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Abstract: In this article, we use a binary relation to demonstrate the existence and uniqueness of fixed points and
coupled fixed point results in the context of metric space under the new generalized (¢, y)-rational contraction. Moreover,
we employed the mixed 2-monotone property of a mapping and utilize the same to investigate the existence and uniqueness
of coupled fixed points endowed with a binary relation 2. Additionally, we present an example to demonstrate our recently
validated findings. Lastly, we provide an application to fractional differential equation.
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1. Introduction and preliminaries

The Banach contraction theorem [1] is a cornerstone of mathematical analysis, renowned for its wide-ranging
applications across numerous fields. It asserts that any self-mapping on a complete metric space admits a unique fixed
point. This powerful result has been instrumental in advancing areas such as functional analysis, optimization, differential
equations, and dynamical systems. Due to its depth and adaptability, the concept of Banach contractions has inspired
extensive research, resulting in a rich body of literature on its applications and generalizations. In recent years, the extension
of fixed-point theory to partially ordered metric space has marked a significant advancement, opening new avenues for
applications across various branches of mathematics.

On early contribution in this area was made by Turinici [2], who investigated fixed point results in ordered metrizable
uniform spaces, providing a foundation for subsequent research. Building on this, Ran and Reurings [3] applied fixed
point theorems in partially ordered metric space to solve matrix equations, demonstrating the approach’s effectiveness
in linear algebra problems. Likewise, Nieto and Rodriguez-Lopez [4] employed fixed point results in partially ordered
metric space to study partial differential equations with periodic boundary conditions, underlining their significance in
mathematical physics. For the relevant work, see [5—11].

Copyright ©2026 Asim Asiri

DOI: https://doi.org/10.37256/cm.7420267905

This is an open-access article distributed under a CC BY license
(Creative Commons Attribution 4.0 International License)
https://creativecommons.org/licenses/by/4.0/

Volume 7 Issue 4]2026| 4405 Contemporary Mathematics


https://ojs.wiserpub.com/index.php/CM/
https://ojs.wiserpub.com/index.php/CM/
https://www.wiserpub.com/
https://orcid.org/0000-0003-2350-9697
https://doi.org/10.37256/cm.7420267905
https://creativecommons.org/licenses/by/4.0/

In 2015, Alam and Imdad [12] made a noteworthy contribution by generalizing the Banach Contraction Principle (BCP)
through the use of an amorphous binary relation (in short, relation) in place of a partial order. This advancement paved
the way for further research, inspiring a variety of relation-theoretic results by numerous scholars [13—15]. Subsequent
studies have primarily aimed at extending the BCP to incorporate more general contractive conditions, often involving one
or more auxiliary functions. A prominent generalization was introduced by Dutta and Choudhury [16], which has since
been expanded and refined by many researchers [13], reflecting the continuous development in this domain. Additionally,
Chandok et al. [17] contributed to the field by establishing the existence and uniqueness of fixed points for a specific class
of rational-type contractions within partially ordered metric space, further enriching the theoretical landscape of fixed
point theory.

Opoitsev [18, 19] introduced coupled fixed points, which Guo et al. [20, 21] further explored. In metric fixed theory,
the Coupled fixed point (Cfp) theorem has gained importance lately. Using the idea of mixed monotonic property, Bhaskar
and Lakshmikanthan [22] obtained order theoretic existence and uniqueness of fixed point results for a pair of mapping
from & x & — & in partially ordered metric space after that in 2009, Lakshmikantham and Ciri¢ [23] introduced some
Cfp results for nonlinear contraction.

In this article, we establish the existence and uniqueness of fixed point results in metric spaces using a relation under a
newly generalized (¢, y)-rational contraction. In section 4, we investigate the existence and uniqueness of coupled fixed
point results by employing the mixed K-monotone property. An illustrative example is provided to support the validity of
our main results. In section 5, we present an application to a fractional differential equation.

Throughout this manuscript, Ny stands for the set of whole numbers, N stands for the set of natural numbers & R
signifies the set of real numbers.

Definition 1 [22] Consider the mapping 7: & x & — &, where G is a non empty set. Then an element (A, &) is
called Cfp if

T, ¢)=A & (&, A) = ¢.

A Cfp (2, €) is called a strong Cfp if A = &.

Definition 2 [22, 24] Let 2 be a relation on &. Then 2, ¢ € &,

(i) The inverse relation 27! = {(A, &) € &% : (&, A) € 2} & symmetric closure 2* == 2U 27!,

(ii) A & € are 2-comparative if either (A, &) € 2 or (€, ) € 2. This is denoted as [, &] € 2.

(iii) A sequence A, C S is called 2- preserving if (Ql,,, ﬁlnH) € 2VneNp.

Definition 3 [25] Let (&, @) be a metric space equipped with a relation 2. We say that (&, @) is 2-complete if
every 2-preserving Cauchy sequence {2,} € &, there is some 2 € & converges.

Definition 4 [12] Let (&, ) be a metric space. A relation 2 defined on & is called g-self-closed if whenever {21, }
is an R-preserving sequence and

then 3 a subsequence {2, } of {2} with [, , A € 2V k € No.
Definition 5 [12] Let & # 0 & T: & — & be a self-mapping. A relation 2 on & is called T-closed if VA, € € &

A, &) e 2 = (T, TE) € 2.

Proposition 1 [12] Let &, T and 2 be same as in Definition 5. .2° must also be T-closed if 2 is T-closed.
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Definition 6 [26] Let S # 0 & 2 a relation on &. A subset Y of & is called 2-directed if for every U, € € ¥, 3
z€ & such that (A, z) € 2 and (€, 2) € 2.

Definition 7 [27] Let 4 € Ny, & > 2, be a relation .2 on a non empty set & is called ¢-transitive if for any 2o, A1,
ﬁ(z, R ﬁ[g €6

(A1, A;) ER foreach i(1<i<Y) = (U, Uy) ER.

