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Abstract: This paper is devoted to the global solvability of the Boussinesq system with fractional Laplacian (—A)* in
R” for n > 3, where the buoyancy force has the form |8|"~!8e, with m > 1. By establishing estimates for the difference
|61"~16; —|6,|™~ '8, in Besov spaces and employing the maximal regularity property of (—A)%* in Lorentz spaces, we
prove the following results: under some reasonable assumptions on the exponents o, m, p, r and p, if the small initial data

of velocity and temperature (or salinity) fall in Bll,tn {,p 2y B},ﬂ/ pi—4e (where p; = p for 1 < p <n, and p, = p/2 for

n < p<2n)whenm=1,and in B}fr" [p=20 BZ{ p=(#a=1/m hen m > 1, then the generalized Boussinesq system admits
a unique global strong solution (u, 8) in LP:"(0, oo; B[lj»lnl/é?+2a/p72oc) X LP/%7(0, oo B;;r'{/”’*m/p*m) (withi=1, 2 cor-
responding to the definition of py, py) form = 1 and in LP+" (0, ooy B. /P H20/P =20y o 1mp/2,7(() oo B’;{’f*(mfl)/mﬂa/mp)

*Tp.lo
for m > 1, respectively.
Keywords: global solvability, Boussinesq system, fractional Laplacian, linear or nonlinear buoyancy force
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1. Introduction
This paper aims at global solvability of the Boussinesq system with fractional power of the negative Laplacian in R"

(n>3),ie.

Jdu+u(—AN)*u+u-Vu+Vn = xJ,,(0)e,, t>0, xR,

30+ Vv(—A)PO+u-VO=0, 1 >0, xeR";
ey
V-u=0, t>0, xeR",

0(0, x) = 6p(x), u(0, x) =up(x), x€R",
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where J,,(8) = |8|™~16 for m > 1 and a, B > 0. Boussinesq system is a simplified model to motivate the motion of the
ocean or the atmosphere. Here u(x, t) = (u;(x, 1), uz(x, t), -+, un(x, 1)), 0(x, r) and 7(x, ¢) indicate respectively the
velocity of the flow, the temperature (or salinity) and interior pressure of the fluid at the place x € R” and the time ¢ > 0.
Correspondingly, the initial temperature (or salinity) and initial velocity are respectively denoted by 6y (x) and ug(x). Here
en = (0, -+, 0, 1) is the unit vertical vector, and x is the proportion coefficient.

It is known that the buoyancy force (per volume) F increases with salinity, as higher salinity leads to greater density
of the liquid, and buoyancy is proportional to the density of the liquid (by Archimedes’ principle). If conditions such as
temperature and pressure remain unchanged, the relationship between liquid density and salinity is approximately linear,
and buoyancy can also be approximated as a linear function of salinity, i.e. F = k8e,. As for the thermal buoyancy,
thermodynamic principles indicate that it stems from temperature differences within a liquid. For small temperature
differences, it can be approximated as a linear function of temperature. However, when temperature differences are
large, especially near the freezing or boiling points, the relationship between thermal buoyancy and temperature becomes
nonlinear, which can be approximated by a polynomial, i.e. F = (ag+a;6 + - -- 4 a,6%)e,. When the liquid temperature
stays above a certain point, thermal buoyancy can also be modeled as a power-law function, i.e. F = kJ,,(0)e, for some
m > 1. For the sake of simplicity, here the viscosity coefficients tt, v and the proportion coefficient x are all assumed to
1.

Danchin and Paicu [ 1] established global existence of the weak solution of the Standard Boussinesq system (o = § =
m = 1) with partial viscosity v = 0 under the initial condition up € L2 (R") and 6y € L?(R") for some 2n/(n+2) < p < 2.
Brandolese and Schonbek [2] and Han [3] studied the time-decaying profiles of the weak solutions in energy space under
the extra assumption 6y € L'. Danchin and Paicu [4] re-addressed the global existence of the weak solutions by employing
the initial assumption: up € L™ * and 8y € L"/>*= N LP* for some p > n/3 with small data p1=" (|8 /3. + ||ul|n= < €n,
where L= = (L', L), _, /r, 18 the real interpolation space between L' and L™, called Lorentz space.

Strong solvability is also a main topic in the study of the Standard Boussinesq system. It was proved thatifn < p < oo
and (up, 6p) € BZ{TI X Bg,l for v.=0, or (ug, 6) € B;’{Tl X B;;ll for some —n/p < s <n/p and v > 0, then the
Boussinesq system admits a unique local strong solution. This solution is globally exists under the additional assumption
11 60][ nj3. + [Jul| = < €p, or respectively min{p, v} 16|l + ||ull» < emin{u, v}, see [1, 5] for references.
Similar condition ||6ol|,1 + [|60l| .= (w3, xj3ax) T |40l 1= (3, |xjax) < € Was applied in [2] to deal with the globally existence
of the strong solution to 3D Boussinesq system with @ = v = 1 in weighted L™ —space.

In recent years, Navier-Stokes equations with fractional Laplacian (—A)%, known as the Generalized Navier-Stokes
equations (GNS), have attracted growing interests. Recall that global regular solution of (GNS) exists only for o >
(n+2)/4 (cf. [6,7]). When o < (n+2)/4, the situation becomes more complex. Well-posedness for (GNS) holds only
under small-data assumptions (either small initial norm or small lifespan). By virtue of the analytic semigroup method
in Besov spaces and employment of Gevrey regularity, Chen [8] established local existence of the strong solution u in
the class L=(0, T'; B},fiaﬂ/p) fora>1/2,1<p<eand2—-2a-+n/p>0,andin C([0, T]; BZ./Z.) fora =1/2 and
1 < p < . Duan [9] proved global existence of the strong solution to 3D (GNS) in homogeneous Sobolev spaces under
the small-norm assumption on ||ug|| ;542 for 1/2 < o < 5/4. Wu [10] investigated the lower bounds for an integral
involving (—A)%, and further established global solvability of 3D (GNS) in homogeneous Besov spaces B},,_qz *1/P inder
a small initial data assumption for o > 1/2and p=2or1/2 < @ <1 and 2 < p < . Global solvability of 3D (GNS) in
the largest critical space Bloffo“ with 1/2 < o¢ < 1 can be found in Yu-Zhai [11], while ill-posedness results in the largest
critical space B:i“ with 1 < o0 < 5/4 were studied in Cheskidov-Shvydkoy [12]. Liu [13] addressed the same topic for

1/2 < a < 1. In his work, though the initial data ||uo HBII),IMM /» may be large, a small-norm assumption is imposed on the
convection term (=4 - Ve (=8 in L1(0, oo; B:,leaﬂ/p).

Return to the Generalised Boussinesq System (or (GBS) symbolically). We first summarize the research on the 2D
(GBS). The global existence and uniqueness of the strong solution was proved by Miao and Xue [14] for @ € ((6 —
V6)/4,1)and B € (1—a,2(1 —a)), by Jiu, Miao, Wu and Zhang [15] for 0 < &, 8 < 1 and &« + 8 = 1, and by Yang, Jiu
and Wu [16] forO < a, B < 1 withot/2+ 8 > 1and > (2+ a)/3. In comparison, the literature on the 3D (GBS) is far

more limited. Here we only mention the work of Jiu and Yu [17], where global well-posedness of the 3D (GBS) with partial
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viscosity (v = 0) in fractional Sobolev spaces for o > 5/4 was addressed. By employment of the log Sobolev inequality
to bound ||Vu||. by ||[Vu|lsmo and ||Vul|gs for s > 5/2, together with commutator estimates in H*® spaces, they proved
global existence and uniqueness of the strong solution to 3D (GBS) with v = 0 under the assumption (ug, 6p) € H® x H*~!
fors > 5/4.

