynamical systems that exhibit non-integer order behavior. By
incorporating the zeta function, which encodes rich information about number theory and complex analysis, the Zeta-
Riemann fractional differential operator captures additional complexity and characteristics from both domains, creating a
powerful analytical tool.

Tayyah and Atshan [21] investigate the following fractional differential operator

s(a—1)+1
w+1) T F( K +1>F<5+ﬂ+1>
2 axé(wﬂ)(l—w)ﬂc—l7

% L F(E) = - ‘
( s k, ) Kgl ka’(a*k1)+ll_‘ K _S((X—l)-‘rl +1
w1 k )

(seN,k>0,w>0,0<sm_kl)+1<l).

In [22] the Hurwitz-Lerch Zeta function is defined as following
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¢(7s,a):ii 3)

s€C,a € C\Z ™, Re(s) > 1, when |§| = 1.

Several interesting properties and characteristics of the above defined Hurwitz-Lerech Zeta function was studied and
investigated by several authors see [23-26].

We define the new Hadamard product fractional differential operator.

Ol Pf(8) = [Df 1 /()] [6 0 I (@(E s~ 1 ok By —a

S K!
- K—[s(a—1)+1]
_Kiz"lF(K—S((X—l))(x‘-‘,—a_kﬁ)sflaké 1, 4)

We note that if s = 1, then we have Srivastava fractional differential operator in [27] as:

K!

F(K—&H)“"épa' %)

o P rE)= ¥

k=1

Shexo et al. [28] introduced a new operator (Zeta-Riemann Fractional differential operator) @S(a’ P ot — of as
follows:

AP F(E) =(1+a+B) T (1 —s(@—1) g8l D n[ P )

. o Tl=-s(a-1)(14+a+p) 'k .
S L Tles(a D)k fy ©
The operator @5“’ P) f(&) is linear and bounded in the unit disk % and satisfying
E(2 D7) =51 -2 P )~ 50— @) - A P £(8). )

The study of the Zeta-Riemann fractional differential operator is ongoing, with researchers continually uncovering its
implications in both pure and applied mathematics. By delving into properties such as stability, existence of solutions, and
numerical approximations, mathematicians and scientists alike can leverage this operator to develop innovative models
that reflect the intricate dynamics of real-world systems. The interplay between fractional calculus and the analytical
properties of the Riemann zeta function also paves the way for future investigations into connections with other areas of
mathematics, including chaos theory, fractals, and complex networks.

The primary objective of this paper is to study the dependence concepts with an additional subset for univalent
functions alongside a different operator which uses subordination-based techniques in conjunction with Zeta-Riemann
fractional differential operator information. We will introduce many classes of univalent functions by using the
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convolution and subordination principle. Further, we develop some classes by using the Hurwitz-Lerch Zeta operator and
we illustrate the connections between the classes in the definition or in associated remarks and characterization properties
are also, we prove including combinations of functions belonging to those classes and inclusion relations.

Let ¥ be the class of analytic univalent convex functions in %, with £(0) = 1 and Rep (&) > 0.

The next lemmas are used to demonstrate our results:

Lemma 1[29] Let B, 0 € C. Also let u € o7 be convex univalent in % with Re[fu(E)+0]>0(E e %), u(0)=1
and p(&) € o with p(§) = 1 + p1& + p2&? + ... is analytic in % . If

then p(§) < u(&).
Lemma 2 [30] Let B, o € C. Also suppose it € <7 be convex univalent in % with £(0) =1 and Re[Bu (&) + o] >

0(E €),and q(&) € o withq(0) =1and (&) < (&) (E € %). If p(§) = 1+ p1& + pr&? + ... is analytic in %,

sp(8)

POt py& o

<u(G) (ce),

then

p(&) < u(§).

