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Abstract: Conventional point-based algorithms largely ignore the strict sequential order of rotating multi-beam Light
Detection and Ranging (LiDARs). We exploit this intrinsic structure by modeling each scan ring as a discrete curve on a
conical manifold, encoded as a one-dimensional complex-valued signal. This representation preserves full 3D information
while enabling efficient, principled computation of geodesic curvature via discrete difference calculus. Augmented with
local smoothness and range-gradient features, this curvature forms the basis of an unsupervised classification pipeline
that uses adaptive ring-wise thresholds to label points as planar, edge, or corner features. A scan-topology graph then
aggregates these 1D labels into coherent 3D primitives, all in linear time. Experiments on synthetic and large-scale
urban datasets confirm the method’s theoretical accuracy and practical utility. Our C++ implementation processes
at over 80 Frames Per Second (FPS) on a single Central Processing Unit (CPU) core, significantly outperformings
traditional Principal Component Analysis (PCA)-based and clustering methods in geometric accuracy, label purity,
and temporal stability. By uniting first-principles differential geometry with real-time performance, our framework
provides a transparent, parameter-light alternative to learning-based pipelines, offering robust landmarks for Simultaneous
Localization and Mapping (SLAM) and consistent semantics for dynamic scene understanding.

Keywords: LiDAR point clouds, discrete differential geometry, conical manifolds, geodesic curvature, real-time feature
classification, scan-topology aggregation
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1. Introduction

Recovering differential-geometric information from a finite point set P = {p; } | C IR? is a classical yet notoriously
delicate problem. In the absence of an a-priori connectivity, one must first guess a local neighbourhood of each p; before
any notion of tangent, curvature, or singularity can be assigned [ 1] popular surrogates-k-nearest neighbours, £-balls, voxel
grids-introduce scale-dependent bias and incur O(mlogm) search cost [2]; moreover, the resulting curvatures fluctuate
heavily under noise or non-uniform sampling [3]. These difficulties become acute for modern outdoor LiDAR data, where
m easily exceeds 107 points per frame and must be processed in real time [4].

Prevailing approaches to LiDAR analysis often sidestep these fundamental challenges through two main strategies.
Projection-based methods [5] convert the point cloud into 2D image-like representations to leverage mature Convolutional
Neural Network (CNN) architectures, but this process inevitably distorts the underlying geometry. Alternatively, point-
based methods [6] treat the data as an unordered set; yet this ignores the valuable scan structure and necessitates
computationally expensive neighborhood searches, making real-time processing on large scenes a persistent challenge.
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Rotating multi-beam LiDARs, however, are not arbitrary samplers of R>. A sensor such as the Velodyne LiDAR Puck
(VLP)-16 contains N = 16 laser-detector pairs, each fixed at an elevation angle ®, € [—15°, +15°], n=1, ..., 16, and
mounted on a spindle rotating at 5-20 Hz [ 7]. During a single revolution the n-th laser emits roughly 2,000 pulses, recording
ranges P, k at azimuths ®; = kAQ, AB ~ 0.2° [8].

Thus every frame already arrives partitioned into 16 ordered scan rings (“channels”), each of which is a one-
dimensional signal living on a fixed conical surface [9]. Exploiting this rigid structure suggests a new way to side-step
the neighbourhood dilemma: analyse curvature along the scan rings, where adjacency is unambiguous, and defer any
cross-ring coupling to a later stage [10].

To exploit this structure, we model each LiDAR scan as a family of conical manifolds. Since each laser in the VLP-
16 is fixed at a certain elevation angle ¢, the set of points M, measured by that laser over one full rotation lies on a
right circular cone with apex at the sensor and opening angle ¢,. In other words, each full scan can be viewed as the
union of N = 16 discrete cones {M,}n = 1", one for each beam, with fixed inclinations spanning [—15°, +15°]. We
then parameterize each conical manifold by its azimuthal angle. Concretely, we encode the n-th beam’s scan by a discrete
complex curve z,(k) = py, «¢'%, where 6y is the horizontal rotation angle and P, k is the measured range at that angle.
This representation preserves the full 3D geometry (since ¢, is fixed and each p,, ; determines a unique point on the
cone), yet reduces curvature analysis to processing N one-dimensional complex signals. Based on this modeling, our
main contributions are as follows:

1. Geometric modelling and representation: We cast a rotating-LiDAR frame as a family of discretized conical
manifolds. Each of the 16 LiDAR beams of a Velodyne VLP-16 defines a cone M,, at fixed elevation ¢,, which we
encode by the parameterized curve z,(k) = p,, xe'%. This approach preserves full 3D point information while reducing
the curvature problem to 1D signal analysis along each scanline.

2. Discrete differential-geometry theory: On each discrete curve z,(k) we define tangent and normal vectors and
introduce a notion of discrete geodesic curvature. We then prove that as the angular sampling A8 — 0, the discrete
curvature converges uniformly to the corresponding continuous curvature on the cone. This provides a sound theoretical
foundation for our discrete curvature estimator.

3. Application to singularity extraction: We show that local extrema of the discrete geodesic-curvature signals
zn(k) serve as reliable indicators of geometric singularities along each scan ring. Exploiting this fact, we design a purely
geometric corner-and-edge detector whose core costs only a single pass over the one-dimensional data. On synthetic
shapes the detector localises all analytic singularities within one sampling step, while on the LIDAR-Urban dataset it
consistently identifies fagade intersections, kerb lines and vehicle contours with sub-decimetre accuracy-outperforming
PCA-based curvature thresholds and Euclidean clustering in both precision and runtime.

