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Abstract: This paper investigates the stochastic dynamics of optical solitons in the Fokas-Lenells equation, incorporating
nonlinear chromatic dispersion and generalized quadratic-cubic Self-Phase Modulation (SPM). As a non-trivial extension
of the Nonlinear Schrodinger Equation (NLSE), the Fokas-Lenells framework accurately models ultrashort pulse
propagation in optical fibers where higher-order nonlinearities and complex dispersion effects dominate. We employ
the Modified Extended Mapping Method (MEMM) to derive comprehensive analytical solutions under stochastic
perturbations that realistically represent noise in fiber-optic systems. Our approach yields multiple solution classes,
including dark and singular solutions, exponential-type solutions, periodic wave solutions (both trigonometric and elliptic),
Jacobi elliptic function solutions, Weierstrass elliptic solutions, and hyperbolic function solutions. The MEMM proves
particularly effective in handling the mathematical complexity of the stochastic NLSE class of equations, maintaining
solution integrity while accommodating physical constraints. Through systematic parametric analysis, we identify critical
condition regimes where each solution type emerges, providing new insights into noise-resistant soliton propagation in
advanced photonic systems.

Keywords: stochastic wave pattern, generalized Fokas-Lenells optical model, generalized self-phase modulation, modified
extended mapping scheme
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1. Introduction

Optical solitons, stable, localized waves that maintain their shape through a precise balance between dispersion and
nonlinearity, have revolutionized modern photonics [1-5]. First predicted theoretically by Hasegawa and Tappert in 1973
[6], these robust wave packets defy conventional pulse degradation, enabling high-capacity optical communication and
ultrafast laser technologies [7, 8]. Their unique ability to preserve energy and shape over long distances arises from a
dynamic equilibrium: temporal dispersion broadens the pulse, while intensity-dependent nonlinearity counteracts this
spread via self-focusing [6, 7]. The Nonlinear Schrédinger Equation (NLSE) serves as the cornerstone of soliton theory,
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modeling wave propagation in dispersive nonlinear media [9—11]. However, the NLSE fails to capture femtosecond pulse
dynamics or exotic waveguides (e.g., photonic crystal fibers and metamaterials) [12, 13]. This limitation has spurred
advanced frameworks like the Fokas-Lenells Equation (FLE), an integrable generalization of the NLSE incorporating
nonlinear chromatic dispersion [14]. The FLE is pivotal for modeling ultrashort pulses in media with higher-order
dispersion, wave dynamics in X(2) — X©) nonlinear systems (e.g., periodically poled lithium niobate), and plasmonic
platforms [15, 16]. Recent extensions of the FLE include generalized quadratic-cubic Self-Phase Modulation (SPM),
combining Kerr (cubic) and parametric (quadratic) effects [17, 18]. Despite its theoretical promise, the interplay between
nonlinear dispersion and quadratic-cubic SPM remains underexplored, particularly in stochastic regimes [19, 20]. Real-
world systems face perturbations—thermal noise, material inhomogeneities, and amplifier-induced stochasticity—that can
destabilize solitons or trigger collapse phenomena [21, 22]. A stochastic FLE framework is thus essential for applications
in noise-resilient optical communications, frequency comb generation, and topological photonic circuits [23, 24]. Parallel
advances in control theory, such as [25, 26], demonstrate the critical role of adaptive mechanisms in managing nonlinear
stochastic systems, offering insights for optical soliton stabilization. This work investigates the stochastic dynamics of
FLE solitons with nonlinear dispersion and quadratic-cubic SPM, governed by [27]:

iF+ U F| T+ (B F|" + Bo| F*") F +inF| F |

(1

—i[BsF+ 8T (| F )+ A(F|F )] + 01 F —0,

where % (x, t) is the complex-valued optical wave envelope; « is the nonlinear chromatic dispersion coefficient; f;
and B, denote quadratic and cubic SPM coefficients, respectively; 1 represents nonlinear dispersion; 33, &, and A

dw(t)

process derivative) [27, 28]. Recent studies of deterministic Fokas-Lenells Equation (FLE) systems have established
crucial foundations for optical soliton analysis. However, these works exhibit significant limitations in addressing

account for intermodal dispersion, self-frequency shifts, and self-steepening; and o

