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field of applied mathematics. The aim of this paper is to develop new types of fractional Hermite-Hadamard-Mercer
inequalities related to the generalized k-fractional conformable integral operator within the framework of interval analysis.
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and methods presented in this study could serve as a foundation for further research in this area.
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1. Introduction

Convexity and optimization have a significant impact on various fields of applied sciences, including computer
science and data analysis [1], control systems [2], finance [3], modeling optimization [4, 5], and signal processing and
estimation [6]. The study of convexity in conjunction with integral problems is a fascinating and important area of research.
Consequently, convex function applications have been used to represent multiple inequalities. Among these, the Hermite-
Hadamard (H-H) inequality represents a fundamental result in convex analysis. The concept of convexity has showed to
be a useful domain of inspiration in both the pure and applied sciences.

The modern theory of convex functions emerged in the early 20" century through the work of mathematicians like
Jacques Hadamard and Hermann Minkowski. Hadamard provided rigorous definitions and explored the properties of
convex functions in mathematical analysis, while Minkowski integrated convexity into geometry and functional analysis.
Convex functions became central to optimization theory due to the pioneering contributions of Leonid Kantorovich and
Harold Kuhn, who developed methods such as linear programming and the Karush-Kuhn-Tucker (KKT) conditions.
Today, convex functions are a cornerstone of mathematical optimization, physics, information technology, probability
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theory, economics, and machine learning, reflecting their broad applicability and historical evolution. See [7—14] for the
literature.

Over the past 20 years, fractional calculus has been essential to the fields of applied mathematics. Due to its wide
range of applications, it continues to receive significant attention in ongoing research. The Hermite-Hadamard (H-H)
inequality via fractional operator was first investigated by Sarikaya et al. [15]. Numerous fields, including transform
theory, mathematical biology, modeling, engineering, fluid flow, finance, healthcare, and image processing, use fractional
calculus. Additional information on this subject can be found in the references [16—19].

The novelty and objective of this paper lie in utilizing the Generalized k-Fractional Conformable Integral Operator
(GKFCIO) in interval analysis to investigate a new type of Hermite-Hadamard-Mercer inequality. Additionally, we
investigated a few matrix applications using GKFCIO.

The structure of this manuscript is constructed as follows: In Section 2, presents some related theorems, concepts,
and remarks that are essential for the upcoming portions. In Section 3, we provide several interval analysis indications and
basic data. In Section 4, we utilize the GKFCIO to establish several new types of Hermite-Hadamard-Mercer inequalities.
In Section 5, we present additional applications. In Section 6, we offer a conclusion.

2. Preliminaries

It would be pertinent to highlight and analyze a few definitions, findings, and theorems in this section for the benefit
of the reader’s interest and the article’s standard.

Definition 1 [20] The function 3: [¢;, 9;] — R is convex, if

3(Ep1+(1=8)p2) <83 (p1) +(1-8)3(p2) (M

where py, p2 € [¢1, 01] and § € [0, 1].
If3: .# — R is convex, then for p;, p2 € .# and p, > p1, then H-H inequality,

p1+p2 1 P2 3(p1) +3(p2)
3( 2 )SPz—Pl /Pl S(C)dCSf, @

holds.

Interested readers can refer to [21] and [22].

If 3 is concave, both inequalities hold in the opposite direction.

Jensen’s inequality holds a prominent place among the various inequalities related to convexity found in the literature.
It is widely utilized by mathematicians in fields such as inequality and information theory, owing to its applicability under
relatively simple conditions. Below, we present the formal statement of Jensen’s inequality.

With considering 0 < X; < X, <... < X, andsuppose ¢ = (1, %, .- ., Gr) is positive weights such that 1), ¢; =1,
then the Jensen Inequality (JI) (see [23]) states that if 3 is convex on the [ p1, pz] , then

5<i S Nd) < (i €d5(§zd)>, 3)
=1 =1

forall Xy € [p1,p2], Gu€[0, 1] and (d=1,2,...,n).
The extraction of information-theoretic bounds for practical distances is facilitated by this fundamental inequality
(see [24)).
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Even though Jensen’s inequality has been the focus of many research, Mercer’s version is the most interesting and
unique of the studies on the topic. Mercer presented in 2003 a novel-version of “Jensen’s inequality” in [25], which is as
follows:

If3: [p1, p2] = R is a convex function, then

3<P1+P2—Z€d Nd) <3(p1)+3(p2)— )« S(Ra), )
d=1 d=1

holds for all X4 € [p1, p2], G4 €[0,1] and (d=1,2,...,n).

