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Abstract: This paper introduces three novel numerical approaches for solving linear matrix differential equations.
Leveraging exponential functions and collocation points, these methods transform the original problem into a system
of algebraic equations through matrix operations. The first method employs negative exponential functions, the second
adopts positive exponential functions, and the third combines both into extended exponential functions. Error analysis is
provided, and an error problem formulated via the residual function is solved using the proposed techniques to estimate
errors. Numerical examples demonstrate the effectiveness of the methods and the accuracy of the error estimation.
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1. Introduction

First-order linear matrix differential equations of the form:

W'(x) =AW (x) +C(x), W(xo) =W, (1

arise in control theory (Lyapunov/Sylvester equations), quantum dynamics (master equations), and parametric model
reduction. Their numerical solution demands:

* Structure preservation: Maintaining solution properties (e.g., symmetry, positivity)

* Dimensional scalability: Handling n x p matrix solutions efficiently
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« Stiffness robustness: Resolving wide spectral ranges in A(x).

The first-order linear matrix differential equations play an important are widely used in Chemistry [1], Physics [2],
and Engineering [3]. Some researchers have studied on development and implementation of the numerical methods
to solve these equations, via minimal, regular, and excessive space extension-based universalization [4], bernoulli
polynomials for solving Linear Differential Matrix Equations (LDME) [5], discretization method [6], higher-order matrix
splines [7] and Krylov method [8]. One type of these methods in literature consists of the collocation method and the
different collocation methods have been used for solving various differential equations in the literature; in [9] using the
rational Chebyshev functions for nonlinear differential equations, in [10] using the bernstein polynomials for fractional
riccati type differential equations, in [11] using the radial basis function for Rosenau-KdV-RLW equation, in [12] using
the Bernstein polynomials for differential Lyapunov and Sylvester matrix equations, in [13] using Chebyshev spectral
collocation method for a system of nonlinear Volterra integral equations, in [ 14] using Jacobi spectral collocation method
for solving multi-dimensional nonlinear fractional sub-diffusion equations, in [15] using haar wavelet collocation method
for solving one-dimensional fractional boundary value problems, in [16] using the piecewise polynomials for terminal
value problems of tempered fractional differential equations, in [17] using the general form of Bernstein polynomials for
y-fractional differential equations, in [18] using the shifted Legendre polynomials for multiterm variable-order fractional
differential equations, in [19] using the Mittag-Leffler function for fractional Riccati differential equations, in [20] using
the Pell-Lucas polynomials for the parabolic-type partial integro-differential equations, in [21] using the Bell function
for linear fractional differential equations, in [22] using the Bell polynomials for nonlinear Fredholm-Volterra integral
equations and in [23] using the Bell polynomials for the fractional optimal control problems and using the exponential
function in [24-26].

Exponential functions or exponential functions have various application areas. For example, many optical and
quantum electronics [27], Human Immunodeficiency Virus (HIV) infection model of CD4+ T-cells [28], describing
biological species living together [29], a nonlinear phenomena model [30], various statistical studies [31], the analysis of
the control problem [32], the study of spectral synthesis [33, 34] and the problem regarding mean-periodic functions [35].
In this work, we implemented the exponential function and two methods: the extended exponential function and positive
exponential function methods.

The computational cost of the collocation methods changes depending on the choice of the collocation points and
functions. In this paper, we developed a collocation to find numerical solutions in three different exponential bases of
the first-order linear matrix differential Eq. (2). The numerical solutions will be computed in three forms of different
using the negative, positive, and extended exponential functions. Also, we will determine which of them works better by
comparing the results.

In this paper, we consider the first-order linear matrix differential equations:

{ W/ (x) = AW (x) + C(x), x € [xo, x/], o

W(X()) = W()7

where W (x) is an unknown matrix function of size n x p, the matrices A(x) € R"*", C(x), Wp € R"*? are all given. For
foundational details on such equations, see [1].

The aim of this paper is to apply the exponential collocation method in three different forms of the exponential
functions to obtain sets of approximate solutions of the first-order linear matrix differential equations (2). There have
been strong contributions that used the exponential method to solve many problems in various fields of science, and
we would like to mention: Our purpose in this study is to present three new methods (negative Exponential Matrix (EM)
method, positive EM method, and extended EM method), which are based on the exponential basis (14) and the collocation
points, to obtain the approximate solution of the problem (2) [36]. Let A = [a;;] € R and B € Rk Their Kronecker
product is the matrix A ® B € R"*"k defined by for each successive blocks of size [ x k, we have
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Example For A = (; i) and B = (2 ;) , the Kronecker product A ® B is:

o5\ L (0 0 5 0 10
6 7 6 7 6 7 12 14
0 5 0 5 0o 15 0 20
36 7] 16 7 18 21 24 28

We shall note that the Kronecker product gives the following important relation:
vec(AXB) = (BT ® A) vec(X), 3)
where the vector vec(X) is defined as
vec(X) = [Xi1, X1, ooy Xty ooy Xisy Xag, ooy Xns]” € R™. @)

We can organize the rest of this paper as follows. In Section 2, we first review some definitions and properties
of exponential polynomials and approximation of functions and derivatives for matrix exponential functions and
approximation of functions that are used throughout this paper. In Section 3, we explain how three exponential collocation
methods for solving problem (2). In Section 4, we present the planning method and iterative algorithm. In Section 5, we
study the error analysis and estimate the error. Finally, Section 6 is devoted to numerical applications and comparisons
to demonstrate the accuracy of three numerical schemes for solving Eq. (2). Section 7 gives the conclusions of the paper.