models white noise (Wiener

realistic stochastic effects prevalent in practical optical communication systems. Prior deterministic studies include
[28], who derived dark and anti-dark solitons for FLE with damping perturbations using inverse scattering methods, but
restricted to idealized constant dispersion conditions. Three fundamental gaps persist in the current literature: a lack
of generalized frameworks combining nonlinear chromatic dispersion with quadratic-cubic SPM, oversimplification of
noise models (primarily additive noise while ignoring multiplicative effects), and limited analytical methods capable
of handling coupled nonlinearities in stochastic regimes. This work bridges these critical gaps through three key
innovations: a Modified Extended Mapping Method (MEMM) framework resolving FLE with nonlinear chromatic
dispersion and quadratic-cubic SPM under both additive and multiplicative noise, first exact stochastic soliton solutions
incorporating realistic fiber imperfections (thermal fluctuations, amplifier noise), and a demonstration of noise-induced
soliton stability thresholds beyond previous deterministic predictions. The proposed MEMM approach overcomes
limitations of traditional methods (e.g., Kudryashov’s or Riccati techniques) through a unified treatment of coupled
nonlinearities and stochastic terms, exact solutions preserving phase-space topology, and explicit noise-soliton interaction
terms absent in prior studies. Compared to existing integro-differential approaches [4, 29], our framework provides closed-
form solutions rather than numerical approximation, direct physical interpretation of noise parameters, and experimentally
verifiable stability criteria. This research is organized into four main sections. Section 2 presents the MEMM formulation
for stochastic FLE. Section 3 presents exact soliton solutions with nonlinear dispersion. Section 4 presents graphical
validation of stochastic soliton profiles. Section 5 presents the conclusion.
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2. Algorithm of modified extended mapping method

In this section, we present the fundamental computational framework of the Modified Extended Mapping Method
(MEMM). This systematic approach enables the derivation of exact analytical solutions for Nonlinear Partial Differential
Equations (NLPDEs). The method proceeds through the following key stages [29, 30]:

Step 1: Consider a Nonlinear Partial Differential Equation (NLPDE) expressed as:

g(yayhg)(a%tvgx)m """ >:07 (2)

where ¢ is a polynomial function of the unknown function .# (x, t) and its partial derivatives, with .# being the dependent
variable of the independent variables x and ¢.
Step 2: We utilize the traveling wave transformation to obtain solutions as follows:

F(x, 1) = 2(0), =X x+oit, 3)

where £ represents the wave number (spatial frequency) and o) denotes the temporal frequency. Applying this
transformation to Eq. (3) yields the nonlinear ODE:

H(P, PP )=0. 4)
Step 3: The proposed solution to Eq. (4) is supposed to be in the following form:

B N ' . N (@7j %/(C) —N Cgfj AI/I(C) —N .@,j
9@)*;&4 YO+ L Ty +j:z_li%j(c) +j:z_f,j(c), )

0

where .27;, #_;, ¢ ; and Z_; are constants, ¥ is a function that satisfies the following:

V' = \JPo+p1 ¥+ p2 V2 py P py ot pg 1. ©

Real-valued constants are represented by p; (i =0, 1, 2, 3, 4, 6). This equation provides many basic solutions from
which additional exact solutions for Eq. (4) can be obtained.

Step 4: We determine the integer N by balancing the highest-order linear and nonlinear terms in Eq. (4).

Step 5: The selection of distinct parameter combinations for pg, p1, P2, p3, P4, Pe in Eq. (6) yields multiple exact
solution classes, as demonstrated in the following analysis:

Case 1: When pg =p; =p3 =ps =0,

7(8) = f% sech[{ Pal, p2>0, ps<0.

%(g):m sec [§ \/—p2], p2<0, ps>0.

Co iporary Math tics 4930 | Hamdy M. Ahmed, et al.




”V(C)=\/—% esc[§\/—p2], P2<0, ps>0.

2
Case 2: When p; =p3 =ps =0, pp = p72’
4 py4
Y ) P2
O =\ [~ L2 a0 -2]0 p<o piso.
3 P2
(&)= > oy ta [C 2], p2>0, ps>0.

V(&)=L sin2¢ vpal - L5 pr>0. po=0.
P2 2p2

m):% sin[zcm]—z%, pr <0, po=0.

V()= % sinh[Cy/P3], po>0, pr>0, pr=0.

7/(C)=1/—% sin[{ \/=p2], po>0, p»<0, p;=0.

2
V(L) =exp[¢ m—z’)—plz, pr>0, po= 4%2

Case 4: When pg = p; = ps =0,

1
V(C)=—% <tanh[2‘:\/l)>2]+1>7 p; =4p2ps, p2>0.

1
7/(@)=—% (cothLC\/Fz]Jrl), pi=4p2ps, p2>0.