Bu using the operator @S(a’ ﬁ)f(é), we investigate the class %ﬁ“’ P (%; w), of analytic functions f = {f1, f2, ..., fo}

)

o
on open unit disc % satisfying <ul)(fied,i=1,2,...,8,Ec¥),whereE~' ¥ 2% ﬁ)fj(é) #0
Jj=1

— v gla B,
5 ,-)::1 757 7 f(8)
1¢
and U is convex univalent in %/ with u(0) = 1. Also we define F = {F, F3, ..., Fy} where F;(§) = % [t57 fi(t)dt (¢ >
0
0;i=1,2, .., 19/2 and proved that F € m§“’ B)(ﬁ; W), whenever f € m§“’ ﬁ)(ﬁ; W). Additional classes of this type are
(a, B)

indicated by €5 "/ (9; u), @5“7 P )( ¥; 8, 1) and mﬁ,"" P >(13; 0, u) are presented and examined here using convolutions
with subordination approach.

2. Main results

Throughout this paper, unless otherwise mentioned, we sets > 1, o, B € Rt and ¥ € N.

2.1 The class mﬁ“’ ﬁ)(ﬂ; u)
Definition 1 Let f = {f1, f2, ..., fo}, fi €&/, 1 <i <0 be such that

<ul)Eew;i=1,2,..,9),
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>
where ! _Zl .@.&(a’ B)fj(i) #0in %, u is convex univalent in %/ with £(0) = 1. Then we say that f = {fi, f2, ..., fo}
f
belongs to the class R\* ﬁ)(ﬁ; u).
¢

Remark 1 (i) 9%(10’ 0 (1, 1+§) = §%, the class of starlike functions introduced by Robertson [31];
¢

1+A
(ii) 9{20’ 0 <1; 1 135 =S*(A, B), (—1 < B <A < 1), this class investigate by Janowski [32];

(iii) For 9 =1 and u(&) = hg,we have

>2).

B C(k—s(a—1))(k+a+p) " @p [, 1-&
1O =6+ e s e ppr & < (1 15

Theorem 1 Let f ={fi, f2, ..., fo} € R B)(ﬁ; U)and F(€) = % fi(€). Then F (&) satisfies the condition
=1

M

£ (21 PrE)
79

<u@)Eecw), ®)

where 5’1@3@” ﬁ)F(é) #0.
Proof. Let f = {f1, f2, ..., fo} € 9%&"" ﬁ)(ﬁ; W). Then for any & € %, we have

!

& (74P f(&))
1

S < u(%)
X 2% P £,(&)

|

0
where &' Y, 9* mfj(io) # 0 and hence equals to y(w;)(say) forsomew; € Z,i=1, 2, ..., ¥. So
=1

Let f(§) =&+ E arEX. Then, from (6), we see that
k=2

(@ B) prer = T(l—s(a—1)(1+a+p) k!,
~@S f(é)_f(é)*{é_‘_’;z F(K—S((X—l))(K+a+ﬁ)s_l }

(=) @),
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where

(o, B) _ > T(l—s(a—1)(1+a+B) k!
: _€+Z Mxk—s(a—1))(k+a+p)s—t 7~ 9)

K=2

Hence
(a, B) (@ B) -
(2% PFE)) BRI XA
7P F(&) P+ £ (@)
=
Since
O O
24Py 1) =Y 2% P g8,
j=1 j=1
we have

for some wy € %, since U is convex in % .

1—
Putting u (&) = ] +§ in Theorem 1 we obtain:

Corollary 1 If £ = {f1, fo, ..., fo} € R*P <19, e

functions (see Kaplan [33]).
Theorem 2 Let f = {fi, f, ..., fo} € R\% P)(9; 1). Define

1—
é), then 2{%P) fi(€) are close-to-convex univalent

4
F(8) = S [ i (6> 0 1= 1.2, ... 9).
0

If u is bounded in % and Re(u(&) +¢) >0, then F = {Fy, F», ..., Fy} € DS ﬁ)(ﬁ; U).
Proof. From the definition of F;(&), it follows that
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and on taking convolution with ®;

EF; (§)+6Fi(§) = (s + 1)fi(E),

(o B) given by (9), we get

E2 PR +52 PRE) =+ )2 P re), i=1,2, .., . (10)