In [26] author proposed many of Jensen-Mercer Inequalities (JMI). Mercer’s type inequalities have been extended
to higher dimensions in a number of ways by Niezgoda [27]. Jensen-Mercer’s type inequality has recently significantly
advanced inequality theory because of its well-known characterizations. Kian [28] explored superquadratic functions in
relation to Jensen’s inequality.

The following H-H-Mercer inequality was shown in [29]:

1 L
S(pH—Pz—uleruz) S — /ul S(p1+p2—¢)d¢ ®
SS(P]‘FPZ—MI);S(PI—FPz—MZ) Ss(pl)+3(p2)_S(ul);s(uz), (6)

where S is convex on [c, ?]. For JMI, one can refer [27, 30, 31].

Despite being around for as long as classical analysis, fractional analysis has only lately started to draw more attention
from academics. Its continual evolution is driven by its usefulness in natural phenomena, its applications across various
fields such as engineering and the sciences, its adaptability, and the additional perspectives it offers to mathematical
theories.

Definition 2 [32] Consider S € Z([c;, 9;]. The Riemann-Liouville (R-L) fractional-integrals with order A > 0 is
defined by

umwzﬁ [ = Swdn, < ™
and

~A 1 o1 A1

BSO=gy [ B- 0 S, T ®)

Gamma function is defined as I'(A) = [;" e “u®~du.

An integral operator of fractional stated by Fahad et al. [33]. They also provided this operator’s characteristics.
Suppose that y € €, Re(y) > 0, then the left and right sided generalized fractional conformable integral operators has
defined respectively, as follows
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143 () = I/X<(X_CI)A_(€_C1)A)Yl il ©)
1 o A (C )I—A

and

gaw= L [ (@@t T80 00
o L(y) Jx (0 ’

where 0; > ¢, A€ [0, 1].

The fractional integral in (9) coincides with the Riemann—Liouville fractional integral (7), when¢; =0and A=1. It
also coincides with the Hadamard fractional (see [34]) once ¢; =0 and A — 0. Moreover (10) coincides with the Riemann—
Liouville fractional integral (8), when 9; = 0 and A = 1. It also coincides with the Hadamard fractional (see [34]) once
091=0and A — 0.

The generalized k-fractional conformable integrals are defined as

I
g - L [ (et == a)? s©) "
[ J (-x) ka(Y) /q( A (C—Cl)l_A ga ( )
and
R (RS R T s, )
0 k[ (7) Jx A (DI—C)I_A J
where 91 > ¢1, A >0, R(y) > 0, and I'k(x) is defined in [35-37] as
L OO (nk)k !
Fk(x)*nh_fﬁlmw,
where
1, 0=0;

(”)@,k:
T(r+k)...(n+(O®-1)k), O€N.

Additionally, several noteworthy inequalities for Interval-Valued Functions (IVFs) have been studied recently,
including those of H-H, Ostrowski, Simpson, and others. For further results, see the literature in [38—41].
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3. Interval calculus

Interval analysis is utilized for exploring interval-valued variational control challenges in merely some of the fields,
including neural processing, artificial intelligence, information theory, fuzzy logic, and evolutionary algorithms. Moore
[42] used the Riemann integral to study functions in the interval value frame. Bhurjee and Panda [43] developed a
method for solving large-scale multi-objective fractional programming problems. Zhang et al. [44] adapted the concepts
of interval-valued functions via preinvexity. Zhao et al. [45] introduced integral inequalities for interval-valued functions,
specifically the Chebyshev-type, in their investigation of the interval double integral. Among the domains where interval
analysis may be useful are signal processing, beam physics, economics, control circuit design, computer graphics,
chemical engineering, global optimization, robotics, and error analysis. The right-sided R-L fractional integral with
interval values was studied by Budak et al. [38], who also constructed new H-H inequalities for these integrals. Sharma
et al. [46] defined preinvexity and gave improvements of fractional H-H-type inequalities for interval analysis.

3.1 Definitions

An interval Z = [ay, by] is defined as:

[al,bl]:{x€R|a1 ngbl}.

