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Abstract: In this article, we generalize the notion of fuzzy (%) invex sets and preinvex functions, and introduce the ideas
of intuitionistic fuzzy (. .%) invex sets and preinvex functions. These functions are also generalized forms of .% -convex
functions when .#.% -invex functions are differentiable. With the support of some results, we explain the definitions like
invex, incave, and quasi-.#.% -sets differently and .# % -invex sets. Similarly, different preinvex functions are defined
with the help of .#.% -mappings (.#.% Ms) on the invex set and characterize some properties. Finally, new proofs of
some known important results are offered. These important outcomes are based on optimization in which the minimum
of the .¥.% -preinvex function is distinguished by .#.% -variational-like (¥ %) inequalities and ¥ Z-inequalities. These
results define the relationship of .#.% -preinvex functions with .#.% -mixed-¥ Z-inequalities. These concepts are more
important than .% -nonconvexity because the . -theory depend upon the membership function and .#.% -theory contains
the membership and non-membership functions. Some of the non-trivial examples are also provided to validate the given
results.

Keywords: intuitionistic fuzzy numbers, intuitionistic fuzzy invex sets, preinvex function, intuitionistic fuzzy variational-
like inequalities
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1. Introduction

In 1965, Zadeh [ 1] first introduced the idea of .7 -sets and .% -numbers and explored their fundamental characteristics.
Over time, many researchers have expanded on these concepts to address issues of uncertainty. A .%-number can be
regarded as a generalization of an interval from classical set theory. After Zadeh’s initial definition, Dubois and Prade
[2] refined the concept by imposing additional conditions on .%-numbers. Later, Goetschel and Voxman [3] further
advanced this framework by adjusting several of these conditions, making .% -numbers more practical to work with. For
example, while Dubois and Prade required .% -numbers to be continuous functions, Goetschel and Voxman allowed them
to be only upper semicontinuous. Such relaxations of conditions make it possible to establish a metric on the collection
of .Z -numbers, which in turn provides a basis for studying their topological properties.
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Similarly, with the help these .%-numbers we can easily handle the convexity of #-set. Noor [4] initiated the
notion of % -preinvex function over the field R and this notion is function from .Z -invex set to set of all .%-numbers
and discussed the properties of .% -preinvex function. Furthermore, the optimal conditions are obtained and characterized
by ¥ .Z-inequalities. Subsequently, many authors contributed in this field, Syau [5-7], by using .%-mappings of one
variable to introduced different types of generalized convexity and also explained the properties of these convex .%-
mappings. For more information, related to .%-convex sets, % -convex mappings, .% -optimization theory, .% -preinvex
mappings and mixed-7 _Z-inequalities [8—15]. As .#-number is not capable of dealing with any application where there
is a lack of knowledge about membership degree. In the case when the degree of non-membership (or degree of rejection)
is discussed simultaneously with degree of membership (or degree of acceptance) and if these degrees are not supportive
to each other, then .# .7 -sets are used to overcome the uncertainty. A collection of interval-valued function inequalities
based on the Kulisch-Miranker order relation was then established by Costa et al. [16]. They used the improper integrals
of Aumann and Kaleva to construct Gauss’s inequality for interval functions. A family of log-s-convex .% -interval-valued
functions was studied by Liu et al. [17]. They obtained some Jensen-and HH-Fejér-type inequalities using this kind of
function. Srivastava et al. were the first to propose interval-valued preinvex functions [18]. In [19], the authors presented
the idea of the interval-valued harmonic h-convex function. They developed many HH-type inequalities for interval
Riemann integrals using this idea. Additionally, a number of applications of interval-valued functions in optimization
theory are examined in studies like [20, 21]. The .%-and interval versions of these fractional integrals via exponential
in the kernel over .% -and exponential trigonometric convex mappings were also provided by Khan et al. [22-27], along
with its applications in inequality theory. Interval-valued functions have seen important recent advances; for further
details, interested readers might consult [28—30] and the references listed therein.

On the other hand, Atanassove [31, 32], introduced .#.% -set and interval-valued .#.% -sets which are generalized
form of .% -sets and explained this idea with the help of examples and compare with .% -set that is the special case of .#.% -
set. In .% -sets, membership function defines the truth values of elements but .# % -sets consist of two functions 1% one is
membership function and 2" one is non-membership function. The question is raised why we need to introduce .#.% -sets.
To explain it we take an optimization problem because in this article, .#.% -preinvex functions are minimized and optimal
conditions are fined. For instance, if we discuss .%#-sets in an optimization problem [33—-42], in general, optimization
problem includes two major things like objective function and constraints but in .% -optimization problem all these relations
are presented by .7 -sets like if we take “Min” . -optimization and “=<” represent the .% -inequality then .% -optimization
problem is

Min: fj(9), j=1,2,3, ...,k )
such that

Similarly, when the degree of non-membership v : X - [0, 1] (or degree of rejection) is considered together with
the degree of membership A : X — [0, 1] (or degree of acceptance), and these two degrees are not complementary to each
other, .#.% -sets are employed to formulate an .#.% -problem. In this context, if A;(¢) and v;(¢@) represent, respectively,
the degree of satisfaction and the degree of rejection of an element ¢ with respect to the jth .. -set, then

