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1. Introduction

One of the critical challenges in optical soliton transmission over transcontinental and transoceanic distances lies in
preserving the delicate balance between Chromatic Dispersion (CD) and Self-Phase Modulation (SPM). This equilibrium
is essential for the stable propagation of optical solitons. When disrupted, it can lead to wave collapse, resulting in severe
degradation of signal quality and potentially catastrophic consequences for communication systems. To address this issue,
several theoretical and practical countermeasures have been developed within the field of fiber optic dynamics [1-5].

Among the theoretical strategies, the incorporation of higher-order dispersive effects such as spatio-temporal
dispersion and the consideration of advanced soliton forms, including cubic-quartic and highly dispersive solitons, have
shown promise. On the engineering front, a particularly notable solution is the implementation of Bragg gratings. These
structures effectively replace the role of CD with dispersive reflectivity, thereby mitigating the depletion of dispersion
over long-haul transmissions. This advancement has been successfully realized by telecommunications engineers and
represents a significant leap in optical fiber technology [6—10].

In a Bragg-grating configuration, the periodic modulation of the refractive index induces dispersive reflectivity
and opens a spectral bandgap that can support exponentially localized modes known as gap solitons or, in two spatial
dimensions, gap dromions. Within this framework, dromions are localized in both transverse coordinates (x, y) and
evolve along the propagation direction, representing a higher-dimensional analogue of one-dimensional optical solitons.
In contrast, domain walls arise as heteroclinic fronts connecting two distinct steady states permitted by the nonlinear
medium.

The present work extends this framework by incorporating a generalized SPM nonlinearity consisting of cubic,
quintic, septic, and nonic terms. This extended nonlinear profile allows the model to capture complex nonlinear responses
encountered in high-intensity optical media and advanced fiber systems [11-15]. To further align the model with realistic
physical environments, we introduce multiplicative white noise to represent stochastic fluctuations in system parameters
such as refractive index or grating strength [16—20]. This addition transforms the governing deterministic equation into
a Stochastic Nonlinear Schrédinger Equation (SNLSE), thereby enabling the exploration of noise-induced effects on
localized wave structures.

Two analytical techniques are employed to retrieve explicit localized solutions: the enhanced direct algebraic method
and an addendum to Kudryashov’s approach [21-25]. These integration schemes yield exact gap dromion and domain
wall configurations, which are systematically classified according to their structure and dynamical characteristics. The
findings enrich the theoretical understanding of stochastic optical solitons and provide potential implications for the design
and stabilization of next-generation fiber-optic communication systems.

The motivation behind this work stems from the growing need to understand the stability and dynamics of localized
optical structures in realistic nonlinear media, where both high-order nonlinear effects and stochastic fluctuations
coexist. While classical studies of solitons in Kerr-type (cubic) media have provided valuable insights, modern optical
systems, such as high-intensity fiber lasers, photonic crystal fibers, and Bragg-grating-based transmission lines—
operate in regimes where higher-order nonlinearities (quintic, septic, and nonic) become non-negligible. Moreover,
environmental and fabrication-induced fluctuations introduce stochasticity that can significantly affect soliton robustness
and coherence. Therefore, a comprehensive model that simultaneously incorporates dispersive reflectivity, multi-order
self-phase modulation, and multiplicative white noise is essential to capture these realistic conditions. The present study
is motivated by this gap, aiming to provide exact analytical solutions and a systematic classification of gap dromions and
domain walls in such stochastic, strongly nonlinear optical environments.

1.1 Governing model

In this work, we introduce, for the first time, the stochastic (2 + 1)-dimensional perturbed Nonlinear Schrodinger
Equation (NLSE) that models the complex dynamics of optical pulse propagation in fiber Bragg gratings. This advanced
model incorporates the combined effects of higher-order nonlinearities specifically, cubic, quintic, septic, and nonic
nonlinear terms which reflect the nonlinear response of the optical medium to high-intensity light. The cubic nonlinearity
corresponds to the standard Kerr effect, where the refractive index of the fiber varies linearly with the optical intensity.
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The quintic term accounts for fifth-order susceptibility contributions, which become significant at higher field intensities
and serve to stabilize or destabilize pulse dynamics, depending on their sign. The septic (seventh-order) and nonic (ninth-
order) nonlinearities capture even higher-order interactions, offering a more accurate and comprehensive representation
of the nonlinear refractive index variation in strongly nonlinear or highly confined optical media, such as those used in
photonic crystal fibers or engineered Bragg gratings. Moreover, the model explicitly incorporates stochastic perturbations
in the form of multiplicative white noise, which is a realistic representation of random fluctuations due to environmental
variations, manufacturing imperfections, or quantum noise sources. These random effects are mathematically treated in
the It6 calculus framework, which is well-suited for analyzing systems affected by noise, particularly when the noise
intensity depends on the system state (i.e., is multiplicative in nature). The (2 + 1)-dimensional structure of the model
indicates that it accounts for the evolution of the optical field along the propagation direction (typically denoted as the
longitudinal axis) while also incorporating transverse spatial variations and temporal evolution, thus providing a richer
and more physically realistic description of pulse dynamics in multidimensional settings.