3.2 Basic operations

Let X = [ay, by] and Y| = [cy, d}]. The following operations are defined:
* By Addition:

X1 +Y) =a1+c1, b1 +di]

* By Subtraction:

Xi =Y =[a1—di, b1 —ci]

* By Multiplication:

X1 -Y1 = [min(alcl, aldl, blcl, bldl), max(alcl, aldl, blcl, bldl)]
* By Division (if 0 ¢ Y;):

X .
Yii = [min(ai/c1, ai/dy, by /ey, b1 /d1), max(ay/c1, ar/dy, bi/cy, bi/dy)]

3.3 Other concepts

Intersection of Intervals: The intersection of X; = [ay, b1] and Y| = [cy, di] is:
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[max(al, Cl), min(bl, dl)], if max(al, Cl) < min(bl, dl),
XNY; =

0, otherwise.

Length of an Interval: The length of X; = [ay, b;] is:

Length(Xy) = b —ay.

Midpoint of an Interval: The midpoint of X = [ay, by] is:

b
Midpoint(X;) = a —; L

Let Xj = [aj, b1] and Y| = [c1, di] be intervals. The following algebraic properties hold for interval arithmetic:

3.4 Remarks

1. The set of intervals is closed under addition, subtraction, multiplication, and division (if 0 ¢ Y;):

X
Xi+Y:, Xi—-Y, XYy, Y—l are all intervals.
1

2. Addition and multiplication of intervals are commutative:
X;+Y =Y +X],
X Y=Y -X.
3. Addition and multiplication of intervals are associative:
Xi+Y)+Z, =X +(Y1+7Zy),
X Y)-Z =X, -(Y1-Zy).
4. Multiplication distributes over addition:
Xi-(Y14+Z)=X1- Y1)+ (X1 -Zy).
5. -The additive identity is [0, 0]
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X; +10, 0] = X;.
-The multiplicative identity is [1, 1]:

X;-[1, 1] =X.
6. The additive inverse of X; = [aj, b;] is —Xj = [—b1, —ay], such that:

X1+ (—=X1) = [0, 0].
7. (If 0 ¢ X), the multiplicative inverse of X; = [ay, b;] is:
X '=[bYart], if0¢ [ar, byl.
8. Interval multiplication is subdistributive over interval addition:
Xy (Yi4+7Z)) C(X-Y)+ (X Zy).

This arises because interval arithmetic accounts for all possible combinations of endpoints, leading to potential

overestimation.
9. IfX; = [al, b]] and Y| = [Cl7 d]], then:

X1CYy = Xi1+Z; CY1+7Zy,
X CY = X|-Z,CY,-Z,.

Ramon elaborate the Riemann—integral for mapping with interval values in [42]. IR(j, p,]) forms the sets of R-L
integrable IV-mappings and R (|,  p,)) signify the real-valued mappings on [p1, p2], respectively (see [47], p. 131).

3.5 Integral of interval-valued functions.

The idea of an integral for interval-valued functions is discussed in this section. The following essential concepts
will be presented prior to the definition of integral. A mapping S is interval-valued function of § on [py, p2] if § € [p1, p2]

3 =13(£). 3(0)],

where 3 and 3 are real-valued mappings. Let
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Zp=G <l <...<&=pa,

where & is defined by,

mesh(@) = max{Ci— Ci—l: i= 1, 2, ,d}

Here the notation Z2([p;, p2]) the set of all partitions of [p;, p2]. Suppose that Z2(8, [p1, p2]) is the set of all
P = Z(|p1, p2]) such as mesh(P) < 6.
Choose & € [§-1—§],i=1,2, ..., d and define sum

d
(3, P8) =) 3(&)[Gi-1 &l
i=1

where 3: [p1, p2] = Ry and .7 (3, P, §) is Riemann sum of S corresponding to P € Z([p1, p2]).

Definition 3 A mapping 3: [p1, p2] — Ry is interval Riemann integrable (IR-integrable) on [p1, p2], if & € R; such
as for € > 0, there exist § > 0 as

d(F(3,P,8), o) <€

for every Riemann sum . of 3 corresponding to each P € Z(6, [p1, p2]) and independent of choice of & € [§;_1, §;] for
1 <i<d. In this case, & is called the IR—integral of 3 on [p;, p2] and is denoted by

P2
o = (IR)/S’&(C)dC.
P1

The following theorem gives a relation between IR-integrable and Riemann integrable (R-integrable) ([47, p. 131]).