This paper focuses on the global solvability for the generalised Boussinesq system (1) with full viscosity (u, v # 0)
and linear or nonlinear buoyancy force J,,(0)e, in R" (n > 3). It is easy to check that, this system is invariant under the
following scaling transformations

uy, (x, 1) = A2 Yu(Ax, A%%), my (x, 1) = A**2x(Ax, A*%) and
(2
0, (x, 1) = A4e=D/mg (L x, A2%)

ifand only if B = a. So throughout this paper, condition § = o is assumed. We also assume k = (t = v = 1 as mentioned
in the first paragraph.

Our research will be carried out under the framework of maximal regularity of (—A)%® in Lorenz-Besov spaces,
developed by Kozono and Shimizu [18, 19] based on the L” —regularity of Stokes operators established by Giga and Sohr
[20]. Its key idea is to reduce the (GBS) system (1) to an abstract system (75), meanwhile, the global solution to (1) turns
out to be a fixed point of an abstract operator I' (see p. 16. line 11 for the definition). To ensure the existence of the fixed
point, we need estimates for the semigroup ¢ ~*(~2)*, the nonlinear term J,,(6), and the difference J,,(6;) — J,n(62) (for
m > 1) in homogeneous Besov spaces. The first one is a natural generalization of the heat semigroup ¢, the second one
can be obtained in a way very similar to that in [21, §1.5] for |6|™. However, for the final one, previous estimates rely on
the boundedness of 6;, a property unavailable in most Besov spaces. Initially, we will give an auxiliary estimate for J,,(0)
when 0 < m < 1, then successively derive new estimates for J,,(6;) — J,,(62) and J,,(0) when m > 1. These estimates
seem optimal as they apply to a large number of critical homogeneous Besov spaces.

It should also be pointed out that, to offer bounds for the Lorenz-Besov norm of the solution to the abstract system
(75), we will carry out investigations on a type of high-order polynomial containing the term A™, which emerges from the
a priori estimates, and search for initial value assumptions to determine the polynomial’s first root, this is to enable the
resolvent operator I to become a contractive map on some carefully selected function spaces. After that, by applying the
contraction principle, we will prove the global existence of the strong solution to system (1) in both linear and nonlinear
cases. To our best knowledge, this is the first attempt to deal with the Boussinesq system with nonlinear buoyancy force.
The main results of this paper read.

Theorem 1 Assume thatm > 1,1 <r < oo, and p, a, p satisfy hypothesis H3 or Hs. Let

2
s=1+24% 4a, so=1+""2a, 3)
p p p
and
n 4a—-1  4da n 4oa-—1
Sm = — — — —2a, Gn = —— (4)
m mp m

Under this setting, there exists a small number ¢ > 0 and a constant C > 0 depending on m, ¢, p, r and n such that
if (uo, 60) € BY .  x By, satisfies
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luoll g0, + 160l g, < c, 5)

then Boussinesq system (1) has a unique strong solution (u, Vz, 6) on the whole interval [0, ) such that

uec Lp7r(07 oo} B;le,ao)v u' € Lp’r(o, ;5 B; 1), VI e LPJ(O’ ot B;h 1); ©)
and
0 Eme/Z,r(O’ oo; Bu‘]';:l‘{"206)7 0/ c LmP/Z,r(07 00} B;;:ll) (7)

Moreover, this solution complies with the following estimates
10l 120+ 1 9.5, )+ IV Tl
/
+ || 6Hme/Z. r(oﬂ o0 B;mrza) + || 6 ||me/21 r(07 o0; B;zm] ) (8)

SC(HMOHB;Q,_ +l 90”3;*&,)-

Theorem 2 Assume thatm =1,1<r < oo, p, a, p satisfy hypothesis H; or H,. Let s and s¢ take the values in (3),
and

4o
G,-:1+£_+?—6a, and o= 1+ =+ —da, i=1,2, )

Di Di

where p; = pif 1 < p <n, and p, = p/2 if n < p < 2n. Under these assumptions, there exists a small number ¢ > 0 a
constant C > 0 depending on &, p, r and n such that if (ug, 69) € B}, & X B, » and

luoll o, + 1160l gor | < c, (10)

then Boussinesq system (1) admits a unique strong solution (¢, V7, 0) on [0, o). Here u and V verify the inclusion (6),
while 6 satisfies

0 € LP/27(0, 003 BYPY), 0/ € LP/27(0, 00 BY ),

pi; 1

and all of them are subject to the following estimates
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””HLp-,r(o,m; B;fffxa) + ||M/HLP~T(O, w1 B ) + ||VHHLP~"(0,oo;B;‘L )
!
+ ||6|‘Lp/2,r<0’ W;B;fjjflm) + ||6 ||Lp/2-r(07 w;BZ; ") (11)

SC(HMOHB;Q,_ + HGOHBZ’;J)-

Here i = 1 if H; hold, and i = 2 if H, hold.
Remark 3 Since the norm ||u(4-)|| B is equivalent to A°~"/P||u| B forall A > 0, one can easily check that [|uo || 4
N T P, r

is invariant under the transformation ug — A?% ug(A-), while ||ul| 5., (0, e 20y 18 invariant under the transformation
> p 1,0

u— uy. In this sense, By » is called critical initial space, and LP>" (0, oo; Bspf%“ ) is called critical temporal-spatial space.

Nl
We can also check that B,‘fl’ - and Bf,’f, are both critical initial spaces associated with 6y for m = 1 and m > 1 respectively,
while LP/27(0, oo; Bgfflm) and L"P/2:7(0), oo; B;’:’TZO‘) are both critical temporal-spatial spaces associated with 6 form = 1
and m > 1 respectively.

Remark 4 Evidently, when m = 1, the exponent & can assume the value of 1 if, whithin hypothesis H;, we specify
1 < p < n/2. This phenomenon also occurs when m > 2. When my < m < 2, we set max{m(2 —m)n, n/m} < p <
(m+2)n/(6 —m) in Hz so that & can take the value 1, where 4/3 < mgy < 3/2 is the unique real root of the polynomial
m?® —8m? + 11m — 2 within (1, 2). This indicates that global solvability of the Boussinesq system with & = 1 and the
buoyancy k.J,,(0)e, in critical homogeneous Besov spaces is maintained through the careful selection of p, p when m = 1
or m > my. We wonder whether this fact remains valid for 1 < m < my.

2. Preliminaries on Besov spaces and fractional Laplacian

Throughout this paper, we employ LP (R") (1 < p < o) to signify the common Lebesgue space of scalar or vector
type whose norm is denoted by || - ||,. Additionally, we utilize Ci’(R") for the collection of all smooth functions with
compact supports, and take advantage of . (IR") to denote the space of all rapidly decreasing smooth functions, while its
dual, the collection of all tempered generalised functions, is designated by .#’(R"). For .7, (R"), we denote the subset
of #/(R"), whose members satisfy ||.# 1 (0(AE).F f)||L~ — 0 as L — oo for all @ € C7(R"), where .F represents the
Fourier transformation on .’/ (R"), while .% -1 represents its inverse. For the sake of convenience, hereinafter, the part
(R™) in all the notations of function spaces, wether scalar or vector type, is omitted.