2. Related work

Our work builds upon concepts from 3D point cloud analysis and computational differential geometry. We position
our contribution by reviewing relevant literature in three key areas: projection-based, point-based, and classical geometric
methods for point cloud processing.

2.1 Projection-based methods

Projection-based methods convert the 3D LiDAR scan into 2D image-like representations to leverage mature 2D
CNN architectures. For example, SqueezeSeg and SqueezeSegV?2 project each point onto a spherical depth image
and apply an encoder-decoder CNN [11]. RangeNet++ similarly processes a spherical projection with a deeper Fully
Convolutional Network (FCN) and k-Nearest Neighbors (k-NN) refinement [12]. Other works use bird’s-eye views:
VolMap uses a Cartesian top-down projection and PolarNet uses a polar-coordinate Bird’s-Eye View (BEV) with ring
convolution [13]. These approaches achieve very high throughput-for instance, PolarNet reports “remarkably low
computational cost” while attaining state-of-the-art accuracy.
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However, projection inevitably distorts the data. As Zhang et al. note, applying an FCN on a spherical image incurs
“an inevitable loss of information due to the projection operation”, which especially hurts distant surfaces [14]. Such
losses limit the fidelity of the result. Moreover, a CNN on the 2D projection treats each pixel uniformly and does not
respect the LiDAR’s original geometry [15]. In short, while these methods are highly efficient, they uniformly process
pixels irrespective of the scan’s non-Euclidean layout [16].

In contrast, our framework operates directly on a geometrically faithful 3D model of the LiDAR data-a family of
discretized conical manifolds-and applies custom operators informed by that geometry rather than relying on opaque,
projection-based CNN filters. This preserves per-point range and angular fidelity and avoids the geometric distortions
and information loss that projection often introduces, while still delivering high computational efficiency (see §5.4 for
runtime). The principal trade-off is sensor-specificity: projection methods are more readily portable across different
LiDAR formats, whereas our approach is optimized for rotating multi-beam scanners (see the assumptions in §3.1).

2.2 Point-based methods

Point-based methods operate directly on the raw 3D point set. PointNet introduced shared MLPs on each point (plus
global pooling) to learn features [17], and PointNet++ built on this with hierarchical local grouping [18]. More recent
works add explicit local operators: for example, DGCNN uses a dynamic graph convolution (EdgeConv) to capture local
geometry, and RandLA-Net uses random sampling combined with a local feature aggregation module [19]. RandLA-Net
in particular is designed for efficiency on large scenes: it can process 1 M points in a single pass (= 0.04 s)-nearly 200x
faster than prior methods-by using stochastic sampling and lightweight local filters [20]. These models preserve the raw
geometry of the point cloud.

The drawback is that point-networks usually rely on expensive neighborhood queries and sampling [21]. Many such
architectures are tailored to small inputs: e.g., RandLA-Net observes that earlier methods “are limited to extremely small
3D point clouds (e.g., 4 k points)” and cannot scale to millions of points without partitioning [22]. In practice, computing
neighbors is costly-even farthest-point sampling can take hundreds of seconds on a million-point cloud [23]. Indeed,
prior work notes that the “primary limitation” of these networks is their heavy computational cost on large-scale data [20].
Another issue is that most point-based methods treat the LiDAR points as an unordered set, ignoring the inherent scan
ordering [24].

Our approach departs from point-based pipelines by exploiting the intrinsic sequential order of LIDAR rings. Rather
than performing expensive 3D k-NN or radius queries, we treat the adjacent samples on a ring as the local neighborhood
and apply efficient 1D operators, replacing costly spatial indexing with lightweight sequence processing. This design
yields substantial runtime savings and enables real-time performance on commodity Central Processing Unit (CPUs) (see
§5.4), but it does trade off full 3D neighbourhood information: initial feature estimates are ring-centric and may miss
geometric relationships that extend vertically across rings (see §3.1 and planned inter-ring fusion in §6.2).

2.3 Classical curvature estimation on discrete data

Classical methods compute curvature from sampled surface data. A common approach is local surface fitting, where
a small neighborhood of points is fit to a smooth patch (e.g. a quadratic surface), and curvatures are derived analytically
from the fit [25, 26]. Early work by Taubin and Hamann fitted local paraboloids to neighborhoods to estimate principal
curvatures [27]. Alternatively, PCA-based methods compute the covariance of nearby points: the smallest eigenvalue
Ao is often taken as a curvature measure [28]. For instance, Point Cloud Library (PCL) computes a curvature proxy

o= MLH from the 3 x 3 covariance eigenvalues. On triangulated meshes, discrete differential geometry provides
1+A2
~Yy.6

direct formulas. One computes the Gaussian curvature via the angle deficit: kg ~ i ' around a vertex. The mean

curvature uses the cotangent Laplacian: for vertex i, the mean-curvature normal is:
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H(x;) = 1 Z (cotayj+cotBij)(xj —x;) €))
24i jént

S0 that Ky = % | H(x) | 1291,

A common thread in these methods is their reliance on an explicitly chosen neighborhood. Selecting a suitable
radius or k is nontrivial-too small and estimates are noisy; too large, and different surfaces mix. Indeed, PCL notes that
“if the scale factor is too big, the set of neighbors covers points from adjacent surfaces” and distorts the estimate [30].
Such sensitivity is especially problematic for sparse, non-uniform LiDAR scans [31]. Our framework circumvents this
fundamental challenge: by operating along the sensor’s 1D scan rings, the “neighborhood” is naturally and unambiguously
defined by the data. We thus define a discrete geodesic curvature on each ring directly. This makes our curvature estimates
inherently robust to density variations and much more efficient, since we avoid any explicit 3D neighbor search or surface
fitting.

