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Abstract: We extend the notion of asymptotically nonexpansive mapping to the more general class, namely, e-enriched
asymptotically nonexpansive mappings. It is shown, with an example, that the class of e-enriched asymptotically
nonexpansive mappings is more general than the class of asymptotically nonexpansive mappings. Certain weak and
strong convergence theorems are then proved for the iterative approximation of split common fixed point problem
involving the class of (e, ¥ )-enriched strictly quasi-pseudocontractive mappings and the class of e-enriched asymptotically
nonexpansive mappings in the domain of two Banach spaces. Furthermore, a significant result for the hierarchical
variational inequality problem is obtained as a consequence of our main result.
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1. Introduction

The fundamental nonlinear problems of applied mathematics reduce to determining solutions of nonlinear functional
equations (e.g. nonlinear integral equations, boundary value problems for nonlinear ordinary or partial differential
equations, the existence of periodic solutions of nonlinear partial differential equations). These problems can be
formulated in terms of finding the fixed points of a given nonlinear mapping on an infinite dimensional function space
X into itself. Fixed point theorems give the conditions under which certain equation involving mappings (single or
multivalued) have solutions. Recently, the theory of fixed points has been revealed as a very powerful and important tool
in the study of nonlinear phenomena. Specifically, fixed point methods have been applied in such diverse fields as biology,
chemistry, economics, engineering, game theory, physics, rocks waves in gases, the movement of viscous fluids, chemical
reactions, steady-state tempreture distribution, neutron transport theory, variational inequalities, economics theories,
epidemics, complementary problems, optimal control, heat radiation, nonlinear oscillation in biology, and optimization
theory; see [1, 2] for more information.
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Let C be a nonempty closed convex subset of a real Banach E, and E* be a dual space of E. For p > 1, an operator
Jop  E— 2F" is given by

Jp(§) ={E" € E": (£, £") = ||&|IP and ||&"|| = ||E|IP", W€ € E}, ey

is called generalized duality map on E, where (-, -) is referred to as generalized duality pairing. If p = 2, we get the
normalized duality mapping, which is often designated with J. Current literature is abound with the fact (see, for instance,
[3]) that J, (&) = ||E||P~2J(&) if & # 0. The J, becomes single-valued (which we shall designate with j,, throughout the
paper) for the case where E™ is strictly convex and an identity in Hilbert spaces (H).

Let G, 0: C — C be two nonlinear mappings. The following designations will be used in this paper:

(a) F(G), F(0) will designate the set of fixed points of G and 9, respectively;

(b) R, N will designate the sets of real and natural numbers, respectively;

(c) UCBS will designate uniformly convex Banach space;

(d) USBS will designate uniformly smooth Banach space and if {,}**_, is a sequence in E, then;

(e) & — &* and &, — &* will designate strong and weak convergence of {&,} | to a point £* € E as n — oo,
respectively.

Definition 1.1 Let C be as described above. A mapping G : C — C is known as (e, ¥)-Enriched Strictly
Pseudocontractive (e-ESPMs, for short) (see [4, 5]) if for all €, 7 € C, there exist e € [0, +o0) and j(& —F) € J(E —h)
such that

(e(§ —h)+GE —Gh, j((e+1)(§ —h)) < (e+ 11§ —h|* = 0[|& —h—(GE ~Gn)|]%, @

where ¥ = %(1 — o) for some @ € [0, 1).

Remark 1.1 Some nonlinear mappings that could be recovered from (2) when either e or ¥ assumes the value O or 1
are as follows: if e = 0 in (2), a class of operators studied in [6] emerges while ¥ = 0 reduces (2) to a class of e-Enriched
Nonexpansive Mappings (e-ENM), see [7, 8]. Hence, the class of (e,?¥)-enriched strict pseudocontractions contains
the classes e-ENM and ¥-strictly pseudocontractive mappings. For some studies pertaining to other generalizations of
nonexpansive mappings and their relationship with other nonlinear operators, see [9—11] and the references that go with
them.