Definition 8 [27] A relation 2 on a nonempty set & is called locally finitely transitive if for each denumerable subset
E of 6,39 =9(E) > 2, such that the restriction R|g is ¢¥-transitive.

Definition 9 [28] Let S £ 0 and 71: & — & be a self mapping. A relation 2 on & is called locally finitely TT-transitive
if for each denumerable subset E of 1(&), 3 ¥ = ¢ (E) > 2, such that the restriction 2|g is ¥-transitive.

Proposition 2 [28] Let S #£ 0, 2 be arelation on & & 71: & — & be a self-mapping. Then

(i) 2 is T-transitive <= 2|~(g) is transitive,

(ii) 2 is locally finitely TT-transitive <= 2|~(g) is locally finitely transitive,

(iii) 2 is transitive — 2 is finitely transitive — 2 is locally transitive — 2 is locally finitely TT-transitive,

(iv) 2 is transitive — 2 is T-transitive — 2 is locally finitely T-transitive.

Lemma 1 [29] Let (&, ) be a metric space and {2,,} a sequence in &. If {2, } is not a Cauchy sequence, then 3
€ > 0 & subsequences {2} & {leg} of {2A,,} such that

(g <mc<n;VgeN,

(i) d(Fg, Un) > &,

(iii) d(Apn,, Ap,) > &, ¥ pg € {mgi1, meia, ..oy nga, g1}

Additionally, if limy,_ye #2(2y,, Apt1) =0, then

(iv) limg o0 p(ﬁlmg, ﬁlng+p) =gV peNp. i

Lemma 2 [27] Let & # 0, 2 a relation on & and {2l,,} is a Z-preserving sequence in &. If 2 is a ¥-transitive on
the set ¥ := {2, : n € Ny} for some natural number & > 2, then

(Q[nv an+1+r(€¢—l)) €2, Vn, reN.

Definition 10 Let (&, ) as a partial ordered set. Then a mapping 1: & x & — & is said to admits a mixed monotone
property if

and

¢ <& = A &)=<, &) V&, &, AcB.

Definition 11 [30] Let & # 0 be a set equipped with a relation 2. Then a mapping 1: & x & — & is said to possess
a mixed Z-monotone property if

(ﬁl], ﬁlz) €2 = (-[(ﬁll, é>7 j(ﬁlL é)) €2 Vﬁ[], ﬁlz, cc6
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and

Example 1 [30] Let & = [1, 4] be a partial ordered set with usual order less than equal (<), and consider the function
T7:6 x6 — & given by

2 if Ae{2, 4}
A, €)=

4 otherwise.

Observe that (1, 2) < 7I(2, 2), even though 1 < 2. Hence, & does not satisfy mixed monotone property. Now,
consider a relation 2 on & defined by

2={(2,2), 4,2), (2,2), (4, 4)}.

Then T satisfy the assumptions of Definition 11. Hence 7 satisfies mixed 2-monotone property.

2. A new class of (@, ¥)-contraction

Let @ denote the class of the functions ¢ : [0, e) — [0, oo) that satisfying the following assumptions:

@, : ¢ is right continuous;

®, : ¢ is monotonic increasing and ¢ (0) = 0.

Let W denote the class of the functions y : [0, o) — [0, o) that satisfying the following assumptions:

Y :y((b)>0,b>0;

Y, :lim,_,, infy(r) >0,V r>0.

Remark 1 [13] Axiom ¥ is equivalent to the following:

W, :If3b € [0, o) such that y(h) =0, then b = 0.

Proposition 3 [13] If 3 a pair of auxiliary functions ¢, y : [0, e) — [0, o), which satisfies axioms ®; and ¥; such
that Vs € [0, o) and b € (0, o),

#(s) < 0(0) —w(v),
then
5 <b.

Proposition 4 Let (S, ) be a metric space and 7 be a self mapping on &. If 3 an auxiliary functions ¢, y : [0, o) —
[0, o0), which satisfies axioms @, and ¥ respectively, such that Tis a (¢, w)-contraction of Alam et al. [13], then T is
contractive and hence is continuous.

Given a relation 2 and a self-mapping 7] on a non-empty set &, we adopt the following notations:
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(i) F(7) := the set of all fixed points of 1.

(i1)
YA, & = max {p(it T)[1+ p(&, ‘Ié)]’ P& &) p(, 75()7 P, &) + p(€, 7@[), o, é)}
1+ o, €) 1+ oA, €) 2
(iif)
&) o { PO T+ (& T
V(A €)= { T+ o0, &) , (2L, Qf)}-

Remark 2 Observe that #/(2, &) < 7 (A, €) (VA, €€ &).

Now, we define the new generalized (¢, y)-rational contraction as follows:

Definition 12 Let (S, @) be complete metric space and 1: & — & be a self-mapping, then 7 is said to satisfy new
generalized (@, y)-rational contraction if for ¢ € ® & y € ¥ such that

ST, TE)) <oV, &) -y @, &) VI, EcS with (I, &) e

Due to the symmetry of &, the following conclusion is immediate.

Proposition 5 Let (S, #) be a metric space equipped with a relation 2, a mapping 1: & — & and an auxiliary
function ¢ € ® & y € W. Then the following contractive assumptions are equivalent:

@) 0(p(TA, TE)) < (V' (A, &) —y(# (A, €) VA EcS with (U, &) € 2.

1) o(@(TA, TE)) < (¥ (A, &) —y(# (A, &) V A ¢S with [A, ¢ € 2.

3. Main result

Theorem 1 Let (S, @) be a metric space endowed with a binary relation 2 on & and let T: & — G be a mapping.
Assume that the following conditions hold:

(G) (6, @) is 2-complete,

(Cit) 32 such that (Ao, o) € 2,

(Ciii) R is T-closed and locally finitely T-transitive,

(Cyy) either T is 2-continuous or 2 is g-self-closed,

(C,) T satisfy the new generalized (¢, W)-rational contraction.