Max:Aj(), j=1,2,3,...,k+n, 3)

Min:vj(@), j=1,2,3,..., k+n, 4
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such that

V(@) <0, j=1,2,3, ... k+n, )
Vj(@) <Aj(@), andvj(@)+Aj(@) =1, j=1,2,3, ..., k+n (6)

J.Z -numbers are particularly useful when both membership and non-membership degrees are considered simultan-
eously. Burillo [43] introduced .#.% -numbers as a generalization of .% -numbers. An .%.% -number is characterized by a
membership function and a non-membership function, and it is regarded as an .#.% -number when both functions exhibit
the properties of .% -numbers. For further details on IF-numbers and .# .% -mappings, see [44-52].

Inspired by both above mentioned research work and by the importance of the idea of invexity and preinvexity, see
[53]. In section 3, we generalized the notion of .% -invex sets and preinvex function and introduced the notion of .#.% -
invex sets and preinvex function. With the support of some results, we explained some definitions like invex, incave
and quasi-.# . -sets in different way as compare to .# .% -invex sets. Similarly, different types of preinvex functions are
defined with the help of .# %M on invex set and explained some properties. In section 4, some known important results
is offered and these results based on optimization in which minimum of the .#.% -preinvex function is characterized by
S F -V L-inequalities and mixed-¥ £ -inequalities. These results define the relationship of . .% -preinvex function with
I F-¥ L-inequalities and mixed-¥ £ -inequalities.

2. Preliminaries

This section introduces the essential definitions, notations, and preliminary results for the subsequent analysis.
Definition 1 A .%-set 2 in a universe of discourse R is defined as

2= {(p, Au(@)): ¢ €R}, @)

where Ag : R — [0, 1] is the membership function of 2, assigning to each element ¢ € R a degree of membership in the
interval [0, 1].

On the other hand, a .% -set on R can be expressed as a membership function A : R — [0, 1]. For any b € (0, 1], the
b-level set of A is defined as

As ={9@ €R|A(p) = b}. (®)
If © = 0, then
Ao={9 ER[A(9p) >0}, ©)

which is called the support of A, and we denote the closure of this set by [T \/(A)

A .F-set is defined as normal if there exists ¢ € R such that A(@) = 1.
Furthermore, a .% -set is convex if
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A((1=1)¢ + 10) > min(A(p), A()),

and concave if

A((1-1)p+10) <max(A(@), A(®w)), Vo, weR, T€][0, 1].

A F-set A: R — [0, 1] is defined as a .% -number if it satisfies the following conditions:
1. (Normality) A is normal.

2. (Convexity) A is a convex .% -set.

3. (Compact Support) The support of A is a compact subset of R.

The set of all .%-numbers on R is denoted by % .4 (R).

Definition 2 Let E be a fixed universe of discourse. An L.#-set 2 in E is defined as

A= {{(p, A(p), v(9)) |9 €E},

where

* A:E — [0, 1] is the membership function,

* v:E — [0, 1] is the non-membership function,
satisfying the condition

0<A(p)+v(p) <1, Vo€E.

In addition, the hesitation (or indeterminacy) degree of an element ¢ € E is defined as

(@) =1-A(9)—v(9).

An % Z-set in E is characterized by a pair of mappings (A, v). For 8, o € [0, 1], (B,

defined as
(A, V)5, ) =AsNVz ={@ ER[A(p) > b and v(p) < w},
where
As={QeR|A(9) 28}, vz ={pecR]|v(p)<mw}
and 410 < 1.

An S .F-set (A, v) is defined as:
1. Normal if there exist ¢, @ € E such that A(¢) =1 and v(@) = 1.
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2. Convex if A is a convex % -set and v is a concave .7 -set, i.e.,

A((1-1)9+10) > min(A(9), Alw)),

and

v((1—-1)p+10) <max(v(p), v(w)), VYo, ®<R, T€]0, 1].

An # % -number is characterized by a pair of mappings (A, v), where

A:R—1[0,1] and v:R— [0, 1],

satisfying the following conditions:
1. (Normality) (A, v) is normal, i.e., there exists ¢ € R such that A(¢) = 1.
2. (Convexity/Concavity) A is a .# -convex function and v is a .# -concave function.
3. (Continuity) A is upper semicontinuous and v is lower semicontinuous.
4. (Bounded Support) The support of (A, v), defined as

ﬁK/Aﬂﬁ={¢ER\U@0<1L

is bounded.
The set of all .# % -numbers on R is denoted by & F .4 (R).

(17)

(18)

(19)

(20)

It is worth noting that each .#.% -number can be regarded as a combination of two % -numbers: one defined by the

membership function A, and the other by the non-membership function v.