We begin with the brief introduction to the theory of Littlewood-Paley decomposition and homogeneous Besov
spaces, for the detailed discussions, please refer to [22, §2.3]. Take y € Cy’ such that 0 < x <1, supp x C {|§| < 4/3}
and (&) =1 on the ball {|&] < 3/4}. Let (&) = x(271&) — x(&), then we have y € CJ satisfying supp ¢ C {3/4 <

&1 <8/3},

oo

1)+ Y o(277&)=1forall§ eR", (12)
q=0
and
Y o(277&) =1forall & € R"\ {0}. (13)
JEZL
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Given f € ./, for each g € Z, define

Aif=F o) Ff)=2"(F o))+ f,

(14)
$if=F (@) Ff)=2"(F '0)(2) )= .
By Young’s inequality, it is easy to see that ||A; f||.r < C||f||zr and ||S;f||zr < C||f||rr forall 1 < p < oo,
Taking any f € ., by the forgoing definitions, one can easily check the following equality
Saf+ Y Aif=fin 7. (15)
j=0
Moreover, if additionally f € ./, then we have
Y Af=fand Sif= Y A in.s" (16)
JE€L q9<q-1
Given s € R and p, r € [1, o], the homogeneous Besov space Bi, . 1s defined by
By, ={f € Zi: Iflay,, = 1™ 8¢ ller)llr <}, (17)

where [|(ag)|[ir = (Lyez lag|")V/7if 1 < r < oo, and ||(ay) || = Sup,cz |aq| if r = eo. Evidently, attached to the norm || - ||B;, e
Bf,y s a normed space. Additionally if

s < =, ors:ﬁandrzl7 (18)

n

p p

then B; , becomes a Banach space. There are some embedding relations between Besov and Lebesgue spaces. If 1 <
p1 < py<eoand 1 <r; <ry < oo, then we have Bj, | — B;_’"S/p‘*l/m)
L’ B .

Let o € R, define the fractional power of the negative Laplacian by (—A)%f = .Z 1 (|E|**.Z f). Since |&|>* is
2|ot|—order homogeneous in R”\ {0}, we know that (—A)? is bounded from Bsp 1o B;T,ZO‘ provided s —2a, p, r fulfill the
condition (18) (cf. [22, Proposition 2.30]). Especially, the norms ||(—A)/2f| By, and ||Vl By, A equivalent. Without
further specification, in the coming discussions, we always assume that hypothesis (18) is fulfilled by s, p, r, unless there
is any confusion arising.

Denote by By = (—A)¥ for o > 0, and define the generalised heat semigroup as follows:

. Besides, for all 1 < p < e, we have Bg_l s

e Ba — -11EP 4 >, (19)
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Lemma 5 ([21], §1.1, §2.3) Given an annulus % in R", there are corresponding two constants ¢, C > 0 such that for
any 1 < p < e and f € .’ with supp.Z f contained in A% for some A > 0, it holds

lle™Be ||y < Ce % || fl|r, V1> 0. (20)

Similar to the case o0 = 1, by taking advantage of this lemma, we can deduce the uniform boundedness and strong
continuity of the semigroup ¢ ~'5« on B;,’ ~ provided s, p, r satisfy (18) and r < eo. More precisely, for all a € B;',’ ,» the
function e~"Pea lies in C([0, ), B, ), and

le™"allz, < Clalls, - @1

Herein after, C > 0 represents a universal constant, it may vary from line to line, but does not depends on the involved
functions and the time ¢.
Lemma 6 ([22], Lemma 2.35) Forall a > 1 and b > 0, it holds that

sup Y (a/1)Pe 1 < oo, (22)
t>0 JEL

The following corollary is an extension of that presented in [19].
Corollary 7 Let0 <y< o, 1 <r<o,andletsy, s € R, 1 <p <ooand 1 < pg < p < oo such that

2o
so— 2 2a<s— L eso- L oands— L - - 2a. (23)
Po p Po p P Do
Ifa € By, ,, then Bye "Baa € LP7(0, oo B:rfm_ﬁ), and
—tB
1By al 15 o o2ty < Cllallgy (24)
where the constant C > 0 is independent of a and 7.

Proof. By Lemma 5 and Bernstein’s inequality, we have

|A;Bye Peal|p = e PeByAjal|r < C2j(27+"/p0_"/p)e_“zzaj||Aja||Lpo. (25)

Consequently,

1Bye Peal| aiay < CiVP Y (12299)11P =2 2050 A
p.1 Jez
(26)

<ct-/p .
<Ct P aly
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where inequality (22) is applied. Thus we have Bye "Bag € LP-*=(0, o; B;+12 (@7 and

1B
1Bye™ “a||Lp‘,m(0,w;B.;+12<a—y)) <Clallgy - 27

Now, we choose s1 < 5o < 57 in such a manner that both s; and s fulfill condition (23), and let p; =2a /(s —s; + 20+
n/po—n/p) with i = 1, 2. Subsequently, the estimate (27) remains valid for p; and s; in place of p and s¢ respectively.
Suppose that so = (1 — €)s + €s; for some € € (0, 1), then it follows that 1/p = (1 —¢€)/p; + €/p». Thus by means of
interpolation and the facts (refer to [23, §1.18.6, §2.4.1]

(LPP (0, 003 X), LP292(0, 003 X)), r = L7 7(0, 23 X)),

(28)
(B;?lowa ’ Bzzoat]z)gs r= B;%v r
where X denotes an arbitrary Banach space and 1 < gy, g» < o, we can derive the desired estimate (24). O

Lemma 8 If 1 < p < oo, then By, is a BIP type operator on L. Specifically, BYey (LP) for all y € R, and for every
€ > 0, there is correspondingly a constant M > 1 such that

B3 210y < MeeP!, ¥y eR. (29)

Proof. For each 1 > 0, we know that the sum By, , = 1)/ 4 By, is a positive operator (cf. [24, §4.1]). So its complex
power B, , with Rez < 0 can be defined as follows:

1 -1
By :Tm/ylz(/ll—an) da. (30)

Here the integration path 7y can be divided into three parts: 7, 7> and 73, where 7; and 93 are both half-lines from
w0e®i to §e and from Se X' to woe ¥ respectively, while }» is the major arc of the circle centered at O with the radius &
from 8e*' to §e X1, where /2 < k < w and 0 < § < 1 such that the spectrum of By 5 is located on the right side of y.
Furthermore, the function A° takes the prime-value branch.