Then T possesses a fixed point.

Proof. We shall from the results into four parts.

Step I: By condition (Cj;), 32y €6 such that (2, TRp) € 2. Now we define the sequence of Picard iterates

n+1 -I”Q(() _iﬁn . (N

If 712y = 2y then nothing to prove.
If 79 # Ay then by the condition (Cj;), we get
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(-[il(), -Izﬁlo), (-Izﬁl(h 73510), (735510, -Izglo), R (-I"QN[Q, 7"“910), o € 2.

As (A, Api1) € 2V neNy, ie., {A,} is 2-preserving sequence.

Denote 3, := @A, Wny1). If 3 ng € Ny so that #ny = 0, then by (1), we conclude that ﬁlno = ﬁln0+1 = _i(ﬁl,,o) such
that 2, is a fixed point of 7.

Step IT: Let g9, >0 V n € Ny. Applying condition (C,), we get

O(P(An, Ani1)) = O (@M1, TA)) <OV (A1, An)) — W (H (A1, An)) 2)
where

{J(Q{m -@n)[l‘FJO(QXWh _Iﬁlnfl)] W(ﬁlnfla —[ﬁnfl)p(g[m -@n)
1+p(§[n717 ﬁln) ’ 1+<@(ﬁln717 ﬁln)

)

(A1, Ap) = max {

p(ﬁnfly —[ﬁn) + (@(ﬁn, —[glnfl)
2

9 p(ﬁln*]a ﬁln)}

p(ﬁ[,,,], ﬁn)p(ﬁm Q~[n+1) ((O(an,], anﬂ)"’p(ﬁlnv ﬁn) 3 3
1+ o(A 1,

f~l

n

Similarly,

- s p(ﬁn, _lﬁln)[1+p(§ln,1), —Iéln,ﬂ] ~ ~ }
W@ln—h an) _maX{ 1+p(§("71’ ﬁn) W(an—h QLV!)

= max { @(S.1, B, p(F, 1, )}

Therefore equation (2) can be rewritten as
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O () = 0(2(An, Aps1))

< (P(max(p(ﬁnfh Q[n)v p(glny Q[n+l))) - l[/(maX(l{O(Q[n,I, Q[n)’ fg(ﬁlnv an+1))) (3)

< (P(max(pn—la Wn)) - W(maXQ@n—h pn))

Now if g, > ,-1 then by (3), we get

O () < O () — W(2n).

By properties of @, we get y(,) < 0, which is a contradiction to condition ¥,.
Hence we have £, < ,—1 which amount to say that ), is decreasing sequence. Then equation (3) yields that

¢(J0n) < (P(pnfl) - W(anl)- (4)

In light of Proposition 4 and (4) gives rise

O < -1 Yn €Ny,

This implies that {9, } is a decreasing sequence of positive real numbers. Since it is bounded below by 0, there is an
element x > 0 such that

lim @, = k. )

n—so0

We now claim that k¥ = 0. Suppose, to the contrary that ¥ > 0. Taking upper limit in equation (4), we obtain

}Lnolosup O () < Y}ETOIOSUP ‘P(anl)"'r}grolosup [~y (@n-1)]
(6)
< lim sup ¢(@2,-1) — lim inf y(2,-1).

Using (5) and (6) reduces to

¢(x) < ¢(x) — lim infy (2, 1),

n—oo

implying thereby
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lim infy(g,—1) = liminfy(g@,—1) <0,
n—oo

on—K

which contradicts the property of W,. Therefore, one has
r}groloz(an :,}grolo‘(a(ﬁ”’ QN[rH—l) =0. (7

Step III: We now aim to show that {iln} to be Cauchy sequence. Assume, for contradiction, that {ﬁln} is not a
Cauchy sequence. Therefore, by Lemma 1, 3 £ > 0 & subsequences {ﬁlng} & {ﬁtmg} of {2,} such that ¢ < m¢ < n,
d(ﬁlmg7 ﬁlng) > ¢eand d(ﬁlmg, ﬁlpg) < &, where pc € {m¢+1, m¢+2, ..., ng —2, nc — 1}. Further, using (6) and Lemma
1, we have

lim d (A, An_4p) =€ Vp € Np. (8)

g—oo

As {x,} is Q-preserving and {2} C (&) (by assumption (1)) and hence the range E := {2, : n € No} (of the
sequence {2, }), is a denumerable subset of 71(&). By locally finitely T-transitivity of .2, 3 a natural number ¥ = ¢(E) >
2, such that the restriction 2|g is ¢-transitive.

Asm; <n; & 4 —1 > 0, using Division Algorithm one has

ng —mg = (4 —1)(0g = 1) + (& — )

0 —1>0,0<9—B. <91
ne+PBe=mg+1+(9—1)og
a.>1,1<B.<9.

Here above o; & [ are natural numbers, where 3 take + ve integral value in interval (1, ¢]. Hence, we can choose
subsequences {21, & {ﬁlmg} of {2, } satisfying (8) such that 8 remains constant say 3, which is independent of k. Write

/

where B(1 < f <) is constant. Owing to (8) & (9), we get
lim @A, A,y ) = lim @A, An. + ) = €. (10)

n—oo S n—oo

By the triangular inequality, one obtains
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p(mmg+17 Q~lm’ngl) < W(ﬁlm;+1a Q~lm;) +p(§lmga ﬁlm’g)""p(ﬁlm’gv Qlm’ngl)’

and

p(ﬁmg? le’) < p(ﬁlmgv QV[ngrl) +p(ﬁlmg+lv Q’[m/;+1) +p(§lm’g+lv le/g)’

)_W(ﬁmga leg+1) _p(ﬁlm’g-&-la ﬁlm ) < A’O(élmg+1, ﬁme—}—l)