For an .#.% -number, it is also convenient to describe its structure in terms of (9, tv)-level sets, which provide a

useful representation for analysis such that

As={pcR|A(p)>5}, vz={pcR|v(p)<t}

From these definitions, we have

Where,

A(5) = inf{g € R| A(g) > 5}, A"(5) = sup{9 € R| A(p) = 5,

v (w) = inf{g € R| v(p) <w}, v*(w) = sup{p € R| v(¢) < rw}.
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From the above definitions, an .#.% -number can also be expressed in terms of its (Ag, Vg )-cuts. Specifically, let
(Aﬁa DrNo) - [07 1}7 (25)

where & Ap i R — [0, 1] and évw : R — [0, 1] are referred to as the positive membership function and the negative
membership function, respectively. These mappings satisfy the condition

OSéAw(w)Jrévw(w)gl, VYw€E€R, and fora ¢ € D. (26)

For a given set ®, the collection of all .#.%-mappings from D to R is denoted by .#.%.# (R)®. If we restrict the
setting to Triangular .#.% -Numbers (TFNs), then the set of all such mappings is denoted by 7.%.% .4 (R)®.

Furthermore, by considering the support of the (8, t)-cut, where 8, w € [0, 1] with &+ < 1, we can formally
define . .% -mappings as

Definition 3 [20] An .#.%-set 2 on R is defined as convex if

Ay((1=7)p+710) > (1 - 7)Au(9) + TA% (@) Vo, @ €R, T€0, 1], (27)
Vo ((Il—=1)p+710) < (1—1)v (@) +TV91(®) VO, ® R, T€]0, 1]. (28)

Strictly convex .#.% -set 2 on R if strict inequality holds for Ay (@) # Ag (@) and vy (@) # Vy(®). An F.F-set A
on R is defined as concave if

Ag(1=1)p+70) < (1—7)Ag (@) + TAy () Vo, ® €R, T€]0, 1], (29)
Vo ((1—=7)p+70) > (1—1)vy (@) + TU9 () Vo, ®€R, T€]0, 1]. (30)

Strictly concave . % -set 2 on R if strict inequality holds for Ag (@) # Ag (@) and vy (@) # vy (O).
Definition 4 [20] An . % -set 2 on R is defined as quasi-convex if, V¢, @ € R, T € [0, 1]

Aa((1- 1)@ +10) > min(Ay (@), Au(@)), €2))
Vo ((1 = 7)9 + 70) < max(vy (@), va(®)). (32)

Strictly quasi-convex .#.%-set 2 on R if strict inequality holds for Ag (@) # Ag(®) and vy (@) # vy (®). An
S F-set A on R is defined as quasi-concave if, Vo, @ € R, T € [0, 1]

A ((1=1)¢ + 170) < max(Aq(9), Au(®)), (33)
Vo ((1 = 7)9 + 70) > min(vy (@), Vo (@)). (34)

Volume 6 Issue 6]2025| 8847 Contemporary Mathematics



Strictly quasi-concave .#.% -set 2 on R if strict inequality holds for Ag (@) # Ay (®) and vy (@) # vy (@).

Definition 5 [18] Let © be an invex set in .% .4 (R). Then .#-function & : © — % .4 (R) is defined as preinvex at
oe®if

S(o+n(w, ¢) <r (1-1)6(9)+16(0) Yo, te0, 1]. (35)

Where, <, is a .% -order relation. S is defined as preinvex on @ if it is preinvex at each ¢ € ®. Strictly .# -preinvex
mapping if strict inequality holds for &(¢) #x &(®). & : © — .Z .4 (R) is defined as .Z -preincave mapping at ¢ € D, if
S(p+tn(w, @) >A (1-7)6(p)+16(0) YoeD, 1€ [0, 1] and S is defined as preincave on D if it is preincave
at each ¢ € D. Strictly .% -preincave mapping if strict inequality holds for éi((p) #A é(w)

Definition 6 [18] The .Z-mapping & : ® — .F A (R) is defined as quasi-preinvex at ¢ € © if

S(p+m(w, @) <o max(&(9), () Yoed, t0, 1], (36)

and & is defined as quasi-preinvex on ® if it is preinvex at each ¢ € .

Strictly .% -quasi-preinvex mapping if strict inequality holds for é((p) #A é(w) S:D > FN (R) is defined as
F -quasi-preincave mapping at ¢ € D, if &(¢ + (o, @) >a min(é((p), é(a))) VoD, t€]0, 1] and S is defined
as quasi-preincave on ® if it is quasi-preincave at each ¢ € ©. Strictly .#-quasi-preincave mapping if strict inequality
holds for S (@) #4 S(m).

3. Related results

In this section, some properties of invex .#.% -sets are discussed over convexity and quasi convexity approaches.
These .7 -sets are also characterized by the (9, tv)-cuts. Additionally, some new .#.% -mappings are introduced and with of
help of these mappings, some interesting results are also obtained using generalized differentiability, where differentiable
mappings are .¥ % -mappings. Some new versions of ¥ % -inequalities are also acquired.