Taking any f € L”, we have

1
FBin) = 5 | A== IEP T F g = (1P TS, (1)
which imfers that

By y=F ' (N+|EPVF] = (nI+(-A)*). (32)

As a straight consequence of (32), it follows that
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By o = Ba,nBan” = (I +(—A)%)". (33)

Direct calculation shows that for each 8 € N”, the partial derivative of (1 +|& |>*)? of the order 8 obeys the following
inequality

1B |§|2ak |ﬁ| o.p

9f (n+1EP) "l_mwz e < pepE 0 Y 60 (34)

Then by invoking Michlin’s multiplier theorem (cf. [23, §2.2.4]), we can assert that Bg, n € Z(LF) and
|Ba, nll#@wry <C, VyeR (35)

for some C = C(n, p, &) > 0, which in turn yields (29) for BZ, n immediately. Since By is an injective operator whose
domain D(Bg) and range R(Bg) are both dense in L, from [25, Theorem 7.64, Proposition 7.47], we have B € Z (L),
and

BY =s— lim Ba 7 (36)

n—0t

which, combined with (35), yields (29) eventually. O
Since for 1 < p < oo, LP is a {—convex space, we can deduce from Lemma 8 and [20] that operator By has the
maximal LP —regularity on L?. Concretely, for every 1 < p < oo, 0 < T <o and f € LP (0, T; L), evolution equation

U Bou= £, 1>0, u(0) =0 ©7

has a unique solution u € C([0, T); L?) such that both «’ and Byu lie in LP (0, T; L?), and

T T T
| 1@ e+ [ el <[5, (39)

where the constant C > 0 is independent of 7 and f.

Consider the Sobolev space Hy = {f € .72 |§|".7 f € L”}. We know when s < n/p, Hy is complete according to
the norm Hf||H]5) = [||E|*.Z f]|r, and (—A)*/? is an isomorphism from HIS, onto L”. Hence the maximal LP —regularity of
By reserves if we regard By as a closed operator in Hj, with the domain and range restricted in H;,. Furthermore, by virtue
of the equivalence (H,', Hy )¢, 4 = Bp g Where s1 <5 <53 < n/p and s = s1(1 — €) + s5,¢€, together with the method of
interpolation, we conclude that By, has the maximal LP —regularity on 327 o~ Finally, on the basis of (28), we can derive
the maximal LP-"—regularity of By on B; - Combining this fact with Corollary 7, we obtain a proposition similar to [19,
Theorem 1], that is

Proposition 9 Under the hypothesis (23) with 1 < pg < p < oo, for all 0 < T < o, all a € B)j, , and f €
LP7(0,T; By, ), the Cauchy problem
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%—I—Bau:f(t), t>0, u(0)=a (39)

has a unique solution u € LP-"(0, T; Bf,fgo‘) such that both «’ and Byu are lie in the class LP"(0, T; Bj, ), and
||“/HLPJ<0, T8 ,) + ||Boc”HLP~r(0, T;B3 ) < C(H“HB;%_,. + Hf||LP~’(O, T;B;,'q))a (40)

where the constant C > 0 is independent of ¢, T and f.
Evidently, each solution of (39) has the following representation

u(t) =e "M%+ /0 =) (-)° F(T)dT = ur (1) + (Sf) (1), (41)

where the function Sf solves the problem (37), and satisfies the following properties.
Proposition 10 Assume thats, SER, 1 <r<oo, I <p<p<eandl<p < p < oo verifying

200 2
-2 da<s—Ses-Lands- 2o og D2 (42)
p p p p p p P
then for each 0 < y < a, we have

1By(SH p. o, 7o 200n) S Cliflepro,7:85 ) (43)

where the constant C > 0 is independent of ¥, f and T.

Proof. In light of (26), we have
! 71/
IBASHOl g <€ [ 1=2) @)l . (44)
A :

where p =20a/(s—§+n/p—n/p+2a) € (1, ). Noting that 1 +1/p = 1/p + 1/p, by invoking [19, Proposition 3.1],

we can derive (43). O
Let B; 4, o be the collection of all solenoidal fields whose components are all members of B; ¢ Itis easy to see that
Bf,y ¢, o 1s aclosed subspace of Bf, ¢- Recall the Helmholtz projection P = I + V(—A)~!div, it is bounded from L? onto L}

for 1 < p < oo, and as a consequence, it is also bounded from Bf,’ 4 onto Bj,, ¢, o Define the Stokes operator of fractional
type by Ay: = PBy. Since PBy = By P on §'(R"), it follows that Ay has the same properties as By, has, and particularly

eftAa — g*tBaP — eftBa on BS

.q,0- Lhese equalities and properties will be employed in the coming paragraphs without

further specification.

3. Estimate for the nonlinear powers of functions

We first recall the estimates for the products of two functions in Besov spaces.
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Lemma 11 ([21(§3.1),22(§2.6)]) Lets >0, p, pi, qi, r € [1,00],i=1,2suchthat 1 /p=1/p1+1/pa=1/q1+1/q2,
and s, p, r satisfy (18), then it holds

1l < COAM g, el s+ 11,5, gl 3)
forall 6; >0,i=1,2, or

1/ lls,

p.r

< ClI1 1y, gllps + 1171 s ) (46)

The following two lemmas can be verified by simple calculations.
Lemma 12 Foralla, b € R,

m(|a|m’1+|b|m’l)|a—b|, m>1,
(@) —Jn(b)] < 47)
2la—b", 0<m<1.

Lemma 13 Forallm > 0andall a, b € R,

1
In(@) = J(b) = m/o (1= A)a+Ab"dA - (a—b)

(48)
1
:/ I (1= A)a+Ab)dA-(a—b).
0
Recall that if 0 < s < 1, then for all p, r € [1, o] and all f € S}, the norm ||f\|37w is equivalent to
Avfll, r Ay :
( | y‘f”I dy)l/ if r <oo, or sup ” )f”p if 7 = oo, (49)
sr+n s
R [yl vern [yl

where A, f(x) = T_,f(x) — £(x) (cf. [22, §2.3]).

Proposition 14 Assume that 0 < s <m < 1and 1/m < p, r < o, then for all f € Bf,{;,’fmr, we have J,,(f) € B, ,, and

(), < A (50)

mp, mr

for some constant C > 0 independent of f.

Proof. We only consider the case m < 1 and r < oo, the case m = 1 is obvious and r = oo can be dealt with in a similar
way.

First of all, since Bf,{,’,’fm, C LyP, we have J,,(f) € LY . For each j € Z, let Fj = J,,(Sj1f) — Jm(S,f) and consider

the double-sides series } jc7 F;j. On the one hand, for two positive integers N and M, we have
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-1 M
Y Fj=Ju(Sof) —In(S-nf) and Y. F; = Ju(Sus1 ) — Im(Sof)- G
J=—N i=0

j=

Noting that f € .%/, we have ||S_y f|l — 0 as N — co. Thus ||/, (S_nf) || — 0 as N — oo, since |[Jn(S_n f) |0 <
2[[S_nf]|™ by Lemma 12. Consequently the single-side series Zj;linj converges to J,,(So f) in L™,
On the other hand, for any k € Z*, by lemma 12 again, it comes

M+k
T (Saties1.£) = T (SstHllp < 208w f = Saaf oy <20 Y 1A Fllmp)™
=7

is Mk is ; m/r
<201@ ) ol (X 277 A £ 1) (52)
=M

s Mtk . mr
<C2 .s/m( Z zjbr/mHAij;”np) ,
=}

from which we can deduce the convergence of both {Sy/f} and {J,,(Sayf)} in L and L” respectively. Recall that
Suf — fin LY (cf. [22, §2.9]). Hence there is a subsequence, say {Sy [} itself, such that lim_e. Sy f(x) = f(x) and
1imps—seo I (Spe f(x)) = I (f(x)) for a.e. x € R". In the second limits, continuity of the function J,, is applied. Thus
we can assert that the limits of {Sy,f} and {J,,(Syf)} are f and J,,(f) respectively. Consequently the single-side series
Y70 Fj converges t0 Jy(f) — Jm(Sof) in LP.