/
9

< c@(ﬁlmg-‘rlv Ql’”g) +W(§lmg’ §2~lm’)"i't@(ﬁlm’g’ Q~lm'g+1)

which on letting ¢ — oo and using (7) and (10), gives rise

lim (A1, Ay 1) = . (11)

n—yoo

In light of (9) & Lemma 2, we have Ja(islmg, ﬁlm/g ) € 2. By (1) and condition (C,), we have

¢(W(mmg+1a ﬁlm’ngl)) = ¢(p(-[§lmg7 -lﬁm’g»

<OV Qings ) =W Qg Ay)-
Let 7 =¥ (U, Q“lm/g) and # = W (Upn,, ﬁlm/g) then
O (2 Wngr1, Apy 1)) < 9(Ve) = w(He). (12)
So,
Ve =7 (Un,, ?51,,1%) = max{ (ﬁlmlg’ jlim;i([;[—mi{o;;":; ) : d(ﬁmg[ ’1 :Q;"éi Z (75;’["’2 )?le'g)’
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S
gvﬁmg) 7 [1+p( mg7 )] 7

Then taking limit ¢ — oo and using (7), (10), (11) we get

V. =max {0,0, ¢, e} =¢. (13)
Analogously,
~ ~ p(ﬁlmW —[le )[1 ( mg le )} ~ ~
WQ = W(le ) Q[m’) = max : 3 —— : ) p(mm ) le’)
e 1+ (g, A ) o
! ﬁml Q(m/ 1+ ﬁlm s élm N -
= max ( g+1)[~ (~ : g+1)]7 (Rmg, ) o
1+W(§2[mg7 le’g) :
Then taking limit ¢ — oo and using (7), (10), (11) we get
W, =max {0, e} =¢. (14)

Taking upper limit in (11), one gets

i 5up @ (3 1, By 1)) < Jim sup () + lim supl—y ()]

G—roo

which on using (10), (11), (13) & (14) becomes

¢(e) < ¢(e)— lim infy(e),

G

thereby yielding

lim inf y(2) = lim inf y (&) <0,

g—veo

which contradicts to the property ¥,. It follows that {21} is an 2-preserving Cauchy in &. As (7, 2) is complete metric
space then there exists 2 € T such that the sequence {21, } converges to 2.
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Step IV: Now, we shall use condition C;,). Firstly suppose that 7 is 2-continuous. Then 21,1 = T2, 2,79 But by
uniqueness of limits, we have (2, T2) = 0. Hence, 2 is a fixed point of 7.

Alternately, if 2 is g-self closed. As {2, } is an 2-preserving sequence in G and 2, &, 21, there is a subsequence
{2, } of {2A,} with [, A € 2V ¢ € Ny. In view of condition (v) and Proposition 5, we have

O (2(Ung 1, TA)) = ¢ (2T, 7))

(15)
SOV (Ang, €)=y (W (A, A))
Let %, = ”V(Q(,,g, 21) and W, = V/(ﬁlng, 2l) then
O(P(Ang1, ) = 9(Vng) — w(#iy)- (16)
So,
L - 2L, )1 Ay, T2, e, A ) (A, A
e ) — max | PR T S )] A, T )03, T
¢ : L+ (U, A) [+ oA, A)]
P, TA) +d (2, T2, -
( £ )2 ( €)7p(mng79’l)}
- P, T+ o, A +1)] @A, An. + 1) (A, TA)
1+ (2, 2A) ’ 1+, A)]
P, T +d@d, A +1) L
: 2 : 9 W(Q’lngﬂ Ql)}
Taking limit ¢ — o and using ﬁlng EA 91, we obtain
. 2 o < os (R, T - s
glg?oﬂi/"é = max p(mv —IQ[), p(m, -m[)a fa 0= (@(Q[, —IQ[) (17)
Similarly,
e e TN+ e, )]
an - W(ang, Q‘) - max{ 1+p(§(”€7 Q"'[) 9 p(mng; Ql)
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Taking limit ¢ — o and using ﬁlng £, 2, we obtain

lim #;,. = max {p(ﬁx, ), 0} = (A, TA). (18)

g—ve
Taking upper limit in equation (16), we get
lim sup 9 (%, ) < lim sup (%) + lim supl— (7).

which on using (17), (18) becomes

O (p(A, TA)) < (A, TA) — lim infy (oA, TA)),

g—roo

yielding thereby
. . =y =y — . . g S <
Jim infy(o(, 20)) = lim inf y (oA, 7)) <0,
which contradicts to the property W,. Hence, 2 = T2, that is 2 is a fixed point of . O

Theorem 2 In addition to Theorem 1, If (&) is 2*-directed, then T admits unique fixed point.
Proof. Let 2, & be two fixed points, i.e., 7% =2 & 1€ = & then two cases arise.
Case I If (2, &) € 2 then

O (P, €)) = ¢(P(TA, T€)) < ¢(¥ (A, €)) —y(# (2, €)). (19)
So, then
S &) — ma ) P TO[+d(E TE)] d(E TP, TA) oA, TE) +p(E TA) o s
V&)= a{ @ & 0 1ltp@ e 2 ’W@l’@)}
o PR DN o G dE e W) dA G+ & A) s -
= a{ 1o, & 1t p@, & > ’W’@)}
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Similarly, we obtain 7 (21, &) = (2, ). Then from (19) can be written as

yielding there by y(@(2A, &)) < 0, which is a contradiction to the condition ¥,. Hence 9 = €.

Case Il If (A, &) ¢ 2 then by (&) is 2°-directed then 3 z € & such that (2, z) € 2 and (z, €) € 2. Since 2 is
T-closed Tz will be related to T2 i.e., (T"z, 1A = A) € 2 for any n € Ny. Then by condition (C,) of Theorem 1, for
any n € Ny, we have

O(d(T"z, A)) = ¢(d(T"z, T'A))
(20)
<O (T, TR — w( (T, ).