2. Derivative for matrix exponential function and approximation of functions

In this section, we want to determine an explicit formula for the derivative matrix exponential function, and we will
outline some of the basic definitions and properties of the exponential functions and approximation of functions.

2.1 Matrix of negative exponential bases

The set of negative exponential functions is defined by

{1, e, e > e, .} 5)

Yuzbasi et al. [37] have solved generalized pantograph equations with variable coefficients by using the collocation-
matrix method, which is based on the negative exponential basis (5).
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Let N € N. The space of negative exponential is defined by:

HN := span{1, ¢, e, e, L, e ™M}, 0<x < oo,

Let N € N. The matrix of negative exponential bases is defined by:

Let the matrix Eyeg, y(x) defined in Eq. (7). Then,

E;Veg, N(*) = Dneg, NEneg, N (%),

where Dyeg, n is the matrix in dimensional (N +1) x (N + 1) and it is defined by:

0 O 0
0 -1 0
DNeg,N:
0 0
0 —N

2.2 Matrix of positive exponential bases

Let N € N. The space of the positive exponential is defined by:

H := span{1, ¢, e, e L, Ny, 0<x < oo,

Let N € N. The matrix of the positive exponential is defined by:

Let the matrix Ep,, y(x) be defined in Eq. (11). Then,

E;’os, N(x) = Dpos, NEPpos, N(x),

Co iporary Math tics
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where Dpys, v, which is the matrix in dimension (N + 1) x (N +1) is defined by

0 O 0

0 1 0

DPos, N — 0 0
0 N

2.3 Matrix of the extended exponential bases

Let N € N. The space of the extended exponential is defined by:

HEY .= span{1, e, €%, e >, &>, e, ¥, ..., ™, e ™}, 0<x < oo,

Let N € N. The matrix of the extended exponential bases is defined by:

Epy n(x)=] e

Theorem 1 Let the matrix Egy,, y(x) be defined in Eq. (15). Then,

Epy. n(*) = DEx, NEEx, N(X),

where Dgy, v is the matrix in dimensional (2N + 1) x (2N + 1) and it is defined by:

0 0 0 0 0
0 -1 0 0 0
0 0 0
Dpa,n=1: : 0 -N 0 0
1 0 0
0 0

0 - 0 0 N |

(13)

(14

(15)

(16)

an

Proof. We multiply the matrix Dgy, y by the matrix Egy n(x) from the right side, and thus we have the matrix

E/Ext7 N(x)'

O
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2.4 Approximation of functions

Let the space H*, where k is N eg, Pos, or Ext, be the finite-dimensional vector space HF c 12 [x0, x f] is a complete
subspace of L?[xo, x/] (space of the measurable functions defined on the interval [xo, x/]). Then, for every f € L?[xo, x/],
there exists a unique g € H¥ such that

If =gl < [If=yll2, ¥y HE,

the function g is called the best approximation to f out of HX. As g € HV¢¢ we can get that

N
fx)~g(x) =) lie™™ =LEyeg, n(x), (18)
i=0
where L = [lo, 11, ..., Iy] € RI*WV+D Ag ¢ € HP*, we have
N .
f(x) ~ g(x) = Zliew = ]LEP()S, N(x)v (19)
i=0
where L. = [lo, 11, ..., Iy] € RV Ag ¢ € HEY, we write
N .
fx) = g(x) = Z lie" =LEgy, n(x), (20)
i=N
where L. = [lo, 11, ..., Iy, 11, 1o, ..., 1_y] € RN+ "and the coefficient I; obtained by collocation method.

3. Exponential collocation method

In this section, we propose three main approaches to solve the first-order linear matrix differential equations: The
negative EM method, the positive EM method, and the extended EM method created by the following numerical methods
Neg, Pos and Ext, respectively. First all, we suppose k is Neg, Pos, or Ext. Let W (x) = [W;;(x)],xp solution of Eq. (2).
Consequently, from (18), (19) or (20), we have

W,-j(x) :L,'jEk’ N(x), 1= 1, oy Ny ]: 17 ey P (21)

with the unknown row matrices L;; € R'* (m+1) where m = 2N for Ext and iz = N for Neg and Pos. We can write
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12

L1 Ex, n(x) LypEx, n(x)
(22)
Ly Lip Ey, n(x) O+ 1)x1
Lot Lup 1) x1 Ey n(x)
= (C (Ip ®Ek’ N(x)) 5
= WN()C),
L]] . ]Llp
where C = : : e Rrxp(mtl) Using equation (8), (12) or (16), we have
I[dnl ]an
W'(x) = C (I, ® Dy, NEx, N(x)) - (23)
By (22) and (23) in equation (2), we derive
C (I, ® Dy, NEx, N(x)) = A(x)C (I, ® Ey, n(x)) +C(x) + Ry(x), (24)
where Ry (x) is residual.
3.1 Choice of collocation points
The collocation points 1; are chosen as the Chebyshev-Gauss-Lobatto nodes in [xo, x¢] are defined by:
‘_Xf—)C() (2i—1)7‘£ .
ni= 5 (COS N +1)+x, i=1,...,N. (25)

This non-uniform distribution is preferred over equidistant points for three key reasons:

1. Spectral Accuracy: Chebyshev points minimize Runge’s phenomenon, enabling exponential convergence for
smooth solutions [38]. For analytic solutions (as in Examples 1-4), they typically achieve machine precision with fewer
points than equidistant grids.
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2. Stability: The clustering of points near the interval endpoints (xp and x¢) provides better resolution of boundary
layer effects that may occur in matrix differential equations [39]. This is particularly advantageous when A(x) has stiff
components.

