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Abstract: Estimating the largest eigenvalue of large symmetric matrices is a critical problem in numerical linear algebra,
with wide-ranging applications in science and engineering. Classical iterative methods, such as the Power method,
are often computationally expensive or impractical for high-dimensional problems. To address this, we investigate
two stochastic methods, Power Monte Carlo (PMC) and Power Quasi-Monte Carlo (PQMC), which integrate Markov
chain-based simulations with classical Power iterations to estimate the maximum eigenvalue. These methods are
designed to manage both systematic error (from iteration truncation) and stochastic error (from probabilistic sampling),
enabling efficient eigenvalue computation even for large matrices. A main contribution of this study is the precise
description of the methodology for constructing Almost Optimal PMC and PQMC algorithms, which can cover a
broad class of symmetric matrices, including both sparse and dense structures. The algorithms employ a special
choice of transition density matrices in constructing the Markov chain, which leads to a significantly reduced variance.
Numerical experiments demonstrate that these algorithms outperform classical PMC/PQMC approaches in accuracy and
computational complexity, particularly when using robust random number generators and low-discrepancy sequences.
They demonstrate that it is vital to find the right balance between the number of steps in the Markov chain and the number
of its simulations. Our findings provide new insights into the design of efficient stochastic algorithms for high-dimensional
matrix problems and establish a foundation for further optimization and scalability.

Keywords: Almost Optimal PMC and PQMC algorithms, low-discrepency sequences, Markov chain, maximum
eigenvalue, stochastic and systematic error
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1. Introduction

The eigenvalue problem, particularly the problem for finding the maximum eigenvalue of symmetric matrices,
remains essential to many fields, such as quantum mechanics, financial mathematics, data science and machine learning,
graph theory and network science, and structural engineering. For instance, in spectral graph theory, the maximum
eigenvalue of the adjacency matrix reveals crucial properties of graphs such as expansion, connectivity, and robustness,
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influencing algorithms in machine learning and network analysis [1]. In the Machine Learning (ML)-driven link
adaptation framework [2], maximum eigenvalues can serve as strong features for classification because they capture
the dominant channel gain beyond raw Signal to Noise Ratio (SNR) or Bit Error Rate (BER). In quantum mechanics,
for example, the Schrodinger equation is an eigenvalue problem where the Hamiltonian operator determines the energy
spectrum of a system. The largest eigenvalue is associated with the highest energy state and carries physical significance
in excited-state analysis [3]. A set of exact solutions for Schrodinger-type nonlinear evolution equations in [4] includes
optical bright, dark, singular, and periodic solitons. A future spectral analysis (considering maximum eigenvalues of
linearized operators around these solutions) would be crucial to evaluate their physical viability in nonlinear optical media.
Higher maximum eigenvalues indicate instability and potential modulation growth, while lower or negative ones suggest
stable propagation, essential for optical communication. In financial mathematics, particularly in risk modelling and
portfolio optimization, the covariance matrix of asset returns is essential. The largest eigenvalue represents the most
significant direction of variance in the portfolio-typically linked to systematic market risk and analysing it is crucial for
spotting diversification opportunities [5—7]. Similarly, in tensor analysis and high-dimensional data processing, spectral
norms (which are tied directly to the largest eigenvalue) govern the behaviour of iterative solvers and regularisation
techniques used in signal processing, physics-based simulations, and Al models. Studying the maximum eigenvalue in
tensor decompositions is meaningful for understanding energy concentration, robustness, and interpretability of extracted
components [8—10]. To find the largest eigenvalue, deterministic methods have traditionally been used. Among these,
the Power method is well known for its simplicity and efficiency when the spectral gap is sufficiently large [11, 12]. It
involves repeatedly multiplying a random vector by the matrix and normalising it, eventually converging to the dominant
eigenvector and its corresponding eigenvalue. However, for high-dimensional or sparse matrices, or when the spectral gap
is small, the Power method may converge slowly or become computationally costly. More advanced methods such as QR
decomposition (In linear algebra, a QR decomposition or a QR factorisation is a decomposition of a matrix A into a product
A = QR of an orthonormal matrix Q and an upper triangular matrix R.) [11] or Arnoldi iteration [13] are computationally
intensive and less suitable for parallelization in large-scale applications. Generally, as the matrix size increases, classical
iterative methods often encounter significant challenges, such as higher computational costs (time, processing power,
memory); numerical instabilities due to accumulated rounding errors; and sensitivity to noise in real-world problems.

Stochastic methods like Monte Carlo (MC) and Quasi-Monte Carlo (QMC) overcome most of the previously
mentioned limitations. They incorporate randomness into numerical computations to tackle the challenges of large-scale
problems. These methods often sacrifice deterministic precision for computational and memory efficiency and scalability,
making them suitable for estimating the maximum eigenvalue for high-dimensional symmetric matrices.

The MC method is a computational technique that uses repeated random sampling to estimate numerical results. It
is particularly useful for problems that are deterministic in principle but too complex to solve directly. In a typical case,
the method constructs a random variable 6 with a chosen probability distribution (discrete or continuous) such that its
expectation equals a target functional 7, i.e. E(6) = I. This functional / might represent, for example, the value of a definite
integral or a physical quantity. Let 0y, ..., Oy be realizations of the random variable 6. Then / can be approximated by

N

the average value Oy = Z 6;. The error of this estimate depends on the variance 62 and the number of samples N. To

generate samples, the méthlod uses Pseudorandom Number Generators (PRNGs) [14, 15] and the probability distribution
of 8. PRNGs produce independent and uniformly distributed numbers in the interval (0, 1) based on a given seed and
deterministic formulas. A good PRNG must pass statistical tests, have a long period, be efficient, and support parallel
computation [16, 17]. In contrast, the QMC methods replace randomness with low-discrepancy sequences [18], such as
Halton [19, 20] or Sobol [21-26] sequences. These sequences spread points more evenly across the sample space and
often yield better performance in integration, optimisation, and high-dimensional problems [27, 28]. In practice, they
are often scrambled to allow error estimation and to avoid certain artifacts [29-31]. The key difference between MC and
QMC lies in their convergence rates. MC methods typically converge at & (N ’%) [16,32,33]. QMC methods can achieve
faster rates, around &'((logN)*N~") [28, 34-37], where k is the dimension of the problem (e.g., the number of variables
in a multidimensional integral).
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In linear algebra problems, random variables are often employed to estimate functions involving matrix—vector
products, typically constructed via Markov chains, where k denotes the number of transitions (or steps) in the chain. In
this context, MC and QMC methods are referred to as iterative MCs and QMCs since they usually require many iterations
to achieve reasonable accuracy. These iterative methods introduce two types of errors: systematic error, which arises from
truncated iterations and depends on &, and stochastic error, which results from the probabilistic nature of sampling and
depends on N. MC/QMC methods for LA problems can be conditionally divided into three categories: those developed
for solving Systems of Linear Equations (SLEs) [34, 38—40], those addressing inverse matrix problems [32, 41-43], and
those designed for eigenvalue problems [44, 45]. Within the third category, the Power MC method [44, 46] provides
an approximation of the largest eigenvalue of a given matrix, while the Resolvent MC method [44, 47] is particularly
suitable for estimating the smallest eigenvalue. Achieving a balance between systematic and stochastic errors, together
with variance reduction, is essential for the development of efficient PMC and PQMC algorithms.

In this paper, we study the PMC and PQMC methods for estimating the largest eigenvalues of high-dimensional,
non-singular, symmetric matrices. By introducing the Almost Optimal initial density vector and the Almost Optimal
density matrix, we refine the construction of random variables using Markov chains and develop computational procedures
referred to as the Almost Optimal PMC/PQMC algorithms. We analyze these algorithms in terms of computational
complexity, accuracy, and the trade-off between systematic and stochastic errors as functions of k and N.

The algorithms are implemented in MATLAB version 9.10 (R2021a). For the Almost Optimal PMC algorithm, we
employ the Mersenne Twister (MT) and Middle Square (MS) PRNGs [48, 49]. For the Almost Optimal PQMC algorithm,
randomized Sobol [50, 51] and Halton [31, 52] sequences are used. Numerical experiments were carried out on dense
symmetric matrices of dimensions up to several hundred. We provide explicit comparisons between the Almost Optimal
PMC/PQMC algorithms and their classical counterparts, highlighting the advantages of our approach, particularly the
reduction in variance and lower computational cost for a given error tolerance.

