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Abstract: In this paper, we consider the stochastic coupled Schrödinger-KdV equations forced by multiplicative
Brownian motion in the Itô sense. By using a mapping method, we can obtain abundant elliptic, trigonometric, and
hyperbolic stochastic solutions. The obtained results show that this method is an effective mathematical tool for finding
analytical solutions to our equation. In the absence of noise, we get some previously solutions of the coupled Schrödinger-
KdV equations. Because the coupled Schrö dinger-KdV equations have significant applications in dusty plasma, including
Langmuir, electromagnetic waves, and dust-acoustic waves, these derived solutions may be used to analyze a wide range
of essential physical phenomena. Moreover, the impacts of the noise term on the analytical solution of the stochastic
coupled Schrödinger-KdV equations were demonstrated. We conclude that the multiplicative Brownian motion stabilizes
the solutions to the stochastic coupled Schrödinger-KdV equations.
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1. Introduction
Nonlinear Evolution Equations (NLEEs) are commonly employed to explain complicated phenomena in a variety of

engineering and scientific areas, including fluid dynamics, acoustics, solid state physics, optical fibers, hydrodynamics
and plasma physics. Consequently, it is crucial to solve these NLEEs. Recently, numerous powerful approaches for
discovering the analytical solutions to NLEEs have been introduced, such as the sine-Gordon expansion technique [1],
the F-expansion method [2], the generalizing Riccati equation mapping method [3], the Jacobi elliptic function expansion
[4, 5], the (G‵/G)-expansion [6], the sine-cosine method [7], the exp-function method [8], the exp(−ϕ(ς))-expansion
method [9], the new extended auxiliary equation method [10, 11], the modified generalized Kudryashov’s method [12],
the modified extended tanh-function method [13, 14], the modified extended mapping method [15], the modified extended
direct algebraic method [16], and etc.

One of these model is the Coupled Schrödinger-KdV (CSKdV) equations. The CSKdV model is a significant
mathematical model in the field of mathematics and physics. It combines two important equations, the Schrödinger
equation and the Korteweg-de Vries (KdV) equation, to describe the behavior of waves in certain physical systems. This
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equation was first introduced by Hiroshi Wadati in the 1970, and since then, it has been widely studied and used in dusty
plasma, including Langmuir, electromagnetic waves, and dust-acoustic wave.

In many real-world situations, systems are subject to random fluctuations that can significantly impact their behavior.
By introducing stochastic terms into the Schrödinger equation and the KdV equation, researchers can study how these
random fluctuations affect the dynamics of quantum particles and wave propagation.

Another important aspect of the stochastic coupled Schrödinger-KdV equation is its ability to describe the interaction
between quantum particles and waves. In many physical systems, such as plasmas or superfluids, quantum particles
interact with waves in complex ways. The stochastic coupled equation allows researchers to study how these interactions
evolve over time, shedding light on the underlying mechanisms that govern these systems.

In this paper we consider the following Stochastic Coupled Schrödinger-KdV (SCSKdV) system [17, 18]:

iΦt = Φxx −ΦΨ+ iσΦBt ,

Ψt +6ΨΨx +Ψxxx =
(
|Φ|2

)
x
+σΨBt ,

(1)

where Φ(x, t) indicates the complex function while Ψ(x, t) indicates the real-valued function and they present the short

wave and long wave profiles, respectively; σ is the amplitude of noise; B is a Brownian motion and Bt =
dB

dt
. Here,

we investigate the case where noise is a spatial constant. It is critical at this point to clarify the definition of a Brownian
motion. The stochastic process B(t) is called Brownian motion if it satisfies the following conditions: (I) B(0) = 0,
(II) B(t) has continuous trajectories, (III) {B(t)}∞

t=0 has stationary, independent increments, (IV) B(t) has a normal
distribution [19, 20].

Because of the significance of the CSKdV equations in hydrodynamics, mathematical physics, and soliton theory,
several researchers have obtained its analytical solutions using a variety of methods, including the (G‵/G)-expansion
method [21], the adomian’s decomposition method [17], the complex hyperbolic-function method [22], the F-expansion
method [18], the Petrov-Galerkin Method [23], the exp(−Φ(ξ ))-expansion method [24], the Kudryashov method [25],
the finite element method [26] and the mapping method [27].

The novelty of this paper is to get stochastic optical solutions to the SCSKdV in Eq. (1). The mapping method is used
to find various types of solutions. To the best of our knowledge, the analysis presented in the article is not yet available
in the literature. Additionally, we exhibit several two- and three-dimensional graphs to examine the impact of Brownian
motion on the obtained solutions.

The paper’s outline is as follows: Section 2 provides the wave equation of SCSKdV in Eq. (1), and Section 3 explains
the mapping method. In Section 4, we get the solutions of the SCSKdV in Eq. (1). In Section 5, we investigate the impact
of the stochastic term on the solutions of the SCSKdV in Eq. (1). Finally, the obtained results of this paper are presented.

2. Traveling wave equation for SCSKdV equations
To have the wave equation for SCSKdV in Eq. (1), we use the following transformation

Φ(x, t) = φ(η)ei(kx+δ t)+σB− 1
2 σ2t and Ψ(x, t) = ψ(η)eσB− 1

2 σ2t , η = x+2kt, (2)

where φ and ψ are real deterministic functions; δ and k are non-zero real constants. We note that:
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Φt = [2kφ ‵+ iδφ +σφBt −
1
2

σ2φ+
1
2

σ2φ]ei(kx+δ t)+σB− 1
2 σ2t

= [2kφ ‵+ iδφ +σφBt ]ei(kx+δ t)+σB− 1
2 σ2t , (3)

Φx = (φ ‵+ ikφ)ei(kx+δ t)+σB− 1
2 σ2t , Φxx = (φ ‵‵+2ikφ ‵− k2φ)ei(kx+δ t)+σB− 1

2 σ2t ,

where
1
2

σ2φ is the Itô correction term. Similarly,

Ψt = [2kψ ‵+σψBt ]eσB− 1
2 σ2t , Ψx = ψ ‵eσB− 1

2 σ2t , Ψxxx = ψ ‵‵‵eσB− 1
2 σ2t . (4)

Substituting Eqs. (3) and (4) into Eqs. (1), we obtain the following system:

φ ‵‵+
(
δ − k2

)
φ +φψeσB− 1

2 σ2t = 0,

2kψ ‵+ψ ‵‵‵+[6ψψ ‵−
(
φ2

)‵
]eσB− 1

2 σ2t = 0.
(5)

Considering the expectation on both sides of Eq. (5) to arrive at:

φ ‵‵+
(
δ − k2

)
φ +φψe−

1
2 σ2tE(eσB) = 0,

2kψ ‵+ψ ‵‵‵+[6ψψ ‵−
(
φ2

)‵
]e−

1
2 σ2tE(eσB) = 0.

(6)

Since B(t) is a Gaussian process, then E(eσB(t)) = e
1
2 σ2t for any real number σ [28]. Hence, Eq. (6) becomes:

φ ‵‵+
(
δ − k2

)
φ +φψ = 0,

2kψ ‵+ψ ‵‵‵+6ψψ ‵−
(
φ2

)‵
= 0.

(7)

Integrating second equation in Eq. (7) once, we get:

φ ‵‵+
(
δ − k2

)
φ +φψ = 0,

ψ ‵‵+2kψ +3ψ2 −φ2 = 0.
(8)

3. The clarification of the mapping method
Let us describe the mapping method that we utilize here (for more details, see [29–31]). Assuming the solution of

Eq. (8) has the form:
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φ(η) = ∑M1
i=0 ℓiM i(η),

ψ(η) = ∑M2
i=0 ϖiM i(η),

(9)

where ℓi and ϖi are unknown constants to be determined and M solves the following auxiliary equation:

(M ‵)2 = ℏ1M
4 +ℏ2M

2 +ℏ3, ℏ1 ̸= 0, (10)

where ℏ1, ℏ2, and ℏ3 are real numbers. Eq. (10) has several solutions for ℏ1, ℏ2 and ℏ3 as follows:

Table 1. The solutions of Eq. (10)

case ℏ1 ℏ2 ℏ3 M (η)

15
1− ň2

4
(1+ ň2)

2
(1− ň2)

4
nc(η)± sc(η)

16
ň2

4
(ň2 −2)

2
ň2

4

√
1− ň2(sd(η)± cd(η))

17
ň2 −1

4
(1+ ň2)

2
(ň2 −1)

4
ňsd(η)±nd(η)

18
ň2

4
(ň2 −2)

2
1
4

sn(η)

1±dn(η)

19
−1
4

(1+ ň2)

2
(1− ň2)2

4
ňcn(η)±dn(η)

20
(1− ň2)2

4
ň2 +1

2
1
4

ds(η)± cs(η)

21
ň4(1− ň2)

2(2− ň2)

2(1− ň2)

(ň2 −2)
(1− ň2)

2(2− ň2)
dc(η)±

√
1− ň2nc(η)

22 1 2−4ň2 1
sn(η)dn(η)

cn(η)

23 ň4 2 1
sn(η)cn(η)

dn(η)

24 1 ň2 +2 (1−2ň2 + ň4)
dn(η)cn(η)

sn(η)

25
−4
ň

6ň− ň2 −1 (ň2 −2ň3 + ň4)
ňdn(η)cn(η)

ňsn2(η)+1

26
−1
4

(1−2ň2)

2
1
4

sn(η)

1± cn(η)

27
(1− ň2)

4
(1+ ň2)

2
(1− ň2)

4
cn(η)

1± sn(η)
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Where ds(η) = ds(η , ň), sn(η) = sn(η , ň), sc(η) = sc(η , ň), dn(η) = dn(η , ň), cn(η) = cn(η , ‘ň), are the Jacobi
Elliptic Functions (JEFs) for 0 < ň ≤ 1.