Now,

T, TR (T T ) (T T (T, T )
1—|—W(—In712, —inflﬁ) ? 1+p(—'n712’ jnflﬂ)

7 (T, T 1A) = max { al

Pz, T + (T IA, T )
2

, ﬁ(-‘nilL -inf] Q{) }

B L e ) O e ) e B )
1+ (17, A) ’ 14+d (17, A) ’

P11z, A)+ (A, T'2)
2

5 t@(_ln_lzv gl)7 } = (@(-in_lza é([)
Similarly, for # (7" 'z, 7"=12) = (77" 'z, 2). Then (20) reduces to

(T 'z, A)) <P (P(T 'z, A)) — w((T 'z, A)). @21)

Using Proposition 4 one has

(7, A) < ((o(-lnflz, 2A).

Which amount to say that {(7"z, A)} is a decreasing of positive real numbers, which is bounded below by 0, 3
¢ > 0 such that
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Pz, A) =¢.

Our claim is that ¢ = 0, for that let on contrary that ¢ > 0 then taking upper limit to the equation (21) we get
lim sup ¢ ((T'z, A)) < lim sup ¢ (o( Tz, %)) + lim sup[— w ("2, )
n—0 n—0 n—0

< limsup ¢ (o(7"" 'z, A)) = lim inf y(£(T"" 'z, A)),

by right continuity of ¢ one gets

#(s) < ¢(g) — lim infy(g),

n—oo

which amounts to say that lim,,_,..inf y(¢) < 0, which is contradiction to the condition ¥,. Hence, lim,_c.{("z, %)} =0
means lim,_ye. 1"z = 2. Analogously, we can proved that lim,, ... 1"z = ¢. Then by unicity of limit we have A=¢
Hence, T admits unique fixed point. O

Corollary 1 If we replace the contractive condition of Theorem 1 and the hypothesis Theorem 2, are also satisfied.
Also assume that:

P, TN+ (€, TE)] p(E, TE) e, TA) oA, T¢)+ p(¢, )
1+ @2, €)

7 (A, ) = max {

forall ¢ € ® & w € . Then 1 has unique fixed point.
Corollary 2 If we replace the contractive condition of Theorem 1 and the hypothesis Theorem 2, are also satisfied.
Also assume that:

where

# (A, &) = max {
forall 9 € ® & y € ¥. Then T has unique fixed point.
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Taking ¢ as identity mapping and y(z) = (1 — k)t for k € (0, 1). We deduce the several versions of our newly proved
results in the context of metric, universal relation and rational expression.

Remark 3 Under the setting of & = p (i.e., partial metric), 2 = & x & in Theorem 1 then our results deduce to
Corollary 2.4 of Kumar et al. [31].

Remark 4 Under the setting of & = p (i.e., partial metric), 2 = & x & and replacing ¥ (2, &) by # (U, &) in
Theorem 1 then our results deduce to corollary 2.5 of Kumar et al. [31].

Remark 5 Under universal relation (i.e., 2 = G?), Theorems 1 and 2 reduce to the following fixed point theorem
of Alam et al. [12].

Remark 6 (Error bounds and convergence rate) Let (S, #) be a complete metric space and T: & — & satisfy the
new generalized (¢, w)-rational contraction. Assume that p € & is the unique fixed point of 7 and there exists ¢ € (0, 1)
such that

Then the Picard iterates ﬁlnH =9, satisfy

9 (2, p)) < (1=c)"0(9(Ao, p)), hence (A, p) <9~ ((1—c)"¢(2(o, p))).

Moreover,

oo

P, p) <Y 07 (1= ) o (p(A1, o)),

k=n

which yields explicit a posterior error bounds. In particular:

<1f ¢(r) =1, then (A, p) < (1—c)"@(Ao, p) and P(A, p) <

- s

<If¢(t) =% (> 0), then @(Ay, p) < (1—c)"*@(o, p) and (A, p) < —i_ave

4. Coupled fixed point results with mixed R-monotone property

Definition 13 Let (S, ) be complete metric space and 71: & — & be a self mapping, then T is said to satisfy new
generalized (¢, y)-rational contraction if for ¢ € ® and y € ¥ such that

o (A, &), (v, @) <O(¥ (A, & v, ®)—y# (A & v, 0)VA & v, ®c&with (A, & v, ®) €R.

where,
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Y, & v w>_max{«fo<“’ (v, @)1+ 0% T, §)] e, T, €), pv, (v, ®))
T 1+ (2, v) ’ 1+d(v, o) ’
oL, (v, w));rp(v, A, (’3))7 o, @3)}
P& v, 0) = mae [ 20T MO AR O g )

Theorem 3 Let (S, @) be a complete metric space endowed with binary relation 2 on G andlet T7: 6 x 6 S a
mapping. Assume that the following conditions hold:

cH4 QNlo, éo € G such that (ﬁlo, -I(ﬁlo, éo)) € 2 and (-I(éo, jlo), éo) € 2,

(C;;) T satisfies mixed 2-monotone property,

(Ciit) 2 is T-closed,

(C;y) either T is continuous or .2 is @-self closed,

(C,) T satisfy the new generalized (¢, y)-rational contraction.

Proof. By condition (C;) ensures the availability of 2y, &, € & such that

(ﬁl(), j(ﬁl(), @0)) €92 & (-I(@(), ﬁl()), éo) € 9. (22)

Assume (Ao, &) =A; & (&, Ao) = &;. Then we can have Ay, & € & such that (A, &) =2, and (€,
ﬁll) = &,. We denote

(Ao, &) = T((Ao, E0), (&, o)) = T(;, &) =
(&, o) = T((&o, o), (Ao, &) =T(E, Ay) = &,.
Following the same procedure, one can inductively construct sequences {2, } and {&,} such that
A, =T"(Ao, &) and €&, = T(&, A). (23)

Now, we will show that

(A, Api1) €R and (&, &, 1) €2V n € Ny. (24)

Now, mathematical induction is to be used to prove this fact.
From equation (22), (ﬁlo, ﬁll) € 2 and (@0, @1) € 2. So, equation (24) is true for n = 0. Suppose that for ¢ > 0,

(ﬁl“ Q[[Jr]) €R and (é[, é[+]> S o@
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We now confirm that (24) also true for n =t 4 1. Since (2;, A;11) € 2, applying assumption (C;;) we obtain,
(A, &)), T Arg1, Eg1) € 2
— (T (o, &), T(&, Ao)), T(T (Ao, &), TT(&, 2Ap))) € 2
— (T (o, &), T2, &)) € 2
= (g1, U12) € 2.