The paper is organized as follows: Section 2 formulates the problem and introduces the classical Power method as
well as the Stochastic Power methods (PMC and PQMC) for estimating the largest eigenvalue of dense symmetric matrices.
Section 3 presents the Almost Optimal PMC/PQMC methods and algorithms, along with proofs and constructions of the
random variables for general and specific cases. Section 4 reports numerical results and discussion. Section 5 concludes
the study with final remarks and potential directions for future research.

2. Problem formulation and employed methods
2.1 Formulation of the problem

Given a non-singular symmetric matrix, A = {a;; }} j=1 € R™", a;;=aj, i, j=1, ..., n. Consider the eigenvalue
problem: find A (A) such that:

Ax = Ax, x € R" is arbitrary non-zero vector. €))
For symmetric matrices, all eigenvalues are real. Suppose that
)vmin:|ln| < uvn—1|§§|12| < ‘ll|:kmax- (2)

Our task in this study is to propose computational algorithms based on the PMC and PQMC methods for estimating the
maximum eigenvalue of symmetric dense matrices. We aim to investigate how stochastic and systematic errors depend on
the parameters k and N. Additionally, we intend to examine the computational complexity and accuracy of the suggested
PMC and QMC algorithms. This analysis will focus on how the selection of probabilities in the transition density matrix
affects the reduction of the variance of a random variable constructed using a Markov chain.
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2.2 Classical Power method

The Power method is a classical iterative technique widely used for estimating the maximum eigenvalue A,y of
square matrices [11, 12]. The iterative process can be described in the following 3 steps using the Rayleigh quotient [12]:

as follows:

1. Initialization: Choose an initial vector x( such that ||xo|| = 1.

2. Iteration: For k=0, 1, ... Compute: x;_ | = r(xy).

3. Eigenvalue Approximation: The corresponding maximum eigenvalue for problem (1), (2) after k iterations is
estimated as:

k
)Lmax ~ A‘?Ela)x = r(xk)-
Systematic error: The truncation error of the Power method in case of a symmetric matrix is

).

Mfrg;)x_)vmax' = ﬁ( T
1

3)

Convergence: The rate of convergence of the iterative processor for symmetric matrices is characterised by the
2

(see [12]). Difficulties in convergence may be anticipated if the first two eigenvalues (in

A
convergence factor |-

A

magnitude) are “close”. In this instance, preconditioning techniques are utilised to distinguish between the two largest
eigenvalues.

Computational complexity: The number of arithmetic operations is O(kn?) for the Power method, where k is several
iterations in the above process, and # is the dimension of the matrix A.

2.3 Stochastic Power method

Consider again the eigenvalue problem (1), (2). The maximum eigenvalue can be written as a limit of the Rayleigh
quotient [12, 45]:

k
Amax = lim (h, Af)

kv (h, A1)’ @

where (h, AXf) is a scalar product, f = {f;}*_, and, h = {h;}""_, are arbitrary vectors. If k is an arbitrarily large natural
number, then

PRI Af)

"=, AR f) ©)

is an approximation of A,,,, with a certain systematic error.
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The stochastic power method is based on constructing random variables whose mathematical expectations estimate
the scalar products in (5). Consider the r.v. 6" for estimating the scalar product (h, A*f) [32, 45] which employs a
discrete Markov chain [16, 33]. Its construction can be described in the following steps:

1. Constructing of a discrete finite Markov chain with states /;:

lp— - —l—- =L (1<, <n 0<t<k) (©)

n
with initial density vectorp = {p;}!"_, € R", Z pi=1 and probabilities Pr(lp =i) = p; >0, i=1, ..., nand the transition
i=1
n
density matrix P = {p;;}{ ;_; € R™", Zpii =1land Pr(l,=jlli-1=i)=p;j>0,(, j=1,....,n)and (=1, ..., k).
: =
2. Computing the weight W; iteratively:

ai,_L
Wo=1, W, =W —=" 1=1, ..., k @)
DLyl
3. Determining the r.v. %) using the formula:
hy
0% = 2w, . (8)
Py

To construct the weight W using the Markov chain (6), we define a set of permissible densities 3, and B4 depending
on i and A, (see [45]).

Definition 1 The initial density vector p = {p;}!' | € R" is called permissible for a vector h = {h;}}_, € R", i..
pEP,ifp; >0whenh; #0and p; =0when h; =0fori=1, ..., n.

Definition 2 The transition density matrix P = {p; J}f' j=1 € R™**" is called permissible for a symmetric matrix A =
{a,-j}l’f j=1€ R™" ie. P €4 if p;j > 0 whena;; #0and p;; =0 whena;; =0fori, j=1, ..., n.

Letus consider the N realization of the Markov chain (6) using Pseudorandom Number Generators (PRNGs) [16, 33].
Given a density vector p and a transition density matrix P. Define the mean value

—n 1Y
oy =5 Y(6V)., ©)

where the sth realization of the r.v. 8% is denoted by (G(k))s, where 1 < s <N.

The following theorem is valid:

Theorem 1 Let the r.v. 8(*) is defined by formula (8). Then the mathematical expectation of the r.v. 8% is equal to
the scalar product (h, A¥f) , i.e.

E[0™)] = (h, A"f). (10)

The proof of the Theorem 1 can be found in [45].
The mean value (9) is considered as an MC approximation of the scalar product (k, Af) [45] with a probability error
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R = |(h, k)~ 8| < cia (00N, (11)

where ¢ is a constant and 6(6*)) is a standard deviation.

When we use low-discrepancy sequences, like Sobol and Halton ones, to realise N times the Markov chain, then the
mean value (9) is defined as a QMC approximation of the scalar product (k, A*f) [45]. The error of the QMC estimator
is:

(10gN)k+1

—(k
ORY' = |(h, Af) By | < 22

(12)

Here, (k+ 1) is the dimension of each element in the low-discrepancy sequence, which is used to compute one value
of r.v. ). The definition of the low-discrepancy sequences and Koksma-Hlawka inequality, which lead to the estimate
(12) can be found in [5, 16].

The following theorem holds:

Theorem 2 Let us consider 8% and 61 for the fixed steps k and k — 1 of the Markov chain (6). Then

EBY] . w
m = ﬂvmu)o (13)

Proof. Considering the construction of the random variables 8(*) and *~1) for the fixed steps k and k — 1 of the
Markov chain, we have:

hy, _ hy
0% = 22w, f, and 0D = 2w, f
Piy Py

Taking into account equalities (5) and theorem 1 we obtain:

EOY] (A

E[0*=D] — (h, Ak-1f) "

]
The stochastic Power method to estimate A,E{Z)X is defined in the following way:
N
Z C (k) )s
Mo 7 =1 (14)
Y (6%,

Here, the symbol “~” indicates that the expression on the right side in (14) is an approximate solution for the l,&,];)x
depending asymptotically on k and N. The meaning of this symbol is the same in all corollaries below.
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Remark 1 The stochastic power method is referred to as the Power Monte Carlo (PMC) method when the samples
for both random variables %) and 8~ are generated using random number generators to construct the Markov chain
(6).

Thus, the stochastic error of the PMC method is a function of the probable error defined by (11).

Remark 2 When low-discrepancy sequences, such as Sobol sequences [24], are used to construct the Markov chain
for sampling both random variables 8) and 6(*~1) the stochastic power method is referred to as the Power Quasi-Monte
Carlo (PQMC) method.

Similarly, the stochastic error of the PMC method is a function of the probable error defined by (12). We note that
the theoretical estimates for the stochastic errors of the PMC and PQMC methods are not found. We note that theoretical
estimates for the stochastic errors of the PMC and PQMC methods are unavailable. This is an open problem for future
work.

3. Almost Optimal PMC and PQMC methods and algorithms

3.1 Estimates with Almost Optimal probabilities for the Markov chain: errors balance

Let us present the symmetric matrix A in the following way

A:{aij};l,jzl :(al, cees @iy oy an)T, Whereai:(ail, ceey a,-n), iil, ooy N

The symbol T denotes transposition. Further, for our study, we consider the following vector and matrix norms:
n n n
[l = Ialh =} \hil, Nlaill = laills = } laijl, 1Al = Al = max Y Jagl, j=1, ... n.
i=1 j=1 i=1

The main issue in the stochastic simulation is that the estimates obtained from random sampling can lead to high
variance. Different simulations can yield significantly different results, particularly when the sample size N is small.
According to an inequality (11), the probability error depends on the standard deviation o (or the variance ¢%) and on
the sample size N, which is the number of realisations of the Markov chain for our problem. In general, various variance
reduction techniques (for example: antithetic variates, stratified sampling, importance sampling, QMC simulations using
low-discrepancy sequences, etc.), (see [16, 33]) have been developed for the MC methods to improve their accuracy, to
reduce the number of samples needed, and/or to increase the convergence of the method. Applying the variance reduction
techniques is especially important when dealing with complex simulations or large-scale problems.