Classical curvature estimators depend on a manually chosen spatial neighborhood (k or radius), which is challenging
to set robustly on sparse, non-uniform LiDAR scans. By defining a discrete geodesic curvature along each sensor-provided
1D scan ring, our framework eliminates the need for scale-dependent neighborhood parameters and yields curvature
estimates that are computationally efficient and more reproducible on sparse data. The downside is conceptual: our
curvature is a 1D, ring-wise measure, whereas classical surface-based methods can estimate 2D principal curvatures that
are richer for some surface types; we view the two as complementary depending on the application requirements (see
quantitative comparisons in §5.3).

3. Discrete geometric theory and operators
3.1 The conical manifold model and complex representation

Let ¢, € [—15°, 15°] be the fixed elevation of beam n(n =1, ..., N) in a Velodyne VLP-16 scanner.
The continuous locus of points recorded by beam n during one revolution is the right circular cone

S,(r, 8) = (rcos(¢,)cos 0, rcos(¢,)sin0, rsin(¢,)), r>0, 0 € [0, 27) )
Removing the apex, M,, = S, \. {0} is a smooth 2-manifold whose first fundamental form is
ds? = dr* + r* cos*(¢,)d 6> 3)

This parameterization provides a local coordinate system (r, 8) for the manifold M,,. The associated first fundamental
form (Equation (3)) is the metric tensor in these coordinates; it is the essential tool for measuring lengths and angles
intrinsically on the cone’s surface.

A full LIDAR frame consists of range/azimuth samples {(p, &, 6) }k = 05"~! for each beam. Mapping (p,, &, ;) —
Si(Pn, k» 6k) embeds the data in R®. We encode the same information as a complex sequence

Zn(k) = Pn, keiekv k:()a R 1a (4)

with the cone index n being implicit. Because ¢, is fixed, the correspondence between z, (k) and its 3-D point is bijective.
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This complex-curve representation is a cornerstone of our framework. It losslessly encodes the full 3-D information
of a scan ring into a 1-D sequence, enabling the application of efficient signal-processing techniques while preserving the
underlying geometry. Figure 1 illustrates this entire modeling process, from the 3D conical manifold to its 2D complex-
curve representation.

Complex plane representation
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Figure 1. The conical manifold model and its complex-curve representation. This figure illustrates the cornerstone of our framework. (a) A set of
discrete sample points from a single scan ring lies on a conical manifold .#,, defined by the sensor’s fixed elevation angle ¢,. (b) We encode this ring
as a sequence of points z, (k) in the 2D complex plane. (Notes: This mapping is lossless: the 3D range p,,  is preserved as the complex modulus |z, (k)],
while the azimuth 6y is the complex argument. The key advantage of this representation is that it transforms a 3D geometric analysis problem into an
efficient 1D signal processing task, enabling the computation of geometric invariants like the discrete chord Az (orange vector) via simple difference
calculus)

It is important to acknowledge the assumptions and limitations inherent in this conical-manifold model. The
framework is specifically tailored to rotating multi-beam LiDARs whose fixed elevation angles for each laser beam
naturally generate discretized conical scan surfaces. Consequently, the model may not directly generalize to LIDAR
modalities with fundamentally different acquisition patterns (e.g., solid-state, Micro-Electro-Mechanical System (MEMS),
or flash LiDAR) without re-deriving the underlying scan manifold and differential operators. Furthermore, the model
assumes an approximately static 360° sweep: in practice, sensor ego-motion can distort the nominal conical geometry and
thus affect curvature estimates; the accuracy of our geometric operators is therefore contingent on the quality of motion
compensation (deskewing). Finally, by design our initial feature extraction operates independently on each 1D scan ring,
deferring explicit inter-ring geometric fusion to a later aggregation stage. This deliberate trade-off yields substantial
computational savings but reduces vertical resolution compared with methods that perform full 3D neighbourhood
searches.

3.2 Discrete differential invariants on the complex curve

With the model established, we now define the discrete operators that will serve as our primary tools for geometric
analysis. Forward difference

Azp(k) = zu(k+ 1) — 24 (k) %)
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Discrete arc length

A5 (k) =\ [ou (k+ 1) — pu(K) + [B, (k) cos (9,) A6,

(6)

_ n(k) + pn(k+1
o) = PHOTPEED g g, o,

The discrete formula (Equation (6)) is not merely a heuristic but a principled approximation of the continuous arc-
length integral. Substituting the metric into the line integral and applying the midpoint rule for numerical integration
yields

000) 500 = 7+ pReovi 610+ 0fa6) o

which corresponds exactly to (Equation (6)). Hence As, (k) is second-order accurate (O(A63)) in approximating the true
arc length.
Unit tangent direction

T(k) = ®)

Discrete geodesic curvature

_ |argAz, (k) — arg Az, (k — 1)|

K. n(K) Asn(k—1)

)

The geometric significance of this formula is best understood by visualizing the isometric planar development of the
cone, as illustrated in Figure 2. Unfolding the manifold .#, along a generator maps the 3D scan ring to a planar polygon
without distorting any intrinsic properties like arc length.

The geometric significance of our discrete geodesic curvature, illustrated in Figure 2, is best understood through the
concept of developability. A cone is a developable surface, meaning it can be cut along a generator and unrolled into a
flat plane without any stretching or distortion. This process is an isometry: it perfectly preserves all intrinsic properties,
such as the arc length of curves and the angles between them.