3.1 Invex intuitionistic fuzzy sets

In this subsection, we generalized the notions of convex, quasi-convex .#.%-set and introduced the notions of
invex, quasi-invex .#.% -sets and some basic results are proved with the help of (9, tv)-cut.
Definition 7 An .#.%-set 2l on R is defined as invex with respect to 7 if

AQI((P+Tn(wa (P)) > (1 _T)AQI((p) +TA91(0‘)) V(Pv (ORS R7 TE [07 1]7 (37)
Vo (@ +1n(@, 9)) < (1-7)va(e) +1va(@) Vo, ®wER, T€[0, 1], (38)

where 1) is a bi-function from R x R to R. Strictly invex .# % -set 2 on R if strict inequality holds for Ag (@) # Ay (®)
and vy (@) # Vy (). An . F-set A on R is defined as incave if

Ag(@+1n(o, ¢)) < (1-1)A (@) + 1A% (@) Vo, @ €R, T€(0, 1], (39)
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Vo (@ +1N(@, @) > (1-1)va(P) +TV9(®) Vo, ®ER, TE[0, 1]. (40)

Strictly incave .# % -set 2 on R if strict inequality holds for Ag (@) # Ay (®) and vy (@) # Vg ().

Theorem 1 If 2 be an .¥ 7 -set R and invex with respect to 7, then the level set A5 ) = {@ € R [ Aa(p) >
9 and vg (@) < 1o, B, w0 € [0, 1]} is invex set.

Proof. Let @, @ € 2 then by definition of 2, Ag (¢) < B and vy (@) > 0. As @, ® € R and 2 is invex then for
Te |0, 1],

Aa(@+tn(@, @) > (1 - 1)Au(@) + tA9 (@) > (1 - 7)b + 70 = b, (41)
and

V(@ + (0, 9)) < (1-7)va(@) + 109 (@) < (1 - 7)1 + T = . (42)
which implies that, ¢ + 71 (®, @) € U5 ), hence the level set 5 ) is an invex set. O

Definition 8 An .#.%-set 2 on R is defined as quasi-invex with respect to 7 if
Aa (9 + (9, ®)) > min(Ax(9), Ax(®@)) V@, ®€R, T€[0, 1] (43)
Vo (0+tn(w, ¢)) <max(vy (@), va(®w)) Vo, ®eR, T€]0, 1] (44)

where 1) is a bi-function from R X R to R. Strictly quasi-invex .# % -set 2l on R if strict inequality holds for Ag (@) # Ag (o)
and Vy (@) # vy (). An . F-set 2 on R is defined as quasi-incave if

Ay (1 =7)p+10) < max (Ag (@), Ag(®)) Vo, ®eR, T€[0, 1], (45)
Vg (1 —7)@+T0) > min (vy (@), va(®)) Vo, @R, T€]0, 1]. (46)

Strictly quasi-incave .#.% -set 2( on R if strict inequality holds for Ag (@) # Ag (@) and vy (@) # vy (@).
Theorem 2 If 2 be an .#.% -set R and quasi-invex with respect to 7 if and only if the level set

Wi ) = { @ € Rl Aq(0) > B and vy () <, 5, < [0, 1]} @7)

is quasi-invex set.
Proof. Let ¢, ® € 25 ) then by definition of 25 ), Az (@) < b and vy (@) > . As A is invex, then

Ay (9 +1n(o, @) > min(Agy (@), Ax(®)), VYo, ®eR, T€(0, 1],

> min (5, E) =, (48)
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and

vy (@ +1N(w, @) <max (v (@), va(®)), Ve, wcR, €0, 1],
< max (6, H)) =1, (49)

from which we can note that ¢ + tn(®, ¢) € A5, ) 1s an invex set.

Conversely, assume that %5 ) be an invex set, to prove the .#.%-set 2 is invex. As 25 ) be an invex set then
for any ¢, ® € A5 ) such that ¢ + (@, @) € Az ) with T € [0, 1]. We take min (A9 (@), Ax(®)) = b and
A (@) < Ag(®), max (v (@), va(®)) =10 and vy () > V(o).

By the definition of invex set % ), we have

Ag (@ +1n(0, @) > min(Ax(9), Au(®)) > v, (50)

and
Vo (@ +71(@, 9)) < max (Vo (@), Var(®)) < 1. (51
The following result shows that the .#.% -set 2 is invex. O

3.2 Non-differentiable preinvex functions

Two different kinds of preinvex function are defined like .# % -preinvex function, .# % -quasi-preinvex function and
their properties are discussed. First, we start with classical definition of invex set.
Definition 9 [16] Let ¢ € ©. Then the set © is defined as an invex set at ¢ if

o+, @)eD, YoeD, tel0, 1], (52)

where 1 : © x ® — R be bi-function.

® would be an invex set if © is an invex at each @ € D.

Remark 1 Every invex set is convex set but the converse is not necessarily true because every convex set is invex
set but converse is true.

-1 1
Example1 If D=R— <

BN 2) then ® is an invex set but not convex because

n(e, 0)= (53)

o—¢ forom>0,¢>00rw<0, ¢ <O,
o—w forom>0, ¢<0orw<0, ¢ >0,

where ) : D x D — D.
Theorem 3 If 7 be the collection of all invex sets, then the intersection of invex sets in J# is an invex set.