The equation derived and presented here is therefore a significant generalization of the standard NLSE, and it has
not previously appeared in the literature in this comprehensive dimensionless stochastic form that unifies multi-order
nonlinearity, and multiplicative noise. The full form of this novel equation is given as follows:
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In the present analysis, the functions g(x, y, #) and r(x, y, r) are defined as complex-valued wave fields that describe
the spatiotemporal evolution of the optical pulse envelopes in a coupled system. These functions encapsulate both the
amplitude and phase information of the propagating optical waves in two transverse spatial dimensions x and y, and time ¢.
Their respective complex conjugates, ¢*(x, y, t) and r*(x, y, t), appear throughout the equations to account for nonlinear
interactions that involve both self- and cross-phase modulations, as well as higher-order nonlinear coupling. Here, the
imaginary unit i is defined as the square root of negative one, i = \/—1, as is standard in complex-valued wave equations.
The leading terms in equations (1) and (2) represent the linear evolution of the wave functions in time, typically denoted
by ig; and ir;, and describe the natural temporal progression of the optical wave packets in the absence of dispersion
and nonlinear effects. These temporal derivatives establish the baseline behavior of the system and are foundational
to understanding the modifications introduced by dispersion, nonlinearity, and stochasticity. The parameters a; (with
j =1, 2) serve as the CD coefficients in the x- and y-directions, respectively. CD refers to the wavelength-dependent
spread of the pulse as it propagates, and the inclusion of these terms in both spatial directions reflects the two-dimensional
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character of the optical field evolution, which is essential for modeling beam-like or planar waveguide geometries, such
as in fiber Bragg gratings or nonlinear planar waveguides. The parameters e;, [;, pj, {; (for j = 1, 2) represent the
coefficients of the SPM terms of various orders. SPM arises due to the intensity-dependent change in the refractive index
of the medium, which affects the phase of the propagating wave. These coefficients govern the strength of nonlinear phase
shifts introduced by the optical field’s own intensity, with each coefficient typically associated with a specific nonlinear
power law (e.g., cubic, quintic, septic, nonic). The constants k;, m;, n;, q;, rj, s, N}, ¥j, ©j, £; (again with j =1, 2)
define the strengths of Cross-Phase Modulation (XPM) interactions. XPM is a nonlinear effect where the intensity of one
optical field induces a phase shift in another co-propagating field. These coefficients capture the influence of inter-modal
or inter-channel nonlinearities, and are essential for modeling coupled field dynamics, especially in multi-mode systems,
birefringent fibers, or systems with interacting polarization components. The parameter o denotes the noise intensity
coefficient, which quantifies the strength of the stochastic perturbation acting on the system. The stochastic component
is introduced through the Wiener process W (z), a standard mathematical model for Brownian motion. The temporal
derivative dW (¢)/dt formally corresponds to white noise—a zero-mean, delta-correlated random process. In this context,
the noise is multiplicative, meaning its effect depends on the amplitude of the field, and it is interpreted in the sense of Itd
calculus, which is appropriate for rigorous treatment of such stochastic differential equations. The terms with coefficients
o;, Bj, Tj, 0j (with j =1, 2) represent various physical effects that further enrich the model. Specifically ¢; and 8; account
for Inter-Modal Dispersion (IMD), which describes the differential temporal spreading of coupled modes. 7; incorporates
detuning effects, which reflect the deviation of the operating frequency from resonance. J; captures the influence of four-
Wave Mixing (4WM), a nonlinear interaction among four wave components that can lead to energy transfer and spectral
broadening. Finally, the coefficients u;, 6;, v; (again indexed by j = 1, 2) are associated with higher-order nonlinear
phenomena such as self-steepening and nonlinear dispersion. The self-steepening effect results from intensity-dependent
group velocity and leads to pulse distortion and spectral broadening. Nonlinear dispersion accounts for variations in group
velocity dispersion due to high field strengths. Together, these effects allow the model to capture intricate details of pulse
propagation, including shock formation and asymmetry in pulse shapes.

Equations (1)-(2) represent the coupled nonlinear Schrédinger equations in (2 + 1) dimensions for counterpropagating
optical fields in a Bragg grating with dispersive reflectivity. They include cubic, quintic, septic, and nonic self and
cross phase modulation terms to describe higher-order nonlinear interactions beyond the Kerr approximation [26, 27].
The formulation is consistent with recent studies on (2 + 1)D optical systems that incorporate high-order nonlinear
effects and stochastic perturbations governed by multiplicative white noise within the 1t6 framework [28, 29]. The
stochastic components account for random fluctuations in the fields and system parameters, reflecting realistic noisy
Bragg structures.

The goal of this study is to systematically analyze the coupled stochastic nonlinear Schrédinger equations (1) and
(2) by applying two powerful analytical techniques: the enhanced direct algebraic method and the extended Kudryashov
method. These methods are particularly suited for constructing exact or approximate traveling wave solutions, allowing
for the classification and characterization of solitary wave profiles under the influence of high-order nonlinearities and
stochastic fluctuations.

This work provides, to the best of our knowledge, the first analytical treatment of (2 + 1)D gap dromions and domain
walls in Bragg-grating media with dispersive reflectivity under multiplicative white noise, while retaining a high-order
Self-Phase Modulation (SPM) structure comprising cubic, quintic, septic, and nonic nonlinearities. A two-track integration
framework is developed, combining the enhanced direct algebraic and extended Kudryashov approaches, which together
yield closed-form families of localized solutions in this stochastic and strongly nonlinear setting. The retrieved solutions
are systematically classified with respect to their existence conditions, localization lengths, amplitude-phase structures,
and parameter interdependencies, explicitly revealing how noise and higher-order nonlinearities influence the solution
manifolds. Furthermore, the analysis connects these solutions to limiting regimes such as noiseless and lower-order
SPM truncations, demonstrating that the new families generalize and extend known deterministic results in dispersively
reflective media. Collectively, these contributions establish the originality and significance of the paper relative to prior
studies on deterministic Kerr or low-order models without stochasticity.
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We adopt two complementary analytic routes, the enhanced direct algebraic approach and an addendum to
Kudryashov’s scheme, because the governing (2 + 1)D model exhibits a balanceable polynomial structure: dispersive
reflectivity (Bragg coupling) and self-phase modulation with cubic-quintic-septic-nonic terms. These methods exploit
algebraic balance to yield closed-form localized solutions and, crucially, make explicit how coefficients (including
multiplicative-noise intensities and coupling factors) enter the amplitude, phase, and localization parameters. Using both
routes provides cross-validation: each independently retrieves families of gap dromions and domain walls with consistent
parameter constraints, thereby strengthening correctness and interpretability of the obtained solution classes.