This isometric development transforms the problem of measuring curvature on a 3D manifold into a simple 2D
geometry problem. As shown in Figure 2, the discrete scan ring on the cone (Figure 2a) becomes a planar polygon in
the unfolded view (Figure 2b). In this 2D representation, the numerator of Eq. (9) has a direct visual interpretation: it is
precisely the turning angle at a vertex. The denominator, As,, is the corresponding edge length. Therefore, our formula
K, n(k) computes the classic discrete curvature of a planar polygon-the ratio of the turning angle to the arc length. This
confirms that our operator measures a purely intrinsic property, capturing how the scan ring deviates from a geodesic (a
straight line in the unfolded plane) within the conical manifold itself.
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Figure 2. Geometric interpretation of discrete geodesic curvature via isometric development. (a) A discrete scan curve on the conical manifold. (b) The
curve isometrically unrolled into a planar polygon. (Notes: Our discrete geodesic curvature operator (Eq. (9)) is equivalent to the classic turning-angle
curvature of this unfolded polygon. The numerator of the operator corresponds to the turning angle (visualized by the orange arc, labeled K, As), and the
denominator is the arc length of the incident edge (the segment from p;_; to py). This process confirms that our operator measures a purely intrinsic
property by transforming the 3D problem into a simple 2D measurement. (See §3.2 and Eq. (6)-(9) for formal definitions))

Formally, this discrete operator is a principled, finite-difference approximation of the continuous geodesic curvature

Ky = —q), where ¢ is the tangential turning angle and s is the intrinsic arc length. In the limit of sufficiently fine sampling
(As — 0), our discrete estimator converges to the continuous curvature under the regularity assumptions stated in §3.1.
This establishes a sound mathematical foundation for our method. The practical implications of this are straightforward:

* When &, , ~ 0 along a segment, the 3-D trace follows a cone geodesic, a signature typical of large planar surfaces
like building fagades or roadways in real data.

* Conversely, large values* signal sharp turns in the unfolded polygon, corresponding to geometrically salient features
such as facade intersections, curbs, or vehicle corners.

Auxiliary 1-D features

Su(k) = Var{pa(k—w), ..., pu(k+w)} (10)

_ |pn(k) *pn(kf 1)|
 Asy(k—1) (b

Dy (k)

Equation (11) measures the local range discontinuity by comparing adjacent range samples along a scan ring and
normalizing the raw range difference by the discrete arc length. Formally, for ring n we write the operator as D, (k) ~

where As,(k — 1) denotes the cone-metric arc length between samples k — 1 and k (see Eq. (6)). Thus D, (k)
provil((ies a discrete estimate of the magnitude of the derivative of range with respect to intrinsic arc length s; after this
normalization the quantity is dimensionless. Plane-like regions yield values near zero while true occluding edges produce
large positive spikes. This interpretation relies on the sampling assumptions in §3.1 and on the accuracy of the arc-length
discretization in Eq. (6); in practice, LIDAR-specific effects (range-dependent noise, low reflectivity, multi-path) can give
rise to spurious peaks and are mitigated in our pipeline by small-window smoothing and ring-wise robust thresholding
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(see §4-§5). In the limit of sufficiently fine sampling (As — 0) the discrete difference quotient converges to the continuous
derivative under the regularity assumptions stated in §3.1.

These operators quantify, respectively, local range variance and range discontinuity, and will complement curvature
in the classification stage.

3.3 Convergence and mathematical soundness

Having defined our core geometric operators, we now formally establish their mathematical reliability. This section
provides a convergence proof for our primary invariant, the discrete geodesic curvature, and discusses the overall
robustness of our 1D approach. A crucial property of any discrete geometric operator is its convergence to its continuous
counterpart as the sampling density increases. We now show that the proposed discrete geodesic curvature operator
converges as sampling density increases.

Theorem 1 (Uniform first-order convergence).

Let [0, 27t] — M, be a C? curve sampled at uniform azimuthal steps 6;. Then

m]flx kg, n(k) — Kg”"t(Gk)| =0(A0) (12)

Proof. Sketch.
1. Tangent Approximation. By Taylor expansion of the complex curve z(0), the discrete difference is:

Az(k) :z’(ek)A9+%z"(ek)A92+0(A93) (13)

from which it follows that the argument of the discrete tangent approximates the continuous tangent angle with first-order
accuracy:

arg (Az(k)) = arg (7' (6k)) + O(AB). (14)

2. Turning-Angle Accuracy. Let a(0) = arg (7 (6)) be the smooth tangent angle. The difference between successive
tangent angles, which forms the numerator of our curvature, is then:

larg(Az(k)) — arg(Az(k—1))| = |/ (6;)|AB + O(A6?). (15)

3. Arc-Length Accuracy. As established in §3.2, the discrete arc length As(k) is a second-order accurate
approximation of the true arc length increment s’ (6;) A9:

As(k) =5 (6,) A + 0 (A6?) . (16)
4. Quotient Convergence. Taking the ratio of the turning angle (Step 2) and the arc length (Step 3) yields:

o’ (6)]
s’ (6x)

ke, n(k) = +0(A8) = K57 (6) + O(AB). (17)
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The C2-smoothness and compactness of the curve ensure all constants in the O(A8) term are bounded, so the
convergence is uniform. Hence, the estimator is mathematically consistent and reliable. The empirical results presented
in section 5 will corroborate this predicted O(A8) convergence rate.