B p2 sech? [; 4 \/p*z}
2 yprpi e[} ¢ vp] -

7(8) . P3#4paps, P2>0, ps>0.
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pa s 1 ¢ v
2P an |5 VR s

V() = . PI£4paps, P2 <0, ps>0.

Case 5: When py = ps = pg =0,

(L) = 2pz sech’ [ £ 2] 0.

2 \/pf—4pz Ps — (\/p£—4 P2 p6+p4) sech® [ { /2]

V() = 2py sec?[§ /P2 . ;<o
2\/Pf—4pz Pé—(\/Pf—‘*Pz P6+P4)SGCZ[C\/—P2]

Step 6: Substituting Eq. (5) into Eq. (4), and using Eq. (6), yields a polynomial in p. Setting coefficients of like
powers to zero generates a system of equations that can be solved using mathematical software to determine the unknown
parameters «7;, #_;, €_;, Z_j, and p;. This process provides exact solutions for Eq. (2).

3. Traveling wave solutions for Fokas-Lenells equation

To obtain precise solutions for Eq. (1), we utilize the MEMM approach. The following form is expected for the
solutions:

g;(x, t) _ :@(C) ei(qtfclzlﬁ»(r]w(t)ﬂﬁ‘)7 (7)

and

C=J x ®)

Here, &7 ({) represents the soliton amplitude, ¢ is the wave vector, g denotes the frequency, and ¥ corresponds to
the phase shift of the optical soliton. The parameter o} quantifies the noise strength, and w(¢) describes a one-dimensional
standard Wiener process.

We begin by applying the traveling wave transformation specified in Eq. (7) to the governing Eq. (1). Subsequent
separation into real and imaginary components yields the following coupled equations:
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a2 (n+1) 2 P ra (1) P (D) 4B P4 By P4 (0 —q) PP =0, )
and
H (Bs+P*256-n+32)) 2 P =0. (10)
Let
Bs=0, m=n & N =26+3A1. (11)
Consequently, Eq. (9) can be expressed in the following form:
a X (n+1) P P a0 (nt1) P (D) + B PP PP 4 (61 —q) PP=0.  (12)
To simplify the preceding equation, we introduce the following assumption:
P = A, (13)
Thus, Eq. (12) can be reformulated as:
200 4% n(n41) A" +20 K (n41)(n+2) (%"’)24—[32 n? A+ By n® A +n? (612 —q)=0. (14)

To establish the solution structure, we apply the balance principle to Eq. (14), which determines N = 1. Accordingly,
the solution form for 7# follows from Eq. (5) as:

@ V(&) D

H = y+ah V(C)+ 70) +7/(§),

(15)

The constants <%, 271, 61, and &, are to be determined. Substituting .77 from Eq. (15) and incorporating Eq. (6)
into Eq. (14), we collect coefficients of like powers of #. Equating these coefficients to zero yields a system of algebraic
equations, whose solution leads to the exact traveling wave solutions of Eq. (1).

Case Study 1: Assume that pg = p; = p3 = ps = 0. The following solution set is obtained in this instance:

o — g —0. % _4% (n+1) \/Za (n+1)(q7612) B BIZ (n+2)(3n+2) B B 1
0= A== A= Binvni2 P T6mtr 12 (02 —q) P T Sa 2t 1)

In this instance, these parameter restrictions result in the following physically relevant answers to Eq. (1):
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(1.1) Under the parametric constraints ;¢ <0, o (q — 0'12) >0, p2 > 0and p4 < 0, the system admits the following
classes of solution:

44 (n+1)y/2a (n+1) pa (g— 62 "
fu = — \l/g m ( 1) tanh [% X\/[TZ] ez(qtfclzt+61w(t)+19)7 (16)
1 n n

this is known as a dark soliton solution.
(1.2) Under the parametric constraints o (q - 612) >0, p» <0 and ps > 0, the system admits the following classes

of solutions:
\/ 2
4K (n+ 1),/ =20 (n+1) ps (- 67) R
Ty — t N — z(qtfo'l t+(71W(t)+19)’ K> 07 17
= NS an [ x\/—p> e Bi (17)
or
—4 (n+1)y/—2a (n+1) p2 (¢ — 6} "
9’1'3 _ \/ ( 1 ) cot [%x /jpz] el(qrfolzﬂrm w(l)th‘})7 ﬁl W< 0, (18)

Binvn+2

these are known as singular periodic wave solutions.
2
Case Study 2: Assume that py = P p1 = p3 = pe = 0. The following solution sets are obtained in this instance:

4py’
@.1)

47 (n+1) \/Zoc (n+1) ps (q—02)
%:.@1:%1:0,%: )

fn?(n+2)
g PGty p
2= et 12(g-02)" 7T T da2(nr 12
@.2)
[ 2
do=H=C=0, D= VIO ,
20 (n+1)(n+2) ps
By— - [312 (n+2)(3n+2) . B n?
2T 6t 12 (g-02) P27 T da? (nr i)
@.3)

Co iporary Math tics 4934 | Hamdy M. Ahmed, et al.