2. Mathematical preliminaries

In order to derive solutions to equations (1) and (2), we introduce an ansatz for the wave profiles that simplifies the
complex equations by assuming the form of traveling wave solutions. The wave profiles for ¢g(x, y, 7) and r(x, y, t) are
assumed to have the following general forms:

q(x,y, 1) =9 (&)exp[i (—kix— Koy + (0 —0?)t+0W (1))], (3)
r(x,y,t)=w(&)exp [i (lexf Ky -+ (a)— 02)t+GW (t))} , @)
& =pix+pay—ct. )

Here, xj, pj, @, c, and o are real constants, each serving a specific role in the dynamics of the system. ki and x,
are wavevector components in the x- and y-directions, respectively, representing the spatial frequency of the wave in each
direction.  is the central frequency of the wave, determining the oscillatory nature of the wave in time. ¢ represents the
velocity of the traveling wave, which links the spatiotemporal coordinates via the similarity variable . o is the noise
intensity coefficient, which modulates the strength of the random fluctuations described by the Wiener process W (). The
terms ¢ (&) and y(&) are real-valued functions, which represent the envelope profiles of the wavefunctions g(x, y, t)
and r(x, y, t), respectively. These functions characterize the shape and evolution of the optical pulses as they propagate
through the medium. The variable £ is a moving frame variable that describes the transformation from the Cartesian
coordinates x, y, and time 7 to a reference frame that moves with the wave at velocity c. The coefficients p; and p, are
related to the direction of wave propagation in the x- and y-directions, respectively. These coefficients are chosen such
that the combined motion of the wave can be described in terms of the evolution along a generalized direction, accounting
for the multi-dimensionality of the wave propagation. The exponential factors in equations (3) and (4) account for the
oscillatory behavior of the waves in time and space. The term —kjx — K>y represents the spatial phase evolution of the
waves in the x- and y-directions, while the term (@ — 62)¢ represents the temporal evolution of the phase, where @ is the
central frequency of the wave and 6 modifies this frequency due to the noise effect. The factor oW (¢) introduces the
stochastic perturbations via the Wiener process W (¢), which models the random fluctuations in the system.

By substituting the wave profiles ¢(x, y, ) and r(x, y, t) as given in equations (3) and (4) into the original equations
(1) and (2), we obtain a system of equations that is easier to handle analytically. Specifically, the substitution allows
us to separate the resulting equations into their real and imaginary parts, which significantly simplifies the problem by
transforming the original coupled complex equations into a system of real-valued ordinary differential equations. These
equations are essential for further analysis, as they determine the stability and dynamics of the solitons under the influence
of higher-order nonlinearities and stochastic effects. The real parts of these equations correspond to the evolution of the
wave envelopes ¢ (&) and y(&), which govern the intensity and shape of the optical pulses:
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The imaginary parts are derived by isolating the terms involving the imaginary unit i in the complex exponential
expressions of the wave profiles ¢(x, y, t) and r(x, y, ¢), which were previously assumed in equations (3) and (4). The
imaginary parts of these expressions correspond to the phase evolution of the waves, encapsulating the dynamic behavior
and interaction of the wave functions in the complex plane:

—2piK1a; — 2Ka1 P2 — p1 (Vi +26; 4+ 3u1) 029" + (proy —¢) ¢’ =0, )

and

—2p1kiaz — 2Kk2a2p2 — P1 (V2 + 262 +31w) w2y + (pron —¢) v’ =0. )

To make the subsequent steps simpler, we introduce a substitution to simplify the expressions. Specifically, we define
anew function y(&) as follows:

v(8) =H9(S), (10)

where H is a nonzero constant. This substitution allows us to express the variable y(&) in terms of the function ¢ (&),
scaled by a constant factor H. Now that we have made this substitution, we can revisit the two equations (6) and (7).
These equations, which involve the function y(£), will be simplified by the substitution. The effect of this substitution on
the equations is as follows. By substituting y(&) = H¢ (&) into both equations (6) and (7), the equations will be reduced
to simpler forms that involve only the function ¢ (&) and the constant H, rather than the function w(&) directly:
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[(P]z—‘rpzz) al} H(P”—f— (H4n1 +H2m1 +ll) ¢5+ (H6S1 +H4q1 +H2r1 +p1> ¢7
+ |:H821 +H6T’1 +H461 +H2’}/1 —|—C1:| ¢9+ [(kl +51)H2— (,ll] +V]) K] —|—€]] ¢3

—‘r|:ﬁ1H+061K'1—(K12+K22)H(11+62—(1):|(]):0, (11)
and

[(p%-&—p%) az} (])”-I—H (H4lz —|—H2m2—|-n2) ¢5—|-H (H6p2 —|—H4r2 +H2q2—|—s2) (])7

—I—H{HSCz +Hbp +H'o, +H2712+22} 0%+ [(e2— (Mo +V2) k1) H> + ko + 8| HY®

+|:(62+052K1a))H(K12+K22)a2+ﬁ2]¢0. (12)

These reduced forms will allow us to work with more manageable expressions for the next steps in the analysis. The
general goal of this step is to transform the original equations into forms that are easier to handle by reducing the number
of variables or by simplifying the structure of the equations. Similarly, equations (8) and (9) can be converted to:

[(—2a1%1p1 —2patoar) H +proy —c] ¢’ — pi (vi +26; +3u1) $*¢' =0, (13)

and

[—2a2k1p1 —2p2kaaz + (P10 — ) H] @' — p1 (V2 +26, + 31p) H 9?9 = 0. (14)

We are now considering the application of the principle of linear independence to equations (13) and (14). This
principle can be applied in various mathematical contexts, including the analysis of solutions to systems of equations.
When we apply the principle of linear independence to the equations (13) and (14), it means that we assume that the
terms involved in these equations are linearly independent. By doing this, we derive specific relationships between the
parameters, as shown in the following equations:

c=—2Ha\x1p1 —2Ha 100>+ p1Q1,
(15)
. +Hoppy —2axK1p1 — 2p2K0an
—H ’
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These equations represent specific expressions for the constant ¢ derived from the linear independence of the terms
involved in equations (13) and (14). The first equation provides a relationship that incorporates various parameters such
as H, ai, K1, K2, p1, and o. The second equation similarly expresses ¢ in terms of other parameters, including H, a,,
, p1, and p;. These equations are not arbitrary, but are derived from ensuring that the terms in the original equations
(13) and (14) are linearly independent. This leads to the relationships above, which allow us to solve for ¢ in terms of
other known variables and constants. In addition to the relationships for ¢, we also derive parametric restrictions that must
be satisfied for the system to be consistent and for the linear independence to hold. These restrictions are given by the
following equation:

V;+20;+3u; =0. (16)

This equation is a constraint on the parameters v;, 8;, and 1, ensuring that the solutions derived from the application
of linear independence remain consistent within the broader context of the system. These parametric restrictions are
crucial for maintaining the validity of the solution and ensuring that the derived relationships hold true under the specified
conditions.