Proof. Let 7 = {Dj} be a family of invex sets, to prove (;¢; D; is an invex set.

jel
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As H = {Dj}jel be a family of invex sets in respect of some 7, then for any @, @ € D; V j € I in respect of some
n and 0 < 7 < 1 such that

o+tn(w, ¢)eD; Vjel, (54)
implies
o+1n(w, 9) € (D}, (55)
jel
hence the intersection of invex sets in collection % is an .#.% -invex set. O

Note that in next work we take 2 as an invex set over set of real numbers, otherwise mentioned.
Definition 10 A mapping G : D — .#.Z 4 (R) is called .#.% -mapping. For each v, tv € [0, 1], associated to &, we
- - 1, ®)
define the family of interval valued functions &5 ) : D — % defined by S5 (@) =(a, v) [6((;))}
8. (9, (5, ™)), & (9, (5 ®))].
Definition 11 Let ® be an invex set in .#.%.4 (R). Then 7. FM & : D — .7 .F.# (R) is defined as preinvex at
peDif

~(A, )

S(p+tn(0, 9) <(a v (1-7)6(p) +16(w), YweD, T€l0, 1]. (56)

Where <, ) is an .# .7 -order relation. S is defined as preinvex on ® if it is preinvex at each ¢ € © and note
that these inequalities “(A, v)” are used for .# .% -number which represents membership function A and non-membership
function v, respectively.

Strictly .#.% -preinvex mapping if strict inequality holds for &(¢) #(A, ) S(w). & :D — SZ.N(R) is defined
as .7 .7 -preincave mapping at ¢ € D, if 76(¢) + (1 — 1) (o) >(A, v) S(p+1n(0, @),Voed, t€]0, 1]and & is
(leﬁned as preiilcave on @ if it is preincave at each ¢ € ©. Strictly .#.% -preincave mapping if strict inequality holds for
S(9) #(a, v) ().

Remark 2 The .¥.7 -preinvex functions have some very nice properties similar to .# .% -convex functions.

1. ifSis #.F -preinvex function, then Y is also preinvex for T > 0.

2. if & and G both are .#.Z -preinvex functions, the & + G and max (6((p), G((p)) are also preinvex functions.
Example 2 We consider the .#.% -mappings & : © — 9 F N (R) defined by,

40 —-¢ oc 1
3¢ ) 4(Pa Q1.
~ 3p—20 3
6(([))((7) A (P(p W, o0¢c ((Pa 2(P:| s (57)
1 3
07 (O8S |:4(Pa 2‘P:|7
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4(p—0)+u(o—o) 1
3(P ’ (O8S |:4(P7 (P:|a
~ 2(o0 — 3p—2 3
S(9)(0) =a L (p):lf( ’ 0)7 o€ ((P, 2('0]’ (58)
| 1 3
B (OB |:4(p7 2q’:|7

For each b, v € [0, 1] and we have

- ({3’5“0 3w—5},{4—31§—u 2+15—3N¢D 59)

S, m) (@) = PRI TR

we can easily see that the end point function are preinvex.
Note that if @ = 1, ¢ =0, then .#.% -preinvex function & becomes a .% -preinvex mapping.

~ mn ~
Theorem 4 If S;: D — /. Z 4 (R) is & F-preinvex and y; >0, j =1, 2, 3, ..., m. Then Z)/jGj((p) is S F-

j=1

preinvex. N

Proof. Let G, : ©® — .#.% 4 (R) be .77 -preinvex such that

é](‘P"‘TTI(wa (P)) S(/\, V) (1—'5)6](([))-’-7%](0))7 J=1 2) 3,...,m (60)

by the convex combination,

©Y 16i(9)+(1-7) Y %6 Z i {(1-0)8,(9) +1&;(0) } <a ) Z% (p+n(w, 9)) (6

=1 J=1 J=1

which implies that the Z }/jé (@) is 7 .F -preinvex. O

j=1
Definition 12 Let & : © — .#. 7.4 (R) be an .#.% M then the level set of & is denoted by &5 and defined as,

1={0:0eD. &(p)<n 7S FN(B)]. (©2)

Theorem 5 Let S : D — .. %4 (R) be an .. % -preinvex. Then, éy is an invex set.

Proof. Let ¢, ® € 67 then S(¢) < <A, v) - and S(o) < <(A, v) 7- Since S:D — S FN(R) is an .. F -preinvex

$0,
&(p+(0, 9)) <(a, v) (1= 0)8(9) +T6(0) <1, o) (1= DT+ =7, (63)
hence éy is an invex set. O

Theorem 6 The .7 . FM & : ® — 7. F . (R) is preinvex if and only if
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epi(8) ={(0. 110D &) <ir 7. TES TN (R}, (64)

is an invex set.