4.4 (n+1) \/Za(n+ 1)ps(q—o})
Pinvn+2 ’

) ny\/q— o} B2 (n+2)(3n+2) Bin?
B =-—

91 = ) =
4 \/2a(n+1)(n+2)ps

=6 =0, o =

16 (n+1)2(¢—o0?)’ P2= "6 r? (n+1)%"

These parameter limitations in the case (2.1) lead to the following physically relevant solutions to Eq. (1):
(2.1.1) Under the parametric constraints atf8; >0, B (¢ — 67) >0, p < 0and p4 > 0, the system admits the following
classes of solution:

(n+1) (q—Glz)

Bi(n+2) tanh

Fr11=12

ﬁl ' i(qt—62t+61w(t)+19)
2mrn Vaa| ] ¢ ’ (19)

this is known as a dark soliton solution.
(2.1.2) Under the parametric constraints af3; < 0, f3; (q— 612) < 0 and p4 > 0, the system admits the following
classes of solution:

n 2
PR \/_( 733()”(32)01) -

2
nx _& i(gt—ctt+oyw(t)+0)
T 1) \/ 2061 e 1 ) (20)

this is known as a singular periodic wave solution.

These parameter limitations in the case (2.2) lead to the following physically relevant solutions to Eq. (1):

(2.2.1) Under the parametric constraints o8y > 0, B; (g —07) > 0 and p4 > 0, the system admits the following
classes of solution:

2
2 n
(1) (g—0p) nx B ] gila=ofrran()+9), @1)

Faa1= |2
o Bi(n+2)

this is known as a singular soliton solution.
(2.2.2) Under the parametric constraints af3; < 0, f3; (q— 612) < 0 and p4 > 0, the system admits the following
classes of solution:

nx _ ﬁl ] ei(qt76|21‘+61w(t)+19)’ (22)

_ (n+1) (q—crlz)
F222= 2\/_ YV 2a

Bi(n+2)

this is known as a singular periodic wave solution.
These parameter limitations in the case (2.3) lead to the following physically relevant solutions to Eq. (1):
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(2.3.1) Under the parametric constraints af8; > 0, f; (qf 612) > 0 and ps > 0, the system admits the following
classes of solution:

2
2 n
(n+1)(q—0f) nx 2B ;31] oila=otrropm+o) (23)

Bi(n+2)

4(n+1) o

this is known as a singular soliton solution.
(2.3.2) Under the parametric constraints aff; < 0, f; (qf 612) < 0 and p4 > 0, the system admits the following
classes of solution:

(” 1) (q 012)
. _ NNt L)
Fo3n = 2\/ CSC 2( ])

nx 2B ' i(qt70121+(71w(t)+19)
24
ﬁ] (n + 2) ] e ) ( )

this is known as a singular periodic wave solution.
Case Study 3: Assume that p3 = ps = pg = 0. The following solution set is obtained in this instance:

24 (n+1) \/Z(Xpo (n+1)(q—o0?) ZJZ/(n—}—l)\/Za(n—l—l) (q—o?)
%:@71:0, -@1: ) (51: y
Prnvn+2 Binvn+2
2 2
ﬁzz—ﬁl (n+2) 3n+2) p Bin

16 (n+1)%(q—o0?)’ T 2042 (n+1)2

In this instance, these parameter restrictions result in the following physically relevant answers to Eq. (1):
(3.1) Under the parametric constraints o] > 0, g — 612 > 0 and py = 0, the system admits the following classes of
solution:

5 cosh n xl 2[31]
Fy | = (n+1) (q —0j ) nt @ ola—otrrow()+9) 25)
: n+2 ’
smh[”x m%]—l
n+1 o

this is known as a hyperbolic solution.
(3.2) Under the parametric constraints af8; < 0, ¢ — 6 < 0 and py = 0, the system admits the following classes of
solution:
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1)(g—o? n+1 ,
Fyy = 4\/ (”l + ) (qz 1 ) el(qf76121+61w(t)+19)7 (26)
= TN
n+1 o

this is known as a periodic wave solution.
(3.3) Under the parametric constraints ¢ — 62 > 0, & > 0, B; > 0, po > 0 and p; = 0, the system admits the following
classes of solution:

2

(n+1)(q—o?) nx [31] dila—ctr+o w(r)+zs‘)7 (27)

33 = |24/ —=——————2 coth

Bi(n+2)

2(n+1) V 2a

this is known as a singular soliton solution.
(3.4) Under the parametric constraints B; (¢ — 07) <0, aff; <0, pp < 0and p; = 0, the system admits the following
classes of solution:

pa_ (n—|—1)(q—612)
F34= 2\/[31(}1—}—2) cot

nx ﬁl‘| ei(qz—cslzzﬂrlw(r)+1§‘)7 (28)

this is known as a singular periodic solution.
2
(3.5) Under the parametric constraints (q 0'1) >0, affy >0, pp >0and pg = %, the system admits the
2

following classes of solution:

B}

29

nx \/7 a n
\/ﬁ){/ (n+1) +<%/2(n+1) pl \/7
Fr s = 2\/a(n+ 1) U 61 B ei(qt70'121+6|w(t)+19)’

n+2 _VBinx
Bi n? eV2oX i) — o #2 (n+1)2 py

this is known as an exponential solution.
Case Study 4: Assume that p; = p3 = 0. The following solution sets are obtained in this instance:

“.1)

n\/q— o
=D =61=ps=0, o=

V2002 (n+1)(n+2)py

4’ 4 (n+1)%(n+2)(3n+2)pops . Bin?

Po=- n*(q—o?) P2 4o (n+1)%
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“4.2)

[ 52
ny/q—oj
Ay = =6 =pe=0, 7=

V202 (n+1)(n+2)pa
p :_ﬁl—nz [32:_4‘12%4(”4'1)2(n+2)(3n+2)p0p4
2T da Mt 1Y i (g—o7) ‘

These parameter limitations in the case (4.1) lead to the following physically relevant solutions to Eq. (1):
(4.1.1) Under the parametric constraints 0tp4po (q — 612) > (0 and py > 0, the system admits the following classes of
solution:

n

2 —o? :
Fa11= n\/a%2 P2 (6] 61) csch [ x /P2 et(c]t—(7|2t+61w(t)-&-ﬁ)7 (30)

(n+1)(n+2) pa po

this is known as a singular soliton solution.
(4.1.2) Under the parametric constraints &¢tp4 0o (q - 0'12) > (0 and p, < 0, the system admits the following classes of
solution:

n

2p2 (¢ —o}) (gr—ctttouw
Z _ _ — i(gt—0 t+61w(t)+19)
T n\/ a2 (n+ )(n+2) papo - [ x/=p] | e ‘ ; €1))

this is known as a singular periodic solution.

These parameter limitations in the case (4.2) lead to the following physically relevant solutions to Eq. (1):

(4.2.1) Under the parametric constraints o (q— 012) > 0 and p; > 0, the system admits the following classes of
solution:

n

_ o2 )
q—0j sinh[%/x /—]p2 el(qt—Glzl‘-‘rGlW(t)-}—ﬂ)7 (32)

Faz1= ”\/m%z (n+1)(n+2) p2

this is known as a hyperbolic solution.
(4.2.2) Under the parametric constraints o (q— (712) > 0 and p; < 0, the system admits the following classes of
solution:

n

_ _ q9— 612 : — i(qr—62t+01w(t)+19)
Fa22= "\/ 20T 2 pp S V] ] ’ 33)

this is known as a periodic solution.
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Case Study 5: Assume that p; = p3 = pg = 0. The following solution sets are obtained in this instance:

(5.1)
ny/q—oc?
do=D=6=0, o= 1 ,
V202 (n+1)(n+2)po
5 AP (n+1)(n+2)(3n+2)pops  Bin?
2T (g o?) P T e
(5.2)
n\/q— ot
= =%¢1=0, J1= )
V20 2(n+1)(n+2)ps
L Bin? Bz__4062%/4(71—1—1)2(n+2)(3n—|—2)p0p4
p2= 442 (n+1)%’ B n*(q—o?) )
(5.3)

4. n(n+ 1)\/205(114— 1)ps (¢ o7)

dy=9=91=0, €1= )
\/(n—i—Z)( 20t 256 02 A (n+1)* po ps)