All permissible density vectors p € 3, and transition density matrices P € 98,4 can be employed to construct 8(*) and
0%=1 to estimate A,&’Qx according to the stochastic Power method (14).

The most common approach for faster Markov chain construction is when the coordinates of the permissible density
vector p and the elements of the transition density matrix P are set to 1/n, i.e:

n" n"
p:{piZ} andP:{pij:} ,i,j:l,...,n. (15)
nJi=1 nJi j=1

We note that PMC/PQMC methods are referred to as classical when the choice (15) is used for the initial density
vector and the transition density matrix in constructing the Markov chain.

Typically, MC solutions derived from alternative choices of the permissible density vector p and the transition density
matrix P are compared to the classical approach to assess their accuracy and computational efficiency.
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Among all permissible density vectors p € B3, and transition density matrices P € 34 there exists a choice that leads
to a significant reduction in the variance [32, 45]:

|hi laij| . .
p=1{pitic1, Pi= ”hl” and P = {pi;}} j— pij = m, i, j=1...,n (16)

We observe (see construction of the Stochastic Power method below) that only for this choice is the random variable
6*) constructed fundamentally differently from that in formulas (7) and (8).

The initial density vector p is referred to as Almost Optimal initial density vector, and the transition density matrix P
is referred to as Almost Optimal transition density matrix. The elements of the P are called Almost Optimal probabilities.
Taking into account the choice of a vector p and a transition density matrix P according to formulas (16), the following
theorem holds:

Theorem 3 Let p and P be the Almost Optimal initial density vector and Almost Optimal density matrix. Then the
mean value (9) can be expressed as follows:

a(s)
L2

g(k) 1 ¥ \ " 1=k 1
= XN Si n s Si n\ a s N 7
V=g Loie (g0 ) 1 s (400,40 % )

Proof. Taking into account formulas (8, 9) we obtain:

—(k 1

(G(k)>s =

M=

h =k a (s
h[ 1 N l(.)) t 11(7) lt( )
Z{OWkﬁk} :NZ RN § EEELES
S

s=1 Piy s=1 pl(()‘v) t=1 p]’(i)] 1[(‘) k

=z -

s=1

The proof of the theorem follows after applying formulas (16), i.e.

h
*(k)il N l(()s)
oy =+ )

s=1

1=k Gs) ,(s)
Ll
||h|| =1

=a .
2

a
o

o

h

i

a s
(0

1N t=k
== sign| h h sign| a (s
Ns:Z] g <,(<)>>|| ||{IH1 g (l,”llf))
O

} f‘ll((l> .
Based on Theorem 2 and Theorem 3, the following corollaries are true:

Corollary 1 Let p and P be the Almost Optimal initial density vector and Almost Optimal density matrix. Then the

stochastic Power method for estimating QL,SZZZX is defined as the ratio of the mean values 55\1,{) and 51(\?71) by formula (17), i.e.

N t=k
Y sign (hlm) Hsign<a,<s> Z<s>> as) ’ Jio
;L(k N s=1 0 =1 t—1% t—1 k (18)
Y 1=k—1 ’
sign | h sign{ a ) () | ||a s
R () { T s o | 5,
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Corollary 2 Suppose the L; norm of all row-vectors of the symmetric matrix A is equal to the constant a, i.e.
n
\|ai||1:||ai\\:Z\aij\:a, i=1,...,n (19)
j=1

Then the estimation for x,&’i)x by formula (18) can be rewritten in a simpler way:

N t=k
sign (h,m) [Isisn (al@ Zm) af
20 5=l 0 =1 = k

Y, t=k—1 '
) sign (%’) [T sign <a1<s> ,<s>) f
=1 =1 -1 kol

Corollary 3 Let the L; norm of all row-vectors of the symmetric matrix A satisfy condition (19). Suppose also that
the following condition holds for all elements of the A:

(20)

t=k—1
sign (hlé‘)> H Sign(“,(x)l,@)) =1,s=1,...,N. 21)
=1 =1

Then A,i’;L can be estimated by a simpler formula as follow:

N
Y sign (a,<s> l<s>> afw
k—1"%k k

(k) __ s=1
A 5 (22)
Lo,

max

Remark 3 The set of symmetric matrices satisfying the conditions of Corollary 3 is nonempty. For instance, consider
a symmetric matrix A with positive elements, where all main diagonal elements are equal, i.e.,a; =b>0,i=1,...,n,
and all off-diagonal elements are also equal, i.e., a;; =d > 0,i# j,i,j=1,...,n.

Taking into account that the systematic error €; depends on the number of transitions in the Markov chain k and the
stochastic error & depends on the number of realisations N, we obtain the following estimates for these errors:

6y W a0 O
)Lmux - % - Afma)c - lma)c + )Lmax - k-1
Oy Oy
. . g(k)
< Ama)c - Atgla)x + lrgm))c - g(kAil) <& +& (23)
N

We note the balance between the two errors is achieved when & = & = €. Theoretical estimates of the balance
between the two errors are presented in [44, 45].
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Definition 3 PMC and PQMC methods for estimating the maximum eigenvalue of the symmetric matrix when
choosing an initial density vector p and a transition density matrix P according to formulas (16), are called Almost Optimal

PMC/PQMC methods.
3.2 Almost Optimal PMC and Almost Optimal POMC algorithms: computational complexity

The pseudocode presented in Algorithm 1 describes the steps for estimating the maximum eigenvalue of a symmetric
dense matrix based on formula (18) according to Corollary 1.

Algorithm 1 Pseudo code for computing the Almost Optimal PQMC algorithm

1. Input: matrix A = {a, i} € R™"; vectors h, f € R” and positive integers n, N, k

2. Compute: ||a,|\—2\al]\ 1<i<nand ||h||_2|h|
Jj=1 i=1
3. Compute: The coordinates of a permissible density vector p and the elements of a

permissible density matrix P

|hi] laij|
p-: ? p“ b 7 :]" .
] e P

N

4. Generate: N elements of the (k+ 1)-dimensional Sobol (or Halton) sequence
5. Construct: N realizations of the Markov chain with integer elements

1 %l,(s)

¢ Sl Y 1< <n 0<i <k 1<s<N

2
}fzz%

6. Compute:

w_liﬁn@ )m|ﬁnnG )
N TN & AN L S\ G0
. | N t=k—1
=y Zsign (hl(x)> ||F]] H sign (a l(v)>
s=1 0 =1

as
7

a4,
t—l

7. Output:
—(k
AMEZGV
max - 6(1{71)
N

Remark 4 Algorithm 1 is referred to as an Almost Optimal PQMC algorithm because low-discrepancy sequences
are used in step 4. If PRNGs are used instead in step 4, Algorithm 1 is called an Almost Optimal PMC algorithm.

Remark 5 If the elements of the symmetric matrix A satisfy the conditions in Corollary 2 or Corollary 3, then the
formulas in step 6 of Algorithm 1 can be replaced with the simpler ones, (20) or (22).

It is very important to estimate the computational complexity (or number of operations) of the Algorithm 1.
Such estimates are significant when constructing multiple algorithms to solve a given problem. For Algorithm 1, the
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computational complexity depends on the number of realisations of the Markov chain, the computational time for one
realisation of the random variable (¥), and the computational cost for the transition density matrix P.

For steps 2 and 3 in Algorithm 1, we require ¢'(n?) operations. This part of Algorithm 1 is known as preprocessing.

The essential part of the algorithm lies in steps 4-7. For steps 4-6, the computational cost is estimated as N1, where
N is the number of Markov chain realisations and 7y is the average computational time for one realisation of the random
variable 0%) and 6*~1) at fixed k.

Let 79 be the mean value of computational time for one transition in the Markov chain /,_; — [, when we construct
the r.v. 5,(\],() or 51(\];_1) by weight W; (see formula (7)). To create a transition in the Markov chain, we need an algorithm
to sample a discrete random variable with a finite number of states n and probabilities derived from the corresponding
row of index /; in the transition density matrix P. The computational cost for sampling such a discrete random variable is
O (n). If we denote by Ty the average computational time of one jump in the Markov chain, we have 7o = €' (n), as this
time depends on the matrix dimension. Thus, we obtain that 7, = kTyp = &' (nk). In this way, the computational cost of
Algorithm 1 for steps 4-6 requires:

Cost(Algl) = O(Nnk) + O (n*) = O(Nnk +n?).