Similarly, we can show that (&5, &) € 2. Hence (24) holds V¥ n € Ny. Now, choosing A = 2,,, v = 2,1,
¢ =¢,, o= &,_; in condition (C)

¢((W(Q~lna Ani1)) = ¢ (((O(T(an,l, €1), -[(ﬁna én))
25)

where,

V(glnfl; énfla ﬁln; én) — max (W(Q[na -I(mm @n)>[1+{0(mn—17 -I(an—la Gn—l))]
1+[0(Q{n717 ﬁln>

2

_ max{p(ﬁnv gln))[l—i_p(mnfla Q"vnfl)] [0(5["71, ﬁ,171)[d(én,1, én—l)} (26)

Y )

l+z{0(§[n717 é[n) '
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2y e QY ol ~n ~n Nn 1 ~f’l* N”l* ~l’l* i I
0 A “‘a"{p(m e SO Tt Bl i m,»}
I+ o, )
~n ~n 1 ~n7 ~n7 3 o
—ma { 150 T &{0@‘ = .t 8
o n—1, A, (27)
= max {0, P, 1, ﬁln)}
= p(ﬁn—la lez)'
Therefore, from (25), (26) and (27)
d)((@(ﬁ[m ﬁnJrl)) =¢ (W(—[(glnfla énfl)a _I(ﬁna én))
§ ¢(%(§ln71; énfl» ﬁln» én))_v/(%(ﬁlnfl, é‘Enfla ana één))) (28)
< ¢(z{0(2~[n—17 Q~1n)) - W(A(O(Q[n—la Q~[n))
By applying the conclusion of the Theorem 1 and we deduce that T admits a fixed point.
Hence, 32, & € & such that A, — 2 as n — o and &, — € as n — oo, the continuity of T implies that
A= lim A, = lim T(A,—y, &) =T(Lim Ay, lim E,_) =T(2, €).
n—oo n—soo n—soo n—soo
¢ = lim &, = lim (&,—, Ay—y) = T(lim &,_;, lim A,—;) = T(E, A).
n—soo n—oo n—soo n—soo
Thus 2 = (A, €) and & = (€, A). Hence, T has Cfp. O

Theorem 4 In addition of Theorem 3, if 1(&?) is 2*-directed, then T has a unique Cfp.

Proof. From Theorem 3, the set of Cfp of T is nonempty. Let (A, &) & (A*, &*) are two Cfps of 7T. Then
2 ="T(2A, €); €="T(¢, 2A) and A* = (A, &); & =T(&*, A*). We aim to show that A = A* and & = ¢*. By 1(&?)
is 2°-directed, there exists ¢ € & and q € & such that (2, p) € 2; (A*, 6) € 2 and (&, q) € 2; (&, q) € 2. Put
0o = o and qo = q. Then (A, 6y) € 2 and (g0, €) € 2. Let 61 = (00, qo) and q; = T(qo, Gp). Following the same
inductive approach as in Theorem 1, we define sequences {0, } & {q,} such that

Cnt1 = 1(On; n) & dni1 = 1(dn, G4) V 2>0. (29)
As T is Q-preserving, we obtain
(Gn7 Gn+]) €2 & (qn, anrl) €2 Van > 0. (30)
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By following similar arguments as in proof of Theorem 3, one can show that {c, } and {q,,} are both Cauchy sequence
in G & 3¢, p € G such that

We assert that
A, 0,) €2 & (qy, ) €2, V n>0. (32)

We now employ mathematical induction to prove this fact. By condition (C,) and (32) we have, ¥V n > 0

(33)
< (])(7/(6)1*1’ qn—1, g(v é))7W(W(GH*15 In—1, QL é))a
where,
(Gt s 8, ) = e {25 T DLt T, )
1+{0(Gn_17 Q[)
W(Gn—la -[(O-n—la qn—l))[p(qn—b -I(qn—la O-n—l))]
1+ p(cn—l. Q[) 7
p(cn—l; 1(2[7 6))4‘%@(9‘; -I(Gn—la qn—l))7 W(Gn—h ﬁl)},
(34)
_ max{ﬁ(ﬂ, M)[1+ @(6n-1, Gu-1)] (01, Gu—1)[@2(dn-1, du—1)]
1—"_4@(61171,@) ’ 1+p(6n71,2~l) 7
W(Gn_l, m);W(QL Gn_l)a W(Gn—lv Ql)}
= W(Gn—la QN[)
35 g\ W(ﬁv _i(ﬁ[, é))[l-l—p(dn,l, _i(Gn,1, qnfl))] 3
ZCR I R e ol 1)
(35)

_max{p(mv ﬁl)[l"'—é@(cyn—h O_n—l)]

1+ (0,1 4) » (01, ﬁl)} = p(on-1, ).
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Therefore, from (33), (34) and (35)

¢(1{0(§[7 Gn)) = ‘P (W(-‘(mv G)v -I(O-nflﬂ qnfl))

g ‘P(A//(O-n—la qn—1, Ql7 é)) - W(W(O-n—la In—-1, Qla é)) (36)

= ¢(W(anla ﬁl)) - W(JO(G,,,l, ﬁ))

By properties of @, we get y(2(0,—1, A)) <0, which is a contradiction to condition ¥.