4. Application framework-geometric feature classification
4.1 Point-wise feature vector construction

The foundation of our classification pipeline is the characterization of each point’s local geometry using a concise
and interpretable feature vector.
For every point p, (k) (index k on ring n), we assemble the three discrete invariants defined in section 3:

Fu(k) = (Kg, n(k), Su(k), Dn(k)) (18)

The feature vector assembled in Equation (18), fn(k) = [Kg, n(k), S.(k), Dn(k)], is a compact, physically
interpretable signature of local geometry on ring n. Here K, , is the discrete geodesic curvature (Eq. (9)) that measures
intrinsic turning of the scan curve (dimensionless after normalization by arc length); S, is the local range-variance or
smoothness (Eq. (10)), which quantifies surface roughness/planarity (units of range’? unless normalized); and D, is
the normalized depth-discontinuity (Eq. (11)), which detects occluding depth jumps (dimensionless after arc-length
normalization). These three complementary invariants separate distinct physical phenomena-bending, surface roughness,
and occlusion-and together provide robust cues for classifying planar patches, edges and corners using the ring-wise
adaptive thresholds in §4.2. The features’ normalization choices (arc-length based for K, , and D,, local-window
normalization for S,) render them largely scale-invariant and mitigate simple range-scaling effects; residual sensitivity
to LiDAR-specific physics (range-dependent noise, reflectivity/incidence-angle dependence, multi-path returns, deskew
errors) is handled by the small-window smoothing and ring-local quartile thresholds described in §4-§5.

Figure 3 visualizes these three feature signals along a representative scan ring, illustrating how different geometric
structures produce distinct and recognizable signatures.

Feature signals on a single scan ring

=
=

—K, k)
— Smoothness (k)
— DepthGradient (k)

Corner signa
rough signature
(Vegetation)

Planar signature

g
=3

0 50 100 150 200 250 300 350
Azimuth 6 (degrees)

Normalized feature value
=)
W

Figure 3. Characteristic 1-D signatures on a representative scan ring. (Notes: The overlaid feature signals-geodesic curvature K, (k) (blue), smoothness

S(k) (green), and depth discontinuity D(k) (red)-form distinct signatures for different geometric structures. As annotated, planar regions yield a flat,
near-zero response, whereas sharp corners produce coincident spikes in curvature and depth gradient, and rough vegetation is dominated by a high
smoothness signal. This clear separation in the feature space is the foundation for our adaptive classification pipeline (Algorithm 1))

4.2 Unsupervised classification via ring-wise adaptive thresholding

With a feature vector defined for each point, the next stage is to assign a geometric label. We propose a simple yet
powerful unsupervised classification rule that is both computationally efficient and robust. The core idea is to avoid fixed,
global thresholds-which are notoriously difficult to tune and often fail across different scenes or sensor ranges-and instead
leverage the statistical properties of the features themselves on each individual scan ring.
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For each ring n and for each of the three features in F, (k), we compute the lower and upper quartiles of its distribution
over all k, denoted Tjow = Qo.25, Thigh = Qo.75- These quartiles serve as adaptive, ring-local thresholds.
The classification logic is applied as a decision tree, summarized below.

Algorithm 1 Unsupervised Ring-wise Geometric Classification

Input: For each scan ring n feature vectors F, (k) for all k
Output: A label L, (k) for each point.

1:  for each scanringn =1to N do

2: Compute quartiles 75, T,y for K, » overall k
3:  Compute quartiles rlf)w, r}figh for S, over all k
4:  Compute quartiles T{gw, Tﬁgh for D, over all k
5: for each point k =0 to K, — 1 do

6: if S, (k) > rgigh then

7: L, (k) < Rough

8:  elseif Kk, ,(k) < tf, and D, (k) < T2, then
9: L, (k) < Plane

10: elseif Ky, (k) > Gy, and Dy (k) > r}ﬁgh then
11: L, (k) <— Corner

12: elseif K, (k) > 75, then

13: L, (k) < Edge

14: else

15: L, (k) < Plane // Default for ambiguous, non-rough points
16: end if

17:  end for

18:  end for

This non-parametric, ring-wise approach is a key feature of our method. By deriving thresholds from the local
statistical distribution on each ring, the classifier automatically adapts to range-dependent variations in noise and point
density, eliminating the need for manually-tuned global parameters.

4.3 Structural aggregation via scan-topology graph

The final stage of our framework lifts the 1D point-wise labels into coherent 3D geometric primitives. This is
achieved by constructing a connectivity graph over the entire grid of scanned points, (n, k), and then extracting its
connected components.

We build a graph G = (V, E) where the vertices V are the grid coordinates of all points. An edge in E is created
between two vertices if and only if they satisfy three conditions:

1. Topological Adjacency: The vertices must be immediate neighbors in the scan grid: either angular neighbors
n, k+ 1 modK, or vertical neighbors (n+ 1, k). The modulo operation handles the wrap-around at the 0°/360° seam.

2. Semantic Consistency: The two points must share the same geometric label (Plane, Edge, etc.) as assigned by
Algorithm 1.

3. Geometric Proximity: The 3D spatial separation between the points must be below adaptive proximity tolerances
that are derived from sensor physics, not manual tuning.

To maintain the adaptive, parameter-free nature of our pipeline, we define the tolerances as follows:

AB1 = 1.5 X ABsensor (19)

Aptol = max(0.02 x p, 0.10 m) (20)
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where AB;,, 0, 1S the sensor’s intrinsic azimuthal resolution (e.g., 0.2° for a VLP-16 at 600 RPM), and p is the local mean
range of the two points. These values are derived directly from sensor specifications and local geometry, not hand-tuned
to a particular scene. The max function in Ap;,; robustly models LiDAR error, which consists of a minimum absolute
error at close range and a range-proportional error at a distance.