Proof. Let (¢, 1), (®, 71) € D and S: D — SFZ.N(R) is preinvex. To prove epi(S) is an invex set. As (¢, 7;),
(@, 1) €D 50 &(@) <(a, v) 71> and S(®) <5 v) P2

Now & : D — .7.Z.4 (R) is preinvex soV ¢, @ € D and 7 € (0, 1), we have

S(@+n(o, 9) < v (1-17)6;(9) +16;(®) <(p v) (1— )71 + TP (65)

which implies that

S(p+tn(w, @) <@ v (1 -7 +1h (66)

for which it follows that (¢ + tn (o, @), (1—1)%1 + tH) € epi(&) so epi(G) is an invex set.
Conversely, let epi(G) is an invex set to prove & : © — 4% .4 (R) is preinvex. Assume that @, ¢ € D then,

((p, (é((p), é((p))) € epi(S) and (a), (é(a)), é(m))) € epi(S). As epi(S) is an invex set so
(o (0, ), ((1-78(9) +18(w), (1-1)8(p) +16(0))) € epi (§), (67)
so, by definition of epi (é),

S(p+1n(0, 9) <4 v (1-17)6(p) + 16 (), (68)

Hence, .. ZM & : ® — . F.¥ (R) is preinvex. O

Theorem 7 Let & : D — I F N (R) bean I .F -preinvex, with @ = ) infyeco (é(q))) ,thenset$={p: €D,
S(9) =(A, v) @} is an invex set.

Proof. Since & an .# .% -preinvex function the by definition of S,V @, @ € $ implies that o, @ € Dand 7 € (0, 1), we
have

S(@+n(®, 9) <(a v) (1-7)6(9) +T6(0) =5, v) (1 - T)D+TD =(5 v) @, (69)

hence @ + 1N (@, @) € $so $ is an ¥ .Z -invex set. O
Theorem 8 Let S : D — I FN(R) be a strictly ./ F -preinvex, with @ =, ) infpen (é((p)), then $ = {¢:
peD,S(p) =(A, v) @} is a singleton set.
Proof. Let G be a strictly .#.% -preinvex to prove $ is a singleton set. Contrary suppose that S () =(A, v) D=(A, v)
S(w). As G is strictly £ % -preinvex soV ¢, @ € © and 7 € (0, 1), we have
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S(p+TN(@, 9)) <(a v) (1-1)6(9) +T6(@) =4 4) (1 - T)D+T0 =( 1) @, (70)

which implies that @ # 4, ) infpeo (é((p)) so this is not possible. So $ is a singleton set. O
Definition 13 The .#.% -mapping & : © — . F N (R) is defined as quasi-preinvex at ¢ € © if

S(p+m(, 9) <(a, ) max (S(9), §(w)), VweD, teo, 1), n

and & is defined as quasi-preinvex on ® if it is preinvex at each ¢ € ©. Strictly .#.% -quasi-preinvex mapping if strict
inequality holds for &(@) #(4, v) 6(®). & : D — I F A (R) is defined as . .7 -quasi-preincave mapping at ¢ € D, if
é((er‘cn(a), ®)) >(a, v) Min (é((p), é(a))) VoedD, tel0, 1] and G is defined as quasi-preincave on ® if it is
quasi-preincave at each ¢ € ©. Strictly .#.% -quasi-preincave mapping if strict inequality holds for é( ®) #(A, v) S (o).

Theorem 9 The .#.%-mapping & : © — I F N (R) is defined as quasi-preinvex if and only if the level set éf, =
{(p QED, é((p) <av? TE fﬁﬂ/(R)} is an invex set.

Proof. Let ¢, o € éf, then by definition of éy, S(@) <7 As @, ® €D and D is invex so ¢ + 1 (@, @) € D.
Since G is quasi-preinvex then,

S (p+m(0, 9) <(a, v max (&(p), §(@)), Vo, @eR, TE0, 1]
(72)

<, v) max (7, ¥) =7, [

From which we can note that ¢ + 11 (0, @) € éy is an invex set.

Conversely, assume that D3 be an invex set to prove & is quasi-preinvex. As éy be an invex set then for any

0, 0c G~57~, such that o +tn(w, @) € éywith 7 € [0, 1]. Now we take max (65((p)7 é(w)) =7and &(¢) >(A, v) S(w).

By the definition of invex set GNST,, we have

&(p+m(0, 9)) <(a, v max (S(9), §(®)) <(x ) ¥ (73)

Hence, .¥ % -mapping S is quasi-preinvex.

Theorem 10 Let & : D — 7. .4 (R) be an .#.Z -preinvex and ¥V ¢, ® € D such that &(¢) > (A, v) S(w), then &
is strictly .# .% -quasi-preinvex.