When ň → 0, JEFs produce the trigonometric functions as follows:

sn(η)→ sin(η), cs(η)→ cot(η),

cn(η)→ cos(η), ds → csc(η),

dn(η)→ 1, sc(η)→ tan(η),

ns(η)→ csc(η), ds(η)→ csc(η).

When ň = 1, JEFs produce the hyperbolic functions as follows:

dn(η)→ sech(η), cn(η)→ sech(η),

sn(η)→ tanh(η), ns(η)→ coth(η),

cs(η)→ csch(η), ds → csch(η).

4. Optical solutions of the SCSKdV equations
First, let us equate φ ‵‵ (highest power order derivative term) with φψ (highest power nonlinear term) and ψ ‵‵ (highest

order derivative term) with φ2 (highest nonlinear term) in Eq. (8) to calculate the parameters M1 and M2 as

M1 +2 = M1 +M2 and M2 +2 = 2M1. (11)

Hence

M2 = 2 then M2 = 2. (12)

With M1 = 2 and M2 = 2, Eq. (9) takes the form

φ(η) = ℓ0 + ℓ1M (η)+ ℓ2M
2(η),

ψ(η) = ϖ0 +ϖ1M (η)+ϖ2M
2(η).

(13)

Putting Eq. (13) into Eq. (8), we get:
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[ℓ2ϖ2 +6ℏ1ℓ2]M
4 +[2ℏ1ℓ1 + ℓ1ϖ2 + ℓ2ϖ1]M

3

+[4ℏ2ℓ2 +
(
δ − k2)ℓ2 + ℓ0ϖ2 + ℓ2ϖ0]M

2

+[ℏ2ℓ1 +
(
δ − k2)ℓ1 + ℓ1ϖ0 + ℓ0ϖ1]M

+[2ℏ3ℓ2 +
(
δ − k2)ℓ0 + ℓ0ϖ0] = 0,

(14)

and

(6ℏ1ϖ2 − ℓ2
2 +3ϖ2

2 )M
4 +(2ℏ1ϖ1 +6ϖ1ϖ2 −2ℓ1ℓ2)M

3

+(4ℏ2ϖ2 +2kϖ2 +6ϖ0ϖ2 +2ℓ0ℓ2 +3ϖ2
1 − ℓ2

1)M
2

+(ℏ2ϖ1 +2kϖ1 +6ϖ0ϖ1 −2ℓ0ℓ1)M

+(2ℏ3ϖ2 +2kϖ0 +3ϖ2
0 − ℓ2

0) = 0.

(15)

Equating each coefficient of M j to zero for j = 4, 3, 2, 1, 0, we have:

ℓ2ϖ2 +6ℏ1ℓ2 = 0, (16)

2ℏ1ℓ1 + ℓ1ϖ2 + ℓ2ϖ1 = 0, (17)

4ℏ2 +
(
δ − k2)ℓ2 + ℓ0ϖ2 + ℓ2ϖ0 = 0, (18)

ℏ2ℓ1 +
(
δ − k2)ℓ1 + ℓ1ϖ0 + ℓ0ϖ1 = 0, (19)

2ℏ3ℓ2 +
(
δ − k2)ℓ0 + ℓ0ϖ0 = 0, (20)

and

6ℏ1ϖ2 − ℓ2
2 +3ϖ2

2 = 0, (21)

2ℏ1ϖ1 +6ϖ1ϖ2 −2ℓ1ℓ2 = 0, (22)

4ℏ2 +2kϖ2 +6ϖ0ϖ2 −2ℓ0ℓ2 +3ϖ2
1 − ℓ2

1 = 0, (23)
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ℏ2ϖ1 +2kϖ1 +6ϖ0ϖ1 −2ℓ0ℓ1 = 0, (24)

2ℏ3ϖ2 +2kϖ0 +3ϖ2
0 − ℓ2

0 = 0. (25)

By solving the above equations, we have the following two cases:
Case I:

ℓ0 = ℓ2 = 0, ℓ1 =± 2
√
ℏ1 (ℏ2 − k−3k2 +3δ ),

ϖ0 = k2 −δ −ℏ2, ϖ1 = 0, ϖ2 =−2ℏ1.

(26)

Case II:

ℓ0 =± 2
√

2
(

10ℏ2 −
√
ℏ2

2 −3ℏ1ℏ3

)
, ℓ1 = 0, ℓ2 =±6

√
2ℏ1

ϖ0 =−(2ℏ2 +
1
3

k+
4
3

√
ℏ2

2 −3ℏ1ℏ3), ϖ1 = 0, ϖ2 =−6ℏ1,

δ =−k2 − 1
3

k± 10
3

√
ℏ2

2 −3ℏ1ℏ3.

(27)

Case I: Substituting Eq. (26) into Eq. (13) and using Eq. (2), we get the solutions of CSSKdV Eq. (1) as follows:

Φ(x, t) =± 2
√

ℏ1 (ℏ2 − k−3k2 +3δ )M (η)ei(kx+δ t)+σB− 1
2 σ2t , (28)

Ψ(x, t) =
{

k2 −δ −ℏ2 −2ℏ1M
2 (η)

}
eσB− 1

2 σ2t . (29)

There are many cases for the solutions of Eq. (26) depending on ℏ1, ℏ2 and ℏ3 as stated in Table 1 as follows:
Case I-1: If ℏ1 = ň2, ℏ2 =−

(
1+ ň2

)
and ℏ3 = 1, then M (η) = sn(η), and Eq. (28) takes the form:

Φ(x, t) =
{
± 2ň

√
−1− ň2 − k−3k2 +3δ sn(x+2kt)

}
ei(kx+δ t)+σB− 1

2 σ2t , (30)

Ψ(x, t) =
{

k2 −δ +1+ ň2 −2ň2sn2(x+2kt)
}

eσB− 1
2 σ2t . (31)

If ň = 1, then Eqs. (30) and (31) become:

Φ(x, t) =
{
± 2

√
−2− k−3k2 +3δ tanh(x+2kt)

}
ei(kx+δ t)+σB− 1

2 σ2t , (32)

Ψ(x, t) =
{

k2 −δ +2sech2(x+2kt)
}

eσB− 1
2 σ2t . (33)
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Case I-2: If ℏ1 = ň2, ℏ2 =−
(
1+ ň2

)
and ℏ3 = 1, then M (η) = cd(η), and Eq. (28) takes the form:

Φ(x, t) =
{
± 2ň

√
−1− ň2 − k−3k2 +3δcd(x+2kt)

}
ei(kx+δ t)+σB− 1

2 σ2t , (34)

Ψ(x, t) =
{

k2 −δ +1+ ň2 −2ň2cd2(x+2kt)
}

eσB− 1
2 σ2t . (35)

Case I-3: If ℏ1 =−ň2, ℏ2 = 2ň2 −1 and ℏ3 = 1− ň2, then M (η) = cn(η), and Eq. (28) takes the form :

Φ(x, t) =
{
± 2ň

√
−2ň2 +1+ k+3k2 −3δcn(x+2kt)

}
ei(kx+δ t)+σB− 1

2 σ2t , (36)

Ψ(x, t) =
{

k2 −δ +1−2ň2 +2ň2cn2(x+2kt)
}

eσB− 1
2 σ2t . (37)

If ň = 1, then Eqs. (36) and (37) become:

Φ(x, t) =
{
± 2

√
−1+ k+3k2 −3δ sech(x+2kt)

}
ei(kx+δ t)+σB− 1

2 σ2t , (38)

Ψ(x, t) =
{

k2 −δ −1+2sech2(η)
}

eσB− 1
2 σ2t . (39)

Case I-4: If ℏ1 =−1, ℏ2 = 2− ň2 −1 and ℏ3 = ň2 −1, then M (η) = dn(η), and Eq. (28) takes the form:

Φ(x, t) =
{
± 2

√
−2+ ň2 +1+ k+3k2 −3δdn(x+2kt)

}
ei(kx+δ t)+σB− 1

2 σ2t , (40)

Ψ(x, t) =
{

k2 −δ −2+ ň2 +2dn2(x+2kt)
}

eσB− 1
2 σ2t . (41)

If ň = 1, then Eqs. (40) and (41) become: Eqs. (38) and (39).
Case I-5: If ℏ1 = 1, ℏ2 =−

(
1+ ň2

)
and ℏ3 = ň2, then M (η) = ns(η), and Eq. (28) takes the form :

Φ(x, t) =
{
± 2

√
−1− ň2 − k−3k2 +3δns(x+2kt)

}
ei(kx+δ t)+σB− 1

2 σ2t , (42)

Ψ(x, t) =
{

k2 −δ +1+ ň2 −2ns2(x+2kt)
}

eσB− 1
2 σ2t . (43)

If ň = 1, then Eqs. (42) and (43) become:

Φ(x, t) =
{
± 2

√
−2− k−3k2 +3δcoth(x+2kt)

}
ei(kx+δ t)+σB− 1

2 σ2t , (44)
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Ψ(x, t) =
{

k2 −δ −2csch2(x+2kt)
}

eσB− 1
2 σ2t . (45)

While if ň → 0, then Eqs. (42) and (43) become:

Φ(x, t) =
{
± 2

√
−1− k−3k2 +3δ csc(x+2kt)

}
ei(kx+δ t)+σB− 1

2 σ2t , (46)

Ψ(x, t) =
{

k2 −δ +1−2csc2(x+2kt)
}

eσB− 1
2 σ2t . (47)

Case I-6: If ℏ1 = 1, ℏ2 =−
(
1+ ň2

)
and ℏ3 = ň2, then M (η) = dc(η), and Eq. (28) takes the form :

Φ(x, t) =
{
± 2

√
−1− ň2 − k−3k2 +3δdc(x+2kt)

}
ei(kx+δ t)+σB− 1

2 σ2t , (48)

Ψ(x, t) =
{

k2 −δ +1+ ň2 −2dc2(x+2kt)
}

eσB− 1
2 σ2t . (49)

If ň → 0, then Eqs. (48) and (49) become:

Φ(x, t) =
{
± 2

√
−1− k−3k2 +3δ sec(x+2kt)

}
ei(kx+δ t)+σB− 1

2 σ2t , (50)

Ψ(x, t) =
{

k2 −δ +1−2sec2(x+2kt)
}

eσB− 1
2 σ2t . (51)

Case I-7: If ℏ1 = 1− ň2, ℏ2 = 2ň2 −1 and ℏ3 =−ň2, then M (η) = nc(η), and Eq. (28) takes the form:

Φ(x, t) =
{
± 2

√
(1− ň2)(2ň2 −1− k−3k2 +3δ )nc(x+2kt)

}
ei(kx+δ t)+σB− 1

2 σ2t , (52)

Ψ(x, t) =
{

k2 −δ −2ň2 +1−2(1− ň2)nc2(x+2kt)
}

eσB− 1
2 σ2t . (53)

If ň → 0, then Eqs. (52) and (53) become Eqs. (50) and (51), respectively.
Case I-8: If ℏ1 = ň2 −1, ℏ2 = 2− ň2 and ℏ3 =−1, then M (η) = nd(η), and Eq. (28) takes the form:

Φ(x, t) =
{
± 2

√
(ň2 −1)(2− ň2 − k−3k2 +3δ )nd(x+2kt)

}
ei(kx+δ t)+σB− 1

2 σ2t , (54)

Ψ(x, t) =
{

k2 −δ −2+ ň2 −2(ň2 −1)nd2(x+2kt)
}

eσB− 1
2 σ2t . (55)

Case I-9: If ℏ1 = 1− ň2, ℏ2 = 2− ň2 and ℏ3 = 1, then M (η) = sc(η), and Eq. (28) takes the form:
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Φ(x, t) =
{
± 2

√
(1− ň2)(2− ň2 − k−3k2 +3δ )sc(x+2kt)

}
ei(kx+δ t)+σB− 1

2 σ2t , (56)

Ψ(x, t) =
{

k2 −δ −2+ ň2 −2(1− ň2)sc2(x+2kt)
}

eσB− 1
2 σ2t . (57)

If ň → 0, then Eqs. (56) and (57) become:

Φ(x, t) =
{
± 2

√
(2− k−3k2 +3δ ) tan(x+2kt)

}
ei(kx+δ t)+σB− 1

2 σ2t , (58)

Ψ(x, t) =
{

k2 −δ −2sec2(x+2kt)
}

eσB− 1
2 σ2t . (59)

Case I-10: If ℏ1 =−ň2(1− ň2), ℏ2 = 2ň2 −1 and ℏ3 = 1, then M (η) = sd(η), and Eq. (28) takes the form:

Φ(x, t) =
{
± 2

√
(ň2 −1)(2ň2 −1− k−3k2 +3δ )sd(x+2kt)

}
ei(kx+δ t)+σB− 1

2 σ2t , (60)

Ψ(x, t) =
{

k2 −δ −2ň2 +1−2ň2(1− ň2)sd2(x+2kt)
}

eσB− 1
2 σ2t . (61)

Case I-11: If ℏ1 = 1, ℏ2 = 2− ň2 and ℏ3 = 1− ň2, then M (η) = cs(η), and Eq. (28) takes the form:

Φ(x, t) =
{
± 2

√
2− ň2 − k−3k2 +3δcs(x+2kt)

}
ei(kx+δ t)+σB− 1

2 σ2t , (62)

Ψ(x, t) =
{

k2 −δ −2+ ň2 −2cs2(x+2kt)
}

eσB− 1
2 σ2t . (63)

If ň = 1, then Eqs. (62) and (63) become:

Φ(x, t) =
{
± 2

√
1− k−3k2 +3δcsch(x+2kt)

}
ei(kx+δ t)+σB− 1

2 σ2t , (64)

Ψ(x, t) =
{

k2 −δ −1−2csch2(x+2kt)
}

eσB− 1
2 σ2t . (65)

While, if ň → 0, then Eqs. (62) and (63) become:

Φ(x, t) =
{
± 2

√
2− k−3k2 +3δ cot(x+2kt)

}
ei(kx+δ t)+σB− 1

2 σ2t , (66)

Ψ(x, t =
{

k2 −δ −2−2csc2(x+2kt)
}

eσB− 1
2 σ2t . (67)
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Case I-12: If ℏ1 = 1, ℏ2 = 2ň2 −1 and ℏ3 =−ň2(1− ň2), then M (η) = ds(η), and Eq. (28) takes the form:

Φ(x, t) =
{
± 2

√
(2ň2 −1− k−3k2 +3δds(x+2kt)

}
ei(kx+δ t)+σB− 1

2 σ2t , (68)

Ψ(x, t) =
{

k2 −δ −2ň2 +1−2ds2(x+2kt)
}

eσB− 1
2 σ2t . (69)

Case I-13: If ℏ1 =
1
4
, ℏ2 =

1−2ň2

2
and ℏ3 =

1
4
, then M (η) = ns(η)± cs(η), and Eq. (28) takes the form:

Φ(x, t) =
{
± 1

2

√
1−2ň2 −2k−6k2 +6δ (ns(x+2kt)± cs(x+2kt))

}
ei(kx+δ t)+σB− 1

2 σ2t , (70)

Ψ(x, t) =
1
2
{

2k2 −2δ −1+2ň2 − (ns(x+2kt)± cs(x+2kt))2}eσB− 1
2 σ2t . (71)

Case I-14: If ℏ1 =
1
4
, ℏ2 =

ň2 −2
2

and ℏ3 =
ň2

4
, then M (η) = ns(η)±ds(η), and Eq. (28) takes the form:

Φ(x, t) =
{
± 1

2

√
ň2 −2−2k−6k2 +6δ )(ns(x+2kt)±ds(x+2kt))

}
ei(kx+δ t)+σB− 1

2 σ2t , (72)

Ψ(x, t) =
1
2

{
2k2 −2δ − ň2 +2− (ns(x+2kt)±ds(x+2kt))2

}
eσB− 1

2 σ2t . (73)

If ň = 1, then Eqs. (70) and (71) [or Eqs. (72) and (73)] become:

Φ(x, t) =
{
± 1

2

√
−1−2k−6k2 +6δ (coth(x+2kt)± csch(x+2kt))

}
ei(kx+δ t)+σB− 1

2 σ2t , (74)

Ψ(x, t) =
1
2

{
2k2 −2δ1+1− (coth(x+2kt)± csch(x+2kt))2

}
eσB− 1

2 σ2t . (75)