After constructing the graph by including only the edges that satisfy all three conditions, a Breadth-First Search (BFS)
is employed to find all connected components. Each component inherits the common label of its vertices, resulting in the
final output: a set of planar patches, edge chains, and corner clusters. The entire pipeline, from feature construction to
aggregation, runs in O(NK) time, where N = 16 and K = 2,000 per ring for the VLP-16, ensuring real-time performance.
The following chapter will provide an extensive experimental validation of this framework.

5. Experimental validation and analysis

To validate the theoretical framework developed in section 4, we conduct a comprehensive set of experiments.
Evaluation proceeds in two stages. First, we perform a numerical study on synthetic shapes whose geodesic curvature is
known in closed form, thereby verifying the convergence and accuracy of our discrete estimator. Second, we apply the full
feature-classification pipeline to a large-scale outdoor LiDAR data set collected with a Velodyne VLP-16 sensor. Because
the real data are unlabeled, we introduce quantitative measures that capture geometric quality and temporal stability; these
metrics are used in an ablation analysis and in comparisons with established baselines.

5.1 Numerical verification on synthetic data
5.1.1 Experimental setup

Three canonical shapes are chosen: an inclined plane, a right circular cylinder of radius R, and an axis-aligned cube.
For the plane the continuous geodesic curvature k,, vanishes identically. On the cylinder, a horizontal scan ring unfolds to
a sinusoidal curve on the plane, whose curvature equals 1/R. On the cube, k, = 0 on faces and is theoretically unbounded
at edges and corners; in practice those singularities manifest as spikes limited only by sensor resolution.

Synthetic point clouds are generated by intersecting the analytic surfaces with an ideal rotating LiDAR model at
sampling intervals A6 € {1.6°, 0.8°, 0.4°, 0.2°}. For each A6 the discrete geodesic curvature Kgi“'c is computed with the
formulas of section 4.

5.1.2 Convergence analysis

The maximum absolute error E(A6) was evaluated for the five sampling steps listed in Table 1. Figure 4 plots the
results, providing compelling numerical evidence that the discrete geodesic-curvature operator converges at the predicted
rate of O(A6). The cube experiment exhibits the same trend on its faces, while curvature spikes at edges and corners grow
as expected, further validating the operator’s sensitivity to singular features.

Table 1. Maximum error and convergence order (cylinder, plane)

Shape A0 (rad) Points K Max error E(AB) EOC
/32 64 1.25x 1072 -
/64 128 6.31x 1073 0.98
Cylinder n/128 256 3.17x1073 0.99
7/256 512 1.59 x 1073 1.00
m/512 1024 7.97 x 107* 1.00
n/32 64 2,51 x107* -
/64 128 1.24 x 1074 1.01
Plane m/128 256 6.15x 1073 1.01
/256 512 3.06 x 1073 1.00
n/512 1024 1.52x 1073 1.01
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Figure 4. Numerical verification of the discrete geodesic-curvature estimator’s convergence. (a) Log-log plot of the maximum absolute error versus the
angular sampling interval A6 for synthetic cylinder and plane data. The dashed line with a slope of -1 represents the theoretical first-order convergence.
(b) The corresponding Experimental Order of Convergence (EOC) computed between successive sampling refinements, where the dashed line indicates
the ideal EOC of 1.0. (Notes: Together, the plots empirically confirm the predicted O(A6) convergence rate, as the error decreases linearly with the
sampling step size. See §5.1.1 and Table 1 for detailed setup and numerical values)

5.2 Application to real-world outdoor scenes
5.2.1 The LiDAR-urban data set

Our primary evaluation relies on a custom terrestrial LIDAR data set acquired with a roof-mounted Velodyne VLP-
16 scanner operating at its nominal 10 Hz spin rate. The platform-a passenger vehicle-traversed a mixed urban-natural
environment that combines tree-lined avenues, multi-storey buildings, asphalt roadways, and highly reflective glass
fagades. In total, the collection comprises twelve million points distributed over 28,604 m2, yielding an average surface
density of 420 points/m? and a peak density exceeding 800 points/m> near vegetation.

Raw packets were deskewed by linear interpolation using wheel-encoder odometry; no additional filtering, down-
sampling, or manual annotation was performed. The resulting corpus-ten continuous sequences totalling approximately
5,000 spin frames-provides both geometric diversity and sensor artefacts (multipath, range dropout) representative of
real-world autonomous-driving scenarios.

5.2.2 Qualitative results

The complete pipeline described in section 4 was executed on every frame of the LIDAR-Urban dataset. Figure 5
illustrates the results on a representative frame, organized into four panels:

(a) Raw Point Cloud. The raw input frame, containing approximately 48 k points, is rendered with height-based
coloring (blue for low, green/yellow for high). The scene’s complexity is evident, featuring a central courtyard with
hedges, surrounding buildings, dense tree canopies, and roadways.

(b) Full Geometric Labeling. The same frame is shown after classification, with points colored by their assigned
geometric class: Planes (grey for buildings, beige for ground), Rough (green for all vegetation), and other salient features
(orange/blue). The method successfully distinguishes large planar surfaces, such as the ground and building fagades, from
the highly irregular vegetation.

(c) Zoom-in on a Structured Courtyard. This inset focuses on the central courtyard area. The algorithm cleanly
separates the flat ground plane (beige) from the surrounding hedges, which are correctly assigned the Rough class (green)
due to their high local range variance. A prominent orange object (possibly a sign or sculpture) is clearly segmented, and
the low-lying curb edges are visible as distinct green traces bordering the beige ground. This panel highlights the method’s
ability to delineate sharp boundaries between different structural and natural elements.