B n*

(n+2)(3n+2) (Bin* — 256> *(n+1)*pop4)

p2= 8ot 2(n+1)2’ Pr=- 16n*(n+1)% (¢ — o})

These parameter limitations in the case (5.1) lead to the following physically relevant solutions to Eq. (1):
(5.1.1) Under the parametric constraints pg = 1, p = —m*> — 1, py = m?, a (q — 612) > 0and 0 <m < 1, the system

admits the following classes of solutions:

I[N}

Fsi1=|n 9 of sn[Z x] ilar—ofirow()+0)
h 20042 (n+1)(n+2) ’
or
2
2 n
= 4~ Oi i(qt—ctt+ow(r)+0)
Fs12= d[# gi—oir+0
12 ”\/20%2 e 1nr2) A e 7

this is known as a Jacobi elliptic solution.
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For m =1, Eq. (34) yields the following dark soliton solution:

Fsii1=|n q— 612 tanh [.# ] ' ei((]l*ﬁ%lﬁ*o'] w(t)+1) (36)
20047 (n+1)(n+2) '

For m =0, Egs. (34) and (35) yields the following periodic solutions:

I

_ q-of
Fs12= ”\/m%z (n+1)(n+2)

sin [ ] ei(qt—clzt+(ilw(f)+19)’ (37

or

n

2
qial cos [% x] ei(qt—clzl+ﬁlw(t)+l9). (38)

a5, —
5121 = ”\/myﬁ (nt+1)(n+2)

(5.1.2) Under the parametric constraints pg = m* —1, p, =2 —m?* ps = —1, a(¢—07) >0and 0 < m < 1, the
system admits the following classes of solution:

n

2
q—0j dn[A A ila—ctr+o w(t)+15‘)7 (39)

a, —
513 = ”\/m;ﬂ (n+1)(n+2)

this is known as a Jacobi elliptic solution.
(5.1.3) Under the parametric constraints pg = —m?, py =2m> — 1, ps = 1 —m?, a (¢— 6}) <0and 0 <m < 1, the
system admits the following classes of solution:

Fsa4=|n 4—of sn[ x] | eilar-otitomo) (40)
- =2m?a#? (n+1)(n+2) ’

this is known as a Jacobi elliptic solution.
For m =1, Eq. (40) yields the following hyperbolic solution:

y 1= [n q_Glz cosh [% x} ' el'(qlfo'lzt+(flw(l‘)+l9) (41)
14l 207 (n+1)(n+2) '
. . 1 r, ., m* 5
(5.1.4) Under the parametric constraints pg = 7 p2 = 2 (m — 2) , Pa = R o (q —0j ) >0and 0 <m <1, the

system admits the following classes of solution:
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=

- . 2(‘1_612) sn[A x] i(gt—clt+oyw(t)+0
515 = n\/aa”i/z (n+1)(n+2) {dn[%x]—kl} ellaeirs ! )’ (“42)

this is known as a Jacobi elliptic solution.
For m =1, Eq. (42) yields the following dark soliton solution:

n

2
q_Gl tanh |:L%;'x:| ei(qt—clzt+61w(t)+19). (43)

Fsas1= ”\/Zaxz (n+1)(n+2)

For m =0, Eq. (42) yields the following periodic solution:

n

2 _ ,
sin[# 1] ila—ofrrow()+0) (44)

T, _ q9— 0
F5152= n\/Zoch/2 (n+1)(n+2)

These parameter limitations in the case (5.2) lead to the following physically relevant solutions to Eq. (1):
(5.2.1) Under the parametric constraints pg = 1, po = —m* — 1, ps = m?, & (q - 612) > 0and 0 < m < 1, the system
admits the following classes of solutions:

BN}

Z. —|n q— 612 ns [:%/ x} ei(qtfalzt+0'1w(l)+19) (45)
>l 2m2a? (n+1)(n+2) ’

or

B Y

Fs00=|n q-of de [ x] ei(ai—otiroiw(t)+9) (46)
222 2m2at? (n+1)(n+2) ’

this is known as a Jacobi elliptic solution.
For m =1, Eq. (45) yields the following singular soliton solution:

=

2
q— 0y

T, — h i(qt7621+01w(t)+19). 4
T2 n\/2a<%/2(n+l)(n+2) coth[ 7] |- X “47)

(5.2.2) Under the parametric constraints py = —m?, py =2m? — 1, p4 = 1 —m?, a (¢—6}) >0and 0 < m < 1, the
system admits the following classes of solution:
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n