Proof. Since & is #.F -preinvex then, V 7 € (0, 1) and @, ® € D such that

S(p+tn(0, @) <(a v) (1-1)6(@) +T6(®) <(a, v) 6(9), (74)

which implies Sis strictly .# .7 -quasi-preinvex. O
Theorem 11 Let & : D — .. % 4 (R) be an .¥ # -mapping then .# % -preinvexity = .#.% -quasi-preinvexity.
Proof. Let S : © — #.F .4 (R) be an .¥ % -preinvexity then, V 7 € (0, 1) and @, @ € D such that
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S(p+m(0, 9) (a v) T(1 - )E(9) +16(0) < o) max (S(9), &(w)), (75)

Hence, it follows the required result. O

3.3 Differentiable preinvex functions

In this section, we discuss some properties of .#.%-preinvex function with the support of differential .. %M.
Further, the minimum of . .% -preinvex function is characterized by mixed-7 .2 -inequalities and ¥ .Z-inequalities. With
the help of some known important results, the relationship is developed between .# . % M and mixed-7 .2 -inequalities that
are proved in [14].

Definition 14 Let & : © — .#.% .4 (R) be an intuionistic .%-function then & is called .#.Z -invex if

S(0) = 6(9) 2, v) <é’(<p), n(o, <P)>- (76)

Theorem 12 Let & : D — S FN (R) be a differentiable and .#.% -preinvex function then S is an .7 F-invex
function.

Proof. Let 6 : D — S FN (R) be an inttionistic .Z -differentiable and preinvex function to prove S isan .7.Z-
invex function. As & is preinvex so by definition of &, for each @, we®andr € (1, 0), we have

S(p+mn(@, 9)) S, vy (1= 7)S(9) + 76 (@) =(x, ) S(9) +7(S(w) ~(9)), )
implies that
S(p+m(0, 9)~&(9) <r, v 7(S(0) - &(9)). (78)
é(prn(wT, 9)—6(¢) <ir ) &(0)- () )
now taking lims_,., then
(&(9). (@, 9)) <(a v) E(0) - (). (80)

Note that, converse of this Theorem 12 is not true so this is only true when condition “C” is satisfying.
Condition C: So, we need Condition C introduced by Neogy and Mohen in 1995, see [16] and

n(e, o+1n(w, ) =—-tmn(0, ¢) and 71 (0, ¢+M(0, ¢))=(1-1)n(0, Q). (81)

So, the following result find the converse of Theorem 12. O
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Theorem 13 Let & be a differentiable .#.% M on the invex set ® and if Condition C holds, then the following are

equivalent
(a) G is ¥ F -preinvex function.

(6) (@) ~8(9) Z(x, ) (§'(9), n(@. 9)).V 9, 0 D.

©) <é’(¢), (o, <p>> + <é’(w), (o, <P)> <Av 0V 0eD.
Pr0~0f. (a) implies (b)
If & is .# .7 -preinvex function then for each @, @ € © and ¢ € [0, 1], we have

&(o+TM(0, 9)) S, v) (1 - 7)E(9) +T6(0) =(x, v) S(9) + 7 (

implies that

S(p+mn(®, 9))~8(9) <4, o) 7 (S(@) ~(9)).,

G (p+tn(w, ¢)—6(p) = =

now taking lim;_,., then

By using same steps, we can prove é(w) — é((p) <» <€~5’((p), n(o, (p)> Vo, weD.

(b) implies (c)
Replace @ by ¢ and ¢ by @ in, we get

(&(©), n(9, ©)) <r. ) &(0) ~ (),
adding Equations (85) and (86), we have

<é’(‘P)7 n(o, q))>+<é/(a)), n(oe, a))> <(A.v) 0.

(c) implies (b)
Assume that (c) is hold then

(8'9). 1. 9)) <)~ (&@). (0. 0)).

Since ® is an invex set so we have
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o =0+ (0, @) €D, Vo, ®eDandte]0, 1]. (89)

replacing @ by ®; in Equation (87), we get

(&(9). (e, 9)) < vy — (& (@2), n (0, @), (90)
implies
(&(9). n(0+n(®, 9), 9)) < v) — (&' (9+TM(0, 9)). 1 (0, P+7N(0, 9))), O
by using Condition C
(&(9), M@, 9)) <(n v — (& (9+TN(0, 9), ~T(0, 9)), 92)
(& (p+m(0, 9). M(0, 9)) >n v (&(9), M(®, 9)), ©3)
defining the auxiliary function
H(1) =& (p+(a, ), (94)

now taking derivative with respect to 7, we get

(1)=& (p+n(0, 9)-n(0, 9) = (&), (@, 9)), 95)

by integrating Equation (95) over [0, 1] with respect to 7, we get

H()=H(0) 2 v (&(9), (0, 9)). (%)

&(p+n(0, 9)-&(9) >(r v (§'(0), (@, 9)), ©7)

since & is #.7 -preinvex fuction then for 7 = 1, we have

(@)~ 8(9) (. v) (§'(9), (@, 9)). (98)
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(b) implies (c)
It can be easily proved so proof is omitted here. O
Definition 15 An element ¢ € D is called minimum of .. FM & : © — .4 F A (R) if, V ¢ € D such that

S(9) <A, v) G(0). (99)

Theorem 14 A differentiable .#.% -preinvex function & : © — .2.Z A (R) has minimum ¢ € © ifand only if, ¢ € ©
satisfies

0<(n ) (&(9), n(@, 9)), Y0 D, (100)

Proof. Let & :© — S.Z.N (R) be a differentiable .#.% -preinvex function and ¢ € D satisfies Equation (23) to
prove @ € ® is a minimum of &.
As G is an &% -preinvex function so by Theorem 12,V ¢, @ € © we have

&(@) ~6(9) 2(r, v (§'(9) (@, 9)), (101)

by Equation (99), implies that >4 ) 0, implies that &(¢) <(x ) &(®),V w € D.
Conversely, let ¢ € © be a minimum of S to prove (7) satisfy. As ¢ € © be a minimum of S then by definition and
Voed.