(d) Zoom-in on Mixed Vegetation and Structures. This view showcases the algorithm’s performance in a more
cluttered area with dense foliage adjacent to a building. The method robustly classifies the trees and shrubs as Rough
(green), while maintaining the structural integrity of the nearby building facade (grey). Even with partial occlusion
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from the trees, the planar nature of the building is preserved, demonstrating the framework’s ability to handle complex
interactions and avoid misclassifying structured surfaces as rough terrain.

Collectively, panels (a-d) demonstrate that the proposed framework effectively preserves large-scale macroscopic
structures (facades, ground planes) while faithfully capturing the distinct characteristics of non-planar vegetation in
a complex outdoor scene. The classification provides a meaningful and geometrically consistent segmentation of the
environment.

Figure 5. Qualitative results of the geometric feature classification pipeline. (a) Raw VLP-16 point cloud (= 78 k points) rendered with intensity shading
only. (b) Full output of our classifier. (c) Zoom-in on a mixed urban patch containing a traffic sign, asphalt, low shrubs, building fagade and car bonnet.
(d) Zoom-in on dense foliage illustrating predominant Rough labelling with isolated Edge/Corner responses at branch bifurcations

5.3 Quantitative evaluation and comparisons
5.3.1 Evaluation metrics

Because ground-truth annotation is unavailable, three unsupervised metrics are introduced. The Planarity Score is the
reciprocal of the mean Random Sample Consensus (RANSAC) fitting error measured on each connected Plane component;
higher values indicate flatter, more coherent patches. Feature Purity quantifies label homogeneity within Density-Based
Spatial Clustering of Applications with Noise (DBSCAN) clusters of Corner and Edge points; it is defined as one minus
the average cross-label entropy. Temporal Stability is the percentage of points whose label remains unchanged between
two successively registered frames in static sub-sequences.

5.3.2 Ablation study

To assess the individual contribution of curvature and smoothness, we compare three variants of our algorithm. Ours-
Full refers to the complete model described in section 4. The other two variants are Ours-NoSmooth, which removes the
local-variance (smoothness) term from the feature vector, and Ours-NoCurv, which entirely omits the discrete geodesic
curvature. The results are presented in Table 2.

Table 2. Ablation study: impact of curvature and smoothness features

Method Planarity score (1)  Feature purity (1)  Temporal stability (1)
Ours-NoCurv 0.12 0.75 0.88
Ours-NoSmooth 0.91 0.58 0.94
Ours-Full 0.93 0.91 0.96
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Removing curvature has the most dramatic effect: the Planarity Score falls from 0.93 to 0.12-a reduction of 87%-
because planar patches can no longer be distinguished from edge fragments. Temporal Stability likewise drops from 0.96
to 0.88, indicating frequent frame-to-frame label changes once curvature cues are absent.

Eliminating the smoothness feature leaves Planarity largely intact (0.91) but degrades Feature Purity from 0.91 to
0.58 (= 36% relative loss). Visual inspection confirms that vegetation and other textured surfaces, which normally receive
the Rough label, are often mis-classified as corners when smoothness is unavailable. Temporal Stability is only marginally
affected (0.94), showing that smoothness chiefly sharpens semantic separation rather than temporal consistency.

The ablation confirms that curvature is indispensable for recognising planar geometry, whereas smoothness is critical
for suppressing false positives in high-variance regions. Their complementary roles explain why the full model achieves
the highest score in every metric.

5.3.3 Comparison with baseline methods

Two baselines are evaluated, PCA-Curv, which thresholds principal curvatures obtained from local covariance
analysis, and EuclideanClust, which applies Euclidean clustering followed by size-based labelling. Figure 6 reports the
three metrics together with one-standard-deviation error bars. Across all metrics our method (Ours-Full, yellow bars)
dominates the baselines.

Quantitative comparison on the LIDAR-Urban data set
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Figure 6. Quantitative comparison with baseline methods. (Notes: The bar plots show the mean and standard deviation for our three evaluation metrics:
Planarity Score, Feature Purity, and Temporal Stability (higher is better). Our full method (yellow) is compared against PCA-based curvature estimation
(orange) and Euclidean clustering (red))

Planarity rises to 0.92 + 0.02, versus 0.76 + 0.03 for PCA-Curv and 0.58 + 0.04 for EuclideanClust. Feature Purity
shows an even larger margin (0.88 + 0.02 vs. 0.63 +0.02 and 0.55 £ 0.03), and Temporal Stability remains highest at 0.94
+ 0.01 despite the method’s greater geometric sensitivity.

Qualitatively, PCA-Curv (orange bars) over-segments fagades in sparse range regions, while EuclideanClust (red
bars) merges adjacent structures when point spacing narrows. By relying on scan-intrinsic curvature and smoothness
cues, the proposed framework avoids both error modes, yielding cleaner separation and sharper corner localisation.

5.4 Computational performance

All timings were collected on a desktop workstation equipped with an Intel i7-12700 CPU (12 cores, 3.8 GHz boost)
and 32 GB RAM,; the code is a single-threaded C++ implementation with no GPU acceleration.

The mean per-frame runtime is 12.4 ms (= 81 FPS), broken down as follows: feature construction 7.4 ms, quantile
thresholding 0.5 ms, point classification 1.2 ms, and connected-component aggregation 3.3 ms.