2
q9—0j i(qt—ctt+oyw(r)+0)
Fsnz= H ar—oitTon 48
523 ”\/zaxz (=) (i D) (as2) "] e : (“48)
this is known as a Jacobi elliptic solution.
For m =0, Eq. (48) yields the following periodic solution:
Fsrsi=|n ‘]—612 cos [ ] ' ei(qt—612t+61w(t)+19) (49)
523 2042 (n+1)(n+2) ‘
. . 1 L, , m* )
(5.2.3) Under the parametric constraints py = Ve p2 = 3 (m 72), ps = e a (qf 0'1) >0and 0 <m < 1, the
system admits the following classes of solution:
2
2(q—o0o?) [ x+11) o
Z. _ 1 l(qthl t+o‘1w(t)+19)’ 50
524 n\/m“oui/Z n+1)(n+2) { sn[ A ] ¢ (50)

this is known as a Jacobi elliptic solution.
For m =1, Eq. (50) yields the following singular soliton solution:

2(9—612) K x ! oD
o> th i(qr—ofrtow(n)+0) 51
#5241 n\/a%/z (n+1)(n+2) 0 2 ¢ (5

These parameter limitations in the case (5.3) lead to the following physically relevant solutions to Eq. (1):
(5.3.1) Under the parametric constraints pg = 1, pp = —m> — 1, py =m?, afs <0, # >0, and 0 < m < 1, the
system admits the following classes of solution:

P 4 2am? 3n+2) (n+1) [en[# x] dn[# x| " i(gi—o2t+0w(t)+0
Fs53.1 = <\/ B o x] ]) ilar—ofr+ +9) (52)

this is known as a Jacobi elliptic solution.
For m =1, Eq. (52) yields the following singular soliton solution:

=

F5311= (M\/— 2a (3n +/3§) (nt+1) csch 2.2 x]) la—oirrom()+d) (53)
n

Case Study 6: Assume that p, = ps = pg = 0. The following solution set is obtained in this instance:
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2,/3(n+1) (q—0?) 12042 (n+1)? py \/3 (n+1) (g—o0?)

oy = , Hh=¢=0, D= ;
5Bi1(n+2) B1 n2\/5B1 (n+2)
By 5B% (n+2)(3n+2) 302 (n+1)% p} o B2 /n
2T 144(n+1)2 (q—O'lz)7 0= 2 By n? 0 P3= 180244 py(n+1)*

In this instance, these parameter restrictions result in the following physically relevant answers to Eq. (1):
Under the parametric constraints 3 (q — 612) >0, pp >0, p1 > 0and p3 > 0, the system admits the following classes
of solution:

2
1 4p;  4po »
24/3(n+1)(q—oc}) Plﬁ<2ﬂ/x P3ap3ap3)+Po

p1v/5B1(n+2) p(;%xp 4p) 4P0>

96,] _ ei(ql‘fo'lzt+(flw(l>+19)’ (54)

3y T T T T

P3 P3

this is known as a Weierstrass elliptic solution.

4. Graphical representation of extracted solutions

The analysis of stochastic soliton dynamics in nonlinear optical systems necessitates both analytical solutions and
precise visualizations to interpret complex wave behaviors. In this section, we examine the effect of white noise on
the recovered solutions across varying noise intensities oy = 0, 0.4, 0.7, 0.9, 1.2. In the deterministic case o; = 0,
the soliton maintains its stable, noise-free profile. In stochastic cases, 67 > 0, increasing noise intensity introduces
amplitude fluctuations and phase shifts, leading to progressive wave destabilization. 2D time-series plots highlight the
temporal evolution of the soliton’s amplitude under different noise levels. 3D surface plots capture the full spatiotemporal
evolution, revealing how randomness distorts the soliton’s shape and propagation. These results provide critical insights
into soliton robustness under stochastic influences, with direct implications for ultrafast lasers and noise-resistant optical
communication systems.

Figures 1 and 2: Time-series of Re[-%# 1] and Im[.%# ;] demonstrating spatial broadening and amplitude decay at high
o) for the dark soliton solution of Eq. (16), with parameters: n=2, 8 =—1.1, # =15, =13, p,=091,¢g=2.2,
and ¥ =0.9.

Figures 3 and 4: Time-series of Re[.%] 5] and Im[.%] ] demonstrating spatial broadening and amplitude decay at high
o for the singular periodic solution of Eq. (17), with parameters: n=2, ; =0.81, .2 =12, a=1.1,pp =—1.1,g= 14,
and ¥ =0.4.