Theorem 1 AnIV mapping 3: [pi1, p2] — R; with 3(&) = [3(), S(&)]. The mapping S € IR |, p,) & 3(£),3(8) €
IR([p,, p,) and

i) ["s@ac=|® ["s@at @ [

P1

2:‘3@)04,

where R((p,  p,)) denotes the R-integrable function. The following IVC mapping was defined in [41, 48].
Definition 4 V x;, y; € [p1, p2] and & € (0, 1), the mapping 3: [p1, p2] — R} is hi-convex if

A(8)S (x1) + (1 = 8)3(y1) € 3(8x1 + (1 = 8)y1), (13)
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where %: [c1, 91] — R is a positive function with /2 # 0 and (0, 1) C [¢1, 91]. We indicate the set of all A-IVC mapping
with SX(ﬁv [ph pZ]v R}‘r)

The standard definition of an IVC mapping is (13) with 4(8) = 0 (see [49]). If (6) = 0° in (13), then we have the
definition of s-IVC mapping (see [50]).

Theorem 2 ([51]) If SX (%, [p1, ], R} and /(%) # 0, then we get

1 p1+p2 1 P2 !
)s( : ); oo 0B [ S(0)dE D B(p)+3 2] [ H(O)aL. (14)

Remark 1 In (14), if A(8) = 9, the inclusion becomes the following

P+ P2 1 P2 3(p1)+3(p2)
S( 2 >D p2—p1 ") p1 Sde= 2 ()

which was initiated by Elzbieta in [49].
In (14), if i(8) = &7, the inclusion becomes

551 P1+P2>D U am [© o S +3(p2) 16
S( 2o Lw) [MSmans SRR, (16)

which initiated by Osuna et al. in [52].
Definition 5 [49] A mapping 3: [p1, p2] — R; is said to be IVCEF, if for all x1, y; € [p1, p2], 8 € (0, 1), we have

63 (x1) + (1= 6)S(y1) € 3(6x1 + (1= 8)y1). (17)

Theorem 3 [49] 3: [py, p2] — Ry is an IVCEF, if and only if § is convex on [p;, p2] and 3 is concave on lp1, p2]-
Theorem 4 Jensen Inclusion-Interval-Valued Function (JIIVF): [53] Let 0 < X < ¥, <... < ¥X,, and 3 be an IVCF
containing ¢, then we have:

8( mu)z(f gdS(Nd)>, (18)
=1 d=1

where Y | ¢z =1, ¢4 €10, 1].

The inequality (18) was extended to IVCF in [53] as follows:

Theorem 5 (Inclusion with IV mapping in Mercer) [53] If 3 is an IVCF on [p;, p2] and Z(p2) > -Z(po) ¥ po €
[pl ’ P2]7 then

n

3 <P1+P2— Y N;) D 3(p1)+3(p2)Se Y, a Xy 19)
d=1

J=1

Euler Gamma function [54, p.53], is defined by
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F(x):/ e ' dr.
0

This function is of great importance in mathematical statistics, physics and probability theory, just to mention a few
areas only. Thoroughly, we take the I'(.) is Euler Gamma. Also that A, 7,k > 0. Let A € (0, 1) and S: [py, p2] — R} is

an IVCF such as 3(8) = [3(§), 3(§)] and L (p2) > L (&), Yeo € [p1, p2]-

4. HH-Mercer like inequality involving IVCF via GKCFIO

Numerous inequalities have been established in convex theory since the concept of convexity was first introduced
more than a decade ago. With discipline of convexity, the “H-H inequality” is the most commonly used and acknowledged
inequality. This inequality was initially proposed by Hermite and Hadamard. The concept of this inequality inspired
numerous mathematicians to use the multiple convexity senses to study and evaluate classical inequalities.

Now, we will prove the Mercer’s-Hadamard like inclusion for an IVCF via GKFIO.

In the following, we assume that:
(Al)Let A € (0, 1). Suppose that 3: [p1, pa] — I is an CIVF such that 3(A) = [3(A), 3(A)] and 0 < p; < p.
Theorem 6 With consideration in (A1), then for all by, by € [py, p2], the following inclusions for GKFIO holds:

bi+b
S<P1+P2— 12 2)

~ k) ~A
Ay (P1+Pz—b2)‘JAS (Pr+p2=b1) + g k>‘5(P1+P2—b1)S (Pr+p2=52) }

DAZFkW*k){ (.k)
S 2(—b)®

5 S(pi4p2—2) + 3 (p1+p2—b1)
- 2

> (S(p0) +5(p) 0 TS0, 0

Proof. In the context of interval-valued (IV) functions, if S is a convex mapping, then Vu, v € [p;, p»], we attain:

3 (p1+pz— M"2|'V> _g <(P1+P2—M);(P1+P2—V)>

>3 {SCitp-n3en-n

| —

Usually

pr+p2—u=E(p1+p2—b1)+(1-C)(p1+p2—b2)
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and

pr+p2—v=C(p1+p2—b2)+(1=8)(p1 +p2—b1),

Y by, by € [p1, p2] and £ € [0, 1], we get

3 <P1+P2 >

interval [0, 1] yields:

C

b1+ b2

k
75 <P1+P2— )

k

IR

H1-0-0"
()

31{1
"2y —by) ¥

b1 +b>

-1

1
o -
)23

{S(C(pl Fpr—b)+(1-8) (pr 4+ pr—b2)

LS (E (P +p2—b2)+ (1) (o +pz—b1>>}.

: 1-(1-0)*
Using (21), the product of the term (f)

— OIS (P +p2—bi)+

(1 —¢)A~" and its anti-derivative by inclusion w.r.t. { over the

(1=8)(p1+p2—02))dE

(1—c>A‘1s<c<p1+pz—bz>+<1—c><pl+p2—m>>dc}

IR

-1

3(z)

1+p2—b2

o /p]+p27b1 (b2 — 1) = ((p1 +p2 —b1) —2)*
P

1
+—x
(b2 —b1)

s

A

)

Y
k

-1

((pr4+p2—D1)—2)

e ((bz—mA—(z—(pl+pz—bz>>A
p

1+p2—D2

5 T (7) { (7,k)
= A 7b
Z(bz—bl)% (p1+p2—b2

iporary Math tics

A

)

3
(z) ))]Adz}

(z=(p1+p2—02

1383 (pr+p2—b1) + R iy by S(P1+P2—D2) }, 21
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and the first part of the above inequality (20) is obtained.
Now for the second inclusion, we will focus that 3 is an IVCF, so we have

S(C(p1+p2—b1)+(1=C)(p1+p2—02))
283 (p1+p2—b1)+(1-8)S (p1+p2—h2) (22)

and

S(E(p1+p2=b2)+(1=8)(p1+p2—01))
2 (1=8)S(p1+p2—1)+E3(p1+p2—12). (23)

By summing the inclusions of (22) and (23), we get

3(E(P1+p2=01)+(1=E8) (p1+p2—b2))
+3 (8 (p1+p2—b2)+(1=8) (p1+p2—b1))
2 {3 (p1+p2—01)+(1=8)S(p1+p2—h2)
+ (1=8)3(p1+p2—b1) +ES (p1+p2—h2)
23 (p1+p2—01)+3(p1+p2—b2)
22{3(p1)+3 (p2)} S5 {3 (01) + 3 (b2)}. 24

~1
(1— &)1 and its anti-derivative by inclusion with respect to {

R

. 1—-(1-¢)A
Using (24), the product of the term ( ( n ) )
over the interval [0, 1] yields:

A\ 1
/0] (““A‘O> (1= 'S (E(p1+p2—b1)+ (1 =) (p1 +p2 b)) d§

y
T

A
o (HIA—C)) (1= 8PS (C (pr+p2—b2) + (1= §) (1 +p2 —b1))dL
0
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A
2 {S(m+pz—b1)+3(p1+pz—b2)}/ol <1—(1A‘C)> (1ot

A
> {2180 +3 (e} os 30 +3 6} [ (”1“) (-0 ag

Employing the GkCFIO, we get

(P1+p2—b2

I ~ ~
(bk(by;Aky{ e S (prtpa—i) + (%k)"?plwz—bl)S(p]+p2_b2)}
2=V

k
2Ay{S(Pl+P2—b1)+3(P1+pz—b2)}

YAE
2 {21300 +3(p2)) 5 (361) +362)) | es)
Dividing by 2 in above inclusion (25)
2(;{_2?)@]{ Eg}?pz—bz)JA 3(pr+pa=bi) + y‘?(ApHrpsz]) S(p1+p2—b2) }
QZyA% {3(p1 +p2—b1)+3(p1 +P2—bz)}
szkAﬁ {2{5 (P1) +3(P2)} {3 (01) +3 (bz)}}~ (26)
O

Combining (21) and (26), we can get (20).
Corollary 1 In Theorem 6 with the assumptions 3(&) = 3(&), we can get

b1+ ATy (Y+k
3<P1+P2 = 2>§ k(Y AJ)
2(by—by)*

Y
AT (Y4K) [ (r) ~a k) yA
: 2(os_bp) & L Prie? S(pr+p2=1) + T30, S (Pr+p2—b2)
2—V1

7490 | Jessada Tariboon, et al.
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< S(pitp2—b1) + 3(p1+p2—h)
= 2

S (01) +S (02).