&(9) <, v) 6(). (102)

As D isaninvex setso 0, = @+ 1N (@, @),V ¢, ® € D and 7 € (0, 1). First by solving Equation (102), replacing
o by @, then, we have

S(9) <(a, v) & (o),

< v) Sle+m(0, 9)), (103)

0<a v) S (9+1n(0, @) —&(9), (104)

now dividing Equation (28) by “t” and taking lim;_,., we have

S(p+n(w, 9)—6&(p)

0 <(a, v) lim - : (105)
0<A, v) <€~5’(<p)7 n(e, <p)>, (106)
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Voed. O
Theorem 15 A differentiable .#.Z -invex function & : © — .#.% .4 (R) has minimum ¢ € © if and only if ¢ € D
satisfies

0 <A, v) <é’(¢), n(o, <p)>' (107)

Proof. This result can easily be proved like Theorem 14. O

Theorem 16 Let & : D — .. % 4 (R) be a differentiable .# .7 -preinvex function and Q : ® — ¥ F 4'(R) be an
& F -preinvex function then the function & defined by & (@) = S(®) + Q() has minimum ¢ € D if and only if ¢ € ©
satisfies

0= v (&(9) 10, 9)) +0(w) ~B(p), Vo €D. (108)

Proof. Let G : D — .#.Z.# (R) be a differentiable .#.7 -preinvex function and Q:9D — Z.FZ.N(R) be a non-
differentiable .#.% -preinvex function and ¢ € © be the minimum of & to prove @ € D satisfies (11) V 0 € D.
As @ € D be the minimum of £ then by definition, V @ € ® we have

5(@) <, v) §(@), (109)

as @ is an invex set so w; = @+ tN(w, ¢),V ¢, ® € D and 7 € (0, 1). replacing @ by @; in Equation (109), we get

§(9) <a,v) & (@ + (0, 9)), (110)

implies that
S(0) +Q(0) <(a ) S(9+71(0, 9)+Q(p+T(0, 9)). (111)

since Q are .¥.F -preinvex function then,

S(9)+Q(9) <(a.v) & (9+11(0, @) +(1—-1)Q(p) +1Q(w), (112)

implies that

<(aA, v) S ) -6 Qo) - O )

0= v S+ (0, 9)) ~&(9) +7(B(w) - O(p)) (113)

now dividing by “7” and taking lim;_,.., we have
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S(p+n(o, 9)-6(p) =~ ~

0<(a, v) lim p +Q(0) - Q(9), (114)
implies that
0<in v (&(9), (0, 9))+(w) - (). (115)

Conversely, let Equation (108) satisfy to prove ¢ € © is a minimum of E . Assume that, V @ € © we have

E(9)—E(0) = (n 1)G(9) +Q(p) — (o) — Q(w),

= a0~ (8(0) - &(9)) +S(0) - B(0),

(A, v) — [<@’((p), n(o, ¢)>+Q(¢)—§(w) , by Theorem 12,

IN

IN

(A, v)0; by Equation (92) (116)

hence,

E(9) <A, v) §(@). (117)

Note that the Equation (108) is called .¥ .% -mixed-variational like-inequalities. This result shows the characterization
of minimum of % % -preinvex function with the support of .#.%-mixed-variational like-inequalities. If Q = 0 then
Equation (108) becomes variational like-inequality. O

Theorem 17 Let &: D — #.Z ./ (R) be a differentiable .#.% -invex function and Q:D — #.Z.4(R) be anon-
differentiable .#.Z -preinvex function then the function & defined by & (®) = &(®) + Q(w) has minimum ¢ € D if and
only if ¢ € © satisfies

0= vy (&(9), 10, 9)) + (@)~ B(p), Vo € D. (118)

Proof. The proof proceeds in a manner analogous to Theorem 16 and is omitted for conciseness. O

4. Conclusion

In this paper, new concepts have been presented over .#.% -theory. Firstly, the definitions of . % -invex and quai-
invex sets are given. After that, we proposed the concept of .#.% -preinvex function which is generalized form of .%-
preinvex function and discussed its properties. Further, some optimization conditions are fined. During finding minimum
of preinvex function, we fined relationship between .# . -preinvex function and .#.% -variational like-inequalities and
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mixed-.# % -variational like-inequalities. We conclude that these results give rise to duality and optimality results for
& Z -nonlinear programing. So, further research is required to expose the best detailed relationship. In future, we will try
to explore these concepts in integral theory as well as game theory.
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