Provided the following constraints are satisfied, equations (11) and (12) remain unchanged in form:

alH (H4n1+H2m1+l1) _ H6s1+H4611+H2r1+p1

ay  H(Hh+H>my+n) H(HSpy+H*ry+Hqy+57)

_ OHSEL +HOm+HY'o +HPn+ G (b +6)H— (Vi) ki +e 17
H(H8C2+H6}’2+H40'2+H2T]2+22) [(62—(/,L2+V2)K1)H2+k2+52}1‘1

_ BiH + onky — (ki +&3)Hay + 0% — o
N (02 + 0K —a))H—(Klz—FKzz)az—Fﬂz.

The wave number @ follows directly from equation (17) as:

1
0= [Haiki + HayG + HO® + Honki —ark} — a3 — Hpy — 0% —oui + o] (18)

where H—1 # 0.
A simplified version of equation (11) is considered below to enable its solution:

¢" + A1 +A39° +Asd +A7¢7 +Ag9® =0, (19)

where
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A BiH+ ok — (ki 4+ k3) Ha1 + 6% — @
- (P} +p3) it

)

(ki +8)H? — (W + Vi) K +e
A3_ 2 2 ;
(P +p3) aH

H4n1 —|—H2m1 +1
(Pt +p3)a1H

5 =

H®s| + H*q + H*r| + p1

A —
’ (o7 +p3)arH

)

_ H3Y )+ HOm + Ho +H> 1 + &

A
’ (P2 +p3) arHl

)

provided (pf +p3) aiH # 0.
1
Balancing ¢” and ¢° in equation (19) gives N = T Letting

with U (&) > 0, transforms equation (19) into the Ordinary Differential Equation (ODE):

" 3.n 2 3 4 3 7
U U_ZU +4A U +4A5U° +4AU™ +4A3U2 +4A7U2 = 0.

Equation (22) is integrable if
A3 =0, A;=0.
From (20) and (23), we have constraint conditions:

(ki +8)H?> — (1 +Vvi) ki +e =0,
and

Hs| +H*q +H?r +p; =0.

Now, equation (22) reduces to

4U"U —3U" +16 (A1 U? + AsU? + AgU*) = 0.
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In the next couple of sections, we will recover the dromions and domain walls of the model.

3. Enhanced direct algebraic approach

We now proceed with applying the integration method in this section. For this purpose, we assume that equation (25)
has the following formal solution:

N
U =40+ Y A (&) +BF (&), 26)
k=1

where Ag, Ay, and By (k= 1,2, ..., N) are constants, with the restriction A% + B%, # 0. Additionally, the function F ()
adheres to the nonlinear ODE:

4
F?(&) = ;)ﬂij (&), 27)

where ¥, (j =0, 1, 2, 3, 4) are constants such that ¥4 # 0.
For the solution of equation (25), balancing UU” with U* results in N = 1. Thus, the form of the solution in equation
(26) becomes:

(28)

where A7 + B} # 0.
By substituting the values from equations (28) and (27) into equation (25), we arrive at

F* 16A0AT +5A219, =0,
F3: 64A9A0A3 + 16AsAT 4 8A1 9440 + 34705 = 0,
F2: 96A0AZAT + 64A9AT B +48AsA0AT + 6A1 9340 + 16A1AT + A28, + 144, 94B; =0,
F: 64A0A3A| + 192A9A0ATB| + 48AsAZA | 4 48AsAIB| +32A1ApA| +4A; 040 — A2 + 14A,%3B; =0,
FO: 16A9AS 4 192A0A3A 1B +96A9A%BE + 16AsA] + 96AsA0A | By + 16A1A3 4 24 %1 A¢
+2B193A0 — 3AT0% + 32A1A By + 14A 1%, B| — 3B304 =0,

F~': 64A9A3B| 4 19209A0A | B2 + 48AsA3B, + 48AsA | B3 +32A1AgB) + 4B 9A0 + 14A,9,B) — B33 =0,
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F~2: 96A9A3B? + 64A9A | B 4 48AsAoBT + 6B 91Ag + 14B1 B0A| + 16A1B2 + B39, =0,
F~3: 64A9A0B; 4 16AsB; 4 8B %A+ 3B3 1 =0,

F~*:16A9B} +5B31%) = 0.

Using Maple to solve the above algebraic equations, we obtain various families of results, which will be presented

below:
Family-1: By using ¥y = ¥ = 93 =0, the result is:

5w
16A¢’

Bi=0, A=—2 As=0, (29)

Ap=0, A= 6’

provided ¥4A9 < 0.
Substituting equation (29) with the established solutions of equation (27) from previous works into equation (28),

along with the use of equations (21), (3), and (4), yields the following two types of solutions:
1. Provided 1%, > 0 and 94 < 0, dromions are formed:

qx, y,t) = { 156112 sech {\/Eé]} ei[*""‘*K”’*(“’*Gz)’*“w(’)}, (30)
9

r(x,yt)=Hq(x,y1), 31)

where Ag > 0.
I1. Provided 9%, > 0 and ¥4 > 0, singular waves exist:

1
I

q(x,, t):{ - 156112 csch [\/Eé}} eil-mx—ryt(@-0?)itaW ()] (32)
9

rx,y, 1) =Hq(x,y, 1), (33)

where Ag < 0.
2

1
Family-2: By using ¥y = ﬁ, =193 =0, % <0, ¥4 >0, the result is:

[ 5% [ 5% (5] /9T Ag
Ay=\|z, A1 =4|———, B1=0, Aj=—, As=— 34
0 32A9’ 1 ]6A97 1 ) 1 g’ 5 10 ° ( )
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provided Ag < 0.