Algorithm 1 requeres €(1) operations in Step 7. In summary, the computational complexity of Algorithm 1 is &'(Nnk)
when N > n. In many cases, preprocessing operations are excluded, as there are an order of magnitude more operations
in the main part. For sparse symmetric matrices where the number of nonzero elements is approximately n, the estimate
for computation cost is expected to decrease significantly.

We expect that in cases involving dense symmetric matrices with dimensions of a few hundred, the balance between
systematic and stochastic errors is achieved when N = &'(n). The numerical experiments in the following section confirm
this only in the scenario where we employ the Almost Optimal density matrices.

4. Numerical tests and discussion

The PMC algorithm is implemented in our numerical experiments using the Mersenne Twister (MT) [48] and Middle
Square (MS) [49, 53] PRNGs. The Mersenne Twister PRNG has a period of 2!°°%7-1, and its output is free of long-term
correlations when considered in 623 dimensions. The standard implementation employs a 32-bit word length, while
an alternative implementation utilises a 64-bit word length [54]. The MT PRNG was designed to rectify most of the
shortcomings found in older PRNGS. The MS PRNG was created using the Middle Square method.

We run the PMC algorithm using two types of probabilities in the Markov chain: (a) if we apply the initial density
vector and the transition density matrix according to the formula (16), we have two versions of the Almost Optimal PMC
algorithm, denoted as PMC ;) and PMC ys) depending on the PRNGs; (b) if we use the formula (15) for an initial
density vector and a transition density matrix, we consider the classical PMC algorithm again in two versions referred to
as PMCEX}T) and PMCEZ}S).

Similarly, when we run the PQMC algorithm as Almost Optimal PQMC, we again consider two versions referred
to as PQMC5) and PQMC ), depending on what kind of low-discrepancy sequences we use: Sobol (S) or Halton (H).
In analogy, the two versions of the classical PQMC algorithm that employ Sobol sequences and Halton sequences are
denoted as PQMCEE; and PQMCE"H)).

In practice, Sobol (S) and Halton (H) sequences are typically scrambled to enhance their effectiveness, facilitate
statistical error estimation, and minimise certain artefacts. Various scrambling constructions are known and employed
for both sequences, with a trade-off between complexity, computational time requirements, and uniformity properties.
In our numerical tests, the Halton sequences are constructed using the “RR2” scramble type, which applies a reverse-
radix operation to permute the radical inverse coefficients [31, 52]. This method effectively redistributes the points to
achieve better uniformity. The Sobol sequences are constructed using the “Matousek-Affine-Owen” scramble type, which
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combines a random linear scramble [50] with a random digital shift [S1]. We note that the MT PRNG and the scrambling
Sobol and Halton sequences are implemented in MATLAB version 9.10 (R2021a). Numerical results for estimating the
largest eigenvalue of symmetric dense matrices are derived from two test matrices with randomly generated elements.
The eigenvalues of these matrices satisfy condition (2), and the two cases are as follows:
i. Matrix A with dimension n = 100, A,,, = A; = 50.0408, and A, = 4.0522;
ii. Matrix A with dimension n = 500, A,,ux = A1 = 250.2454, and A, = 9.0721.
n

The arbitrary vectors h and f are chosen with norm 1, namelly ||k|| = ||f|| = Z %, where n = 100 and n = 500.

In our experiments, the eigenvalues A; and A, were selected to be sufﬁcientllylwell—separated to ensure favourable
convergence properties for the classical Power method. Consequently, the systematic error becomes negligible after
approximately four to five iterations.

This setup enables us to analyse the balance between statistical and systematic errors in stochastic algorithms.
In particular, we investigate how the number of Markov chain transitions k and the number of realisations N of the
random variables 6() and 6~ affect this balance. Furthermore, we examine the impact of variance reduction in
the Almost Optimal PMC/PQMC algorithms on the accuracy of the approximate solution, while maintaining constant
computational complexity.

It is worth noting that in classical PMC/PQMC algorithms, the matrix A must be scaled by a positive parameter

1 . . .
q= m, with &; > 0, to ensure that all eigenvalues by modulus of the transformed matrix gA are less than 1. In the
1 1
1
case where we do not have a prior estimate for A, the parameter g can be chosen as follows: g = W, where
max; ||a; 1
(i=1, ..., n), In contrast, for Almost Optimal PMC/PQMC algorithms, this scaling is not required, as the values of the

random variables in step 6 of the Algorithm 1 primarily depend on the signs of the elements of the matrix A.

4.1 Case (i): Matrix size n =100

Table 1 presents the numerical results for estimating the largest eigenvalue of the symmetric matrix in case (i), using

the Almost Optimal PMC 7y and classical PMCEX;T) algorithms, across various values of N and k. Similarly, Table

2 displays the corresponding results for the Almost Optimal PMC s and classical PMCE"M)S) algorithms. Both tables
also include the absolute errors associated with the estimates. In both tables, the maximum eigenvalue A; = 50.0408 of a
100 x 100 symmetric matrix is estimated across a range of realisations of N and iteration depths &.

The numerical experiments demonstrate that, for a fixed number of realisations N, increasing the number of
transitions k in the Markov chain reduces the absolute error. This reduction stabilises beyond a certain value of %,
suggesting an optimal balance between systematic and stochastic errors. When we fix N = 128, this value is k = 9.
In cases where N > 128, this value is k = 8. With additional increases in k beyond this point, we observe that the resulting
estimates do not enhance accuracy any further.

Note that the minimal absolute errors for each algorithm (PMC ), PMCEZ}T), PMC yss), and PMCEX;S)) are
highlighted in the Table 1 and Table 2. The lowest absolute error is observed at (k =8, N = 512) for the Almost Optima
PMC algorithms (see Table 1 and Table 2), indicating that these values of k and N provide the best balance between
systematic and stochastic errors. In the case of classical PMC algorithms, the best balance between systematic and
stochastic errors is indicated when k = 8 and N = 2,048 (see Table 1 and Table 2).

When we compare the results of the Almost Optimal PMC algorithms with those of the classical PMC algorithms
(see Table 1 and Table 2), we observe that for a fixed N and k, the absolute error for the Almost Optimal PMC algorithms

is significantly lower than that of the classical PMC algorithms. For instance, at N = 512, PMCy7) yields an error of
0.00005, while PMCE;}T) yields 0.0015 (see Table 1). The same is situation when we compere the errors for PMCys)
and PMCE;’}S) in Table 2. This is because, in constructing 6®) and 6~V for the Almost Optimal PMC algorithms, the
variance is significantly reduced.
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Table 1. PMC ) and PMCEZ}T) algorithm results for different N and k, on a 100 x 100 symmetric matrix with A, /4, ~ 0.081, where A; = 50.0408

and A, = 4.0522 (* Highlighted rows represent optimal k values for each N)

N k ll(k) using PMC 7y Absolute error PMC 7y ll(k) using PMCEL)T) Absolute error PMCEZ;T)

6 50.012316 0.02848 49.893384 0.1474

7 50.025579 0.01522 49.997142 0.0437

128 8 50.039901 0.00090 50.019883 0.0209
9 50.040709 0.00009 50.037795 0.0030

10 50.045295 0.00450 50.066104 0.0253

11 50.054378 0.01358 50.104543 0.0637

6 50.017864 0.02294 49.919982 0.1208

7 50.023923 0.01688 50.012158 0.0286

256 8 50.040628 0.00017 50.039528 0.0013
9 50.044896 0.00410 50.050593 0.0098

10 50.050896 0.01010 50.081757 0.0410

11 50.070174 0.02937 50.093002 0.0522

6 50.032910 0.00789 49.676084 0.3647

7 50.035045 0.00576 49.996040 0.0448

512 8 50.040750 0.00005 50.039264 0.0015
9 50.052027 0.01123 50.050158 0.0094

10 50.058593 0.01779 50.072966 0.0322

11 50.060141 0.01934 50.109447 0.0686

6 50.015868 0.02493 49.770608 0.2702

7 50.029828 0.01097 50.019435 0.0214

1,024 8 50.040720 0.00008 50.039735 0.0011
9 50.045403 0.00460 50.054351 0.0136

10 50.053595 0.01280 50.069878 0.0291

11 50.060302 0.01950 50.080112 0.0393

6 50.035629 0.00517 49.851866 0.1889

7 50.036291 0.00451 50.029563 0.0112

2,048 8 50.041086 0.00029 50.041728 0.0009
9 50.043850 0.00305 50.057179 0.0164

10 50.066103 0.02530 50.077047 0.0362

11 50.069460 0.02866 50.091154 0.0504

Figure 1 displays eigenvalue estimates across increasing numbers of realisations N (along the X-axis), using
the optimal iteration depth k (along the Y-axis) identified by boldface in Table 1 and Table 2. Here, we compare