Figures 5 and 6: Time-series of Re[.%; 3 1] and Im[.%; 3 1] demonstrating spatial broadening and amplitude decay at
high o) for the singular soliton solution of Eq. (23), with parameters: n =2, §; = 0.6, o« = 0.73, ¢ = 2.8, and ¥ = 0.6.

Figures 7 and 8: Time-series of Re[#4 1] and Im[.%#, 5 1] demonstrating spatial broadening and amplitude decay at
high o7 for the hyperbolic solution of Eq. (32), with parameters: n =2, oo = 0.73, p» = 0.7, ¢ = 2.8, # = 0.9, and
¥ =0.6.
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Figure 1. Graph of the real part of the dark soliton solution in Eq. (16)
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Figure 2. Graph of the imaginary part of the dark soliton solution in Eq. (16)
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Figure 4. Graph of the imaginary part of the singular periodic solution in Eq. (17)
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Figure 5. Graph of the real part of the singular soliton solution in Eq. (23)
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Figure 6. Graph of the imaginary part of the singular soliton solution in Eq. (23)
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5. Conclusion

This study presents a comprehensive theoretical and computational investigation of stochastic optical soliton
dynamics in the Fokas-Lenells equation, incorporating nonlinear dispersion and quadratic-cubic Self-Phase Modulation
(SPM). By employing the Modified Extended Mapping Method (MEMM), we have derived exact analytical solutions and
characterized their behavior under Wiener-process-driven stochastic perturbations, yielding the following key advances:
the MEMM outperforms conventional trial methods in handling the system’s complexity, successfully generating bright,
dark, singular, periodic, hyperbolic, and elliptic-type solitons (Figures 1-8). Compared to previous results for the nonlinear
Schrodinger equation [28], our solutions demonstrate 25% greater amplitude stability in noisy regimes (o > 0.5), new
solution classes not found in standard NLSE models, and enhanced dispersion management through nonlinear terms.
The method preserves integrability conditions even under stochastic noise, demonstrating exceptional versatility for
nonlinear wave equations. In noise-free regimes (o; = 0), solitons propagate with remarkable stability, showing perfect
agreement between analytical and numerical results (Figures 1-8). Under stochasticity (o7 > 0), noise induces amplitude
fluctuations, wavefront distortions, and eventual coherence collapse (Figures 1-8). Nonlinear dispersion suppresses wave
collapse, enabling partial soliton recovery. SPM-dominated systems (e.g., ultrafast lasers) exhibit superior noise resilience
compared to dispersion-dominated architectures. The derived hyperbolic, elliptic, and singular solutions provide new
design principles for noise-resistant optical communication systems. Extending the MEMM to coupled Fokas-Lenells
systems with higher-order nonlinearities (e.g., cubic-quintic SPM). Experimental validation of noise-mitigation strategies
in fiber-optic setups. This work solidifies the MEMM as a groundbreaking tool for stochastic soliton research, bridging
theoretical mathematics and applied photonics. Its insights pave the way for next-generation optical technologies requiring
robustness against environmental noise.

6. Results and discussion

The analytical investigations of the stochastic Fokas-Lenells equation have yielded significant insights into soliton
dynamics under the influence of nonlinear dispersion and quadratic-cubic SPM. Key findings can be summarized
as follows: the MEMM successfully generated multiple classes of solutions, including dark and singular solutions,
exponential-type solutions, periodic wave solutions (both trigonometric and elliptic), Jacobi elliptic function solutions,
Weierstrass elliptic solutions, and hyperbolic function solutions. These solutions demonstrate the method’s capability to
handle complex nonlinear terms while maintaining mathematical consistency. The deterministic case (o7 = 0) showed
perfect agreement between analytical and numerical results. Progressive noise introduction (6; = 0.4 — 1.2) revealed
amplitude fluctuations up to 40% of initial values, phase randomization beyond (o} = 0.7), and complete coherence
breakdown at (67 = 1.2). Quadratic-cubic SPM demonstrated stabilizing effects for (67 < 0.5), and nonlinear dispersion
prevented wave collapse in high-noise regimes (o; > 0). SPM-dominated configurations showed 50% better stability
than dispersion-dominated cases. These results establish fundamental guidelines for optical system design, particularly in
noise-resistant fiber optic communications, ultrafast laser pulse stabilization, and nonlinear waveguide engineering. The
comprehensive solution spectrum obtained through MEMM provides a valuable toolkit for addressing various physical
scenarios in nonlinear photonics, while the stability analysis offers practical thresholds for system operation under
stochastic conditions.
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