Summing up, we have ¥ ;cz F; — Ju(f) in L* + LP, hence ./ ’. Performing the same arguments as in the proof of
[22, Lemma 2.12], we can also show that limy_e. ||SyJiu (f) || = 0, which infers that J,,(f) € S),-

For all x, y € R”, thanks to Lemma 12, we get

AT (F) ()] = Vi (f (x43)) = T (f (X)) < 2|y f () ™. (53)
Consequently,
AyJ, . A, fl|m
(/ H ym(f)Hp dy)l/r<2(/ H nymp dy)l/r’ (54)
no o bl n e bl
which, together the equivalent characterization of the norm of Bj, ,» yields (50) immediately. O

Remark 15 Suppose thatm > 1,0 < s <m, 1 < p <o and 1 <r < oo, then similar to [21, §1.5, Lemma 5.6], we
can derive the following estimate

[Mm ()l , < C\Ifl\?flllfllgg,z, (55)

where max{1, p(m—1)} < p; < e and p < py < e verifying 1/p= (m—1)/p1 +1/pa.
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C

Theorem 16 Assume that 1 < p, m < oo, max{1/(m—1), m/(m—1)} <r <eo} and

min{m— 1, (m—1)2n/p}, if 1 <m<2,
0<s<
min{1 —1/m, (m—1)?n/(m* —m+1)p}, if m>2.

Then there exists a constant C > 0 such that

H‘]m(f) ( )”BY (||f| _s/m+(l 1/mn/1>+||g|| A/m+1 l/m)l/p)Hf g” /‘77+(1 1/m)n/p -

Proof. For any x, y € R", in light of Lemma 13, we can derive that

LAf@N*LAﬂ@):%ﬁ&«lflﬁbﬂ+ldﬂﬁm~0@)*ﬂﬂ)

Thus by employing (46), we obtain

()= Iy, <CC[ W= A5+ 28y, @217 sl

1
+AH4A17Mf+l@Mﬁlﬂf*ﬁ@N)

In the case 1 < m < 2, we can use (50) to deduce that

)=~y <€ [ NO-Rf 42l by dA gl

(m Dpy, (m=1)r
1
+C [0 =2+ A8l 42 1 =8l

<A oy + U8l =gl

(m Dpy, 1 (m—1)py, 1

CUMAI gy + gl )17 = 8l

Take p/(m—1) < p1, g1 < o such that

—s), and

(56)

(57

(5%)

(59

(60)

(61)

iporary Math tics 6456 | Qinghua Zhang, et al.




n n n n 1
—=(1-=)(==-5), —=—+(1——)s. (62)
m
Under this setting, we have p < (m—1)p; < pa, p < g2 < (m— 1)qy, and then

5s/m~+(1—1/m)n/p 5s/(m—1)
B = Bty

. 1—1 . _
w12, BTN s ey o ar (63)
Inserting these imbedding relations into (60), we obtain (57).
In the case m > 2, we can take p < p;, ¢; < o0, i =1, 2 as in (61) and (62) respectively, and p; < p3, ps < oo such
that

A R L P Y (64)
p3  m pg pa  mpi m

Under this setting, we have p < (1—1/m)ps < (1—=1/m)p3=pa2, p< g2 < (m—1)g1,and (m—1)/p3+1/ps=1/p1.
Consequently,

5s/m—+(1—1/m)n/ ssm/(m—1) 1—-1/m
By P B LT,

(65)

Bs/er(lfl/m)n/p

o) (m—1)q;
o1 — By, 1 —L

Using these imbedding relations, with the aid of (55) and (50), we can derive from (59) that

1
Un () =@, , <C [ (10201 +281" )", b 11f =gl

+c/ 10 =20+ Aglly dA - =gl

1
< C/o 11(1=2)f + Agl' = "2 H[1(1 = A) f + Agl' =" gy, 4% 17 =8l

CULAT s+ gl I — gl

qp, 1

1)%/m 1-1/m 1-1/m
<c(|If '1n | +||g|| 1) (IFIL o/ m-) + 118l s jm-1) )
/mp3 /m s By mypy. (1= 1jmyr B m)py. (11

N = 8llpa + UG g, + 18150 M 8l
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(||f| s/m+(1 1/mn/p+||g| s/m+(1 l/m)n/p)Hf_g”g‘/’q‘*(l*l/’")"//"
D,

Thus we reobtain (57) and complete the proof.

(66)

O

Remark 17 If we take g = 0 in (57) with hypothesis (56) unchanged, then we obtain an inequality for ||/, (f)]] B,

immediately, i.e.

||Jm(f)||B;,7, < CHngc/rTle/m)n/p
ps

The following lemma can be proved by means of interpolation
Lemma 18 Let 1 < p < py, p» <o, 1 <r,r; <ecosuchthat 1/p =1/p;+1/p>, then we have

1f8llzo-rey < CllF lzerri @) glliee rw)

where the constant C > 0 is independent f and g.
Proposition 19 Let 1 < p < oo, 1 <r <ooandm > 1, then there exists a constant C > 0 such that

1 T
EH‘P“anmpunr(R) < llel™llze. @) < CllQlTmo. mr(g)-
Proof. For each r > 0, define

0.(t) = |{s €R: |@(s)| > t}| and @*(¢) = inf{T > 0: @.(7) <71}.

Then the norm of LP-"(R) is equivalent to the quasi-norm (refer to [26, §7.25])

{/ 1/p(P }l/rforl§r<ooandsuptl/P(p*(t)forr:oo_

t>0

For each > 0, it is easy to check that (|@|").(f) = @.(¢'/™) and then (|@|™)*(¢) = ¢*(r)". Consequently,

Loy @y Ty = { ey for 1 < r <o, and

supt'/P(|@|")* (1) = (supt'/"P @7 (1))" for r = oo,

>0 t>0

which leads to the desired equivalence.

(67)

(68)

(69)

(70)

(71)

(72)
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4. Global existence and uniqueness of the strong solution
We first give a definition for the strong solution of the (GBS) (1). Given s, so, s1, G € R, r, g € [1, ), and (up, 6) €
By, & % BY .. A function triple (u, V7, 0) is said to be the strong solution of (1) on the interval [0, T}, if

ue L0, T; B52%)NC([0,T); BY . o + B

p.4.0 bogo) W, VI E L'(0, T B, )

(73)
0 cL'(0,T; B> )NC([0,T); BY .6+ B} 4.6), 8 €L'(0,T: B ),

with u(0) = up, 6(0) = 6y, and both the equations in (1) are verified by u(r), V(t) and 6(z) in B}, , and By, , respectively
forae. t €0, T].
By performing Helmholtz projection &2 on the first equation of (1), we obtain an abstract evolution system, i.e.

W (t)+Aqu+ P(u-Vu) = 2(Jn(0)e,), t >0,
0'(1)+ By +u-VO =0, t >0, (74)

u(0) = up, 6(0) = 6.