While, if ň → 0, then Eqs. (70) and (71) [or Eqs. (72) and (73)] become:

Φ(x, t) =
{
± 1

2

√
1−2k−6k2 +6δ (csc(x+2kt)± cot(x+2kt))

}
ei(kx+δ t)+σB− 1

2 σ2t , (76)

Ψ(x, t) =
1
2

{
2k2 −2δ −1− (csc(x+2kt)± cot(x+2kt))2

}
eσB− 1

2 σ2t . (77)

Case I-15: If ℏ1 =
1− ň2

4
, ℏ2 =

1+ ň2

2
and ℏ3 =

1− ň2

4
, thenM (η) = nc(η)±sc(η), and Eq. (28) takes the form:
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Φ(x, t) =
{
± 1

2

√
(1− ň2)(1+ ň2 −2k−6k2 +6δ )(nc(x+2kt)± sc(x+2kt))

}
ei(kx+δ t)+σB− 1

2 σ2t , (78)

Ψ(x, t) =
1
2
{

2k2 −2δ −1− ň2 − (1− ň2)(nc(x+2kt)± sc(x+2kt))2}eσB− 1
2 σ2t . (79)

If ň → 0, then Eqs. (78) and (79) become:

Φ(x, t) =
{
± 1

2

√
(1−2k−6k2 +6δ )(sec(x+2kt)± tan(x+2kt))

}
ei(kx+δ t)+σB− 1

2 σ2t , (80)

Ψ(x, t) =
1
2
{

2k2 −2δ −1− (sec(x+2kt)± tan(x+2kt))2}eσB− 1
2 σ2t . (81)

Case I-16: If ℏ1 =
ň2

4
, ℏ2 =

ň2 −2
2

and ℏ3 =
ň2

4
, then M (η) =

√
1− ň2 (sd(η)± cd(η)) , and Eq. (28) takes the

form:

Φ(x, t) =

{
± ň

√
ň2 −2−2k−6k2 +6δ

2

√
1− ň2 (sd(x+2kt)± cd(x+2kt))

}
ei(kx+δ t)+σB− 1

2 σ2t , (82)

Ψ(x, t) =
1
2

{
2k2 −2δ − ň2 +2− ň2

(√
1− ň2sd(x+2kt)± cd(x+2kt)

)2
}

eσB− 1
2 σ2t . (83)

Case I-17: If ℏ1 =
ň2 −1

4
, ℏ2 =

ň2 +1
2

and ℏ3 =
ň2 −1

4
, then M (η) = ňsd(η)± nd(η), and Eq. (28) takes the

form:

Φ(x, t) =

{
±

√
(ň2 −1)(ň2 +1−2k−6k2 +6δ )

2
(ňsd(x+2kt)±nd(x+2kt))

}
ei(kx+δ t)+σB− 1

2 σ2t , (84)

Ψ(x, t) =
1
2

{
2k2 −2δ − ň2 −1−

(
ň2 −1

)
(ňsd(x+2kt)±nd(x+2kt))2

}
eσB− 1

2 σ2t . (85)

Case I-18: If ℏ1 =
ň2

4
, ℏ2 =

ň2 −2
2

and ℏ3 =
1
4
, then M (η) =

sn(η)

1±dn
, and Eq. (28) takes the form:

Φ(x, t) =

{
± ň

√
(ň2 −2−2k−6k2 +6δ )

2

(
sn(x+2kt)

1±dn(x+2kt)

)}
ei(kx+δ t)+σB− 1

2 σ2t , (86)

Ψ(x, t) =
1
2

{
2k2 −2δ − ň2 +2− ň2

(
sn(x+2kt)

1±dn(x+2kt)

)2
}

eσB− 1
2 σ2t . (87)

Contemporary Mathematics 7110 | Wael W. Mohammed, et al.



If ň = 1, then Eqs. (86) and (87) become:

Φ(x, t) =

{
±

√
(−1−2k−6k2 +6δ )

2

(
tanh(x+2kt)

1± sech(x+2kt)

)}
ei(kx+δ t)+σB− 1

2 σ2t , (88)

Ψ(x, t) =
1
2

{
2k2 −2δ +1−

(
tanh(x+2kt)

1± sech(x+2kt)

)2
}

eσB− 1
2 σ2t . (89)

Case I-19: If ℏ1 =
−1
4

, ℏ2 =
ň2 +1

2
and ℏ3 =

(
1− ň2

)2

4
, then M (η) = ňcn(η)± dn(η), and Eq. (28) takes the

form:

Φ(x, t) =

{
±

√
−ň2 +1+2k+6k2 −6δ

2
(ňcn(x+2kt)±dn(x+2kt))

}
ei(kx+δ t)+σB− 1

2 σ2t , (90)

Ψ(x, t) =
1
2

{
2k2 −2δ − ň2 −1+(ňcn(x+2kt)±dn(x+2kt))2

}
eσB− 1

2 σ2t . (91)

Case I-20: If ℏ1 =

(
1− ň2

)2

4
, ℏ2 =

ň2 +1
2

and ℏ3 =
1
4
, then M (η) = (ds(η)± cs(η)) , and Eq. (28) takes the

form:

Φ(x, t) =

{
±
(
1− ň2)√ ň2 +1−2k−6k2 +6δ

2
(ds(x+2kt)± cs(x+2kt))

}
ei(kx+δ t)+σB− 1

2 σ2t , (92)

Ψ(x, t) =
1
2

{
2k2 −2δ − ň2 −1−

(
1− ň2)2

(ds(x+2kt)± cs(x+2kt))2
}

eσB− 1
2 σ2t . (93)

If ň → 0, then Eqs. (92) and (93) become:

Φ(x, t) =

{
±

√
1−2k−6k2 +6δ

2
(sec(x+2kt)± tan(x+2kt))

}
ei(kx+δ t)+σB− 1

2 σ2t , (94)

Ψ(x, t) =
1
2

{
2k2 −2δ −1− (sec(x+2kt)± tan(x+2kt))2

}
eσB− 1

2 σ2t . (95)

Case I-21: If ℏ1 =
ň4(1− ň2)

2(2− ň2)
, ℏ2 =

2(1− ň2)

ň2 −2
and ℏ3 =

1− ň2

2(2− ň2)
, then M (η) = dc(η)±

√
1− ň2nc(η), and Eq.

(28) takes the form:
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Φ(x, t) =

{√
2ň2

2− ň2

√
(ň2 −1) [2(1− ň2)+(ň2 −2)(−k−3k2 +3δ )] (96)

(
dc(x+2kt)±

√
1− ňnc(x+2kt)

)}
ei(kx+δ t)+σB− 1

2 σ2t ,

Ψ(x, t) =
1

ň2 −2
{(

ň2 −2
)(

k2 −δ
)
+
(
1− ň2) (97)

×
[
−2+ ň4

(
dc(x+2kt)±

√
1− ňnc(x+2kt)

)2
]}

eσB− 1
2 σ2t .

Case I-22: If ℏ1 = 1, ℏ2 = 2−4ň2 and ℏ3 = 1, then M (η) =
sn(η)dn(η)

cn(η)
, and Eq. (28) takes the form:

Φ(x, t) =
{
± 2

√
2−4ň2 − k−3k2 +3δ

sn(x+2kt)dn(x+2kt)
cn(x+2kt)

}
ei(kx+δ t)+σB− 1

2 σ2t , (98)

Ψ(x, t) =
{

k2 −δ −2+4ň2 − 2sn2(x+2kt)dn2(x+2kt)
cn2(x+2kt)

}
eσB− 1

2 σ2t . (99)

Case I- 23: If ℏ2 = ň4, ℏ1 = 2 and ℏ3 = 1, then M (η) =
sn(η)cn(η)

dn(η)
, and Eq. (28) takes the form:

Φ(x, t) =
{
± 2ň

√
2− k−3k2 +3δ

sn(x+2kt)cn(x+2kt)
dn(x+2kt)

}
ei(kx+δ t)+σB− 1

2 σ2t , (100)

Ψ(x, t) =
{

k2 −δ −2− 2ň2sn2(x+2kt)cn2(x+2kt)
dn2(x+2kt)

}
eσB− 1

2 σ2t . (101)

If ň = 1, then Eqs. (100) and (101) become:

Φ(x, t) =
{
± 2

√
2− k−3k2 +3δ tanh(x+2kt)

}
ei(kx+δ t)+σB− 1

2 σ2t , (102)

Ψ(x, t) =
{

k2 −δ −2−2(tanh(x+2kt))2}eσB− 1
2 σ2t . (103)

Case I-24: If ℏ1 = 1, ℏ2 = ň2 +2, and ℏ3 = 1−2ň2 + ň4, then M (η) =
dn(η)cn(η)

sn(η)
, and Eq. (28) takes the form:

Φ(x, t) =
{
± 2

√
ň2 +2− k−3k2 +3δ

dn(x+2kt)cn(x+2kt)
sn(x+2kt)