Substituting the well-known solutions of equation (27) from prior reports into equation (34) and using equation (28),
along with equations (21), (3), and (4), results in the domain walls:

1
7
q(x,y,t)= { 352112 <1 + tanh _132§]> } ei[7K]X*KZ)’Jr((DfO'Z)H*GW(t)]7 (35)
\/ 9
r(x,y,t) =Hq(x, y1), (36)
and the singular waves:
I
q(x,y,1) = {, / 352122 <1+c0th ?é])} el[-rx—ry+(0—0)i+oW ()] (37)
9
r(x,y,1)=Hq(x, y1). (38)
Family-3: Using ¢ = s = 0, the results is:
Result-1:
50, 507 ) /9% A 0}
Ap = A= — B1=0, Aj=—, As=— , Y= — 39
0 32A9’ 1 64A91.907 1 ) 1 87 5 10 41907 ( )

provided YhAg > 0 and ¥pAg < 0.

Substituting the established solutions of equation (27) into equation (39) and using this in equation (28), along with
equations (21), (3), and (4), we obtain two types of Weierstrass Elliptic Function (WEF) solutions as follows:

I. Provided ¥4 > 0, the WEF solutions are derived:

B (360904 — 192)] :

3¢ lé 12+1901947 216
q(x, y,t \/32A9 \/16A9 B (3609 Oy — O )] 5

19

ei[—)qx— Koy+(0—02)i+oW (1)) (40)

r(x,y,t) =Hq(x,y,1). (41)

where % < 0, Ag < 0.
II. When 9 > 0, the WEF solutions arise:
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B (36000 — 1922)1 5 :

192
\/ \/ 502 [‘5 1y T 216 +
x yt
32Ag 64A9 52 3609904 — 02
lé;l;+l901547192( S04 2)

216
ei[fK'I)CfK'zy+((1)70'2)I+O§W(t)]7 (42)
r(x,y, 1) =Hq(x, 1), (43)
where 1% < 0, and Ag < 0.
Result-2:
5192 5% 1%h 9% Ag 1922
A =0, Bi=4|———, Aj=—, As=— Oy = —2 44
0=1/32ag" A1 =0, By = 6a, Mg M 0 T ayy (44)

provided thAg > 0, YpAg < 0.

Using the established solutions of equation (27) in equation (44) and substituting them into equation (28), along with
equations (21), (3), and (4), we derive two types of WEF solutions:

I. ¥4 > 0 implies that the solutions are WEFs:

[57 + Doy, 02 (360 - 9) 1
\/ \/ 502 216
(x, 3,1
329 649 [5 %2 . (361‘,;01124—1922) o
ei[—qu— y+(0—02)+oW (1)) : (45)
r(x,y,t)=Hq(x,y1), (46)

provided ¥ < 0, and Ag < 0.
I1. The condition ¥y > 0 implies that the solutions take the form of WEFs:
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B

-1
B (36004 — 07)

2
( \/ \/ " [5 7o 00D 216 o
q(x,y,t
32A¢ 16Ag 02 360004 — V2
37 | & 7=+ o, % (6% — %)
216

ei[quxf K2y+(w70'2)t+GW(t)] ’ (47)
r(x,y,t)=Hgq(x,y,1), (48)

provided ¥ < 0, and Ag < 0.
Family-4: Using ¥y = 9; =0, ¥, > 0, the result is:

50, % 92
2% B =0, Aj=—2 As—=4]—
16Ay° 170 & 16" = 800,

Ap=0, A = (49)

provided ¥4A9 < 0.
Using the solutions of equation (27) from earlier reports in equation (49) and substituting them into equation (28),
together with equations (21), (3), and (4), we obtain the straddled waves:

1
—192sech2 [m] !
q(x7 y, t) — _ Sty 2 ol —le—K2y+(w—62)t+0W(t)]7 (50)
1689 | Ly /550 tanh [\/@5} o
rx,y,t)=Hq(x,y,1), (51)
1
Besch? [m] )
5194 2 K X—KyY _o2
q(x, y, t) _ _ eil—*1x K2)+((D c )t+GW(z)}’ (52)
1689 | L5 /%8 coth [‘/?ﬂ N
r(x,y,t)=Hq(x,y,1), (53)
%
T I
q(x, Y, t) — _ 4 ei —K1x—Koy+(w—0-)t+oW(r) 7 (54)
16A 2
’ — %y (l—tanh {\/?é})
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r(x,y,t) =Hq(x,y1), (55)

1
50 ¥ D3csch? {\/?5] '
q(x7 y, t) _ _ 16A4 . ei[—le—K2y+(w—c72)t+GW(t)]’ (56)
’ 1932—192194 (1coth {@})
r(x,y, 1) =Hq(x,y 1), (57)

provided ¥4 > 0 and Ag < 0.

4. Addendum to Kudryashov’s approach

Following the integration method, we assume the formal solution of equation (25) takes the form below:

M
Ué) =Y uP'(é). (58)
i=0
With 7; (=0, 1, 2, ..., M) denoting constants such that 7y, # 0, the function P(&) satisfies the ODE below:

P?(E) =P (&) [1—»P¥(E)]In*K, 0< K # 1. (59)

Given that » # 0 and s is an integer, a balance between UU” and U* in equation (25) gives 2M + 2s = 4M, leading
to the conclusion M = .
Case-I: Assigning s = 1, the expression for the formal solution given in (58) simplifies to:

U§)=wn+mnP&), 1 #0, (60)
where
P2(&)=P*(&)[1—»P*(&)] In*K. (61)
The substitution of equations (60) and (61) into equation (25) yields:
P =552 In® K+ 16A9T} =0,

P?: —85¢77 In* K + 64A9T) T} + 16As T} =0,
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P2 96A9T3 17 + T2 In K 4 48As5 7017 + 16A 77 =0,
P: 64A9T3 T + 4707 In> K + 48As5 T3 T + 324707 = 0,
PY: 16A9 T3 + 16AsT; + 16A1 75 = 0.