Let

pil§) = ————24, (11)

where &~ Z 7\ PF F;(&) #0. From (10), we have

pzl(f Y 2P EE) + 52 PIRE) = s+ 1)\ P f&). (12)
j=1

Differentiating (12) with respect to &, we get

PS) § g By e+ ) § (0 P ()] + <l PR = s+ (2 P (2.
Jj=1 j=1

From (11), we have

2 e B) % p) o g
L7 TEE) Y @) X 2°PFE) pE) L 2% PRE)

(&) +pi(§)z & Lo A

Pi O ) 19& 195

=g+ A" P re).
Hence

. ¥ . (@B
- L5 2=
j=1

Then
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Epi(&) (c+DEZ* P rE) 1
R A o et o
Eiglpi(‘g)‘f'g 5j§1@s F](é) gigpi(é)+€
_ (c+DEA™ P 1(8)]
LIS 9P ). ¥ pe) +¢ ¥ 2 PF ()
B 19]:1 i=1 j=1
From (12), we have
/ (a,B) , !
1 jpi(g) +Pi(§): 1(g+1)§[fv (a .};l)(g)] <u(§), (13)
5i§1pi(é)+g 5(‘5“)51%’ fi(&)

since f = {f1, f2, ...y fo} € D‘iﬁa" ﬁ>(19; u). Now we can write for any & € %,

1 '
L&)
O L&) = Luom),

12 (5 )
gjzlpj(go) +¢
for some w; € % . This is true fori = 1, 2, ..., ¥. Since u is convex, there exists a wg € % such that
&0 (&) _
Q(g()) iy + Q(go) = N(Wo)v
1 9
where Q(&) = Y Y pi(&). Hence
i=1
£0'(¢)
. 14
E s e <u®) (14)

Since Re{u} is bounded and Re((&) +¢) > 0. By Lemma 1 with Q(€) in (14) we obtain Q(&) < u(&) (€ €
% ). From (13), we have

!

épi(§)
0(8)+¢

+pi(8) < u(s), (15)

where 0(&) < p(&). By Lemma 2 with p(&) in (15) we obtain p;(§) < u(§) (6 e %), i=1, 2, ..., ¥, that is
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Now

F(E) = 22 [ 0t (5 >0).

Foreveryi, 1 <i<9,

and hence

o
where g(t) =11 Y. 2\% P) £(1) £ 0, for & € % . Now define
=1

1

Then an easy calculations show that

Y
EY A" PRE) = (@) (€) #0,

i=1

Thus F = {F, B, ..., Fs} € R\% P (0; p). O
Remark 2 (i) Let 8 =s =1, and @ = § = 0 in Theorem 2, we get the result obtained by Padmanabhan and Parvathem
([30], Theorem 2 with a = 1);
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(i)Letd9=5s=¢=1, a=B=0and u(&) = 1=¢

, in Theorem 2, we get the result obtained by Libera ([33],

1+&
Theorem 1);
1+AE . .
(ii)Let 9 =s=1,a=F=0and u(§) = 7B (-1 <B<A<1), in Theorem 2, we get the result obtained
by Goel and Mehrok ([34], Lemma 3).
(a+1, B

1

Theorem 3 If f = {fi, f>, ..., fo} € Ry “)(19; u),and Re{u} is bounded in %, then f = {fi, f, ..., fo} €
%% P) (9 1) holds for Re[t (&) + (s(1 — ) — 1)] > 0 in %.

Proof. Let

pi(§)=—— CHE) Eew.i=1,2, .., 9), (16)

5
where 71 ¥ 75 ﬁ)fj(é) # 0. From (7) and (16), we have
=1

¥ 1 1
© Y. 2P &) =s1 -2 P ) —s(1 — ) ~ 1128 P ). (17)

j=1

Differentiating (17) with respect to &, we get

&Y, 2"V +

q'o [
“5
MS
Q
'@
5
|
%)
—
|
o
AN
2
+
b
ol
=
™

Using (16), we obtain

L LA I 1—o)—1] a,
©F AP 50 +m@) | 5 LA Ppe) + U=y g 0pe)

Jj=1 j=1 j=1

—s(1- @2 P ey

Then
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E 2 (B, gy (0. B) .
5 LA Do)+ Bt £ ol P
Using (7), we have