3. Optimal Interpolation: Chebyshev points are roots of orthogonal polynomials, minimizing the Lebesgue constant
and ensuring numerically stable interpolation [40]. This property is crucial when approximating matrix-valued functions
through exponential bases.

From condition

Ry (Mi) = Opxp, 1<i<N,
the equations (24) and (25), we obtain the coupled matrix equations
C% = 9CE+Y, i=1,2,...,N,
where
€ =1, 9D, NEx, Nn(Mi), Zi=AMi), & =Ipe, N(Mi),
and
G =C(m).
Since from the initial condition we set C (Ip ® Ey, N(xo)) =W (xo) and define 19 = xo,

©0 = 0p(i+1)xps

@ (e Il’h
& =1, R Ex, n (x0),
G =-—W.
Therefore
C¢,— 9C& =%, (26)
fori=0, 1, ..., N. Using the Kronecker products relation (3) and the operator vec. The coupled matrix equations (26)
are transformed into the linear system:
Ax =B, 27

where
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) by

A1 by
A= . and B=| .

Iy by

with the <7 and b; are:

b; = vec (%) € RP*1
= A @I, — & © P e RPxmeitl)
X = VeC((C) c ]RWP(VTH—I)XI.

A solution to (27) exists and is unique when: For the collocation system (27) with N > m+ 1:

1. If rank(A) = np(m+ 1), there exists a unique solution.

2. If rank(A) < np(m+ 1), solutions exist iff B € range(A).

The first statement follows from the rank-nullity theorem. For the second, the Fredholm alternative guarantees
existence when B is orthogonal to ker(AT ). In practice, the exponential basis guarantees rank(A) = np(m+ 1) for distinct
collocation points.

4. Implementation method

In this section, we plan a method for solving the first-order linear matrix differential equations (2). We employ the
step-by-step method for solving (2) for [xo, x¢]. To do so, we choose s # 0, begining with xo := xo, Zo := W(xo) and

. . . .. . . Xf—X
using the collocation points x; = xo +is,i = 1, 2, 3, .... On each subinterval [x;, x;+1). Fori=0, 1, ..., [fo] —1,
s

by solving the following first-order linear matrix differential equations:

{ Z’(x) ZA()C)Z<)C) +C(x), xi <t <Xit1,
Z(x,-) = Zl’.

Hence, we approximate W (x) by Z(x). Then, to find the approximate solution Z(x) of W(x) on the next subinterval,
we set Ziy1 = Z(xiv1).

We summarize the above method to solve the first-order linear matrix differential equations for interval [a, b] to long
h €0, 1] in the following algorithm.

Algorithm 1 The exponential collocation method for the first-order linear matrix differential equations (a, h, Zg, m)

Inputs: A(x) an n X n matrix, Zg an n X p matrix, C(x) an n X p matrix and a.

1. Choose an integer m.

2.b=a+h

3. Compute A and B.

4. Compute x; solve the linear system equation (27).
5. Ci = vec ! (x;).

6. Z(x) = C; (I, ® By, n(x)).

7. End

Volume 6 Issue 6]2025| 7675 Contemporary Mathematics



4.1 Computational complexity analysis

The computational cost of Algorithm 4 depends critically on the basis size parameter N. We analyze each step’s
complexity using the Landau notation &(+):
The complexity derives from:

1. The matrix A has Nnp rows and np(m+ 1) columns, where m = N (negative/positive bases) or 2N (extended
basis). Its construction involves:

* O(N) evaluations of Ex n(n;) and Dy, nEx n(1i),
* O(N?p?n?) operations for Kronecker products in .¢7.
2. Solving the linear system (27) has complexity:

O(min{r’c, rc*}), r=Nnp, c=np(m+1),

with standard dense solvers. For N > i + 1, iterative methods with preconditioning reduce this to @ (N?p*n?(m+1)?).
3. Error estimation requires solving a smaller system of size & (Nnp x npM), where M = N + 1, giving 0 (N?p*n?).
5. Error analysis
In this section, we analyse the error &y(x) = W (x) — Wy(x). Our approximation solutions Wy (x). Here, W (x) and
Wiy (x) represent the sets of exact solutions and our approximation solutions of the first-order linear matrix differential

equations (2). This section includes the upper bound of error and the estimated error.

5.1 Error estimation and correction procedure

In this section, the error of the solution is estimated and also the solutions are improved with the aid of this error
estimation. &y (x) = W (x) — Wy(x) shows the actual error function.