Evidently, the function pair (u, ) arising from the strong solution (u, V7, 6) of (1) constitutes the strong solution
to (74). In other words, it solves the following system

u=up+D(u,u)+M(0),

(75)
0=0+%(u,0).
Hence (u, 0) is a fixed point of the nonlinear operator I" defined by
[(u, 0) = (ur+P(u, u) +M(6), 6.+ ¥ (u, 0)), (76)

where ®(u, v) = —S(P(u-Vv)), M(0) = S(P(J,(0)e,)) and ¥(u, 0) = —S(u-VO). Estimates for these operators are
arranged below.
Let2 < p < oo, and take

n 22a

20
s=14+—+——-4a, §=s+—. 77)
p P p

Direct calculation shows that, under the assumption @ > 1/2 and 1/p < 1—1/2¢, it comes s +2a < n/p. Then
thanks to Proposition 10, we have

19t Wl 720+ 1@ ) o 738, ) < Cllw Voo g - (78)
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In the case m = 1, there is J,,,(6) = 6 evidently. So by employing Proposition 10 again, we obtain
MO 1.0, s yr2e) + 1M (0)) llzp. 70,75, ) < CLll®llprzrio, 755, ) (79)
for 1 < p < o, and
1MO)l. v 75520+ | MO iy ) < CulOl i i (80)

for 2 < p < o0, where the constant C; > 0 is independent of 6 and 7.
Inthe case 1 <m < 2, we let

1 n m(2 —m)n 1 n
Zmax{Z—m+;,1+7}<a<§(l+;) (81)
and
1 | 1 ny, m—1 . (m—1)n

to assure p > 2 and 0 < § < min{m — 1, (m — 1)?>n/p}. In the case m > 2, we let

1 n 1 mn 1 n
Zmax{;—}-;,l+(m2_m+1)p}<a<§(l+;) (83)
and
1 1 1 ny, m—1 . 1 (m—1)n
1—@(1+p)<E<1—@(1+l—))+—40C mln{%,7<m2_m+l> } (84)

toassure p >2and 0 < § < min{1 —1/m, (m—1)*n/(m*> —m~+1)p}. Thus in both cases, we can use Proposition 10, 19,
together with inequality (67) to deduce that

M) 7520y + | MO o 7.,
SC”Jm(e)”LP/Z’(QT,B; <CH||6|| A/m+l l/mn/p||LP/2<,V(O7T) (85)

<clel’, < Call6]I7,

/2, mr(0, T, Bs/m+(l l/m)n/p) mp/2,r (0,T; BSm+20¢)
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where the constant C,,, > 0 is free from 6 and T,
sm=—+(1-=)2 ~2a. (86)

Estimates for ¥ (u, ) are also made in two cases. In the case m = 1, restriction 3 < p < oo is required. If we assume
1 < p < oo, then we have

HlP(M, G)HUJ/Z r(O T BO‘1+20{ + H( ( ))/HLp/z‘r(O7 T;B;ll) S CHu'VeHLP/l’(O, T;B;’lw) (87)
where
4o 20
61 =5—20=1+24+2% _6q and &, = 0, + = (88)
p P P

verifying o1 +2a = § <n/p provided o > 1/4 and 1/p < 1 —1/4c. If we assume further 2 < p < oo, then we have

!/
H‘I-’(u, G)HLP/Z "0, T; Bo‘%+2a) + ||( ( )) HLp/2,r<07 T;Blo;—/ < CHH VQHLP“ "0, T; B 3 )7 (89)
where
2 4 2
0'2—s+f—2a—1+ n+—a—6a and 6, = 62+—a (90)
p p p p

verifying o2 +2a < n/p, or equivalently § < 0, provided & > (1 +n/p)/4and 1/p < 1—(1+n/p)/4a.
Inthecasem > 1, weleto > 1/4 and p > max{(m+2)/m, 40 /(40— 1)}. Under this setting, we have s,, +20 <n/p,
i.e. § <n/p. Consequently,

”\P(Ua 9) ||me/2, r(o7 T;B;r‘nrza) + H (lP(lxl, 6))/||me/2,r(07 T;B;’,nl) S CHM . VeHme/(erZ),r(Q T;Bf,""w)’ (91)

where §, = s, +20./p.
We next use Lemma 11 to derive the estimates for the terms u- Vv and u- V0.
Proposition 20 Let 1 < p < oo, ¢ satisfy

1
<1+t (92)

2 2p

and let p be a parameter with 2 < p < oo such that
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1 n 1 1
1——(1+—)<E<1—%.

93
2a 2p ©3)

Then for all u, v € LP-"(0, T} B;le“) with divu(t) = 0 for a.e. ¢ € (0, T), the following inequality holds:

- VVHLP/Zr(o, T:B5 ) < C”””m r(0, T;Bffffa) ||vHLp,r(07 T;B;]ffa)a 94)

where C > 0 is is a constant independent of u, v and T'.
Proof. Thanks to Lemma 11, for a.e. t € [0, T], we first have

lu(e) - Vv(0)[lgs ., < Cllulr) @v(e)[|ges
< C(llu)l g5 IOl s, + 10O geeas () 55.) (95)
< C(llu)llgsszalvO)] g o T (0) g2 () B;slw/p)
< Cllu®)llgsaa ()] gss2e

where —1 <§<n/p,d =2a(1—1/p)—1> 0 stem from the assumptions (93) and (94). Then by invoking Lemma 18,
we can derive that

||M‘VV||Lp/2-r(o, T: B ..) < CH””Lp.zr(o, T;B;ffa)||"”m-2r(o, T;B;,flz“)
(96)

< Cllullze.rio, s g2 Mo o, 72 5729

This completes the proof. O

All the constraints placed on the exponents p, o, p for m = 1 are realised under the hypotheses proposed in the next
two propositions.

Proposition 21 Suppose that hypothesis H; is as follows: there exist parameters p and p with 1 < p < n and
3 < p < oo such that

1 n 1 1
—(1+—)<B<1—£.

97
3a 2p ©7)

1 1 n
§<(X<§(1+5) and 1 —

Then for all functions u and 6 with u € LP-"(0, T; B;jr127°‘6) and 6 € LP/27(0, T; BS! /%), the following inequality
holds:
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||u V9||Lp/3 rO T; B <CHM||[Pr(O.T,Bi:%a)HGHLP/Z r(o T; BO'1+2(X> (98)
for some constant C > 0 independent of u, vand T.
Proof. Similar to (95), for a.e. t € [0, T], we have
lu(2) - VO@)]l yor < ClIO@)u(e)]] oy 1
P, P, o
Clu)ll o 11480 10O 30 + 10 o1 0145 () 25)
%99)

C(llea(®)llgs 2 [0(1) ”B:Sl(ﬁn/p +116(z) IIB;ITza ()] y-5+7p)

p.1

< Cllu(t) g 361000 2

where —1 < &) <n/pand & =n/p — 6; — 20 > 0 come from the assumption (97). Again by Lemma 18, we can derive
inequality (98). O
Proposition 22 Suppose that hypothesis Hj is as follows: n < p < 2n and 3 < p < oo fulfill

1 1 n 1 n 1 1
§<a<§(1+;) andlf@(1+;)<5<lfﬁ. (100)

Then for all functions « and 6 with u € LP>"(0, T; B”z“ *)and 6 € LP/27(0, T; Bcﬂ 2105) we have

Ju-ve] ) < Cllullpur, 7,120 1] - (101)