Almost Optimal PMC variants against their classical PMC variants. PMCEX}T) achieves accuracy and stability, closely
(n)

approximating A, as N increases. According to Table 1, PMC( MT) produces an absolute error as low as 9 x 107# at

N =2,048, outperforming PMCE;;S), which reaches an error of 1.8 x 1073 (see Table 2).
(n)

The visual evidence in Figure 1 confirms this trend: PMC< MT)

PMCEZ4>S> fluctuates and even overshoots for larger N, indicating instability possibly due to pseudorandom variability and

weaker generator uniformity in high dimensions.

steadily converges towards the true value. In contrast,
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Table 2. PMC ) and PMCEZ}S) algorithm results for different N and &, on a 100 x 100 symmetric matrix with A, /A; ~ 0.081, where A; = 50.0408
and A, = 4.0522 (* Highlighted rows represent optimal k values for each N)

N k ll(k) using PMC s Absolute error PMC s ll(k) using PMCEL)S) Absolute error PMCE"M)S)

6 50.019125 0.02167 49.564508 0.4763

7 50.023944 0.01686 49.988941 0.0519

128 8 50.039440 0.00136 50.019388 0.0214
9 50.040595 0.00020 50.029883 0.0109

10 50.051262 0.01046 50.060923 0.0201

11 50.084762 0.04396 50.109231 0.0684

6 50.011148 0.02965 49.574876 0.4659

7 50.031044 0.00976 49.984883 0.0559

256 8 50.042490 0.00169 50.028211 0.0126
9 50.050490 0.00969 50.051251 0.0105

10 50.076397 0.03560 50.084891 0.0441

11 50.094549 0.05375 50.103125 0.0623

6 50.028121 0.01268 49.679757 0.3610

7 50.030518 0.01028 49.997989 0.0428

512 8 50.040617 0.00018 50.033570 0.0072
9 50.058913 0.01811 50.053570 0.0128

10 50.061048 0.02025 50.091035 0.0502

11 50.064531 0.02373 50.109567 0.0688

6 50.012038 0.02876 49.752343 0.2885

7 50.031472 0.00933 50.009835 0.0310

1,024 8 50.041209 0.00041 50.038850 0.0020
9 50.044938 0.00414 50.056396 0.0156

10 50.048139 0.00734 50.076755 0.0360

11 50.053169 0.01237 50.093669 0.0529
6 50.031902 0.00890 49.839506 0.02013

7 50.038998 0.00180 50.022658 0.0181

2,048 8 50.041243 0.00044 50,038951 0.0018
9 50.043045 0.00225 50.063537 0.0227

10 50.058875 0.01808 50.078798 0.0380

11 50.084113 0.04331 50.098828 0.0580

Both Almost Optimal versions (PMC 7y and PMCy5)) maintain a relatively flat trajectory close to the target
eigenvalue, and demonstrate better accuracy at smaller N than their classical counterparts. This is due to the reduced
variance resulting from the choice of the transition density matrix for the Markov chain. These results highlight
that Almost Optimal PMC algorithms outperform classical PMC algorithms regarding computational complexity and
accuracy, particularly when employing a robust generator such as MT.
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—+~Exact value -8~ PMC7, ~+PMCj;, -# PMC{,, —=PMC)

MT) ™5)

50.0420 /‘\ :

50.0330

50.0300

50.0270
128 256 512 1,024 2,048

Number of realizations (V)

Figure 1. (PMCy7) and PMCy)) vs (PMCE;‘}T) and PMCE'A',[)S)). Comparison of the maximum eigenvalue A, of the symmetric 100 x 100 matrix
with estimated values },,(,LQX obtained in the balancing cases (in the optimal iteration depth k), i. e. when (k =9, N =128) and (k=8, N > 128)

Table 3. PQMCy) and PQMCE"H)) algorithm results for various N and k, applied to a 100 x 100 symmetric matrix. The absolute errors for the case

A2/A1 =~ 0.081 (* Highlighted rows represent optimal k values for each N)

N k ll(k) using PQMC Absolute error PQMC )L](k) using PQMCE'I;)) Absolute error PQMCE"H))

9 49.667323 0.37348 49.051280 0.9895

10 49.732875 0.30792 49.313447 0.7274

128 11 49.801798 0.23900 49.574856 0.4659
12 50.037989 0.00281 50.206208 0.1654

13 50.152986 0.11219 50.314121 0.2733

14 50.246958 0.20616 50.542813 0.5020

9 49.982000 0.05880 49.674872 0.3659

10 50.001834 0.03897 49.739820 0.3010

256 11 50.038996 0.00180 50.199525 0.1587
12 50.067986 0.02719 50.229280 0.1885

13 50.135149 0.09435 50.299014 0.2582

14 50.379962 0.33916 50.387742 0.3469

9 49.987751 0.05305 49.676566 0.3642

10 50.017989 0.02281 49.749688 0.2911

512 11 50.039899 0.00090 50.176724 0.1359
12 50.178512 0.13771 50.196566 0.1558

13 50.228992 0.18819 50.299461 0.2587

14 50.357840 0.31704 50.358776 0.3180

9 49.452553 0.58825 49.453967 0.5868

10 49.976987 0.06381 49.806135 0.2347

1,024 11 50.039772 0.00103 50.172345 0.1315
12 50.107985 0.06719 50.295866 0.2551

13 50.282004 0.24120 50.298343 0.2575

14 50.329662 0.28886 50.339248 0.2984

9 49.681987 0.35881 49.670730 0.3701

10 49.973344 0.06746 49.907160 0.1336

2,048 11 50.039982 0.00082 50.111519 0.0707
12 50.183245 0.14245 50.275169 0.2344

13 50.238237 0.19744 50.291489 0.2507

14 50.407066 0.36627 50.407572 0.3668
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Table 4. PQMCs) and PQMCE;; algorithm results for different NV and k, applied to a 100 x 100 symmetric matrix. The absolute errors for the case
A2/A1 = 0.081 (* Highlighted rows represent optimal k values for each N)

N k ll(k) using PQMCg) Absolute error PQMC g ll(k) using PQMCE?; Absolute error PQMCE;;

9 49.393214 0.64759 49.215148 0.8257

10 49.597734 0.44307 49.491180 0.5496

128 11 49.679383 0.36142 49.624160 0.4166
12 50.040544 0.00026 50.200481 0.1597

13 50.091116 0.05032 50.299826 0.2590

14 50.181771 0.14097 50.399651 0.3589

9 49.780806 0.25999 49.428552 0.6122

10 49.994318 0.04648 49.742961 0.2978

256 1 50.039989 0.00081 50.186264 0.1455
12 50.049407 0.00861 50.225854 0.1851

13 50.153503 0.11270 50.263529 0.2227

14 50.327859 0.28706 50.386282 0.3455

9 49.966398 0.07440 49.543755 0.4970

10 50.050000 0.00920 49.866152 0.1746

512 11 50.040585 0.00021 50.166400 0.1256
12 50.148019 0.10722 50.223877 0.1831

13 50.209448 0.16865 50.271020 0.2302

14 50.456838 0.41604 50.383010 0.3422

9 49.765493 0.27531 49.617372 0.4234

10 49.986946 0.05385 49.933245 0.1076

1,024 1 50.040913 0.00011 50.132603 0.0918
12 50.087435 0.04664 50.167252 0.1265

13 50.218753 0.17795 50.280149 0.2393

14 50.298935 0.25814 50.288215 0.2474

9 49.707851 0.33295 49.681502 0.3593

10 49.972883 0.06792 49.957605 0.0832

2,048 1 50.040854 0.00005 50.074364 0.0336
12 50.155992 0.11519 50.186986 0.1462

13 50.222261 0.18146 50.239941 0.1991

14 50.304974 0.26417 50.407318 0.3665

Table 3 and Table 4 report the performance of the Almost Optimal PQMC and classical PQMC algorithms using
Halton and Sobol sequences, respectively, for computing the dominant eigenvalue of a 100 x 100 symmetric matrix. In
both tables, the maximum eigenvalue A; = 50.0408 is estimated across a range of realisations of N and iteration depths .
For each algorithm (PQMC ), PMCE"H)), PQMCs), PQMCE;;), the absolute error decreases as k increases, with optimal
convergence typically observed at k = 11 or k = 12 as highlighted. PQMC) consistently outperforms PQMC 4 across
all N, demonstrating both lower errors and smoother convergence. For instance, at N = 2,048, PQMC(g, yields an error
of 0.00005, while PQMC 4 yields 0.00082 (see Table 3 and Table 4). This reflects the superior uniformity of Sobol
sequences for higher dimensions.