Figure 7 visualises the timing profile over 250 consecutive frames alongside two baselines. The solid blue curve
(Ours-Full) remains tightly clustered around its mean and is well below the 25 FPS real-time threshold of 40 ms
for the entire sequence. By contrast, PCA-Curv (orange) averages 42 ms and frequently crosses the threshold, while
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EuclideanClust (red) oscillates around 80 ms and never attains real-time performance. The dashed horizontal lines in the
figure record the per-method means (12.4 ms, 42.3 ms and 79.5 ms, respectively), confirming a = 3.4x speed-up over the
faster baseline and = 6.4x over the clustering approach.

Taken together with the numerical studies in sections 5.1-5.3, these results show that the proposed scan-intrinsic
pipeline not only preserves geometric fidelity but also achieves real-time throughput on commodity hardware, thereby
substantiating the practical relevance of the discrete geometric framework for large-scale LiDAR scene understanding.

Per-frame processing time and baselines
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Figure 7. Per-frame runtime (single-threaded C++ on i7-12700). (Notes: Curves show runtimes for Ours-Full, PCA-Curv and EuclideanClust over 250
frames. Dashed lines: per-method means (Ours = 12.4 ms). Grey line: 40 ms (25 FPS) real-time threshold)

6. Conclusion and future directions
6.1 Conclusion

By rigorously modeling the intrinsic sequential order of rotating LiDAR frames as a family of discretized conical
manifolds, we reduce the computationally prohibitive task of full 3D neighbourhood analysis to a set of 1D complex-signal
processing problems. In contrast to projection-based techniques, we preserve full geometric fidelity. Compared to point-
based networks, we achieve real-time performance by eliminating expensive 3D neighborhood searches and exploiting
the scan structure. Furthermore, our principled, differential-geometry approach offers a transparent and parameter-light
alternative to black-box learning models.

This modeling choice is the primary enabler of the framework’s practical advantages: it delivers compact and
geometrically meaningful descriptors (discrete geodesic curvature) that materially improve planar/edge/corner discri-
mination, and it yields a highly efficient pipeline that attains real-time throughput on commodity hardware (mean per-
frame runtime 12.4 ms, = 81 FPS; see §5.4). The superiority of the scan-intrinsic features is corroborated by our
quantitative comparisons (Ours-Full achieves the highest Planarity, Feature Purity and Temporal Stability vs. baselines;
see §5.3 and Table 2). Together, these results show the method provides reliable geometric landmarks and lightweight
feature proposals that are directly useful for downstream tasks such as LIDAR-based SLAM, object tracking and large-
scale scene understanding-provided the system operates under the rotating-sensor assumptions and nominal calibration
described in §3.1.

The cornerstone of the framework is a discrete geodesic-curvature operator derived directly from the cone metric. We
demonstrated that this operator is both computationally lightweight and mathematically sound: a uniform-convergence
result shows that, under mild smoothness and sampling hypotheses, the discrete curvature approaches its continuous
counterpart at first order in the sampling step. Building on this invariant, we devised an unsupervised pipeline that (i)
constructs a local feature vector for every point, comprising curvature, smoothness, and depth gradient; (ii) classifies
points into Plane, Edge, Corner, or Rough categories via adaptive, ring-wise quantile thresholds; and (iii) aggregates the
1D labels into coherent 3D primitives through a connectivity graph that respects the physical scan topology.
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A two-part experimental campaign substantiated both the theory and the practical value of the framework. On
synthetic shapes with analytic curvature, numerical results confirmed the predicted first-order convergence. On a large,
unlabeled urban dataset, the method produced geometrically faithful classifications while running at ~ 81 FPS on a single
CPU core. Comparative studies showed clear gains in geometric quality, temporal stability, and computational cost over
PCA-based and Euclidean clustering baselines.

In summary, by uniting first-principles differential geometry with a practical, scan-aware computation strategy,
this work offers both a new lens for interpreting LiDAR data and a concrete, efficient toolset for large-scale scene
understanding.

6.2 Future directions

Overcoming sensor specificity. A primary direction is to relax the rotating-multi-beam assumption and extend
the discrete-geometric formalism to non-conical acquisition patterns (e.g., MEMS/Lissajous, raster, and other solid-
state modalities). Concretely, this requires deriving appropriate scan-manifold parameterizations and the induced metric
tensors, then re-formulating the discrete differential operators so they respect those geometries. While this is nontrivial,
the extension is systematic: the core idea of exploiting the native scan ordering to obtain compact 1D (or low-dimensional)
operators remains applicable and will guide the derivation for each sensor class (see discussion of assumptions in §3.1).

Integrating ego-motion into the geometry. To reduce sensitivity to imperfect deskewing, we will investigate motion-
aware formulations that incorporate time/trajectory information directly into the operator design (for example, time-
parameterized ring signals, short-window joint estimation of motion and curvature, or trajectory-corrected kernels). Such
formulations aim to make local curvature estimates intrinsically robust to realistic platform motion without relying solely
on preprocessing, improving stability in highly dynamic scenarios while keeping computational overhead small.

Early, selective inter-ring fusion. Finally, to recover vertical detail when needed while preserving the computational
advantages of ring-intrinsic processing, we plan to explore compact mechanisms for limited cross-ring coupling.
Candidate approaches include small 2D operators on narrow vertical neighborhoods (3-5 rings), graph-based vertical
smoothing, or lightweight learned fusion heads that augment 1D descriptors only where data supports it. These hybrid
strategies target improved corner/edge localization and planarity discrimination with modest additional cost, forming a
practical middle ground between pure 1D processing and full 3D neighbourhood searches.
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