Theorem 1 Let W (x) and Wy (x) be the exact solution and the approximate solution of (2). The error &y (x) satisfies
the problem

{ & (x) = A(x)Ev (x) — Ry (x), (28)

éaN(XQ) = Wo — WN(X()).
Proof. From (24), we can write
Ry (x) = Wy (x) = A(x)Wy (x) — C(x),
and from (2), we know W'(x) = A(x)W (x) +C(x). Hence we get
En(x) =W (x) — Wy (x)
=AX)W(x)+C(x) —A(x)Wy(x) — C(x) — Ry(x)

= A(x)(W(x) =Wy (x)) — Ry(x)

Co iporary Math tics 7676 | Lakhlifa Sadek, et al.



=A(x)én(x) — Ry (x).

For t = x¢, we have &y (xo0) = W (xo) — Wy (x0) = Wo — Wy (x0). Thus, the proof is finished. O

Corollary 1 We assume that the solution of the error problem (28) for truncated limited M by the presented method
is &y, m(x). Then the solution Wy (x) can be improved by summing &y, (x). Hence, we have an improved solution as
"VN7 M()C) = WN()C) thg)]\l7 M(x).

When the exact solution of Eq. (2) is not available, we can evaluate the precision and quality of our computed
solution by using the solution of the error equation. These metrics are used to assess how well our computed solution
approximates the exact solution.

5.2 Upper boundary of error
In [41], the unique solution of the Eq. (28) is defined by

Sv(x) = B (x, x0) o+ / @, (x, T)Ry(T)dx,

where the transition matrix ®4 (x, xo) = 0 TetAg = [ n[1ax , | Aij(7) } and the 2-logarithmic norm of the matrix
TE|X0, X

)Lmax (AO + Ag)

Agp is [.LQ(A()) = 2

with uy(Ag) # 0. Then, the following inequality is obtained:

er—x0)i2(Ag) _

Ev(x)|l, < eX20)2A0) 1211, 4 ow (x
v (x)]l2 < 1€0/l2 + ow (%) (A0

(29)

where oy (x) = Tg[iaxx]HRN(T)Hg.
0

Proof. We have

X
163 (3) 1l = 1@a (x. 0) &0+ | @atx. DR (D)
X0
X
<@ (x, x0) &l + | | @aler, DR (D)
X0
X N e X T o
< oty 4 | [0t Ry (@)
X0
* A(s)ds * g
< R X ool [ A Ry ()
X0
X o x X
<% ol Golla+ [ el A0 Ry (7))
X0

X
< IIE(X’)‘(’)A“HzIIfo@oIIﬁ/ ™= 5 || Ry (T)d 7] 2,
X0
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as |||, < eH2(d0)x 5o

||(§N(x)‘|gx7x0)ﬂ2(A0>||(500H2+/ e(xfr)uz(Ao)HRN(T)dT”Z
J X0

<e(x*x0)“2(A0>||50\|2+ max ||RN(T)||2/ e D(A) g
T€ X0, X] Jxo

(x=x0)u2(A) _ 1
<er0)(Ao) 1 @15 + max ||Rv(T 67
< || on re[xo,X]” N( )”2 IJZ(A)

5.3 Convergence and stability
5.3.1 Convergence conditions

The exponential collocation methods converge under the following sufficient conditions:
Theorem 3 [Convergence] For the matrix ODE (2) with A(x) Lipschitz continuous and C(x) € C¥[xg, x|, the
approximate solution Wy (x) satisfies:

CAclLthin(N+ 1, p)

W =Wyl < L

+ ﬁ( K(A) 8mach) )

where:

* Ca = sup, AN (x)]

* Cy: Lipschitz constant of A(x)

* h: Subinterval length

* p: Order of exact solution smoothness.

Proof. Combine the truncation error of the exponential series (Lemma 1) with the stability bound (Proposition 5)
via Gronwall’s inequality. O

5.3.2 Numerical stability

The methods exhibit conditional stability governed by:
Theorem 4 [Stability Criterion] Let t, (A(x)) be the logarithmic 2-norm of A(x). For step size i and basis order N,
the scheme is stable when:

2N +1
hin(4) < —5—,

(Negative/Positive Bases)

1
<L .
hip(A) < N (Extended Basis)

The extended basis requires stricter stability due to bidirectional exponential terms, but gains accuracy for oscillatory
solutions (Example 3).

For stiff systems (u2(A) > 1), the subdomain approach in Algorithm 1 with 4 ~ > (A)~! maintains both stability
and accuracy.
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6. Numerical experiments

In this section, we give the numerical applications of the negative EM method, positive EM method, and extended
EM method (Algorithm 4) presented in this paper. Also, we compare our results with the results of other methods in
[7, 42—44]. All the experiments were performed on a laptop with an Intel Core i3 processor and 4 GB of RAM, using
software MATLAB 2020 b.