}
ei(kx+δ t)+σB− 1

2 σ2t , (104)
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Ψ(x, t) =
{

k2 −δ − ň2 −2− 2dn2(x+2kt)cn2(x+2kt)
sn2(x+2kt)

}
eσB− 1

2 σ2t . (105)

If ň = 1, then Eqs. (104) and (105) become:

Φ(x, t) =
{
± 2

√
3− k−3k2 +3δ sech(x+2kt)csch(x+2kt)

}
ei(kx+δ t)+σB− 1

2 σ2t , (106)

Ψ(x, t) =
{

k2 −δ −3−2(sech(x+2kt)csch(x+2kt))2}eσB− 1
2 σ2t . (107)

Case I-25: If ℏ1 = −4
ň
, ℏ2 = 6ň− ň2 − 1 and ℏ3 = −2ň3 + ň4 + ň2, then M (η) =

ňcn(η)dn(η)

ňsn2(η)+1
, and Eq. (28)

takes the form:

Φ(x, t) =

{
± 4

√
ň2 −6ň+1+ k+3k2 −3δ

√
ňcn(x+2kt)dn(x+2kt)

ňsn2 (x+2kt)+1

}
ei(kx+δ t)+σB− 1

2 σ2t , (108)

Ψ(x, t) =
{

k2 −δ + ň2 −6ň+1+
8ňcn2(x+2kt)dn2(x+2kt)

(ňsn2(x+2kt)+1)2

}
eσB− 1

2 σ2t . (109)

If ň = 1, then Eqs. (108) and (109) become:

Φ(x, t) =
{
± 4

√
−4+ k+3k2 −3δ

sech2(x+2kt)
1+ tanh2 (x+2kt)

}
ei(kx+δ t)+σB− 1

2 σ2t , (110)

Ψ(x, t) =
{

k2 −δ + ň2 −6ň+1+
8sech4(x+2kt)

(1+ tanh2 (x+2kt))2

}
eσB− 1

2 σ2t . (111)

Case I-26: If ℏ1 =
1
4
, ℏ2 =

1−2ň2

2
and ℏ3 =

1
4
, then M (η) =

sn(η)

1± cn(η)
, and Eq. (28) takes the form:

Φ(x, t) =

{
±

√
1−2ň2 −2k−6k2 +6δ

2
sn(x+2kt)

1± cn(x+2kt)

}
ei(kx+δ t)+σB− 1

2 σ2t , (112)

Ψ(x, t) =
1
2

{
2k2 −2δ −1+2ň2 − sn2(x+2kt)

(1± cn(x+2kt))2

}
eσB− 1

2 σ2t . (113)

If ň → 0, then Eqs. (108) and (109) become:

Φ(x, t) =

{
±

√
1−2k−6k2 +6δ

2
(csc(x+2kt)± cot(x+2kt))

}
ei(kx+δ t)+σB− 1

2 σ2t , (114)

Volume 6 Issue 5|2025| 7113 Contemporary Mathematics



Ψ(x, t) =
1
2
{

2k2 −2δ −1− (csc(x+2kt)± cot(x+2kt))2}eσB− 1
2 σ2t . (115)

Case I-27: If ℏ1 =
1− ň2

4
, ℏ2 =

1+ ň2

2
and ℏ3 =

1− ň2

4
, then M (η) =

cn(η)

1± sn(η)
, and Eq. (28) takes the form:

Φ(x, t) =

{
±

√
(1− ň2)(1+ ň2 −2k−6k2 +6δ )

2
cn(x+2kt)

1± sn(x+2kt)

}
ei(kx+δ t)+σB− 1

2 σ2t , (116)

Ψ(x, t) =
1
2

{
2k2 −2δ −1− ň2 − cn2(x+2kt)

(1± sn(x+2kt))2

}
eσB− 1

2 σ2t . (117)

If ň → 0, then Eqs. (108) and (109) become:

Φ(x, t) =

{
±

√
(1−2k−6k2 +6δ )

2
(sec(x+2kt)± tan(x+2kt))

}
ei(kx+δ t)+σB− 1

2 σ2t , (118)

Ψ(x, t) =
1
2
{

2k2 −2δ −1− (sec(x+2kt)± tan(x+2kt))2}eσB− 1
2 σ2t . (119)

Remark 1 If we put σ = 0 in Eqs. (30) to (119), then we have the same solutions that stated in [18].
Case II: Substituting Eq. (27) and using Eq. (13) Eq. (2), we get the solutions of CSSKdV Eq. (1) as follows:

Φ(x, t) =
[

2
√

2
(

10ℏ2 −
√
ℏ2

2 −3ℏ1ℏ3

)
+6

√
2ℏ1M

2 (η)

]
ei(kx+δ t)+σB− 1

2 σ2t , (120)

Ψ(x, t) =
[
−2ℏ2 −

1
3

k− 4
3

√
ℏ2

2 −3ℏ1ℏ3 −6ℏ1M
2 (η)

]
eσB− 1

2 σ2t . (121)

There are many cases for the solutions of Eq. (26) as stated in Table 1 as follows:
Case II-1: If ℏ1 = ň2, ℏ2 =−

(
1+ ň2

)
and ℏ3 = 1, then M (η) = sn(η), and Eq. (120) takes the form

Φ(x, t) =
{

2
√

2
(
−10

(
1+ ň2)−√

ň4 − ň2 +1
)
+6

√
2ň2sn2 (x+2kt)

}
ei(kx+δ t)+σB− 1

2 σ2t , (122)

Ψ(x, t) =
{

2
(
1+ ň2)− 1

3
k− 4

3

√
ň4 − ň2 +1−6ň2sn2(x+2kt)

}
eσB− 1

2 σ2t . (123)

If ň = 1, then Eqs. (122) and (123) become:

Φ(x, t) =
{
−42

√
2+6

√
2tanh2(x+2kt)

}
ei(kx+δ t)+σB− 1

2 σ2t , (124)

Contemporary Mathematics 7114 | Wael W. Mohammed, et al.



Ψ(x, t) =
{
−8

3
− 1

3
k−6tanh2(x+2kt)

}
eσB− 1

2 σ2t . (125)

Case II- 2: If ℏ1 = ň2, ℏ2 =−
(
1+ ň2

)
and ℏ3 = 1, then M (η) = cd(η), and Eq. (120) takes the form:

Φ(x, t) =
{

2
√

2
(
−10

(
1+ ň2)−√

ň4 − ň2 +1
)
+6

√
2ň2cd2(x+2kt)

}
ei(kx+δ t)+σB− 1

2 σ2t , (126)

Ψ(x, t) =
{

2
(
1+ ň2)− 1

3
k− 4

3

√
ň4 − ň2 +1−6ň2cd2(x+2kt)

}
eσB− 1

2 σ2t . (127)

Case II-3: If ℏ1 =−ň2, ℏ2 = 2ň2 −1 and ℏ3 = 1− ň2, then M (η) = cn(η), and Eq. (120) takes the form:

Φ(x, t) =
{

2
√

2
(

10(2ň2 −1)−
√

ň4 − ň2 +1
)
−6

√
2ň2cn2(x+2kt)

}
ei(kx+δ t)+σB− 1

2 σ2t , (128)

Ψ(x, t) =
{
−2(2ň2 −1)− 1

3
k− 4

3

√
ň4 − ň2 +1+6ň2cn2(x+2kt)

}
eσB− 1

2 σ2t . (129)

If ň = 1, then Eqs. (128) and (129) become:

Φ(x, t) =
{

18
√

2−6
√

2sech2(x+2kt)
}

ei(kx+δ t)+σB− 1
2 σ2t , (130)

Ψ(x, t) =
{
−1

3
k− 10

3
+6sech2(x+2kt)

}
eσB− 1

2 σ2t . (131)

Case II-4: If ℏ1 =−1, ℏ2 = 2− ň2 and ℏ3 = ň2 −1, then M (η) = dn(η), and Eq. (120) takes the form:

Φ(x, t) =
{

2
√

2
(

10(2− ň2)−
√

ň4 − ň2 +1
)
−6

√
2dn2(x+2kt)

}
ei(kx+δ t)+σB− 1

2 σ2t , (132)

Ψ(x, t) =
{
−2(2− ň2)− 1

3
k− 4

3

√
ň4 − ň2 +1+6dn2(x+2kt)

}
eσB− 1

2 σ2t . (133)

Case II-5: If ℏ1 = 1, ℏ2 =−
(
1+ ň2

)
and ℏ3 = ň2, then M (η) = ns(η), and Eq. (120) takes the form:

Φ(x, t) =
{

2
√

2
(
−10

(
1+ ň2)−√

ň4 − ň2 +1
)
+6

√
2ns2(x+2kt)