The classical variants (PQMCE;;)), PQMCE;;) improve robustness, particularly at higher N. Although initially larger

in error, PMCE"H)) and PQMCE;; converge with increasing N. At N = 2,048, PQMCE;; achieves 0.0336 compared to

0.0707 for PQMCE”H)), confirming the continued advantage of the Sobol-based PQMC algorithm even in the classical
configuration.

When we compare the results of the Almost Optimal PQMC algorithm with those of the classical PQMC algorithm
(see Table 3 and Table 4), we observe that for a fixed N and k, the absolute error for the Almost Optimal PQMC algorithm
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is significantly lower than that of the classical PQMC algorithm. For instance, at N = 256 and k = 11, PQMCy, yields
an error of 0.00081, while PQMCEE; yields 0.1455 (see Table 4).

The same situation occurs when we compare the errors for PQMC ) and PQMCEZ;) in Table 3. At N = 256 and
k=11, PQMC 4 yields an error of 0.0018, while PQMCEZI)) yields 0.1587. This is because the variance is considerably
reduced in constructing ) and 0%~ for the Almost Optimal PQMC algorithm.

~—Exact value “*-PQMCj, = PQMC = PQMC{)-= PQMC{;)

50.2100

50.1600

Value

50.1100

50.0600

50.0100
128 256 512 1,024 2,048

Number of realizations (V)

Figure 2. (PQMCs) and PQMC ) vs (PQMCE;; and PQMCE"H))). Comparison of the maximum eigenvalue A,,,;, of the symmetric 100 x 100 matrix
with estimated values A,E,’;)X obtained in the balancing cases, i. e. when (k =12, N =128) and (k= 11, N > 128)

Figure 2 extends the analysis by comparing the classical PQMC algorithms with the Almost Optimal PQMC variants.
Notably, PQMCs) demonstrates superior performance, closely tracking the exact eigenvalue across all sample sizes. The
same is true for PQMC g). In contrast, PQMCE;; and PQMCEZZ) initially overestimate A, but subsequently converge
slowly as N increases.

These results underscore that Almost Optimal PQMC algorithms outperform classical PQMC algorithms in terms
of computational complexity and accuracy, attributable to the reduced variance stemming from the choice of the transition
density matrix for the Markov chain.

—+—Exact value —#PMC,,, *PMC,, =PQMC, -=-PQMC,

o)
50.0430

50.0420

50.0410 —

—— —
[}
7; 50.0400

50.0390

50.0380
50.0370
128 256 512 1,024 2,048

Number of realizations (V)

Figure 3. Comparison of A,y of the symmetric 100 x 100 matrix with /I,E,IL)X in the balancing cases using the Almost Optimal PMC algorithm (k =
9, N =128), (k=8, N > 128) and the Almost Optimal PQMC algorithm (k =12, N = 128), (k= 11, N > 128)
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Figure 3 compares Almost Optimal PMC algorithm using the MT and MS PRNGs with Almost Optimal PQMC
algorithm using Halton (H) and Sobol (S) sequences.

We refine the scale on the Y-axis to observe that all approximate values of l,g;)x fall within the interval 6 < 0.005
surrounding the maximum eigenvalue A,,,,. Thus, we can notice differences when comparing the four variants of the
Almost Optimal PMC and Almost Optimal PQMC algorithms. PMC ) shows strong convergence behaviour, with
errors reaching a minimum of 8 x 107> at N = 1,024 and k = 8 (see Table 1). In contrast, PMC s (see Table 2)
demonstrates greater variance and slightly higher errors, although still within acceptable limits (e.g., 4.4 x 107* at N =
2,048 and k = 8). This is further confirmed in Figure 3, where PMC yr) tracks the true eigenvalue more closely than
PMC ).

Concerning the Almost Optimal PQMC algorithms, PQMCs) stands out as the most precise among them, demonst-
rating consistent performance and minimal deviation from the exact value, as illustrated both visually in Figure 3 and
numerically in Table 4. For example, at N = 2,048 and k = 11, the absolute error is just 5 x 1072, In contrast, PQMC(H),
while still improving with larger N, lags due to its poorer multidimensional uniformity, achieving an error of 8.2 x 10~
under the same configuration (Table 3). Regarding the optimal balance between stochastic and systematic errors, the test
experiments for a dense symmetric matrix with size n = 100 indicate that it is achieved when k = 8 for PMC,7) and
k =11 for PQMC g across all realisations of N.

These results demonstrate that Almost Optimal PMC/PQMC algorithms, particularly those based on the MT
and scrambled Sobol sequences, offer significantly greater accuracy than their classical counterparts for the same
computational cost.

4.2 Case (ii): Matrix size n = 500

Table 5 presents the numerical results for estimating A,S,IZ)X of a 500 x 500 symmetric dense matrix across a range

of realisations of N and iteration depths k. The results were obtained using the Almost Optimal PMC 7y and classical
(n)
PMC( M
PMC{y)g,
The numerical experiments demonstrate that, for a fixed number of realisations N, increasing the number of

T) algorithms. Similarly, Table 6 displays the corresponding results for the Almost Optimal PMC s and classical

algorithms. Both tables also include the absolute errors associated with the estimates.

transitions k in the Markov chain reduces the absolute error. This reduction stabilises beyond a certain value of &,
suggesting an optimal balance between systematic and stochastic errors. This value is k = 9, (see Tables 5 and Table
6). With additional increases in k beyond this point, we observe that the resulting estimates do not enhance accuracy any
further. Note that the minimal absolute errors for each algorithm (PMC 7, PMCEZ}T), PMC ys), and PMCEX}S)) when
k =9 are highlighted in the Table 5 and Table 6.

The lowest absolute error is observed at (k =9, N = 512) for PMC 7y and at (k =9, N = 128) for PMC s (see
Table 5 and Table 6), indicating that these values of k and N provide the best balance between systematic and stochastic
errors.

In the case of classical PMC algorithms, the best balance between systematic and stochastic errors is indicated when
k =9 (see Table 5 and Table 6).

When we compare the results of the Almost Optimal PMC algorithms with those of the classical PMC algorithms
(see Table 5 and Table 6), we observe that for a fixed N and k, the absolute error for the Almost Optimal PMC algorithms
is significantly lower than that of the classical PMC algorithms. The absolute error in the balanced case of k =9 in
the Almost Optimal PMC algorithms is on the order of 0.0001, whereas in the classical PMC algorithms it is on the
order of 0.01. This is because, in constructing 8*) and §%*—1)
significantly reduced.

for the Almost Optimal PMC algorithms, the variance is
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Table 5. PMCyr) and PMCEX;T) algorithm results for different N and &, on a 500 x 500 symmetric matrix with A, /A &~ 0.0363, where A; = 250.2454

and A, = 9.0721 (* Highlighted rows represent optimal k values for each N)

N k kl(k) using PMC 7 Abs. error PMC y7) kl(k) using PMCEBT) Abs. error PMCEZ}T)

6 250.181100 0.06430 248.863095 1.3823

7 250.196274 0.04913 249.073556 1.1718

128 8 250.222396 0.02300 249.492834 0.7526
9 250.232288 0.01311 250.032970 0.2124

10 250.295027 0.04963 250.149293 0.0961

11 250.301310 0.05591 250.391291 0.1459

6 250.071617 0.17378 249.499761 0.7456

7 250.114415 0.13098 249.807572 0.4378

256 8 250.228998 0.01640 250.124994 0.1204
9 250.250130 0.00473 250.222275 0.0231

10 250.283657 0.03826 250.311181 0.0658

11 250.327734 0.08233 250.363882 0.1185

6 250.072767 0.17263 249.680711 0.5647

7 250.161043 0.08436 250.072663 0.1727

512 8 250.235302 0.01011 250.115109 0.1303
9 250.245110 0.00029 250.192305 0.0531