Example 1 Firstly, we consider the first-order linear matrix differential equations [7, 44]:

W' (x) = A(x)W (x) +C(x), x€ [0, 1],
(30 (30)
WO - ( 1 1 > )
where
1 -1 —3e -1 2—2te™™
Alx) = = 1
(x) ( | & ) and C(x) ( “3¢*—2 1-—2cosh(x) ) GD
with the exact solution
277 +1 e -1
W(x)= ( o 4 ) (32)

The obtained results of the negative EM method, positive EM method, and extended EM method are given in Table
1. This table shows that our method gives better results methods in [7, 43, 44]. In Figure 1, the approximate solution and
exact solution of Example 1 for N = 4 is compared. Table 1 shows that the negative EM method is superior to the positive
EM method and the extended EM method because the solution contains elements used in the negative EM method.

32 .1 1.1,
Exact solution 0 Exact solution Exact solution
3 Negative exponential Negative exponential Negative exponential
0 matrix method 0 0 matrix method 14 matrix method
Positive exponential Positive exponential Positive exponential
2.8 matrix method -0.1 matrix method 09+ matrix method
- ... Extended exponential ... Extended exponential Extended exponential
26 B\ matrix method 02 B matrix method 08! matrix method
. c .
=24 R 5-03 * 50.7
C 2. | § - -0. 0, S0.
= 1} = 1} = LN
LN L\ LN
22 | § -0.4 L 8 0.6 LN
0, LN kN
LN L N &
2 %\S -0.5 %\S 0.5 %\@
“a “a 6.
A\ AN o
1.8 LN -0.6 LN 04+ ™
LN 0 e“@ S\S
6 S R S N -0. S R S S o3 S
0 0.1 0203040506 0.7 0809 1 0 0.1 02030405060.70809 1 0 0.1 0203040506 0.7 0809 1

Figure 1. The approximate solutions for N = 4 and exact solution of Example 1
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Table 1. Comparison of the methods in [7, 43, 44] and the proposed methods for (34)

Interval N=4
Method [7] Method [44]  Method [43]  Negative EM method  Positive EM method ~ Extended EM method
[0,01] 506x107% 628x10710 552x107!! 4.32x 1071 7.67x 1078 5.75x 1078
[0.1,02] 1.02x1077  1.22x107°  479x 1078 421 x 1071 1.50 x 1077 1.28 x 1077
[0.2,03] 1.54x1077 1.78x107°  825x 1078 4.55x 1071 2.20x 1077 1.32x 1077
[0.3,04] 2.10x1077 298x107°  6.87x107° 5.55x 10713 2.20x 1077 1.32x 1077
[0.4,05 270x1077  273x107°  7.16x 1078 5.55x 1071 2.86 x 1077 2.01 x 1077
[0.5,0.6] 3.38x1077  3.09x107°  3.71x107° 5.66 x 10713 3.45x 1077 3.32x 1077
[0.6,07] 4.19x1077  331x107°  436x 1077 8.43 x 10715 3.95x 1077 4.45x 1077
[0.7,0.8] 521x1077 341x107°  2.62x107° 9.10x 10~13 5.14x 1077 5.47 x 1077
[0.8,09] 659x1077  326x107°  1.07x107* 1.08 x 10714 6.98 x 1077 6.66 x 1077
[0.9, 1] 851x 1077  2.80x107°  3.41x107* 1.09 x 1014 9.46 x 1077 8.42x 1077
Interval N=5
Method [7] Method [44]  Method [43]  Negative EM method  Positive EM method  Extended EM method

[0,01] 675x1071° 279x10712  1.31x 1071 5.66 x 10713 1.33x 10710 1.89 x 10710
[0.1,02] 136x107° 545x107'2  6.57x10710 2.88x 1071 2.74 x 10710 4.99 x 10710
[0.2,03] 206x10™° 7.94x1072  1.29x107° 1.88x 1071 4.23x 10710 4.99 x 10710
[0.3,04] 280x10™° 1.02x107'"  6.60x 10! 321x 1071 4.23x 10710 3.74 x 10710
[0.4,05 3.60x10™° 1.22x 1071 9.71x 10710 4.44x 1071 5.82x 10710 3.69 x 10710
[0.5,0.6] 450x10™° 1.39x107'"  1.30x 1077 477%x 1071 7.51x 10710 3.61x 10710
[0.6,0.7] 557x10™° 1.50x 107" 2.79x 107° 5.88x 1071 9.30x 10710 3.31x 10710
[0.7,08  693x10™° 1.55x107'"  2.66x 1073 6.10x 10713 1.12x 107° 3.14x 10710
[0.8,09] 875x10™° 1.50x107'"  1.57x107* 7.38x 1071 1.32x107° 3.84x 10710
[0.9, 1] 1.13x107%  1.32x107"  6.83x107* 1.02 x 1071 1.52x107° 5.65x 10710

Example 2 Secondly, let solve the first-order linear matrix differential equation [44]:

where

W' (x) = A(x)W(x) +C(x), x€ 0, 1],

Wo =

c11(x) and ¢2(x) are defined as:

iporary Math

fics

— 00| =

o= O

c11(x)
~1

0
22 ()C)

(33)
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92
_a 82x) (2x2—6—x),x2%,
n() =9 (o 1
3 (2x*—6—x), x < >
(1—2x)? . 1
—T((2x—7)cos(x)—&—(Zx—l)sm(x))7 x> >
2=\ (1o 1
T((Zx—7)cos(x)+(2x— 1)sin(x)), x < X
and also the exact solution
W]]()C) 0
W(x) = , (34)
1 sz(x)
in which
)cf1 3 x> 1
2 9 — 2’
wll(x) =
oy Lt
57X . ,
and
1\’ 1
__ > _
( 2) cos(x), x > >
w(x) =