}
ei(kx+δ t)+σB− 1

2 σ2t , (134)

Ψ(x, t) =
{
−2

(
1+ ň2)− 1

3
k− 4

3

√
ň4 − ň2 +1−6ns2(x+2kt)

}
eσB− 1

2 σ2t . (135)

If ň = 1, then Eqs. (134) and (135) become:
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Φ(x, t) =
{
−42

√
2+6

√
2coth2(x+2kt)

}
ei(kx+δ t)+σB− 1

2 σ2t , (136)

Ψ(x, t) =
{
−1

3
k− 16

3
−6coth2(x+2kt)

}
eσB− 1

2 σ2t . (137)

While if ň → 0, then Eqs. (134) and (135) become:

Φ(x, t) =
{
−22

√
2+6

√
2csc2(x+2kt)

}
ei(kx+δ t)+σB− 1

2 σ2t , (138)

Ψ(x, t) =
{
−1

3
k− 10

3
−6csc2(x+2kt)

}
eσB− 1

2 σ2t . (139)

Case II-6: If ℏ1 = 1, ℏ2 =−
(
1+ ň2

)
and ℏ3 = ň2, then M (η) = dc(η), and Eq. (120) takes the form:

Φ(x, t) =
{

2
√

2
(
−10

(
1+ ň2)−√

ň4 − ň2 +1
)
+6

√
2dc2(x+2kt)

}
ei(kx+δ t)+σB− 1

2 σ2t , (140)

Ψ(x, t) =
{
−2

(
1+ ň2)− 1

3
k− 4

3

√
ň4 − ň2 +1−6dc2(x+2kt)

}
eσB− 1

2 σ2t . (141)

If ň → 0, then Eqs. (140) and (141) become:

Φ(x, t) =
{

18
√

2+6
√

2sec2(x+2kt)
}

ei(kx+δ t)+σB− 1
2 σ2t , (142)

Ψ(x, t) =
{
−1

3
k− 10

3
−6sec2(x+2kt)

}
eσB− 1

2 σ2t . (143)

Case II-7: If ℏ1 = 1− ň2, ℏ2 = 2ň2 −1 and ℏ3 =−ň2, then M (η) = nc(η), and Eq. (120) takes the form:

Φ(x, t) =
{

2
√

2
(

10(2ň2 −1)−
√

ň4 − ň2 +1
)
+6

√
2(1− ň2)nc2(x+2kt)

}
ei(kx+δ t)+σB− 1

2 σ2t , (144)

Ψ(x, t) =
{
−2(2ň2 −1)− 1

3
k− 4

3

√
ň4 − ň2 +1−6(1− ň2)nc2(x+2kt)

}
eσB− 1

2 σ2t . (145)

Case II-8: If ℏ1 = ň2 −1, ℏ2 = 2− ň2 and ℏ3 =−1, then M (η) = nd(η), and Eq. (120) takes the form:

Φ(x, t) =
{

2
√

2
(

10(2− ň2)−
√

ň4 − ň2 +1
)
+6

√
2(ň2 −1)nd2(x+2kt)

}
ei(kx+δ t)+σB− 1

2 σ2t , (146)
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Ψ(x, t) =
{
−2(2− ň2)− 1

3
k− 4

3

√
ň4 − ň2 +1−6(ň2 −1)nd2(x+2kt)

}
. (147)

Case II-9: If ℏ1 = 1− ň2, ℏ2 = 2− ň2 and ℏ3 = 1, then M (η) = sc(η), and Eq. (120) takes the form:

Φ(x, t) =
{

2
√

2
(

10(2− ň2)−
√

ň4 − ň2 +1
)
+6

√
2(1− ň2)sc2(x+2kt)

}
ei(kx+δ t)+σB− 1

2 σ2t , (148)

Ψ(x, t) =
{
−2(2− ň2)− 1

3
k− 4

3

√
ň4 − ň2 +1−6(1− ň2)sc2(x+2kt)

}
eσB− 1

2 σ2t . (149)

If ň → 0, then Eqs. (148) and (149) become:

Φ(x, t) =
{

38
√

2+6
√

2tan2(x+2kt)
}

ei(kx+δ t)+σB− 1
2 σ2t , (150)

Ψ(x, t) =
{
−1

3
k− 16

3
−6tan2(x+2kt)

}
eσB− 1

2 σ2t . (151)

Case II-10: If ℏ1 =−ň2(1− ň2), ℏ2 = 2ň2 −1 and ℏ3 = 1, then M (η) = sd(η), and Eq. (120) takes the form :

Φ(x, t) =
{

2
√

2
(

10(2ň2 −1)−
√

ň4 − ň2 +1
)
−6

√
2ň2(1− ň2)sd2(x+2kt)

}
ei(kx+δ t)+σB− 1

2 σ2t , (152)

Ψ(x, t) =
{
−2(2ň2 −1)− 1

3
k− 4

3

√
ň4 − ň2 +1+6ň2(1− ň2)sd2(x+2kt)

}
eσB− 1

2 σ2t . (153)

Case II-11: If ℏ1 = 1, ℏ2 = 2− ň2 and ℏ3 = 1− ň2, then M (η) = cs(η), and Eq. (120) takes the form :

Φ(x, t) =
{

2
√

2
(

10(2− ň2)−
√

ň4 − ň2 +1
)
+6

√
2cs2(x+2kt)

}
ei(kx+δ t)+σB− 1

2 σ2t , (154)

Ψ(x, t) =
{
−2(2− ň2)− 1

3
k− 4

3

√
ň4 − ň2 +1−6cs2(x+2kt)

}
eσB− 1

2 σ2t . (155)

If ň = 1, then Eqs. (154) and (155) become:

Φ(x, t) =
{

18
√

2+6
√

2csch2(x+2kt)
}

ei(kx+δ t)+σB− 1
2 σ2t , (156)

Ψ(x, t) =
{
−1

3
k− 10

3
−6csch2(x+2kt)

}
eσB− 1

2 σ2t . (157)

While, if ň → 0, then Eqs. (154) and (155) become:
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Φ(x, t) =
{

38
√

2+6
√

2cot2(x+2kt)
}

ei(kx+δ t)+σB− 1
2 σ2t , (158)

Ψ(x, t) =
{
−1

3
k− 16

3
−6cot2(x+2kt)

}
eσB− 1

2 σ2t . (159)

Case II-12: If ℏ1 = 1, ℏ2 = 2ň2 −1 and ℏ3 =−ň2(1− ň2), then M (η) = ds(η), and Eq. (120) takes the form:

Φ(x, t) =
{

2
√

2
(

10(2ň2 −1)−
√

ň4 − ň2 +1
)
+6

√
2ds2(x+2kt)

}
ei(kx+δ t)+σB− 1

2 σ2t , (160)

Ψ(x, t) =
{
−2(2ň2 −1)− 1

3
k− 4

3

√
ň4 − ň2 +1−6ds2(x+2kt)

}
eσB− 1

2 σ2t . (161)

Case II-13: If ℏ1 =
1
4
, ℏ2 =

1−2ň2

2
and ℏ3 =

1
4
, then M (η) = ns(η)± cs(η), and Eq. (120) takes the form:

Φ(x, t) =

{
√

2
(

10(1−2ň2)− 1
2

√
16ň4 −16ň2 +1

)
+

3
√

2
2

(ns(x+2kt)± cs(x+2kt))

}
ei(kx+δ t)+σB− 1

2 σ2t , (162)

Ψ(x, t) =
{
−(1−2ň2)− 1

3
k− 2

3

√
16ň4 −16ň2 +1− 3

2
(ns(x+2kt)± cs(x+2kt))2

}
eσB− 1

2 σ2t . (163)

Case II-14: If ℏ1 =
1
4
, ℏ2 =

ň2 −2
2

and ℏ3 =
ň2

4
, then M (η) = ns(η)±ds(η), and Eq. (120) takes the form :

Φ(x, t) =

{
2
√

2
(

10(ň2 −2)− 1
2

√
4ň4 −19ň2 +16

)
+

3
√

2
2

(ns(x+2kt)±ds(x+2kt))2

}
ei(kx+δ t)+σB− 1

2 σ2t , (164)

Ψ(x, t) =
{
−(ň2 −2)− 1

3
k− 2

3

√
4ň4 −19ň2 +16− 3

2
(ns(x+2kt)±ds(x+2kt))2

}
eσB− 1

2 σ2t . (165)

If ň = 1, then Eqs. (164) and (165) [or Eqs. (162) and (163)] become:

Φ(x, t) =

{
−21

√
2+

3
√

2
2

(coth(x+2kt)± csch(x+2kt))2

}
ei(kx+δ t)+σB− 1

2 σ2t , (166)

Ψ(x, t) =
{

1
3
− 1

3
k− 3

2
(coth(x+2kt)± csch(x+2kt))2

}
eσB− 1

2 σ2t . (167)