S 1 & (o p)
2, 9, . arl g1 ,
191?,(5).]_;1 s 0 fi(€) o £ B e

T T E ap +pi) =75 il . (18)

> AP+ S Y AP ) S L AP )

Jj=1 j=1 j=1

Using (16) in (18), we have

1g_1
Since f = {fi1, f2, -, fo} € %ﬁ‘”“ﬁ S)(ﬁ; 1), then we have

: (@t B=1) gy

o snile) +pi(8) = lé[?v ol ﬁ_}?)(%)] =p),i=1,2, .., 9. (19)

< L pj(6)+[s(1—a)—1] <X 6

v~ e

Therefore for any &y € %, we have

~&op) (&)
9 POPie0 1 1
. + 5 pil&) = S u0w)

pi(E0) +s(1— ) — 1] v

| =
Mo

j=1

for some wy € % . Since U is convex, there exists a w; € %, such that
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g'gpi(‘g) |2 12
— £ Y pi(80) = 5 X ulwi) = ulwo)
S @)oo U
j=1
1 ®
Setting Q(&) = 5 .El pi(€), we have
T e +0(8) < (), (20)

by Lemma 1 with Q(£) in (20) we obtain Q(&) < u(&). (19) gives us

ST () <n(®) a1

by Lemma 2 with (&) in (21) we obtain p;(&) < (&), which implies that f = {fi, f2, ..., fo} € R ﬁ)(ﬁ; w). O
Remark 3 Let 9 =s=1,and o = f =0, in Theorem 3, we get the result obtained by Padmanabhan and Parvathem
([30], Theorem 1 with a = 1);

2.2 The class €% P (9; p)

Definition 2 Let €§a’ A (9¥; u) denote the class of functions f € & which satisfies

<u(©G) (ce),

where £ ! Z %P gj(§)#0and g ={g1, &2, ..., &} € mﬁ“’ ﬂ)(ﬁ; W), i is convex univalent in %/ with u(0) = 1.

1—
Remark4 () Let 9 =s=1, a=f =0and u(&) = 2 then Qﬁ )<1; 1+§> = €, where € is the class of

close-to-convex functions (see [35]);
(i) Let® =s—1, =B —0 and u(&) = T4
=5 = 5 - - ,u - 1 +B§ )

¢(A, B) is the generlalized class of close-to-convex functions (see [36, 37]).
Theorem 4 Let f € el m(z?; u). If Re(p) is bounded in % and Re(u (&) + t) > 0, then

1+AE
1+BE

(-1<B<A<L]), theneigo’ 0>(1; ) = C(A, B), where

¢
F(&)= T+l/tr_1f(t)dt (Eew;t>0),
0
also belongs to ¢\ ﬁ>(19; u).
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Proof. Since f € el ﬁ)(ﬂ; W), then there exists g = {g1, g2, ---, 6} € DS B)(ﬁ; ), such that

oL <u() (Ee)
3 )y 75 B)gj(é)
j=1
where £ ! Z@aﬁ (&) #0. Let
+1 3
Gi(&) = "5 0/ 17\ gi(1)dt (Ret > 0),

Then by Theorem 2, we have G = {Gy, Ga, ..., Gg} € R\ P)(9; ). Also let

pE) =5 Eew) (22)
= L 2"PGe)
Y 5
Now, from the definitions of G; and F, we have
E[2 PG &)+ A" PGi(&) = (r+ )2 Pi(8), 23)
and
¢ P REN +19% PIRE) = (c+ 1) A" P £ (8). (24)
From (22) to (24), we have
9
©) Y. 2P6;(&)+ 19 PFE) = e+ )DL P 1 (&), (25)
j=1
Differentiating (25) with repect to &, and multiplying the resulting equation by &, we have
O
&Y 2%Pc e p )Y 1A% P68 + e[ PFE) = (z+ DEA™PrEN. 26
j=1 j=1