By employing Maple to solve the aforementioned system, we obtain the following result:

5xIn®K In2K

=0 = ey, Mg

, As=0, (62)

provided scAg > 0.
The exact solutions can be obtained by combining equation (62) with the known results of equation (61) and
substituting the result into equation (26):

7
5xIn*K 4C : >
/) = i[-kix—1oy+(0—02)i+oW (1)) 63
gln) = [ 2 (4C2K§+%K5) c , (63)

r(x,y,t) =Hq(x,y1), (64)

where C is a constant. Expressions (63) and (64) describe exact solutions that take the form of solitary waves:

1
B 5xIn* K ac i~ Kix—1y+(0—02)r+oW (1))
qx 1) = \/ "16a ( (4C2 + 5) cosh [€ InK] + (4C2 — 5) sinh [€ InK] ) ¢ - (69)

r(x,y,t)=Hgq(x,y,1), (66)

Specifically, if 2 = 4C?, solutions (65) and (66) can be expressed as dromions:

D) 4

5In“K ; ,
qx,y,t)= lgAg sech[EInK] p el xx—my+(0-0?)rraW()] (67)
r(x,y, 1) =Hq(x, y1), (68)
provided Ag > 0.
When » = —4C2, the solutions (65) and (66) transform into singular waves:
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1
piy

5’ K . ,
q(x, Y, [) = — 12A9 csch [5 an] e‘[_KIX—K2}+((O—GZ)I+GW(Y)]’ (69)

r(x,y,t)=Hgq(x,y,1), (70)

provided Ag < 0.
Case-II: If s = 2, equation (25) takes the form:

U(E) =19+ 1 P(E)+ 1P (E), T #0, (71)
where
P?(§) = P*(&) [1—»P*(§)] K. (72)
Inserting equations (71) and (72) within equation (25) leads to:

P3: —20573In’ K + 16A¢Ty =0,
P’ 325711 I’ K 4 64A9 T T5 = 0,
PO —325c70T In” K — 9377 In(K)? + 64A9 T T3 + 96A9 T3 T3 + 16A5T3 = 0,
P3: 125797 In® K 4 192A9T9T1 75 + 64A9T; Ty + 48A57, 75 = 0,
P4 96A0T3 T3 4 192A0 Ty T3 Ty + 16A9 T} 4475 In® K + 48A35707T5 +48As5Ti Ty + 16A 75 = 0,
P3: 19297371 T2 + 64A9T0 Ty + 871 T2 In? K 4+ 96AsT9Ti T2 + 16AsT; +32A1 717 = 0,
P 64A90 T3 T +96A9 T3 77 + 16T0T2 In> K + 77 In> K + 48A5 T3 T2 + 48AsToT7 +32A1 102 + 16A, 77 = 0,
P: 64AgT3 Ty + 4707 In® K + 48As T3 Ty + 324,707 = 0,
P°: 16A9T] + 16A573 + 16A, 75 = 0.

Using Maple to solve the algebraic system above, we arrive at:
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5xIn’K In’K
Al = — As =0 73
4A9 5 1 4 P 5 3 ( )

T():O, ’L'1=O, T =

provided sAg > 0.
Incorporating (73) with the established solutions of equation (72) derived from into (71) yields the explicit solutions:

p3

5%xIn’K 4c j[7le—K2y+(w762)t+0'W(l)]
= 4
95 3.1) 47 (4C2K2€ + 3K 2% ) ) ’ 7
r(x,y,t) =Hq(x,y,1). (75)

The forms given in (74) and (75) can be identified as straddled wave structures:

1

I

B 5xIn’K 4c i[—xix—ty+(0—02)r+oW(1)]
90y 1) = 47 ( (4C2+ ) cosh [2& InK] + (4C% — »2) sinh [2€ InK] ) ¢ » (76)
r(x,y,t)=Hq(x, y1), a7

Specifically, if 2 = 4C?, solutions (76) and (77) can be expressed as dromions.

1

py

2
gy =4 20 QKsech REInK] p ell-rrt(o-of)rraW o], (78)
rx, y,t) =Hq(x,y,1), (79

provided Ag > 0.
When > = —4C? transforms the solutions (76) and (77) into singular waves.

1

3

In® K ;
q(x,y, 1) = —5419 esch[2EInK] b ellx—ry+(o-0?)rraw ()] (80)
r(x,yt)=Hq(x,y1), (81)

provided Ag < 0.
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Similarly, selecting different values for the parameter s yields further solutions to the system (1) and (2); however,
some of these have been excluded from the current discussion for readability.

5. Results and discussion

Both schemes offer several advantages. They enable closed-form retrieval, providing explicit analytical formulas
rather than merely numerical profiles, which allows direct inspection of localization lengths, amplitudes, and phases.
Their parameter transparency reveals how higher-order Self-Phase Modulation (SPM) coefficients, Bragg reflectivity
parameters, and noise intensity influence the resulting solution manifolds and existence domains. Moreover, the
complementarity and verification between the polynomial and rational ansdtze ensures that independently derived
expressions converge to the same families of solutions, serving as mutual validation. Finally, the approaches exhibit
continuity to limiting cases, reducing smoothly to deterministic or lower-order nonlinear regimes, thereby situating the
newly retrieved solutions within the broader landscape of known models.

The approaches are ansatz-based and best suited to balanceable polynomial/rational structures and separable or
traveling-wave reductions; hence they may not capture non-ansatz solution branches. They do not, by themselves,
provide spectral stability theory or full stochastic statistics (e.g., probability of rare transitions), and are not a substitute
for numerical continuation or stochastic simulation when exploring global bifurcations or noise-induced switching.
Nonetheless, for the present strongly nonlinear Bragg-grating model, they deliver closed-form families and explicit
parameter dependencies that are otherwise difficult to obtain.

Both the enhanced direct algebraic route and the Kudryashov addendum yield coincident families of gap dromions
and domain walls with identical existence constraints, thereby cross-validating the closed-form expressions reported
below.

Figures 1 and 2 provide a comprehensive visualization of the dromions and domain walls ¢(x, y, t) and r(x, y, 1),
described by the complex-valued solutions (30)-(31) and (35)-(36), respectively, focusing on their structural characteristics
under the influence of key physical parameters: H=15, % =1, x =1, xoc=lL,ai=1l,aa=1L,04=1,00=1, B; =1,
B=Lpi=1L,pp=1c=1,X=1,nm=1,01=1,7 =1,and {; = 1. These figures examine the evolution and
structure of these dromions and domain walls through detailed surface plots of their real and imaginary components
while systematically investigating the influence of multiplicative white noise, parameterized by ¢ =0, 2, 3, and 4. Each
figure consists of sixteen subfigures, labeled (Figure la-1p), and collectively portrays the spatiotemporal dynamics of
both dromions and domain walls types under increasing stochastic perturbations.