Hence, we have @(c,, ) < @(0,_1, 2) which amount to say that &(c,,, 2) is decreasing sequence. Then equation
(36) yields that

(P(W(Gna ﬁl)) < ¢(p(6ﬂ*1a Q‘)) - W(W(anlv ﬁl)) (37)

This implies that the sequence { (2, 6,,)} is a monotone decreasing and bounded below, 3 ¢ > 0 such that

lim @(2A, o,) = .

n—0

Now, we show that ¢ = 0, let ¢ # 0 then taking upper limit to the equation (36) we get

lim SUP¢(JO(§[7 On)) < r}i_r}glosup¢([0(2~l, On-1)) +r}g§05up[_W(p(§[a Cn-1))]

n—so0

< lim sup ¢ (@(2, 0,_1)) — lim inf[y(@(A, 0,_1))],

n—oo n—soo

by right continuity of ¢ we get

0(5) < 9(¢) — lim infy(g)

n—o0

which amounts to say that lim,,_,.inf (g) < 0, which is contradiction to the condition ¥,. Hence, lim, ,.{@(2, 6,)} =
0 means lim,,_,e 6, = 2. Analogously, we can proved that lim,,_,., 6, = 2A*. Then by unicity of limit we have A = A*.
Similarly, we can show that € = &*. Hence, T has a unique Cfp.

Corollary 3 If we replace the contractive condition of Theorem 3 and the hypothesis Theorem 4, are also satisfied.
Also assume that:

(A, &), (v, @) <o(¥ (A, & v, 0)—y(¥ &, & v, ) VA & v, wc& with (A, & v, w) €R.

where,

Contemporary Mathematics 4424 | Asim Asiri



8. v, 0) = 2010 O£, &) 03,6, ). 10, 0. )
s & Uy = 1+(@(§[7 'l)) ’ 1+d(‘l), (D)

)

P, (v, ©)) + p(v, T, €)
2

P, é)},

for all € ® and y € . Then T has unique fixed point.
Corollary 4 If we replace the contractive condition of Theorem 3 and the hypothesis Theorem 4, are also satisfied.
Also assume that:

o (A, &), (v, @) <o(# (A, &, v, ®)—y(# (U, & v, w) VA Ev ocS with (2, & v, w) €R.

where,

N
y &y Uy 1+p(§[’ v)

o, 8,
for all ¢ € ®@ and ¥ € . Then T has unique fixed point. O

5. Application to a fractional differential equation

Now we are going to find the solution of a fractional differential equation Boundary Value Problem (BVP) by means
of fixed point theorem. Let us consider the problem

DE g(%) =Af (X, g()), 0< g <1 (38)

9(0)=g(1)=g¢'(0) =g'(1) =0, (39)

where 3 < ot <4, € RT, f:]0, 1] x R — R is continuous and Dg‘+ denotes the standard Riemann-Liouville fractional
derivative. Define a relation R on & as

uRv = g(2) <v(A) Vg, veCl0, 1] and A €0, 1].

In 2009, Xu et al. [32] transform the above BVP in to an integral equation, which as follows:
Lemma 3 BVP (38), (39) is analogous to the integral equation

o) =1 [ K &)f(& o(@)ae. (40)
where
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@& !+ (1= 2A(E-W)a—2(1-W)E . & 5
o () ’ -

(1_@)052ﬁ[a2[§;)§l)a—2(l—§l)@]’ Fo<H<del.

To reduce the problem into more simpler one, Xu et al. [32] introduced another lemma to bound the value of the
kernel of the integral equation (40) as follows:

O ~ ~ —2)¢2(] — &)292-2(1 — ()2
Lemma 4 Forall 2, € € (0, 1), wehave A| < K(2, &) <Ag, where A| = (a—2)& ﬁza) AT -2 , Ao
Q[oc—Z lfg( a-2
= (F(Ot))Bo and By = max{o — 1, (a—2)%}.

Now for existence and uniqueness of the solution of BVP we have following theorem.

Theorem 5 Consider the BVP (38), (39) and assume that any of the following conditions hold:
(i) 3 a real number B with 0 < 8 < 1, such that

(€, g(€)) — f(&, v(€))| < BIf(E, a(€))|~B sup [g(A),

0<A<1

for all real valued continuous functions g(€), v(€) defined on [0, 1] and AA; > 1.
(ii) 3 a real number  with 0 < 8 < 1, such that

£(€, a(€) — f(€, v(€))| < Bla(€) —v(€)|

for all real valued continuous functions g(€), v(€) defined on [0, 1] and 1A < 1.
Then, the problem has a unique solution in C[0, 1].

Proof. We know that C[0, 1] with d the supremum metric is complete metric space. Define a selfmap 7 on C[0, 1] by

(o)) = 1 || K(E G (E, o(&))dé

for g € C[0, 1] and 2 € [0, 1]. Then the fixed point of 7 is the solution of the BVP (38) and (39).
Now we will show that all the hypothesis of Theorem 1 and contractivity condition of Corollary 4 are satisfied.

To prove that the relation 2 is I-closed, take g, v € & such that g.2v, i.e., By the assumption, we have ug =0 € C[0, 1]
such that

0=0(H) =2 [ K& §/(& o(&)a&
<Tgo =0,

this implies that go2go, implying thereby &(7, 2) is nonempty.
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Now we prove that the relation 2 to be T-closed, choose g, v € C[0, 1] such that g2v, then for v(r) > g(7)

implies that (TTu, 7Tv) € 2. Hence, 2 is T-closed. Firstly, assume that conditions (i) holds. Then for v(¢) > u(t) we have

AK(, €)|f(€, g(€)) — f(& v(€))| < PAK(A, C)|f(E, g(€))| —BAK(A, €) sup |g(A)|.

0<A<1

So

[ K@ B, @)~ 5 W@ < [ BAK, BIFE o(@)

BAK , &) sup |g(A)|de.
0<A<I1

— ['AK(E, ®/(, o(&) - AKE, /(& v@)|< [ FAKE, BI/E (@)

/ BAKA, sup |g(%)|0&.