From (22) into (26), we have
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q'am

v v U
POY ADGE)+ 5p(&) LA PG + 25 Y 2 96,6) = e+ e P pee
=1

J=1 Jj=1

Hence, we get

0
=P A6,)
I = - o~ +p(8)
5 LI2“PGE) + 5 X 2% YG(E)
Jj=1 =1

(a, B) / (a, B) !
- (v+1)E[2 fﬂ(é)] _ ﬂfs PO by using (23)).
5};}[%‘“ PG.(&) + j;l.@ﬁ‘x PG;&) s L7 2 Pg;i(&)

' (a, B)
e ) LTI )
5 L)+ 3 L2 ei(¢)

2O
1 »
S L A% Pa(8)
) j=1
and U is a convex univalent. Since Re(u(&) + 7) > 0, Lemma 2 applied indicates that p(€) < p(&), hence F €
(, B) (.
el P . 0

Remark 5 (i) Let 8 =s =1, and @ = 8 =0 in Theorem 4, we get the result obtained by Padmanabhan and Parvathem
([30], Theorem 4 with a = 1);

(i)Letd=s=1, =B =0 and u(£) =

where Q;(&) = Now Q;(E) < (&), j=1,2, ..., 8,since G={Gy, Ga, ..., Gy} € A" P (v )

1—
T 2 , in Theorem 2, we get the result obtained by Libera ([33], Theorem
1).
1 g1

Theorem 5 If f € d‘”“" A S)(ﬁ; i) and u is bounded in %, then f € el ﬁ)(ﬁ; u) holds for Re[u (&) + (s(1—
o)—1]>0in%.

Proof. The proof of the theorem is similar to the proof of Theorem 3. O

Remark 6 Let 9 =s =1, and oo = 8 = 0 in Theorem 5, we get the result obtained by Padmanabhan and Parvathem

([30], Theorem 3 with a = 1);

2.3 The class % P (9; 8, 1)

Definition 3 Let ((Jsa’ B) (9¥; 0, 1), 6 >0, denote the class of function f € o7 satisfies
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J(8; £ 81, 824 ey 89)(E) =< 6

(a, B) 8 ettt g1 . : . . .
where ¢ = {g1, g2, .. go} €Ry (O w), E Y Dy ¢ $'gj(€) #0in %, p is convex univalent in % with

j=1
u(0) = 1.
Remark 7 We note that ((Os(a’ B)(ﬁ; 0, u)= el B)(ﬁ; M.
Theorem 6 If f € &* P)(9; 8, 1) and Re{u} is bounded in %, then f € @ P)(9; 0, u) = ¢!* P (9; u) hold
for Re[u (&) + (s(1— o) —1)] > 0.
Proof. For § = 0, the theorem is unimportant, we can presume that = 0. Let

where ¢;(&) = S . Also L g qj(&) < u(§). Since f € ;aﬁ"" ﬁ)(ﬁ; 8, 1), we have
YA
D= !
6 /
36 180 g 8@ = ) <nie) )
S L ai©+b0-a) -1
j=1
By Lemma 2 with 1£(&) in (27) we obtain p(&) < p(€) which implies f € €% P (9; p). O

Remark 8 (i) Let  =s =1, and & = B = 0 in Theorem 6, we get the result obtained by Padmanabhan and Parvathem
([30], Theorem 5 with a = 1);

(iDLetd=s=1,a=F=0andu(é)=
1);

(iiLetd=s=1,a=P=0 and u(§) =
Zmorovich and Pokhilevich ([39], Theorem 1).

1+¢&

1+(2p—1)¢
1+¢&

, in Theorem 6 we get the result obtained by Chichra ([38], Theorem

(0 < p < 1), in Theorem 6 we get the result obtained by
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Theorem 7 For 6 > A > 0 and Rept(§) is bounded in %, then Joﬁa’ ﬁ>(19; o, 1) C (;as(a’ ﬁ>(19; A, ).

Proof. The case A = 0 was treated in the previous theorem. Hence we assume that A # 0. Suppose that f €
@A P (8; 8, w). Then

J(8: f3 815 82, s 89)(E) < ().

(28)
Let & be any arbitrary point in %/. Then
J(85 £ 81, 825 s 80)(61) < ().