In all panels, r = Hg with H = 1.5; thus, r has the same profile as ¢, scaled in amplitude by 1.5. The multiplicative
noise o enters only through the common phase factor in Egs. (30)-(31) and (35)-(36), leaving the dromion envelope |g|
(and |r|) invariant with o. Differences across ¢ affect only the phase, not the localization or peak modulus.

Figure 1 presents a detailed investigation of the dromions g(x, y, t) and r(x, y, t), which are governed by the complex-
valued forms in equations (30) and (31). This figure comprises sixteen subfigures, labeled 1a-1p, that provide surface plots
illustrating the real and imaginary parts of these dromions under the influence of multiplicative white noise at different
intensities: 0 =0, 0 =2, 0 = 3, and ¢ = 4. Specifically, Figures la-1d correspond to the case of ¢ = 0, where both the
real and imaginary parts of the solutions display clean, sharply localized peaks characteristic of dromions. The dromion
structure is highly coherent and symmetric, with the energy concentrated in a confined spatial region, demonstrating the
classic behavior of dromions in a noise-free medium.

As the noise intensity increases to o = 2 (Figures 1e-1h), small perturbations begin to emerge on the dromion profiles.
Although the core dromion structure is preserved, a slight broadening of the dromion and minor irregularities in amplitude
distribution can be observed, reflecting the onset of stochastic influence. At ¢ = 3, depicted in Figures 1i-11, the dromion
undergoes more noticeable deformation. The amplitude becomes slightly attenuated, and the spatial confinement loosens,
indicating the destabilizing impact of moderate noise levels. Figures 1m-1p, corresponding to ¢ = 4, show that the
dromion profile is further degraded: the amplitude diminishes significantly, and the dromion spreads over a broader spatial
domain, accompanied by pronounced asymmetry. These findings highlight that the dromions g(x, y, ) and r(x, y, ) remain
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relatively stable under weak noise but become increasingly susceptible to dispersion and amplitude reduction as the noise
level rises. Nonetheless, even at high noise levels, the dromion structure does not entirely vanish, illustrating a degree of
robustness in the presence of stochastic perturbations.

Figure 2 explores the behavior of domain walls ¢(x, y, 7) and r(x, y, t), derived from the complex-valued solutions
(35) and (36). Like Figure 1, it contains sixteen subfigures (2a-2p) that provide surface plots for the real and imaginary
components of the domain walls under varying strengths of multiplicative white noise. Figures 2a-2d illustrate the case of
o = 0, where the domain walls exhibit their defining characteristic—a localized intensity dip on a continuous background.
The real and imaginary parts both show a smooth and symmetric trough at the domain wall center, surrounded by a flat,
unperturbed field, capturing the essential profile of noise-free domain walls.

With the introduction of noise at ¢ = 2 (Figures 2e-2h), the domain wall retains its dip structure, but slight
oscillations appear around the background, indicating initial disturbances. The domain wall core remains distinct, though
the surrounding field begins to exhibit signs of stochastic fluctuations. At ¢ = 3, as seen in Figures 2i-2l, the trough
becomes shallower and the background becomes increasingly irregular, suggesting that the domain wall is less resilient
to noise compared to its behavior at lower levels. The domain wall dip is still discernible but starts losing its symmetry
and sharpness. Under the strongest noise condition ¢ = 4 (Figures 2m-2p), the domain wall is considerably distorted: the
depth of the trough is reduced, the surrounding background is heavily modulated, and the overall coherence of the domain
wall structure deteriorates. However, remnants of the domain wall dip persist, indicating that despite the high-intensity
noise, the domain wall maintains a recognizable, albeit weakened, profile.

Collectively, Figures 1 and 2 offer a comparative analysis of dromion and domain wall behavior in the presence
of multiplicative white noise. Dromions, represented by localized peaks, are more visibly impacted by noise in terms
of amplitude suppression and spatial spreading. Domain walls, characterized by localized intensity dips, demonstrate
relatively better resilience in terms of maintaining their core structure but suffer from background instability and reduced
contrast under noise. Both dromions and domain walls g(x, y, ¢) and r(x, y, t) show consistent behaviors across
corresponding subfigures, reinforcing the validity of the underlying mathematical models and confirming the influence
of stochastic perturbations on nonlinear dynamics. These results contribute valuable insight into the stability properties
of dromions and domain walls in noisy environments, a critical factor in designing robust nonlinear optical systems.

In Bragg-grating media, the periodic refractive index produces a spectral bandgap that prevents the propagation
of linear waves. Localized gap structures appear when dispersive reflectivity is balanced by Self-Phase Modulation
(SPM). The gap dromions presented here are (2+1)D solitary entities that are exponentially localized in both transverse
coordinates (x, y) and evolve along the propagation direction. Physically, they represent self-trapped packets whose carrier
frequency lies within the bandgap, with energy circulation sustained by the grating reflectivity. The domain walls are
heteroclinic fronts connecting two distinct uniform states, such as backgrounds with different phase or amplitude allowed
by the nonlinear dispersion. These can be interpreted as optical switching interfaces in a grating-based medium. High-
order SPM terms (cubic, quintic, septic, and nonic) account for strong-field corrections beyond the Kerr regime. These
terms modify the effective nonlinearity, which in turn influences the amplitude, width, and phase structure. Multiplicative
white noise represents rapid fluctuations of material or grating parameters. Parametrically, it alters the coefficients
appearing in the closed-form solutions, producing predictable variations in localization and phase while preserving the
algebraic balance that defines the exact profiles.