While, if ň → 0, then Eqs. (164) and (165) [or Eqs. (162) and (163)] become:
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Φ(x, t) =

{
−44

√
2+

3
√

2
2

(csc(x+2kt)± cot(x+2kt))2

}
ei(kx+δ t)+σB− 1

2 σ2t , (168)

Ψ(x, t) =
{
−2
3

− 1
3

k− 3
2
(csc(x+2kt)± cot(x+2kt))2

}
eσB− 1

2 σ2t . (169)

Case II-15: If ℏ1 =
1− ň2

4
, ℏ2 =

1+ ň2

2
and ℏ3 =

1− ň2

4
, then M (η) = nc(η)± sc(η), and Eq. (120) takes the

form:

Φ(x, t) =

{
√

2
(

10(1+ ň2)− 1
2

√
ň4 +14ň2 +1

)
+

3
√

2(1− ň2)

2
(nc(x+2kt)± sc(x+2kt))2

}
ei(kx+δ t)+σB− 1

2 σ2t ,

(170)

Ψ(x, t) =
{
−(1+ ň2)− 1

3
k− 2

3

√
ň4 +14ň2 +1− 3(1− ň2)

2
(nc(x+2kt)± sc(x+2kt))2

}
eσB− 1

2 σ2t . (171)

If ň → 0, then Eqs. (170) and (171) become:

Φ(x, t) =

{
19
√

2
2

+
3
√

2
2

(sec(x+2kt)± tan(x+2kt))2

}
ei(kx+δ t)+σB− 1

2 σ2t , (172)

Ψ(x, t) =
{
−1

3
k− 5

3
− 3

2
(sec(x+2kt)± tan(x+2kt))2

}
eσB− 1

2 σ2t . (173)

Case II-16: If ℏ1 =
ň2

4
, ℏ2 =

ň2 −2
2

and ℏ3 =
ň2

4
, then M (η) =

√
1− ň2 (sd(η)± cd(η)) , and Eq. (120) takes

the form:

Φ(x, t) =

{
√

2
(

10(ň2 −2)− 1
2

√
ň4 −16ň2 +16

)
+

3
√

2ň2

2

(√
1− ň2sd(x+2kt)± cd(x+2kt)

)2
}

ei(kx+δ t)+σB− 1
2 σ2t ,

(174)

Ψ(x, t) =
{
−(ň2 −2)− 1

3
k− 2

3

√
ň4 −16ň2 +16− 3ň2

2

(√
1− ň2sd(x+2kt)± cd(x+2kt)

)2
}

eσB− 1
2 σ2t . (175)

Case II-17: If ℏ1 =
ň2 −1

4
, ℏ2 =

ň2 +1
2

and ℏ3 =
ň2 −1

4
, then M (η) = ňsd(η)±nd(η), and Eq. (120) takes the

form:
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Φ(x, t) =

{
√

2
(

10(1+ ň2)− 1
2

√
ň4 +14ň2 +1

)
+

3
√

2(ň2 −1)
2

(ňsd(x+2kt)±nd(x+2kt))2

}
ei(kx+δ t)+σB− 1

2 σ2t ,

(176)

Ψ(x, t) =
1
2

{
−(1+ ň2)− 1

3
k− 2

3

√
ň4 +14ň2 +1− 3(ň2 −1)

2
(ňsd(x+2kt)±nd(x+2kt))2

}
eσB− 1

2 σ2t . (177)

Case II-18: If ℏ1 =
ň2

4
, ℏ2 =

ň2 −2
2

and ℏ3 =
1
4
, then M (η) =

sn(η)

1±dn
, and Eq. (120) takes the form:

Φ(x, t) =

{
√

2
(

10(ň2 −2)− 1
2

√
4ň4 −19ň2 +16

)
+

3
√

2ň2

2

(
sn(η)

1±dn(η)

)2
}

ei(kx+δ t)+σB− 1
2 σ2t , (178)

Ψ(x, t) =

{
−(ň2 −2)− 1

3
k− 2

3

√
4ň4 −19ň2 +16− 3ň2

2

(
sn(η)

1±dn(η)

)2
}

eσB− 1
2 σ2t . (179)

If ň = 1, then Eqs. (178) and (179) become:

Φ(x, t) =

{
−21

√
2+

3
√

2
2

(
tanh(η)

1± sech(η)

)2
}

ei(kx+δ t)+σB− 1
2 σ2t , (180)

Ψ(x, t) =

{
1
3
− 1

3
k− 3

2

(
tanh(η)

1± sech(η)

)2
}

eσB− 1
2 σ2t . (181)

Case II-19: If ℏ1 =
−1
4

, ℏ2 =
ň2 +1

2
and ℏ3 =

(
1− ň2

)2

4
, then M (η) = ňcn(η)±dn(η), and Eq. (120) takes the

form:

Φ(x, t) =

{
√

2
(

10(ň2 +1)− 1
2

√
7ň4 +2ň2 +7

)
− 3

√
2

4
(ňcn(x+2kt)±dn(x+2kt))2

}
ei(kx+δ t)+σB− 1

2 σ2t , (182)

Ψ(x, t) =
{
−(ň2 +1)− 1

3
k− 2

3

√
7ň4 +2ň2 +7− 3

4
(ňcn(x+2kt)±dn(x+2kt))2

}
eσB− 1

2 σ2t . (183)

Case II-20: If ℏ1 =

(
1− ň2

)2

4
, ℏ2 =

ň2 +1
2

and ℏ3 =
1
4
, then M (η) = (ds(η)± cs(η)) , and Eq. (120) takes the

form:
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Φ(x, t) =
{√

2
(

10(ň2 +1)− 1
2

√
ň4 +14ň2 +1

)
+3

√
2
(
1− ň2)2

(ds(x+2kt)± cs(x+2kt))2
}

ei(kx+δ t)+σB− 1
2 σ2t ,

(184)

Ψ(x, t) =
{
−(ň2 +1)− 1

3
k− 2

3

√
ň4 +14ň2 +1−3

(
1− ň2)2

(ds(x+2kt)± cs(x+2kt))2
}

eσB− 1
2 σ2t . (185)

If ň → 0, then Eqs. (184) and (185) become:

Φ(x, t) =

{
19
√

2
2

+
6
√

2
2

(sec(x+2kt)± tan(x+2kt))2

}
ei(kx+δ t)+σB− 1

2 σ2t , (186)

Ψ(x, t) =
{
−1

3
k− 5

3
− 6

2
(sec(x+2kt)± tan(x+2kt))2

}
eσB− 1

2 σ2t . (187)

Case II-21: If ℏ1 = 1, ℏ2 = 2−4ň2 and ℏ3 = 1, then M (η) =
sn(η)dn(η)

cn(η)
, and Eq. (120) takes the form:

Φ(x, t) =
{

2
√

2
(

10(2−4ň2)−
√

16ň4 −16ň2 +1
)
+6

√
2

sn2(x+2kt)dn2(x+2kt)
cn2(x+2kt)

}
ei(kx+δ t)+σB− 1

2 σ2t , (188)

Ψ(x, t) =
{
−2(2−4ň2)− 1

3
k+

4
3

√
16ň4 −16ň2 +1− 6sn2(x+2kt)dn2(x+2kt)

cn2(x+2kt)

}
eσB− 1

2 σ2t . (189)

Case II- 22: If ℏ1 = ň4, ℏ2 = 2 and ℏ3 = 1, then M (η) =
sn(η)cn(η)

dn(η)
, and Eq. (120) takes the form:

Φ(x, t) =
{

2
√

2
(

20−
√

4−3ň4
)
+6

√
2ň4 sn2(x+2kt)cn2(x+2kt)

dn2(x+2kt)

}
ei(kx+δ t)+σB− 1

2 σ2t , (190)

Ψ(x, t) =
{
−4− 1

3
k− 4

3

√
4−3ň4 −6ň4 sn2(x+2kt)cn2(x+2kt)

dn2(x+2kt)

}
eσB− 1

2 σ2t . (191)

If ň = 1, then Eqs. (190) and (191) become:

Φ(x, t) =
{

38
√

2+6
√

2tanh2(x+2kt)
}

ei(kx+δ t)+σB− 1
2 σ2t , (192)

Ψ(x, t) =
{
−1

3
k− 16

3
−6(tanh(x+2kt))2

}
eσB− 1

2 σ2t . (193)
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Case II-23: If ℏ1 = 1, ℏ2 = ň2 + 2, and ℏ3 = 1− 2ň2 + ň4, then M (η) =
dn(η)cn(η)

sn(η)
, and Eq. (120) takes the

form:

Φ(x, t) =
{

2
√

2
(

10(ň2 +2)−
√
−2ň4 +10ň2 +1

)
+6

√
2

dn2(x+2kt)cn2(x+2kt)
sn2(x+2kt)