0<A<1

< [ BAK, BIFE, o(@)] — Brrarlo(®)
< [ BAK(@, &11(E o(&)08~Blod)

E)f(€, g(€)) @€ —g(A)|.

Therefore, for any g, v € C[0, 1] and 2l € [0, 1], we have
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<A/ K, &)|£(&, 9(&))— £(&, v(&))|pe

<B| [ BAK(L ©)7(E, a(@)pE - 2Y)
= BI(T)(%) (%)
So,

#(Tg, ) <Bp(Tg, 9) < 7¥(g, v).

Similarly,

#£(Tg, ) <Bp(Tg, 9) <#'(g, v).

Now, if we choose the condition (ii), then

(ICTg) (@) = (W) ()]) = 4

= ABAog(g, v)
<Bp(g, v)
Therefore,
©(Tg, ) < Bgp(g, v) < ¥ (g, v).
Similarly,
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#(Tg, ) < Bgp(g, v) < (g, v).

Then for g, v € C[0, 1] and the assumption of (i) and (ii) we have

¢(2(Tg, W) < o(V(@(g, v)) —w(# (#(g, v)))- (41)

Using Remark 2, we have

¢(0(Tg, W) < o(V(@(g, v)) —w(# (£(g, v)))- (42)

For ¢(t) = r and w(t) = (1 — B)t, equation (26) holds true. Then we can say that 7 satisfy the contractive condition
of the Theorem 1.

For 2 to be go-self closed, assume {g, } a 2- preserving Cauchy sequence converging to g € C[0, 1]. As {g,} is 2-
preserving, we have

g0() < g1 (A) < @A) <+ < gp(A) < gt (A) < - <g(A) A€o, 1],

then we get g,2g Vn € N. Therefore, 2 is @- self closed.
Hence, we verify that all assumptions of Theorem 1 are satisfied. Hence T possess fixed point, which amounts to say
that the integral equation (40) has a solution. Finally we can say that the fractional differential equations (38) and (39)
have a solution in C[0, 1]. O
Now we can give an example in support of Theorem 1.

Example 2 Consider & = [0, 1] is a metric space with usual metric . Suppose a relation 2 = {(ﬁl, &ecG:¢>

-2
A > 3} and mapping 1: S — & defined by

o
=3
2
m

||

o
\
N———

It is clear that (S, d) is 2-complete, 2 is T-closed & T is 2-continuous function. Now, V (2, &) € 2. One can
I~ - 5~ 1~ - o~
easily verify that gd(Ql, ¢) <¥(, €)and gd(Ql, ¢) < (A, €), then we have

(T, ) = L2 &
| B
7(@( ) )
~Lla@, &) - {6 ]
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t
which implies that T satisfies the assumption (v) of Theorem 1 for ¢ (¢) = and y(¢) = % Consequently all the hypothesis

of Theorem 1 are satisfied and hence T has fixed point namely 2 = 0. Further the fixed point is also unique.
Now, we demonstrate the convergence of the Picard iteration scheme and the existence and uniqueness of the fixed

point.
Let 2, be the Picard sequence defined by 2,1 = T(2l,), for any 2 € [0, 1].

- 2 - -
If Ay € {O, ), then TI(xo) =0, and hence 2(; =0 and 2(,, =0 for all n > 1.

- [2 s Ay 12 e -
IfAy € [3, 1},then2l1 = FO < 3 < g,soagalnﬁlz:Oandan =0foralln>2.
Thus, for any initial point 2y € [0, 1], the sequence 2A,, converges to 0 in at most two iterations. Therefore, 0 is a

fixed point of 7.
~ ~ ~ ~ 2 ~ ~
To prove uniqueness, let 2 be any fixed point of 71, i.e., 1(2) =2 IfA € {07 3> , then T1(2() = 0, implying 2l = 0.

~ 2 ~ ~ ~
IfA e {, 1} , then 2 = 2[/6, which also gives 2 = 0. Hence, the fixed point is unique.
Example 3 Consider & = (—1, 1] is a metric space with usual metric . Suppose a relation 2 = {(2, ¢) € & : A >
& > 0} and mapping 7: & — & defined by

It is clear that (&, d) is 2-complete, 2 is T-closed & T is Z-continuous but not continuous function. Now, V

-~ 1~ - o~ 1~ - o~
(A, &) € 2. One can easily verify that Zd(Ql, ¢) <¥(2A, &) and Zd(?Zl, ¢) < (A, €), then we have

(T, ) = 18- &
L e
=343 8- 10
<o [ €)]
<Y (A, €)— 10
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t
which implies that T satisfies the assumption (v) of Theorem 1 for ¢ (¢) =7 and y(¢) = % Consequently all the hypothesis

of Theorem 1 are satisfied and hence T has fixed point namely 2 = 0. Further the fixed point is also unique.

~ =1 ~ 3
Notice that assumption (v) of Theorem 1 does not hold for the whole space (for example take 2 = - and € = g).

Therefore, this example cannot be solved by the existing results, which establishes the importance of our result.

6. Conclusion

In this paper, we established existence and uniqueness results for fixed points and coupled fixed points under a binary
relation via generalized (¢, y)-rational contraction. we also established some coupled fixed point results for mappings with
mixed 2-monotone property using relation-theoretic approach. An illustrative example and an application to fractional
differential equations validated our findings. Theoretically, the proposed results enrich fixed point theory by introducing
a broader class of contractions that generalize several existing theorems and provide a unified framework for studying
nonlinear mappings under binary relations. Practically, these results can be applied to the analysis of nonlinear functional
and fractional differential equations, offering effective tools for modeling and solving complex problems in applied sciences
and engineering. Future research may extend these results to broader settings such as Symmetric space, cone metric
space, partial or dislocated metric spaces and integral inclusions, as well as explore applications in nonlinear systems and
computational methods.
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