In the present parametrized setting, multiplicative noise enters through the solution coefficients and modulates the
power P, the localization lengths (L, Ly), and the phase shift A¢ in a controlled way. Increasing the noise intensity
reduces coherence, resulting in wider (L, L,) and smaller peak amplitude, and it can also bias the phase offset of domain
walls. The gap-localization mechanism itself remains intact within the derived existence conditions.
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Figure 1. Profile of dromions (30) and (31)
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The reported gap dromions and domain walls can be observed experimentally in Bragg-grating platforms such as
optical fibers, planar gratings, and grating-coupled waveguide arrays. Dromions correspond to (2 + 1)D self-trapped
packets whose carrier lies in the bandgap and can be detected as localized bright spots in near-field intensity maps at
the output facet, or as sharp defect-like features in transmission or reflection spectra at a detuning A inside the gap.
Domain walls act as optical switching interfaces between two admissible background states and may be detected through
a measurable phase step A¢ across the interface using interferometry, or through bistable switching traces in input-output
characteristics. In the chosen parametrization, high-order SPM coefficients tune amplitude, width, and phase structure,
while multiplicative noise introduces parametric broadening that widens the localization lengths (L., Ly), lowers the peak
amplitude, and induces mild phase jitter. These effects can be quantified using the power P, widths, detuning A, and phase
shift A¢ derived below.

We employ a Nonlinear Auxiliary-Equation (NAE) approach in combination with the enhanced direct algebraic
method and the Kudryashov addendum, since the present Bragg-grating model admits reductions with a balanceable
polynomial structure. In such cases, representing the solution through an auxiliary function that satisfies a low-order
ordinary differential equation, such as Riccati, logistic, or elliptic type, preserves closure under differentiation and
nonlinearity. This yields closed-form solution families with explicit parameter constraints that include high-order SPM
coefficients, coupling or reflectivity parameters, and noise intensity.

All exact profiles obtained in this work result from reductions that preserve polynomial balance between dispersive
reflectivity and cubic-quintic-septic-nonic SPM. Multiplicative noise is incorporated parametrically through coefficients
that appear in the closed-form expressions. We do not claim universality of the NAE method beyond this class. Stability
analysis and statistical properties lie outside the present scope and are identified as directions for future investigation.

Beyond the enhanced direct algebraic approach and the Kudryashov addendum used here, a wide range of symbolic
ansatz methods exist for nonlinear partial differential equations, including the exp-function framework, the (G'/G)-
expansion and its improved variants, extended tanh or coth and sine-cosine schemes, Jacobi-elliptic and F-expansions,
as well as projective Riccati and first-integral constructions (see, for example [30—34]). These methods are suitable
when the reduced ordinary differential equation admits a finite algebraic balance between dispersive and polynomial
or rational nonlinearities. In the current Bragg-grating context, dispersive reflectivity together with the cubic-quintic-
septic-nonic SPM structure generates exactly such balanceable polynomial forms. Moreover, multiplicative white noise
enters parametrically in a manner that preserves algebraic closure. For this reason, the enhanced direct algebraic
approach provides explicit polynomial ansétze with transparent balance conditions, while the Kudryashov addendum
contributes complementary rational forms. Together they yield closed-form gap-dromion and domain-wall families with
explicit parameter dependencies. Alternative symbolic schemes may produce functionally equivalent solutions under
suitable transformations, although they often require additional matching conditions, such as elliptic-modulus selections
or auxiliary mappings, which can obscure the explicit dependence on high-order SPM and noise coefficients that is central
to the present classification.

While several symbolic frameworks cited in [30—34] could be adapted to the reduced equations, the pair employed
here most effectively preserves algebraic balance and maintains explicit dependence on the high-order SPM and
multiplicative-noise coefficients, which is essential for the classification presented in this work.

In addition to symbolic and ansatz-based frameworks, non-symbolic techniques such as the direct mapping method
and the variational or collective-coordinate approach have proven successful in many nonlinear wave models. These
methods are often simpler and require less algebraic manipulation [35-37]. The direct mapping approach constructs a
transformation that relates the target equation or its reduction to a base equation with known solutions, from which the
profiles can be obtained by inversion. Its efficiency depends on finding a suitable, preferably invertible, mapping that
respects the model’s coefficients and coupling parameters. Variational methods, by contrast, assume a trial function and
derive evolution equations for a small set of collective parameters from an effective Lagrangian, yielding low-dimensional
dynamics for quantities such as amplitude, width, and phase. In the present Bragg-grating problem, characterized
by dispersive reflectivity, high-order self-phase modulation, and parametric multiplicative noise, symbolic approaches
are preferred because they produce closed-form gap-dromion and domain-wall families with explicit dependence on
nonlinear and noise coefficients, which is fundamental to our classification. Nevertheless, non-symbolic methods
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remain complementary: mapping techniques may generate alternative formulations, and variational tools are suitable for
perturbative robustness and slow-modulation studies. These directions represent promising extensions for future work.

All obtained profiles were verified by direct substitution and residual analysis, confirming that they satisfy the
reduced equations exactly within computational accuracy.

6. Conclusions

This paper successfully recovers gap dromion solutions governed by a SPM structure characterized by a cubic-quintic-
septic-nonic nonlinearity, under the influence of multiplicative white noise. To achieve this, two distinct integration
approaches were employed, both of which led to the derivation of exact analytical solutions. These solutions have been
systematically listed and categorized according to their functional forms and physical behavior.

Among the obtained results, a notable class of solutions expressed in terms of Weierstrass’ elliptic functions was
identified. These elliptic function solutions, under particular parameter constraints, can be reduced to dromion-type
solutions. While the specific parameter values leading to such reductions are not explicitly provided in the current study,
this omission is deliberate due to their straightforward derivation and redundancy in the context of the main results.

The outcomes presented in this work hold significant potential in the field of fiber optic technology, particularly
in addressing the issue of low CD by introducing dispersive reflectivity through nonlinear wave structures such as gap
dromions and domain walls. The two analytical schemes employed here proved effective in capturing not only the solution
forms but also the associated parameter conditions necessary for the existence of such localized structures.

Encouraged by the current findings, future research will extend this framework by incorporating additional analytical
and numerical integration schemes. These include, but are not limited to, the improved Adomian Decomposition Method
and the Laplace-Adomian Decomposition Method, both of which have shown considerable promise in handling nonlinear
systems of this type.

The results derived from ongoing and future studies will be disseminated progressively through several journal
publications, aiming to broaden the impact and applicability of this research within the optical soliton and nonlinear
wave communities.
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