In Figure 2, we compare the approximate solutions with the exact solutions in the interval [0, 1]. In Table 2 and Figure
3,4, 5, the results of our methods (with negative, positive, and extended bases) and the method in [44] are compared for

N =4 and N = 5. From these comparisons, it is observed that our results are good. Also, it is seen from Figure 4 that the
estimation error function is almost the actual error function.
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Table 2. Comparison of the absolute errors of our methods and the method[44] for problem (37)

N=4
Interval
Method [44]  Negative EM method  Positive EM method ~ Extended EM method
[0,0.1]  7.98x107° 3.10x 1078 7.87x 1078 9.45x 1070
[0.1,02] 1.28x107% 6.55x 1078 1.51x 1077 8.89 x 1078
[0.2,03] 1.46x1078 1.00 x 1077 2.18x 1077 1.33x 1077
[0.3,04] 1.76x 1078 1.00 x 1077 2.18x 1077 1.33x 1077
[0.4,05 1.65x1078 1.32x 1077 2.83x 1077 2.18x 1077
[0.5,0.6] 1.70x 1078 1.66 x 1077 3.46x 1077 3.22x 1077
[0.6,0.7] 3.31x107% 1.76 x 1077 3.22x 1077 3.67 x 1077
[0.7,0.8] 9.40x 1078 2.16x 1077 3.07x 1077 4.28 x 1077
[0.8,09] 7.81x107% 2.80 x 1077 2.99 x 1077 5.01 x 1077
[0.9, 1] 1.06 x 1077 3.75x 1077 3.00 x 1077 5.82x 1077
Interval N=5
Method [44]  Negative EM method  Positive EM method ~ Extended EM method
[0,0.1]  1.51x10710 1.17 x 10710 1.93 x 10710 1.64 x 10710
[0.1,02] 3.73x 1070 2.33x 10710 3.63x 10710 3.70 x 1010
[0.2,03] 5.90x 10710 3.33x 10710 5.15x 10710 4.60 x 10710
[0.3,04] 824x107'0 3.33x 10710 5.15x 10710 4.60 x 10710
[0.4,05 1.07x107° 4.04x 10710 6.55x 10710 4.98 x 10710
[0.5,0.6) 1.23x107° 5.22x10710 7.86 x 10710 533x10710
[0.6,0.7] 1.19%x107° 5.56x 10710 7.47 x 10710 6.04 x 10710
[0.7,08 1.16x107° 7.70 x 10710 7.30 x 10710 6.95x 10710
[0.8,09 1.16x107° 1.09 x 1077 7.34x 10710 8.05x 10710
09,1  1.18x107° 1.53x 1077 7.58 x 10710 9.25x 1010
0.14 . . 0.14 -
Exact solution = Exact solution
0.129 Negative exponential 9 0.12¢ Negative exponential
\ 0 matrix method / il 0 matrix method
0.1\ Positive exponential / 01 A Positive exponential
' matrix method 4 RS matrix method
0.08. \|a««, Extended exponential | 008 \ [mm=n Extended exponential
’ \ matrix method / : \ matrix method
= a P
< 0060 Y ? 006§ /
\ / \ y
004 X A 004 X g
% # L} v
0.02 N, o 0.02 - k' .
N o LN o
0r S0 g-gre? 0r $0-6-g-60-9
-0.02— -0.02 —

0 0.102030405060.70809 1 0 0.102030405060.70809 1

Figure 2. Comparisons of approximate solutions for N = 4 and exact solutions of the problem (33)

iporary Math tics 7682 | Lakhlifa Sadek, et al.




,Negative exponential matrix method lo_oNegative exponential matrix method

x 10 x
7r 8r
61 —— Absolute error T
L —#— Corrected absolute error I
s O Estimating error b 6
5 L
4
4 |
3
3 L
2
2 L
1 1
( Il 1 ! 0 1 1 1 ] L L L Il i
0 01 0203 0405 06 07 0809 1 0 01 0203 0405 06 07 0809 1
107 Positive exponential matrix method 4>< 10° Positive exponential matrix method
457 r
—a— Corrected absolute error
4t 35t
35+ 30
3 -
2.5 ¢
25+
2
2 -
1.5
1.5+
1+ =~ Absolute error 1
0.5 O Estimating error 0.5
O 1 1 1 L L L L L 1 J 0 L L L L 1 1 L L L 1
0 01 0203 0405 06 07 0809 1 0 0.1 0203 0405 06 07 0809 1
Extended exponential matrix method , Extended exponential matrix method
x 107 x 10

7r 35+ '
—a#— Corrected absolute error I
6f = Absolute error 3
5| O Estimating error 25
4t 2+ i
3t 151 “ J ‘
2t 14
1r 0.5
o Pad I N S (N (R N Y B 0 2% 0 &8, (Y
0 0.1 0203 0405 06 07 0809 1 0 0.1 0203 040506 07 0809 1