10 250.268302 0.02290 250.328365 0.0830

11 250.306227 0.06083 250.458641 0.2132

6 250.167399 0.07800 249.592590 0.6528

7 250.211423 0.03398 250.075384 0.1700

1,024 8 250.235306 0.01009 250.164200 0.0812
9 250.245015 0.00038 250.205542 0.0399

10 250.269913 0.02451 250.300328 0.0549

11 250.287417 0.04202 250.495723 0.2503

6 250.160017 0.08538 249.864998 0.3804

7 250.193403 0.05200 250.039826 0.2056

2,048 8 250.226172 0.01923 250.175939 0.0695
9 250.246938 0.00154 250.224397 0.0210

10 250.251779 0.00638 250.295497 0.0501

11 250.258464 0.01306 250.480189 0.2348

Figure 4 displays eigenvalue estimates across increasing numbers of realisations N, using the optimal iteration depth
k =9 identified by boldface in Tables 5 and 6. Here, we compare Almost Optimal PMC variants against their classical
PMC variants. PMCEZ}T) achieves accuracy and stability, closely approximating A,,, as N increases. The visual evidence

EX,;T) converges steadily towards the true value, while PMC(;'}S> fluctuates and even

overshoots for larger N, indicating instability possibly due to pseudo-random variability and weaker generator uniformity
in high dimensions. The Figure 4 illustrates that PMC 7y and PMC ;) maintain a relatively flat trajectory very close
to the target eigenvalue, A, and demonstrate improved accuracy at smaller N compared to their classical counterparts.

in Figure 4 confirms this trend: PMC

This is due to the reduced variance resulting from the choice of the transition density matrix for the Markov chain. These
results again highlight that Almost Optimal PMC algorithms outperform classical PMC algorithms in computational
complexity and accuracy, particularly when employing a robust generator such as MT.
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Table 6. PMC;5) and PMC

(n)
(Ms

) algorithm results for different N and &, on a 500 x 500 symmetric matrix with A, /A; = 0.0363, where A; = 250.2454
and A, = 9.0721 (* Highlighted rows represent optimal k values for each N)

N k kl(k) using PMC ) Abs. error PMC ys) lfk) using PMCEZS) Abs. error PMCE:}S)

6 250.085322 0.16008 248.522547 1.7229

7 250.185322 0.06008 248.931561 1.3138

128 8 250.211445 0.03395 249.462722 0.7827
9 250.245247 0.00015 250.003068 0.2423

10 250.279476 0.03408 250.120230 0.1252

11 250.356308 0.11109 250.408768 0.1634

6 250.104179 0.14122 249.129460 1.1159

7 250.177974 0.06743 249.701820 0.5436

256 8 250.203720 0.04168 250.015811 0.2296
9 250.252044 0.00664 250.221130 0.0243

10 250.290513 0.04511 250.363882 0.1185

11 250.308344 0.06294 250.668091 0.4227

6 250.086724 0.15868 249.219447 1.0260

7 250.177427 0.06797 249.501899 0.7435

512 8 250.206884 0.03852 250.058060 0.1873
9 250.244890 0.00051 250.183410 0.0620

10 250.283279 0.03788 250.356760 0.1114

11 250.297526 0.05213 250.501899 0.2565

6 250.017168 0.22823 249.602843 0.6426

7 250.189383 0.05602 250.051538 0.1939

1,024 8 250.238977 0.00642 250.143770 0.1016
9 250.244751 0.00065 250.268955 0.0236

10 250.270855 0.02546 250.396782 0.1514

11 250.306134 0.06073 250.493687 0.2483

6 250.118546 0.12685 249.911061 0.3343

7 250.187878 0.05752 250.034691 0.2107

2,048 8 250.237612 0.00779 250.103221 0.1422
9 250.247710 0.00231 250.320873 0.0755

10 250.275206 0.02981 250.347819 0.1024

11 250.290595 0.04520 250.494239 0.2488

=+ Exact value -=PMC,, = PMC,

250.3000

250.2300
5250.1600
S
250.0900

250.0200

249.9500

= PMC{), = PMC{)

™MT) 15)

L

128

256 512

Number of realizations (V)

1,024

2,048

Figure 4. (PMC 37y and PMCy5)) vs (PMCE;}T) and PMCE"M)S)). Comparison of the maximum eigenvalue A, of the symmetric 500 x 500 matrix

with estimated values Z,S{Qx obtained in the balancing cases, i. e. when (k =9, N > 128)
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Table 7. PQMC 4 and PQMCE"H)) algorithm results for different N and k, applied to a 500 x 500 symmetric matrix. The absolute for the case A, /A ~
0.0363 (* Highlighted rows represent optimal k values for each N)

N k ll(k) using PQMC g Absolute error PQMC )Ll(k) using PQMCE'I;)) Absolute error PQMCE"H))

9 249.471697 0.77370 245.712684 4.5327

10 250.066438 0.17896 246.512652 3.7327

128 11 250.167707 0.07769 251.486594 1.2412
12 250.249391 0.00399 249.309133 0.9363

13 250.357823 0.11242 251.999063 1.7537

14 250.586571 0.34117 252.780009 2.5346

9 249.858433 0.38697 247.418360 2.8270

10 249.991341 0.25406 248.248562 1.9968

256 11 250.197841 0.04756 249.470953 0.7744
12 250.239655 0.00574 250.770441 0.5250

13 250.357573 0.11217 251.711421 1.4660

14 250.472703 0.22730 251.797723 1.5523

9 249.592272 0.65313 248.042800 2.2026

10 249.896185 0.34921 249.080394 1.1650

512 11 250.089218 0.15618 249.591525 0.6539
12 250.236033 0.00937 250.669970 0.4246

13 250.369509 0.12411 250.978674 0.7333

14 250.534697 0.28930 251.788278 1.5429

9 249.959642 0.28576 248.998184 1.2472

10 250.059089 0.18631 249.131528 1.1139

1,024 11 250.127756 0.11764 249.672942 0.5725
12 250.250718 0.00532 250.090116 0.1553

13 250.387049 0.14165 250.829267 0.5839

14 250.481235 0.23584 251.662872 1.4175

9 249.972251 0.27315 248.999883 1.2455

10 250.055927 0.18947 249.408467 0.8369

2,048 11 250.166549 0.07885 249.987224 0.2582
12 250.249986 0.00459 250.172833 0.0726

13 250.321274 0.07587 250.581459 0.3361

14 250.439084 0.19368 251.216429 0.9710

Table 7 and Table 8 report numerical results for estimating &ﬁl]fl)x obtained by the Almost Optimal PQMC and classical
PQMC algorithms using Halton (H) and Sobol (S) sequences, respectively. In both tables, the maximum eigenvalue
A1 = 250.2454 is estimated across a range of realisations of N and iteration depths k. For each algorithm (PQMCy),

PMCEZI)), PQMCy), PQMCE;%), the absolute error decreases as k increases, with optimal convergence typically observed
at k = 12, as highlighted.

PQMCs) and PQMCy across all N, demonstrating both lower errors and smoother convergence comparing with
classical PQMC variants. For instance, at N = 2,048, PQMC(, yields an error of 0.00054, while PQMCy) yields
0.00459 (see Table 7 and Table 8). This reflects the superior uniformity of Sobol sequences for higher dimensions of
the matrices. We note the absolute error in the balanced case of k = 12 is on the order of 0.0001 for PQMCs), whereas

it is on the order of 0.001 for PQMC ). Although initially larger in error, the classical PQMC algorithms enhance
robustness, particularly at higher N when the absolute error reaches the order of 0.01 for PQMCEZ)) and 0.1 for PQMCEZ)).
At N =2,048, PQMCE?; achieves 0.0455 compared to 0.0726 for PQMCﬁ"H)), confirming the continued advantage of the
Sobol-based PQMC algorithm even in the classical configuration.
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When we compare the results of the Almost Optimal PQMC algorithm with those of the classical PQMC algorithm
(see Table 7 and Table 8), we observe that for a fixed N and k, the absolute error for the Almost Optimal PQMC algorithm
is significantly lower than that of the classical PQMC algorithm. For instance, at N = 256 and k = 12, PQMCy, yields

an error of 0.00028, while PQMCEZ; yields 0.3172 (see Table 8). The same situation occurs when we compare the errors
for PQMCz;) and PQMC{}), in Table 7. At N = 256 and k = 12, PQMCy, yields an error of 0.00574, while PQMC(;)

yields 0.525. This is because the variance is considerably reduced in constructing 6X) and ¥~ for the Almost Optimal
PQMC algorithm.