From Theorem 6, we have

&[22 0

TT g M) (29)

a,
g @s i )g/(g)

Now

A A
IO £ 81, 82, o 80)(E) = (1 s .\

; 53(5; 13 81, 825 -y 89)(&).
L 2% Pg;(8)

From (28) and (29) it follows that

and

1 g1 '
&7 rcen] AR
1) +(1-9) < w(%)
1 3 L g1 1
S LA P @) 5 X 2% P&
19]=1 79]:1
Now (%) is convex and % < 1, hence we have J(A; f; g1, g2, .-, 80)(&1) < (%), showing that f €
(a, B)

85 (19; A, .u)

O
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Remark 9 (i) Let ® =s =1, and o« = B = 0 in Theorem 7, Padmanabhan and Parvathem ([30], Theorem 6 with
a=1)

1—
(iLetd=s=1,a=B=0 and u(&) = 5 , in Theorem 7 we obtain the result obtained by Chichra ([38],

1+&
Theorem 2);
1+(2p—-1)¢ ) ) .
(iiDLetd=s=1,a=P=0and u(&) = ?(O < p < 1), in Theorem 7 we obtain the result obtained

by Zmorovich and Pokhilevich ([39], Theorem 1).

2.4 The class R™ P9 8, p)

Definition 4 Let SR§“’ p )(19; 8, 1), 6 >0, denote the class of function f € & satisfies

I8 f3 fis for s fo)(E) =4 O

v 1 g_1
where f = {fi, fa. .. fo} € R P05 wyand 1 Y 2PV p(E) £ 0in %, s convex univalent in 2 with

j=1
w(0)=1.
We note that R\* ﬁ>(19; 0; p) = R{* ﬁ>(19; ).
Theorem 8 If f € %‘Ea’ m(ﬂ; 0; ) and Re{u} is bounded in %, then f € %ﬁa’ ﬁ)(ﬂ; 0, u)= m§“’ B)(ﬁ; W) hold
for Re[u (&) + (s(1— o) — 1)] > 0.
Proof. For 6 = 0, the theorem is is unimportant, we can presume that 6 # 0. Let

. Also % )1_2, gj(&) < u(&). Since f(&) € D ﬁ)(ﬁ; 0; u), we have
=1
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8Ep (£)

I i fis fos s 15)(8) = 1 +p() =< u(8). (30)
5 L a(E)+b(1—0)—1]
Jj=1
By Lemma 2 with yt(&) in (30) we obtain p(&) < (&) which implies f € %% P (9; p). O
Theorem 9 For 6 > A > 0 and Re{u} is bounded in %, then mﬁo" m(ﬁ; o, u)C mﬁ“’ [3)(19; A L)
Proof. The proof of the theorem is similar to the proof of Theorem 7. O
Remark 10 (i) Let 9 = s =1, and @ = = 0 in Theorem 8, Padmanabhan and Parvathem [30], Theorem 7 with

a=1,

1—
(iDLetd=s=1,a=F=0and u(&)= T 2 ,in Theorem 8 we get the result obtained by Al-Amiri [40], Theorem

1+(2p—1
(ii)Letd=s=1,a=P=0 and u(§) = W(O < p < 1), in Theorem 8 we obtain the result obtained
by Miller et al. ([41], Theorem 1).

3. Conclusion

As more applications and theoretical insights are discovered, the Zeta-Riemann fractional differential operator is
poised to become an essential instrument in the modern mathematical toolkit. To investigate some classes of univalent
functions, the theory of differential subordination is a result of the new findings in this paper. The idea for the study
needed, Zeta- Riemann Fractional differential operator @S(a’ P) f(&), and the rationale behind the topic’s investigation
are all contained in Section 1’s Introduction. This operator is applied in this investigation to define and investigate
certain specific classes of univalent functions using the theory of differential subordination. The main findings are found
in Sections 2, 3, 4, 6, where classes 9%§“’ ﬁ)(ﬁ; u), given in Definition 1, Qﬁ§a’ B)(ﬁ; W), described in Definition 2,
((Js(a’ P )(19; 8, ) seen in Definition 3 and %éa’ P )(19; 0, u), presented in Definition 4 are investigated, respectively.
Also, we proved combinations of functions belonging to those classes and inclusion relations.
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