LP/“OTB/ LP/2’(OTB/

where the constant C > 0 is independent of u#, v and T
Proof. Fora.e. t € [0, T}, it holds that

lu(t)-VO@)] o, < ClO()u(t)]] o1

p/2, /2 0

Clllu)l] 05145 10 @] -5y + 18 )] yo1-8l2e(D)]l 55 )
P P, ’

P2
(102)
< C(Ju()l] g2 1O —yn/p + 18| oo 20 l1e(O)] -5471)
Pl p/2.1 p1

p/2 1

< ()l 10) -2

Volume 6 Issue 5/2025| 6463 Contemporary Mathematics



where —1 < 6, <n/p and 8 = n/p— oy —20 = —§ > 0 are realised by the assumption (100). By invoking Lemma 18
the third time, we can derive inequality (101). O
Proposition 23 Assumem > 1,1 < p <mnand (m+2)/m < p < oo satisfy the conditions

1 1 mn
—<a<— 1+ — 103
S <a< g (mtlt p ) (103)
and
mn 1 1
l—— I+ —) < =<1—=—. 104
2a(m+2)(m+ + p) p 20 (104)
Then for all functions u € LP>"(0, T; B;ﬂz"‘c) and 0 € L"P/%7(0, T B;’"TM), we have
||u Vo ||LmP/(m+2). (0, T;B;’?’m) < CH”HLP (0, T;B:rlz‘x) || 6 ||me/2. (0, T;B;r'n;rw) (105)
for some constant C > 0 independent of u, vand T.
Proof. Similar to (95), for a.e. t € [0, T], we have
[u(t) - VO[] g < ClO@)() ] 5511
< Cllu) g1+ 101 sy N8O ggnrvs () 5,)
(1006)

< C([lu®)ll s [00)] g ownln + 16(2)]] pi2a [[u(2)]] B;éf”/ﬂ)
< Cllu(®)llgsy2a |10 1)1l gons2a

where the restrains —1 < §,, <n/p and 6, = (n/p —§)/m > 0 are assured by (103) and (104). By using Lemma 18 the
last time, we can derive inequality (105). O

Remark 24 Under the additional assumption p < n, we can put (81), (82) and (103), (104) together to yield the
following hypothesis H3: 1 <m < 2, max{m(2 —m)n, n/m} < p <nand (m+2)/m < p < e such that

1 m+2 n 1 n 1 1
— << — (14— dl——(1+-) < —<1——. 107
2 8 (er) an 406(+p) p 2a (107

We can also put (83), (84) and (103), (104) together to yield the following hypothesis
Hy:m>2,mn/(2m—1) < p<nand2 < p < oo such that

1 n 1 1
—(1+;)<5<1—%.

i (108)

1 1 n
§<a<§(1+;) and 1 —
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We are ready to give proofs of the main theorems.
Proof of Theorem 1 Let

X ={ueLP’(0,0;B}7%): u' € 1P7(0, 00, B, 1)} (109)

with the norm
Jullx = ||M\|Lp,r<07m;3§;12a) + ||M/||LP7"(0,00;B;)‘1)7 (110)

and let

y={0¢ LmP/Z,r(O, oo B;’ﬁz"‘): 0 € L"P/27(0, oo 32'71)} (111)

with the norm

— !/

||0HY - ||6||me/2 )(07N‘Bj;71:r2a) + ||6 Hme/Z‘r(O’ °<,’Bi)m]) (112)

Finally, let W = X x Y with the norm ||(u, 0)||w = ||u||x + ||0]|y. It is easy to see that, all the spaces defined above
are complete according to their own norms.
Given ug € B)?,  and 6y € B}, where

1 n
so=s5s+2x(l——) =14+ - —2a«, (113)
(1-3)=1+2

and

2 n 4o—1
Gn=sm+20(l——)=—=— . (114)
mp p m

Under this setting, it follows from Corollary 7 that u;, € X, 6 € Y, and

lurllx < Clluollgo » NI6Llly < Cll60ll s, - (115)

Taking any (4, 0) € W, by Hz for | < m < 2, and Hy for m > 2, we can plug (95) and (105) into (78) and (91)
respectively to show that ®(u, u) € X, W(u, 0) €Y and

1D (e, u)lx < kallull%, (¥ (u, 6)lly < kolluelx |61l (116)
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for some constants k; > 0 independent of u and 0, which, combined with (85), produces
T (s ©)llw < | (ur, 60) lw +ki[lull +Cnl| 0115 +k2|ullx ]y (117)
where the constant C,,, > 0 comes from (85). Thus if we set
1011y = (2C) /™ 161y and || (u, 6y = lullx + 163 (118)

then we have

1
TG, 0) iy < 11z B0l +allulk + 5 (NB11)" +Kallullx [ 0]

(119)
1 m
< || (ur, Or) I + (ki +k2) (Il (u, 0)]l3)* + 5 1 8)lw)™
Taking two points (u;, 6;) € W, i =1, 2 such that ||(u;, 6;)|lw < A1 for some A; > 0 specified later, we have
F(ul, 91) 71—‘(1/!2, 92) = (CI)(MI, uj 71/!2) JrM(O]) *M(Gz), ‘P(ul, 6, — 92))
(120)
+ (CD(Ml —Uup, uz), ‘I’(ul —Uup, 92)).
Now combining (78), (91) and (95), (105) again, we have
[D(ur, ur —u2)|[x < kiflur[|x[lur — ua|x,
[P (ur —uz, u2) [ x < kiflur — uz|x[[uz]|x,
(121)

(w1, 01— 62)ly < kallur[|x[[61 — 62y,
W (1 —uz, 6)ly < kollur —ua|x[|62]]y-
Additionally, from Proposition 10, inequality (57), Lemma 18 and Proposition 19 in turn, it follows immediately
1M(61) =M (62)l|x < Cl[Jn(81) =Im(62)l] o270, o 55, ..)
<C||(/I6: ||"7.]e2,%+<171/m)n/,, + ||92||r7’i7n}+<171/m)n/p) 161 — 92||B§{?+<1—1/m>»z/p 10/2.7(0,0)

B B
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<Cu(l6n]" ) . 16! )1161 — 92||me/2.r(o,oe;B;m1+2a)

o, ) 12 Lo, o2
< Culllenlly " + 11621171161 — 6]y (122)
Putting all the foregoing estimates into (120), we end up with

IT(u1, 61) —T(ua, 62) [ < ki (llu llx + 2 |lx) e — ua|x
1 _ _
+5 (I8 1)" ="+ (l12117)" ") 161 — By (123)

+ko([Jur [|x 1161 — 6aly + 11621y [lu1 — u2llx)-

Next task is to search for suitable assumptions on ky + k; and Ko = ||(ur, 6r)]|y, to assure the operator I" having a
fixed point. For this purpose, we divided our discussions into two cases.
Case 1 m > 2. In this case, we assume

Ko < (124)

16(k; +k2)’

and denote by

2 - 1—+/1—16Ko (ki +k2)
1= 4(k1 —‘rkz) ’

(125)

the first real root of the quadratic equation (k; + kz)),2 — A /2+ Ky =0. Without loss of generality, assume that k; +k > 1.
By this assumption, we have A; < 1. Indeed, from (124), it holds that

1

1
A <4K) < ———— < . 126
t= 0<4(k1+k2)_4 (126)
Hence under the assumption || (u, 8) ||y, < A4, it follows from (119) that
1
I O)lfy < Ko+ (b +E)AF + 240" < . (127