Table 8. PQMCg) and PQMCEgg algorithm results for different N and k, applied to a 500 x 500 symmetric matrix. The absolute errors for the case
A2/A1 = 0.0363 (* Highlighted rows represent optimal k values for each N)

N k A" using PQMC) Absolute error PQMC ) A using PQMCE';; Absolute error PQMCEQ‘,;

9 249.987838 0.25756 248.764573 1.4808

10 250.099240 0.14616 248.990612 1.2548

128 1 250.236415 0.00898 249.415659 0.8297
12 250.245037 0.00036 250.777310 0.5319

13 250.330000 0.08460 250.989461 0.7441

14 250.407154 0.16175 251.062045 0.8166

9 249.744662 0.50074 248.778926 1.4665

10 249.982894 0.26251 249.094364 1.1510

)56 1 250.199189 0.04621 249.483392 0.7620
12 250.245119 0.00028 250.562622 03172

13 250291367 0.04597 250.704555 0.4592

14 250.369617 0.12422 251.039904 0.7945

9 249.638588 0.60681 248.786901 1.4585

10 249.899316 0.34608 249.301034 0.9444

. 1 250.099484 0.14592 249.632500 0.6129
12 250.244872 0.00053 250.486175 0.2408

13 250.378047 0.13265 250.679597 0.4342

14 250.475610 0.23021 250.935292 0.6899

9 249.879108 036629 249.156996 1.0884

10 250.077200 0.16820 249.326758 0.9186

L2 1 250.140000 0.10540 249.811533 0.4339
12 250.244996 0.00040 250.148126 0.0973

13 250.351139 0.10574 250.651883 0.4065

14 250.440000 0.19460 250.854128 0.6087

9 250.062966 0.18243 249216417 1.0290

10 250.147824 0.09758 249396625 0.8488

2,048 11 250.193656 0.05174 249.937040 0.3084
12 250.245937 0.00054 250.290864 0.0455

13 250.272562 0.02716 250.555662 03103

14 250.487070 0.24167 250.713019 0.4676

Figure 5 illustrates and compares the obtained numerical results from the classical PQMC algorithms and the
Almost Optimal PQMC variants at the optimal value of k = 12. Notably, PQMC s, demonstrates superior performance,

closely tracking the exact eigenvalue across all sample sizes. The same applies to PQMC ). In contrast, PQMCE;; and

PQMCE;;)) initially overestimate A4, but subsequently converge slowly as N increases.
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Figure 5. (PQMC(y) and PQMCy)) vs (PQMCE;; and PQMCE;I))). Comparison of the maximum eigenvalue A4, of the symmetric 500 x 500 matrix

with estimated values l,gf‘zx obtained in the balancing cases, i. e. when (k =12, N > 128)

—+-Exact value #-PMC,,,, =~ PQMC, -PQMC, —=-PMC,,
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Figure 6. Comparison of of A, of the symmetric 500 x 500 matrix with A,ﬁi?x in the balancing cases using the Almost Optimal PMC algorithm
(k=9, N > 128) and the Almost Optimal PQMC algorithm (k =12, N > 128)

These results underscore that Almost Optimal PQMC algorithms outperform classical PQMC algorithms regarding
computational complexity and accuracy in the case (ii), due to the reduced variance resulting from the choice of the
transition density matrix for the Markov chain. Figure 6 compares the Almost Optimal PMC algorithm using the MT and
MS PRNGs with the Almost Optimal PQMC algorithm using Halton (H) and Sobol (S) sequences.

We refine the scale on the Y-axis to observe that all approximate values of l,;kax fall within the interval 6 < 0.02
surrounding the maximum eigenvalue A,,,,. Thus, we can notice differences when comparing the four variants of the
Almost Optimal PMC and Almost Optimal PQMC algorithms.

Indeed, PMC y1) shows convergence behaviour, with errors reaching a minimum of 3.8 x 10~* at N = 1,024 and
k =9 (see Table 5), although it demonstrates higher errors for small N. PMC ) (see Table 6) demonstrates greater
variance and slightly higher errors, although still within acceptable limits (e.g., 6.5 x 10™* at N = 1,024 and k = 9).
Regarding the Almost Optimal PQMC algorithms, PQMCg) stands out again when compared to PQMC ), as the most
precise. It demonstrates consistent performance and minimal deviation from the exact value, as illustrated both visually
in Figure 6 and numerically in Table 8. In contrast, PQMC ), while still improving with increasing N, lags due to its
poorer multidimensional uniformity, achieving an error of 4.6 x 10~3 under the same configuration (Table 7). Regarding
the optimal balance between stochastic and systematic errors, the test experiments for a dense symmetric matrix with size
n =500 indicate that it is achieved when k =9 for PMC y7) and k = 12 for PQMCg).
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The results of case (ii) show that the Almost Optimal PMC algorithms provide significant accuracy at precise
computational costs. The results also demonstrate that Almost Optimal PQMC algorithms based on scrambled Sobol
sequences offer significantly greater accuracy than PQMC algorithms based on scrambled Halton sequences for the same
computational cost.

5. Conclusions and future work

In this paper, we investigated the stochastic Power Monte Carlo (PMC) and Power Quasi-Monte Carlo (PQMC)
methods as effective tools for estimating the maximum eigenvalue of high-dimensional, dense symmetric matrices.
Building on the classical Power method, we reformulated the problem through stochastic iterations based on Markov
chains, which enabled us to systematically incorporate randomness while preserving mathematical rigour.

One of the main contributions of our study is the introduction of Almost Optimal initial density vectors and
Almost Optimal transition density matrices, which significantly reduce variance and improve convergence. Constructing
the random variables 8(X) and 6~ using these Almost Optimal components simplifies their structure and provides
a clearer view of the trade-off between systematic errors (caused by truncated Markov chain iterations) and stochastic
errors (arising from sampling variability). This refinement led to the development of Almost Optimal PMC and PQMC
algorithms that balance these errors more effectively than their classical counterparts.

Our numerical experiments confirmed the superiority of the proposed algorithms over classical stochastic power
algorithms, particularly when robust pseudorandom number generators and scrambled low-discrepancy sequences were
employed. The choice of transition density matrices and initial probability vectors in the Almost Optimal PMC/PQMC
algorithms proved especially effective in reducing variance. Using low-discrepancy sequences-most notably scrambled
Sobol sequences in the Almost Optimal PQMC algorithms-further enhanced convergence rates, especially in higher
dimensions. The results also show that optimal error balancing is achieved when parameters k and N are carefully selected,
with N typically on the order of the matrix size N = &'(n), Moreover, the optimal parameter k in the Markov chain is
generally lower for Almost Optimal PMC algorithms than for their PQMC counterparts. These findings suggest that the
algorithms remain effective for larger symmetric dense matrices and confirm their practical viability in large-scale settings
where precision to the third or fourth decimal digit is required.

In summary, the Almost Optimal PMC and PQMC algorithms provide robust stochastic alternatives to classical
algorithms for estimating maximum eigenvalues. Their computational complexities remain both manageable and scalable,
particularly when error balancing is taken into account. While the Almost Optimal PQMC algorithm requires careful
sequence selection, it delivers superior convergence in high-accuracy regimes for large symmetric matrices. Theoretical
insights and numerical results together demonstrate the strength of these algorithms and underscore their potential for
broader applications in numerical linear algebra and high-dimensional data analysis.

Despite these advances, several opportunities for future research remain. First, while our analysis concentrated on
symmetric matrices, a natural extension is to investigate non-symmetric matrices, including the challenging case where
dominant eigenvalues may be complex. This will require adapting stochastic iterative schemes to handle non-real spectra
effectively. Second, beyond matrices, the framework invites exploration of eigenpairs in symmetric tensors-a rapidly
developing field with significant applications in data analysis, signal processing, and machine learning. Developing
stochastic tensor power methods that retain efficiency while managing higher-order interactions would represent a
meaningful step forward. Third, applying the proposed algorithms to sparse symmetric matrices of high dimensionality,
which frequently arise in scientific computing and machine learning, offers another promising direction. By leveraging
sparsity patterns when constructing Almost Optimal transition density matrices, computational costs can be further
reduced. Finally, implementing these algorithms in parallel environments such as multicore CPUs and GPUs holds
considerable potential. Parallelizing Markov chain realizations and exploiting efficient libraries for PRNGs and matrix
operations would greatly enhance performance and scalability, making these algorithms suitable for very large-scale
problems.
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