< (S(p)+S(p) — 7

Corollary 2 In Theorem 6 with the assumptions b; = p; and b, = p,, we can get

+ ATy (Y4 & N N
3 (pl ZPZ) > ( k(y )AB{ I()Jlf,k)dAS (Pz) + (%k)ngS (pl)}
2(p2—p1) ®

5 S (p1) ; 3(p2)

Theorem 7 With consideration in (A1), then for all by, by € [py, p2], the following inclusions for GKFIO holds:

by +b
E’S(PrH)z— 12 2)

(2
-2 bz—l?l

<’y~, k) ~A _ b
+ I gy S |

Ay
&

Ay , ~
Ax Ty (')/+k){ <<21k-zpz—bl+72>dA 3 (pl +p2_bl)
2

S(b1)+3(b2).

2 (S(p1)+3(p2)) S¢ 5

@7

Proof. In the context of interval-valued (IV) functions, if S is a convex mapping, then Vu, v € [p;, p,], we attain:

3 <p1+pz— M;LV> _g ((P1+P2—M)42F(P1+P2—V)>

1
2 2{5(1?1 +p2—u)+3(p1+p2—v) }
Usually,
2—
= %bl +ch2
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and

_2-¢ ¢
V= ) by + Ebz
Vbla b2 € [pla p2] and C € [07 l], we get
b1 +D
3 (P1+P2 ! 2 2)
1 2— 2—
2 2{ 3 <p1 +p2— [%bl +2Cb2]) +3 (pl +p2—| 5 Cbl +gb2}> } (28)
. 17(17C)A %*1 A—1 . .. . .
Using (28), product of the term ( A ) (1—-¢)" " and anti-derivative by inclusion w.r.t. § over [0, 1], we
obtain
b1+b
—3 <P1+P2 1 > 2)
3

A (ESE) -0t s (om0

H(1-a-g
)

Employing the GkCFIO, we get

-1

wIR

(1-0*'s <p1 +P2*[2;Cb1 +§bz]> dC}.

k b1+b2>

73 + _

YA% (Pl P2 >

1 2 ¥

b (7,k) ~A
o-(—— ) r b
-2 (bzbl) k(Y){ (P1+P2*¥>d S(p1+p2 l)
()/7k)~A —
+ ‘j(p]+p27@) 3(p1+p2 bz)}7 (29)

and the first part of the above inequality (27) is obtained.
Now for the second inclusion, we focus that 3 is a IVCF, we have
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S (it o2+ 2550} 2 S(p0+3 (o) 5861+ 2578 (o) 60)

and

S (p1) 3 (p2) S 2223 () + 23 (). G31)

2

V)

3 (p1+pz—[2;Cb1+gbz]>

By summing the above inclusions (30) and (31), we get

3 (P1+P2—[gb1+2;€bz]> +3 (p1+pz—[zgcb1+gbz])

2 2{3(p1) +3(p2)} S {S (b1) +3 (42) . (32)

Ay 21
Using (32), product of the term (17(1; &) ) ‘ (1—¢)*" and anti-derivative by inclusion w.r.t. { over [0, 1], we

have

¥
T

S R )

(L)

(1-0)'3 (pl +pz—[2;Cb1 —|—gb2]> dC}

AN E1
> (23 (1) + 5 (p2)} &, 13 60) + S 62))) [ (““g“) (-0t (3)

Dividing by 2 in above inclusion (33), we get

Ay

i( : >kfk<y>{ o IS (P14, —b1)

b2 by (pr+p2-"1572)

(v k)54 —
b gy Seree) |

22;;}{ (2{3(p1) +3(p2)} S {S 1) +3 (b2)})- (34)
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Combining the (29) and (34), we can get (27).
Corollary 3 In Theorem 7 with the assumptions 3 (&) = 3({), we can get

b1 +b
S(PH—PQ— 12 2)

Ay
! 2\ F L2 (7.k) ~A
< AT (40 3 (p1+p2—b
2<b2—b1> < ){(pwpz";bz)d (Protp2 =)

(1. k)54 g —b }
+ J(pﬁpz_%) (p1+p2—02)