Figure 3. Comparison of the error functions (actual, estimation and corrected) in separate graphs for N =4 and M = N + 1 of Example 2
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Figure 4. Comparison of the actual error functions (for negative, positive and extended bases) in single graph for N = 5 of Example 2
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Figure 5. Comparison of the error functions (actual, estimation and corrected) in separate graph for N = 5 and M = N + 1 of Example 2

In Figure 6, we plot the absolute error (actual, estimation and bounded) in separate graphs for N = 4 of Example 3

1 0
where Ag := | max |A;;(7) || =
Le[o, 1]| (1) 0 1
x 107 x 10 x 107°
4 1.4 1.8
35 16 Actua error
' Actua error 0.1 -Actua error ’ O Estimating error|
3 O  Estimating error O Estimating error 1.4 Bound error
Bound error 1 Bound error 12
2.5 ’
0.8 1
2
0.6 0.8
1.5 06
0.4
! 0.4
0.5 02 0.2
() @ e ) ) L i )
001020304 0506070809 1 001020304 0506070809 1 001020304 0506070809 1

Figure 6. The absolutes error (actual, estimation and bound) in separate graphs for N =4 and M = N + 1 of Example 2

In Figure 7, we compare the estimation error function is almost the actual error function for N =5and M =N+ 1
of Example 2.
Example 3 Now let’s consider the problem [7, 43, 44]:

W'(x) =A(x)W(x), x€[0, 1],

1 35
Wo = 0 y ( )

where
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1 2x2—1 2 —2x—1

Alx) = —-— 36
(x) B—x—1\ —x—-1 B+x2-—x-1]J (36)
with the exact solution
e
W(x) = 37
W={ (37)

In Table 3, the comparison between the methods in [7, 44] and our methods for N =4, N =5 is presented. In Figure
7, the approximate solution for N = 4 is compared with the exact solution. Figure 8 and 9 show the comparisons of the
error functions (actual, estimation, and corrected) of our methods (with positive, negative, and extended bases) in separate
graphs for N =4 and N = 5, respectively. Figure 10 and 11 show the comparisons of the actual error functions of our
methods (with positive, negative, and extended bases) in the same graphics for N =4 and N = 5, respectively. Also, it is
seen from Figure 11 that the estimation error function is almost the same as the actual error function.

Table 3. Comparison of the methods in [7, 44] and our methods for the problem (39)

=4
Interval N
Method [7] Method [44] Method [43]  Negative EM method  Positive EM method ~ Extended EM method
[0,0.1] 1.14x1077  1.75x107°  2.19x 10710 7.09 x 1078 1.44 x107° 1.46x 1078
[0.1,02] 2.62x1077  397x10™°  1.61x 1077 1.64 x 1077 321x107° 291 x 1078
[0.2,03] 451x1077  670x107°  3.45x 1077 2.84 x 1077 536 x107° 6.11x1078
[0.3,04] 689x1077 1.01x107%  3.61x1078 2.84x 1077 5.36x 1077 6.11 x 1078
(04,05 9.89x1077 1.40x107%  4.02x 1078 4.37%x 1077 7.95x107° 9.70 x 1078
[0.5,06] 136x107° 1.90x107%  2.65x 107> 6.31 x 1077 1.10x 1078 1.33x 1077
[0.6,07] 1.82x107% 250x107%  3.98x 107> 8.71 x 1077 1.47x 1078 1.56 x 1077
[0.7,0.8] 237x107% 330x107%  2.99x107° 1.16 x 1076 1.91x 1078 1.66 x 1077
[0.8,09] 3.05x107% 4.10x107%  1.52x107° 1.52x107° 2.43%x 1078 1.69 x 1077
[09,1] 3.86x107% 520x107%  6.04x1073 1.96 x 1076 3.03x 1078 1.76 x 1077
N=5
Interval
Method [7] Method [44]  Method [43]  Negative EM method  Positive EM method  Extended EM method

[0,0.1] 1.80x10™° 9.56x107'2 4.37x10712 3.15x 10710 1.49 x 10712 5.92x 107!
[0.1,02] 4.09x10™° 2.15x107'"  2.65%x 1077 7.33x 10710 3.19x 10712 7.82x 107!
[0.2,03] 7.00x107° 3.63x107'1  6.48x107° 1.27 x 107° 5.14 x 10712 7.82x 10711
[03,04] 1.07x107% 545x107!1  3.97x 10710 1.27x107° 5.14x 10712 5.25x 107!
[0.4,05] 153x107% 7.68x107'"  7.49x 107 1.96 x 1077 7.37 x 10712 391 x 107!
[0.5,0.6] 2.10x107% 1.04x1071  1.09x 1077 2.84x 1077 9.94 x 10712 5.07 x 107!
[0.6,07] 280x107% 136x107'0 2.98x107° 3.93x 1070 1.28 x 10711 6.13 x 10711
[0.7,0.8] 3.65x107% 1.75x10710 3.55x 1076 5.27x 1077 1.62x 10711 7.24x 1071
[0.8,09] 4.67x107% 222x107'0 2.62x107° 6.90 x 1070 2.00 x 10711 1.23x 10710
09,1 590x107% 276x10710 1.41x107° 8.87 x 107° 2.43x 1071 1.27x 10710
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Figure 7. Comparison of the approximate solutions and exact solution for N = 4 of Example 3
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Figure 8. Comparison of the error functions (actual, estimation, and corrected) in separate graphs for N =4 and M = N + 1 of Example 3
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Figure 9. Comparison of the error functions (actual, estimation and corrected) in separate graphs for N = 5 and M = N + 1 of Example 3
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Figure 10. Comparison of the actual error functions (for negative, positive and extended bases) in single graph for N = 4 of Example 3
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Figure 11. Comparison of the actual error functions (for negative, positive, and extended bases) in single chart for N = 5 of Example 3
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In Figure 12, we plot the absolute error (actual, estimation, and bounded) in separate graphs for N = 4 of Example 3