Furthermore, if we let || (u;, 6;)||yy < A1, i =1, 2 additionally, then from (123), we obtain
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T (1, 61) = Tuz, 6) |y < [20k1 +ka) i + A" ([ (w1 — w2, 61— 62) [y
(128)
< [Z(kl -‘rkz)}q +A1]||(M1 —up, 0 — 92)‘“4,

Since 2(k; +k2)A1 + A < 3/4, we conclude that I is a contraction on the ball By = {(u, 0) € W: ||(u, 0)]]yy < A1}
Hence it has a unique fixed point in Bj.
Case 2 1 <m < 2. In this case, let

H(A) = (ki +k2)/12fx+—)“2 +Ko and h(A) =2(k; + ko)A + 2" L (129)
Given 0 < € < 1, the number
€ 1/(m=1)
Ao = 130
= Gl im) (130)

lies in (0, 1) such that 2(1) < € for all A € [0, A¢]. Consequently

H@A)=h(A)—1<e—1, YAe[0,A. (131)
So if we assume
Ko < (1—€)2e, (132)
then we have
H(Ae) < Ko— (1—€)Ae < 0. (133)

Noting that H(0) = Ky > 0, we assert that H has a unique real root, say A4, in the interval (0, A¢]. Hence, if we let
| (u, 6)]|t < A1, then we have

T )y < Ko+l + k)i + 22 = . (134)
Moreover, if in addtion || (u;, 6;) ||y, < A1, i =1, 2, then it comes
T (w1, 81) — Tuz, 62)lw < h(A1) || (ur —u2, 01 — 62)lly < €l|(u1 — 2, 61— 62) [y, (135)
which shows that I is also a contractive operator on B;. Consequently it has a unique fixed point in Bj.
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Denote by (u, ) the fixed point of I" in both cases. Since (4, ) € W, it follows from (85), (94) and (105) that
Tn(0), u-Vu € LP/%7(0, 0oy B, ) and u- VO € L"P/2m+2):7(0, oy BSn_), from which, it is easy to check that (u, 6) is
the strong solution to (74). Furthermore, the function V7 comes from the Helmholtz decomposition, that is

V= —P)(Jn(0)e,—u-Vu) =V (—=A)"'div(J,.(0)e, —u-Vu). (136)

As a direct consequence, we can easily see that Vit € LP/%7(0, oo; B}, ..), and the function triple (u(), Vz(z), 6(t))
verify both the equations in (1) in B2, _, and B;,'f}(x, respectively for a.e. ¢ € [0, T]. Thus, existence of the strong solution of
the (GBS) (1) has been reached. Uniqueness of the strong solution in the class W comes from the uniqueness of the fixed
point of I'.

Continuity of u and 6 of the strong solution can be checked directly. Since the semigroup e is continuous
on B3, , provided r < oo, we have u; € C([0, «); By ,) and 6, € C([0, «); B}',). Furthermore, it is easy to see that
D (u, u), M(0) € C([0,); B, ) and ¥(u, 8) € C([0, 0); B)" . Putting them together, we have u € C([0, «0); By, + B3, )
and 6 € C([0, »); B!, +B,")).

Finally, according to the estimate (115), we can find a small number ¢ > 0 such that under the initial hypothesis (5),
condition (124) for m > 2, or (132) for 1 < m < 2 is realised. Moreover, by the definition of A;, we have

—tBq

4Ky if m>2,
M < < Cllluoll o, + 16019, (137)
Ko/(l—¢€), if 1<m<?2 '
which in turn yields (8) for the above-obtained solution in both cases. Thus the proof has been completed. O
Proof of Theorem 2 In this proof, we need only redefine
Y= {0 L0200, BT 6 € 190, BT )} (138)
with the norm
H9||Y = ||9HLp/2.V(O7 o0} Bﬁ‘fﬁz"‘) + HG/HLP/ZJ(Q oo;B;{" ) (139)

and assume 6 € B;’f r, o With the choice

) l+n/p—4a, i=1,
0 =0;+20(1-=) = (140)
1+2n/p—da, i=2.

Now by following the same arguments as in the m > 2 part of the previous proof with minor revisions, we can
complete the proof. O

Remark 25 Some examples of the initial values for the case n = 3 are provided below to verify the reasonableness
of the assumptions established in this study.

In the case m > 1, we take two scalar functions a, b € L?, and let
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1o = £(—A) "ProtP(ae), 6y =e(—A)"b, (141)

where e denotes a unit vector, € > 0 is a small number, § = 1+3/2p— o and y= (4ot — 1) /2m —3/2p. Evidently, under
this setting, we have uy € B)) , with divug = 0 and 6y € B}",, and

||u0||B;Q,,+H90HBng <Ce (142)

for some constant C > 0 independent of @ and b. In the case m = 1, we then take b € L?, and y = 2a — 1/2 — n/2p; with

a and B unchanged. Under this setting, we have ) € BZ)I."_ p> and

luoll o, + 160l 5o, < Ce (143)

for some constant C > 0 independent of a and b.

5. Conclusions and prospects

In this paper, we study the global solvability of the Boussinesq system with the fractional Laplacian (—A)%* in R" (n >
3), where the buoyancy force is defined as |8]"~!8e, and m > 1. To address the problem, two key technical approaches
are adopted: One is the estimates for the difference |0;|”"~'0; — |6,|"~! 8, within the framework of Besov spaces, and the
other is the maximal regularity property of the fractional Laplacian (—A)® in Lorentz spaces.

By implementing these methods, and setting reasonable assumptions on the exponents &, m, p, r, and p (see (H;) —
(Hy)), we prove that under the small norm assumption on the initial values, the generalized Boussinesq system admits a
unique global strong solution (, 6) in the critical temporal-spatial spaces. Concretely, in the case m = 1, if the initial data
of velocity ug and temperature (or salinity) 6y belong to B;,O ro X BZ’f, with small norm, then the solution (u, 6) exists in
LP:7(0, oo; BZT%,“G) X LP/%:7(0, oo B;’:’ 1), where p1 = pif 1 < p <n,and p, = p/2ifn < p <2n, so, s and w;, o; take the
values as in (3) and (9) respectively. In the case m > 1, if the initial value (ug, 6y) fall into B;,O ro X Bf,’f‘r. The solution
(u, 8) exists in LP:"(0, oo; B;Ti“c) X L"P/2:7(0), oo B;’ﬁza), where G, s, take the values as in (4). See Theorem 1, 2 for
the details.

We conclude that global solvability of the generalized Boussinesq systems under small initial value assumptions holds
form=1land1/2<a<1/2+n/4,1<m<2andl/2< o< (m+1)(m+2)/8,andm>2and1/2 < a < (3m—1)/2m.

Jiu and Wu in [17] showed that for the 3D Generalised Bounssinesq System (GBS) with partial viscosity (v =0), a
global strong solution exists without small initial data assumption when ¢ > 5/4. We wonder in the case where v > 0 and
o = 3, what conditions on & and m ensure the existence of a global strong solution to the 3D (GBS). Another interesting
topic is: if we assume o # 3, what additional conditions are required to maintain the global solvability of the 3D (GBS)
under the following three cases: o« + 3 < 1, ¢+ =1 and a + 8 > 1? Furthermore, what are the differences in the
conditions for ensuring global solvability between the 2D and 3D versions of the (GBS)?
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