< @)+ o)) - TR0

Remark 2 If we letting b; = p; and b, = p; and k = 1 in Corollary 3, it gives to [55, Theorem 2.1].
Remark 3 If we letting by = p; and b = p», A=1and k = 1 in Corollary 3, it gives to [56, Theorem 4].
Theorem 8 With consideration in (A1), then for all by, by € [p1, p2], the following inclusions for GKFIO holds:

Y ay
Ak 2 K N by +b
. (b) Fk(”k){ 33 <P1+P2— 5 2)

b1+
k) ~A 1 2
+ N3 sy S <p1 +p2— ) }

S (b1)+3 (h2) (35)

Proof. In the context of interval-valued (IV) functions, if S is a convex mapping, then Vu, v € [p;, p2], we get:

3 (p1+p2_”+") _ g ((P1+P2u);r(P1+PZV))

2

U

2 ;{S(Pl+P2_u)+S(P1+P2_V)}-

1— 1+
ZCler Zcbz

<
I
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and

1+ 1-—

Vbla b2 € [pla p2] and C € [07 l],we get

b +b 1 11— 1
S<l31+Pz 1—;2>22{3<P1+P2[ Cb+ —;C ])

+S(m+pz[lzgm+lzgm0}. (36)

A
Using (41), product of the term (17(1; &) ) (1—¢)*" and anti-derivative by inclusion w.r.t. { over [0, 1], we
obtain

(1= 013 (pr+pr =[5 o+ =5 o0 g

1A i1

Ay
(2
_2<b2—b1>
A -1
(e () e v 0,
p1+pa—by A (Z_<p1+p2_b2>)17A
A -
+/p1+P2—71 (ﬁ) _((p1+p2_bl)_Z)A 3(@) dz}
pipy— 152 A (pr+p2—b1)—2)' ™ )

Employing the GKCFIO, we get
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DB (20 (g s (pem-0R)

+ (Y’k)ﬁfpl+p2,7l) R <P1 +p2— d ;b2> } (37)
The first part of the above inequality (35) is obtained.
Now to prove the second inclusion from JMI, we have

R e e ) ER IR ISENCES RSl 69

and

R e ) EE LIRS EN G R I (39)

By summing the above inclusions (38) and (39), we get
3 (Pl +p2— [1 ; Cbl + Hzcbz]) +3 (Pl +p2— [%bl + 1;€b2]>
O3 (p1) +3 (p2) 4 (3 (1) +3 (). 40)

—1

IR

1-(1=¢)

With (40) product of the term (
obtain

)

(1—¢)*" and anti-derivative by inclusion w.r.t. ¢ over [0, 1], we

{/01<1_(A > (1—C)A13(P1+P2—[1;€b1—|—142—§b2])d§
A\ ¥
+/01<1(1AC) ) (1—C>A‘5(p1+pz—[lgcb1+lfm])aaj}
1 m\A i1
2 (2{3 (P1)+3(p2)} ¢ {3 (b1)+3(b2)}> /01 (WAC)> 10t at,
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Employing the GkCFIO, we get

2 \Y
I s
0 (525)
(k) A b1+b2 ) ~A by +b2
{ (pr-+p2-2)Y (”‘ T ) + s S (Pl tho
k
> (2500 + 31 (300450} ). @
k
Dividing by 2 the above inequality (41), we get
L (7) 2 ¥
2 by — by
(r.%) ~A b1+ D2 k) ~A by +bs
{ (p1+p2—2)Y 3 (Pl T2 2) + k>‘j(P1+P27b1) 3 <P1 +p2— Ty
e CCICIR IS ENET RIS @)
2YAx
Combining the (37) and (42), we can get (35). O
Corollary 4 In Theorem 8 with the assumptions 3(¢) = 3({), we can get
b1+b
3 (Pl +pr—— 5 2)
ab (2 \¥ o+
- (rk) A 1+b2
= 2 <b2—b1) Fk(y+k){ (p1+p2—b2) Y 3 <p1+P2— 2 >
k)~ b1 +b2
+ k)‘}(APHer*bl) 3 (Pl e 2 ) }

S (b1)+3(b2)

<(3(p0)+3 () - 11

Corollary 5 In Theorem 8 with the assumptions by = p; and b, = p,, we can get
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5. Application to matrix