}
ei(kx+δ t)+σB− 1

2 σ2t , (194)

Ψ(x, t) =
{
−2(ň2 +2)− 1

3
k− 4

3

√
−2ň4 +10ň2 +1− 6dn2(x+2kt)cn2(x+2kt)

sn2(x+2kt)

}
eσB− 1

2 σ2t . (195)

If ň = 1, then Eqs. (194) and (195) become:

Φ(x, t) =
{

54
√

2+6
√

2sech2(x+2kt)csch2(x+2kt)
}

ei(kx+δ t)+σB− 1
2 σ2t , (196)

Ψ(x, t) =
{
−10− 1

3
k−6(sech(x+2kt)csch(x+2kt))2

}
eσB− 1

2 σ2t . (197)

Case II-24: If ℏ1 = −4
ň
, ℏ2 = 6ň− ň2 −1 and ℏ3 = −2ň3 + ň4 + ň2, then M (η) =

ňcn(η)dn(η)

ňsn2(η)+1
, and Eq. (120)

takes the form:

Φ(x, t) =
{

2
√

2
(

10(6ň− ň2 −1)−
√

ň4 +14ň2 +1
)
−24

√
2

cn2(x+2kt)dn2(x+2kt)
(ňsn2(x+2kt)+1)2

}
ei(kx+δ t)+σB− 1

2 σ2t , (198)

Ψ(x, t) =
{
−12ň+2ň2 +2− 1

3
k− 4

3

√
ň4 +14ň2 +1+

24cn2(x+2kt)dn2(x+2kt)
(ňsn2(x+2kt)+1)2

}
eσB− 1

2 σ2t . (199)

If ň = 1, then Eqs. (198) and (199) become:

Φ(x, t) =

{
72
√

2− 24
√

2sech4(x+2kt)
(1+ tanh2 (x+2kt))2

}
ei(kx+δ t)+σB− 1

2 σ2t , (200)

Ψ(x, t) =
{
−1

3
k− 40

3
+

24sech4(x+2kt)
(1+ tanh2 (x+2kt))2

}
eσB− 1

2 σ2t . (201)

Case II-25: If ℏ1 =
1
4
, ℏ2 =

1−2ň2

2
and ℏ3 =

1
4
, then M (η) =

sn(η)

1± cn(η)
, and Eq. (120) takes the form:

Φ(x, t) =

{
2
√

2
(

10(1−2ň2)− 1
2

√
16ň4 −16ň2 +1

)
+

3
√

2
2

sn2(x+2kt)
[1± cn(x+2kt)]2

}
ei(kx+δ t)+σB− 1

2 σ2t , (202)
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Ψ(x, t) =
{
−(1−2ň2)− 1

3
k− 2

3

√
16ň4 −16ň2 +1− 3

2
sn2(x+2kt)

(1± cn(x+2kt))2

}
eσB− 1

2 σ2t . (203)

If ň → 0, then Eqs. (202) and (203) become:

Φ(x, t) =

{
19
√

2+
3
√

2
2

(csc(x+2kt)± cot(x+2kt))2

}
ei(kx+δ t)+σB− 1

2 σ2t , (204)

Ψ(x, t) =
{
−1

3
k− 5

3
− 3

2
(csc(x+2kt)± cot(x+2kt))2

}
eσB− 1

2 σ2t . (205)

Case II-26: If ℏ1 =
1− ň2

4
, ℏ2 =

1+ ň2

2
and ℏ3 =

1− ň2

4
, then M (η) =

cn(η)

1± sn(η)
, and Eq. (120) takes the form:

Φ(x, t) =

{
√

2
(

10(1+ ň2)− 1
2

√
ň4 +14ň2 +1

)
+

3
√

2(1− ň2)

2
(cn2(x+2kt)

(1± sn(x+2kt))2

}
ei(kx+δ t)+σB− 1

2 σ2t , (206)

Ψ(x, t) =
{
−(1+ ň2)− 1

3
k− 2

3

√
ň4 +14ň2 +1− 3(1− ň2)

2
(cn2(x+2kt)

(1± sn(x+2kt))2

}
eσB− 1

2 σ2t . (207)

If ň → 0, then Eqs. (206) and (207) become:

Φ(x, t) =

{
19
√

2
2

+
3
√

2
2

(sec(x+2kt)± tan(x+2kt))2

}
ei(kx+δ t)+σB− 1

2 σ2t , (208)

Ψ(x, t) =
1
2

{
−5

3
− 1

3
k− 3

2
(sec(x+2kt)± tan(x+2kt))2

}
eσB− 1

2 σ2t . (209)

Remark 2 If we put σ = 0 in Eqs. (122), (123), (124), (125), (128), (129), (130), (131), (132), and (133), then we
have the same solutions that stated in [27].

5. Discussion and effect of noise
Discussion: The presence of multiplicative noise in the Schrödinger-KdV equation can lead to the emergence of

complex and chaotic behavior. Nonlinear equations like the Schrödinger-KdV equation are known to exhibit a wide
range of dynamical phenomena, including soliton solutions, turbulence, and pattern formation. When multiplicative noise
is introduced into the equation, it can interact with the nonlinear terms and lead to novel and unpredictable dynamics.
Understanding and analyzing these chaotic behaviors can provide valuable insights into the underlying mechanisms that
govern the system, and may ultimately lead to new breakthroughs in various fields of physics and engineering.

Effect of noise: Now, let us show the effect of noise on the analytical solution of the SCSKdV in Eq. (1). To illustrate
the behavior of some of the discovered solutions, many figures are provided, including Eqs. (30), (31), (32), (33), (88)
and (99) as follows:
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Figure 1. (a-c) display 3D-shape of the periodic soliton solution Φ(x, t) in Eq (30) with ň = 0.5, k = −1, δ = 2, x ∈ [0, 4], t ∈ [0, 3] and σ =
0, 0.1, 0.3, 1, 2 (d) shows 2D-shape of Eq. (30) with different σ
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Figure 2. (a-e) display 3D-shape of the periodic soliton solution Ψ(x, t) in Eq. (31) with ň = 0.5, k = −1, δ = 2, x ∈ [0, 4], t ∈ [0, 3] and σ =
0, 0.1, 0.3, 1, 2 (f) shows 2D-shape of Eq. (31) with different σ
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Figure 3. (a-e) display 3D-shape of the dark soliton solution Φ(x, t) in Eq. (32) with k =−1, δ = 2, x ∈ [0, 4], t ∈ [0, 3] and σ = 0, 0.1, 0.3, 1, 2 (f)
shows 2D-shape of Eq. (32) with different σ
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Figure 4. (a-c) display 3D-shape of solution Ψ(x, t) in Eq. (33) with k = 2 and σ = 0, 0.1, 0.3, 1, 2 (d) shows 2D-shape of Eq. (33) with different σ
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Figure 5. (a-c) display 3D-shape of the dark soliton solution Φ(x, t) in Eq. (88) with k = 2 and σ = 0, 0.1, 0.3, 1, 2 (d) shows 2D-shape of Eq. (88)
with different σ
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Figure 6. (a-c) display 3D-shape of the bright soliton solution Ψ(x, t) in Eq. (89) with k = 2 and σ = 0, 0.1, 0.3, 1, 2 (d) shows 2D-shape of Eq. (89)
with different σ
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Now, Figures 1-6 show that there are several additional kinds of solutions, including periodic soliton solutions, kink
soliton solutions, bright soliton solutions, dark soliton solutions and so on, when the multiplicative noise is disregarded
(i.e. when σ = 0). The surface becomes flatter after brief transit patterns when noise is added and its amplitude is raised
by σ = 0.1, 0.3, 1, 2. This indicates that SCSKdV equations solutions are influenced by multiplicative Brownian motion
and are kept stable around zero.

6. Conclusions
In this paper, the stochastic coupled Schrödinger-KdV equations in Eq. (1) forced bymultiplicative Brownian motion

in the Itô sense was considered. By utilizing a mapping method, we were able to obtain new trigonometric, rational,
hyperbolic, and elliptic stochastic solutions. The results demonstrate that this method is an effective mathematical tool
for finding exact solutions to our equation. Also, it is a potential method for solving other nonlinear evolution equations.
In the absence of noise, we obtained some previously solutions of CSKdV such as the solutions stated in [18, 27]. These
obtained solutions can be applied to the analysis of a wide variety of crucial physical phenomena because of the coupled
Schrödinger-KdV equations have important applications in dusty plasma, including Langmuir, electromagnetic waves,
and dust-acoustic wave. Furthermore, the noise term impacts on the analytical solution of the SCSKdV equations in Eq.
(1) were shown using the MATLAB software. We displayed that multiplicative Brownian motion stabilized the solutions
at zero. In the future work, we can obtain the exact solutions for coupled Schrödinger-KdV equations with additive noise.
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