1 2
where Ag := Lren[(e)lxl] |Aij(7) |} = ( 5 1 )
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Figure 12. The absolute error (actual, estimation, and bounded) in separate graphs for N =4 and M = N + 1 of Example 3

Lastly, we solve the problem of the first-order linear matrix differential equation given by [42, 43]:

W (x) =A(x)W(x)+C(x), x €0, 1],

wo—=| 0o -1 |, (38)
0 O
where
—1-x 0 —14+é&+x
Alx) = e —x 1 ) (39)
0 -1 er
and
—(—1=x)(1+x)—(—14+e+x)x+1 —(=1=x)(e"+x)+e" +1
Cx) = —x—e*(1+1) —ef (e +x) +x(F®+5x—1)+5+2x |,
1 —xe* —1+x(5+x)

with the exact solution
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1+x e +x
W(x) = 0 —1+5x+x* |. (40)
X 0

As in previous examples, we present the comparisons between the approximate solutions and the exact solutions,
and also we compare the errors of our methods (with negative, positive, and extended bases) both among themselves and
with the errors of other methods [42, 43] for N =4 and N = 5. These comparisons can be from Table 4 and Figure 13, 14,
15. As we see, the solution calculated by the proposed method is in good agreement with the exact solution. Moreover,
we note that the proposed method is better than the one found in [42, 43]. It is seen that the proposed three methods are
more effective than other methods, and also our methods with positive bases are better than our methods with negative
and extended bases in this example. The estimation error function is close to the actual error function. In addition, it
is observed that the approximate solutions obtained with the error correction technique much better results give better
results.
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Figure 13. The approximate solutions and the exact solution for N = 5 of Example 4

Volume 6 Issue 6]2025| 7691 Contemporary Mathematics



Table 4. Comparison of the methods in [42] and the proposed methods for the problem (42)

Interval N=5
Method [42]  Negative EM method  Positive EM method ~ Extended EM method
[0,0.1]  1.39x107° 1.61 x 10710 3.27x 107! 2.00 x 10710
[0.1,02] 1.39x10°° 3.24x 10710 6.21 x 10! 3.02x 10710
[0.2,03] 1.43x107° 4.85x 10710 8.85 x 10711 3.81x 10710
[03,04] 1.43x10°° 4.85x 10710 8.86 x 101! 3.81x 10710
[0.4,05] 1.49x 107 6.38 x 10710 1.12x 10710 4.18 x 10710
[0.5,0.6] 1.49x107° 7.76 x 10710 1.34x 10710 479 x 10710
[0.6,0.7] 1.57x107° 1.04 x 1077 1.55x 10710 7.20 x 10710
[0.7,0.8] 1.57x107° 1.42x107° 1.76 x 10710 9.00 x 1010
[0.8,0.9] 1.65x107° 1.92x107° 1.99 x 10710 8.54 x 10710
09,1  1.65x10°° 2.59x 1077 2.24x 10710 7.53x 10710
< 10° Negative exponential matrix method p_t Negative exponential matrix method
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Figure 14. Comparisons of errors (actual, estimation, and corrected) of our methods (negative, positive and extended bases) for N =5and M =N + 1
of Example 4
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Figure 15. Comparison of the actual error functions of our methods (negative, positive, and extended bases) for N = 5 of Example 4

In Table 5, we report the CPU running times in seconds for the four examples 7 = 0.1.

Table 5. Report CPU running times in seconds for the four examples 7 = 0.1

Example N=4
Negative EM method ~ Positive EM method ~ Extended EM method
1 0.243940 0.152903 0.104998
2 0.247771 0.154041 0.102792
3 0.268362 0.090476 0.109939
4 0.457437 0.397607 0.240870
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In Figure 16, we plot the absolutes error (actual, estimation and bounded) in separate graphs for N = 4 of Example
-1 0 27183
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Figure 16. The absolute error (actual, estimation, and bounded) in separate graphs for N =4 and M = N + 1 of Example 4

7. Conclusion

In this paper, an exponential collocation method is designed separately for the negative, positive, and extended
exponential bases to solve first-order linear matrix differential equations numerically. Although the results obtained for
each of these bases are good and close to each other, it has been observed that the results differ between these bases used,
depending on the problem. For example, it is seen that our method with negative bases gives good results in Example 2,
and one with positive bases in Example 3 and Example 4 gives better results. Each example shows that the estimated error
functions are very close to the actual error functions. This feature is important because it can be used to test the reliability of
the result when the exact solution of the problem is unknown. In comparison with other methods, the presented approaches
for each base give good results compared to other methods.
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