Analysis regarding convex theory and fractional operator are employing in the applied sciences. The study shows
that these ideas have many possible uses in a variety of scientific fields, such as fluid dynamics and optimization. We
offer a few applications pertaining to matrices that will improve accuracy. The classical Jensen’s inequality is extended to
matrix-valued functions by the Jensen-Mercer type inequality involving matrices. Researchers can examine and estimate
matrix-valued expressions thanks to this inequality, which gives bounds for convex functions of matrices. It aids in the
bounding of matrix norms and eigenvalues in matrix analysis. It makes filter design and matrix-valued signal analysis
easier in signal processing. Jensen-Mercer type inequalities are also useful in control theory for complex system controller
design and stability analysis. Researchers can improve performance and efficiency in a variety of applications by using
these inequalities to obtain tighter bounds and more precise estimates.

The symbol 7"+ the set of n, X n, matrices in format of complex, B, the algebraic notation of n, X n, matrices in
complex and by B;f. the strictly positive matrices in B,,. That is, 4 € B, if (Zx, x) > 0V nonzero x € 7" In [57], the
author created that the mapping 3 (A) = || 222" '"A+ DA X ||, 9, 4 € B, X € By, is convex for all
A€o0, 1].

Example 1 Under the conditions of Theorem 6, we have

H@pwpz“;”z a1 —(prp—"132) +91—(p1+pzﬂ%>g%/m+pr@
b
Dw % [“‘P ) 34 H@Plﬂ’z*bl A 1= Prtpa=1) L pl=(p1+p2=b1) g7 sprPitp2—hi
2 a7 _
Z(bz—bl)k P1+p2—h2
+ k):j[A)]erz*b] GP1P2=02 g s l=(prpa—ba) 4 pl=(P1+p2—b2) g~ sprP1+pa—ha :|

:)l { Hgmﬂh-h A 1= pitpa=1) L pl=(P1+p2=b1) g~ sprPitP2—b1
—2

+ H@lerbz @ 1 Pitp2=b2) o pl=(p1+pa—b2) g pPi+P2—b2

|

) }|@Pl(%’(%/1_91 + 9l g P H + ngzg(%/l—pz +gl—p2(%%p2||
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b

n H.@”%zﬂ*bz L g

1
egz{ |72 4 9

Example 2 Under the conditions of Example 1, Theorem 7, we have

b by -+b b1+b by +b
H@Pﬁpz”; 2 %t%/l—(PﬁPz—%) +91_<P1+P2_IT2> @ P1P— 1172

Ay

( 2 >kAKrk(y+k)

QP1+P2=b2 g s 1=(P1+p2—b2) +@1—(P1+P2—b2)%<%/m+ﬁ72—b2

|

X (v k)ﬁA bih
|: P1+P2—%

g4 H@Pl"‘PZ_bl 1= Pitp2=b1) L pl=(pr+pa—b1) g sy Pi+P2—bi

&
4+ (¥ -
pitpr 152

2{ H@Pl L A _1_@17131 Al H + H“@ngge%/lfpz +_@17P2£<%/p2" }

b

+ H@bzﬂ*%/lsz +@17b2%j£/72

o ;{ |7 21 9

Example 3 Under the conditions of Example 1, Theorem 8, we have

b1+b2 ‘

by +
H-@Pﬁpzblfz D e B e ) B e

Al 2\ ¥
k
O— | —m I k
% (55 ) " nrw
(yvk) ~A
p1+p2—h2
X @PHer*@%%/lf(PﬁPz*@) +917(P|+P2*¥) %%pl+p2h;U”
(7. %) ~A
+ pi+p2-by
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A Rss)

b by +b by +b b
|| gpre-152 g g 1= (preea=52) | 1=(prepa=t52) o prin =132

:_){ H@Pl A s _,_glfpl @ P H + H@Pztg&%flfpz +@1*P2%%P2H}

% ;{ |72 v 9|

b

n H@’z XN gl g

6. Conclusions

Fractional calculus have numerous applications in modeling, inequality theory, mathematical biology, and engineering
in applied mathematics. A number of researchers from a variety of scientific disciplines have shown a great deal of interest
in fractional calculus. In this paper, we employed GKCFIO to obtain some novel sorts of H-H-Mercer inequalities for CIVF.
We have included the validations to raise the overall quality. Finally, some well-known matrix applications are discussed.
In the context of inspiring, further research in a wide range of applied and pure disciplines, the concept of convexity via
interval analysis may be adopted to achieve a range of outcomes in special functions and quantum mechanics, associated
mathematical inequalities, and optimization theory.
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