Remark 1.2 Observe that if ¥ = 1 in (2), then we have an e-Enriched Pseudocontraction (e-EPM, for short).
Therefore, the class of (e, ¥)-ESPMs is a subclass of the class of e-EPMs; see, for instance, Example 2.5 and Example
2.6 in [12] for more details. Also, while the class of (e, ©)-enriched strictly pseudocontractions inherits their Lipschitz
property through their definition (see Proposition 3.3 in [13]), the class of e-enriched pseudocontractions is generally
not continuous. It is worth noting that the class (e,)-ESPM was initially examined in [14] as a super class of the
class of a ¥-Strict Pseudocontraction (#-SPM) (note that G is said to be ¥-strictly pseudocontractive mapping if
|GE —Gh||> < ||E —h|*>+ 0| & —h— (GE —Gh)||?, forall &, /i € C. For more information on -SPM, their generalizations
and properties, see [6]. In [14] Berinde showed that if C is a bounded, closed and convex subset of a Hilbert space and
G:C— Cisa (e, ¥)-ESPM, then G has a fixed point.

Setting e = P 1, for o € (0, 1], in (2), we obtain, using Proposition 2.1 (3) (see below), that

<GO'€ - Gaha ](é _h» < ”é _hH2 - 19”5 —h— (Gcé _Gah)sz (3)
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where G = (1 — 0)I + 6G is a V-strict pseudocontraction. If we represent the identity map with I, then (3) can
equivalently be written as

(I=Gg)& —(I=Gg)h, j(&—h)) > D& —h—(Gs& — Goh)||. )

In a real Hilbert space, (3) becomes

|G — Goh||* < [|E —1|* + @& — 7 — (Go& — Goh)||*, )

where G4 is as described in inequality (3). If we set @ = 1 in (5), then a pseudocontraction ensues.

On the other hand, the split feasibility problem (Small Form Pluggable (SFP), for short), first considered in [15]) for
the case of a finite dimensional Hilbert space, has been widely used in computer tomography, signal processing, image
restoration, optimization and intensity-modulated radiation therapy. This problem basically seeks to

find £*€C suchthat A&* € Q, (6)

where A : Hl — H, is a bounded linear operator, C and Q are nonempty closed convex subsets of real Hilbert spaces H;
and H,, respectively.
Notice that a point £* € C solves problem (6) provided it solves the fixed point equation:

§" =Pc(I—yA*(I-Pg)A)c, (7

where Pc and Py are orthogonal projections of H; and H; onto C and Q, A* is the corresponding adjoint operator of A, and
7 is a positive real number. Aside from finite-dimensional spaces, some remarkable results have recently been announced
in the infinite-dimensional Hilbert space. For this and some related results, see [16] and the references therein.

As aworthy generalization of problem (6), the split common fixed point problem (Split Common Fixed Point Problem
(SCFPP), for short) was introduced lately. Let d and G be selfmaps of C and Q, respectively. The SCFPP for the maps 0
and G is an inverse problem whose focus is to find an element £* in the fixed point set F(3) such that the image under a
bounded linear operator A is a member of another fixed point set F(G). To be precise, the SCFPP for the aforementioned
maps seeks to search for £* € C that guarantees

E*cF(®) and AE* € F(G), ®)

For the rest of this paper, the set of solution set of a SCFPP will be designated by

I={&"e€F): AE* € F(G)}. 9)

Problem (8) was initiated by Moudafi [17] in the domain of a real Hilbert space. Subsequently, a lot of techniques have
been deployed to solve the SFP and SCFPP as evident in [15, 16, 18-20]. Aside from this, Cui et al. [21] investigated
the SCFPP of 1¥-quasi-strict pseudocontraction in two Hilbert space domains; in [22, 23], Takahashi et al. obtained
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remarkable convergence results for the SFP and Split Common Null Point Problem (SCNPF) in the setup of Banach
spaces, respectively. Under appropriate conditions, they presented weak and strong convergence results of hybrid and
Halpern-type sequences, respectively. Shortly, Tang et al. [24] obtained a remarkable conclusion in respect of the SCFPP
for ¥-quasi strictly pseudocontractive and asymptotically nonexpansive mappings in the setting of two real Banach spaces.
Motivated and inspired by this study and the research going on in the domain of split feasibility problems and SCFPP, the
following question becomes necessary:

Question 1.1 Is it possible to enrich the maps considered by Tang [24] so as to obtain results that include the ones
announced in [24] as special cases?

In the spirit of oneness (particularly at zero) and considering the setback introduced by Picard’s technique in relation
to approximating fixed points of nonexpansive mappings, the enriched nonexpansive mapping was introduced in the setup
of a real Hilbert space. This big feat, credited to Berinde [7], ushered in a new research direction in history. Following
this remarkable achievement was the birth of ®r-enriched Lipschitzian mapping. Saleem et al. [5] demonstrated that
this class of mappings includes the class of enriched contraction, enriched nonexpansive and Lipschitzian mappings as
special cases. Also, it is known that the class of enriched nonlinear mappings, having been proved to be more general
than the class of mappings from which they inherited their family name, provides richer bases in applications. Motivated
by this and following the results reported in [24], in the present paper, a hybrid method involving (e, ©)-Enriched Quasi
Strictly Pseudocontractive Mappings ((e, ©)-EQSPM) and (e, {@, };>_, )-enriched asymptotically nonexpansive mappings
((e, {@}2|)-European Association of Nuclear Medicine (EANM)) with e € [0, o) is examined for the SCFPP. To
compare with the results obtained in Tang et al. [24], we considered operators that encompass the ones studied in [24].
Also, the techniques we employed are different from the ones used in [24], which, under standard conditions, ensured that
weak and strong convergence results are obtained in real Banach spaces. As an application, we considered an algorithm
for the Hierarchical Variational Inequality Problem (HVIP) in real Banach spaces. Our results generalize and improve the
results of Censor [15], Bryne [16], Moudafi [18], Takahashi [22], and Takahashi et al. [23].

2. Preliminaries

Throughout this section, B(E) and S(E) will denote a unit ball and a unit sphere, respectively.
A uniform convexity of a Banach space E means that, for any given € > 0, there is a 6 > 0 such that for all , i €
E, €I <1, |17 <1, ||& — R|e, the inequality

1€ +2] <2(1-8), (10)
is fulfilled. The function & : [0, 2] — [0, 1] is specified by
. 1
de(e) =inf {1 1€+ 158 121 <1, 1~ > e .

is called the modulus of convexity of E.
A uniform smoothness of a Banach space E means that, for any given € > 0, there is a 6 > 0 such that for all
&, hEE, €] =1, |#]| < 8. the inequality

27N (I + Al + & — Al —1 <e|al), (11)

is satisfied. The function pg : [0, o) — [0, o) defined by
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pe(e) = sup{ 312+l + 1€ ~Al)~1: € (E). ] < 7.

is referred to as the modulus of smoothness of E. The moduli of convexity and smoothness are the basic quantitative

characteristics of a Banach space that describe its geometric properties. The space E is uniformly convex if and only if

Og(€) > 0 for all € > 0, and it is uniformly smooth if and only if 1in(1) pEii(_T) =0. For o > 1, a normed space E is called
T—

o-uniformly smooth if there is a constant ¢ > 0 such that pg(7) = c¢t%. It is well known that L,,, £,,, and Sobolev spaces
W;”(Q), for 1 < p < oo, are all p-uniformly smooth, and the following estimate remains valid

(1—t)p —1<
PL, (T) = e, (7) = Pwyp(e)(T) = (12)

—1 —1
pTrz—i—o(rz) <P p>2

where T > 0 (see [25]). From (12), it is clear that if 1 < p <2, then Ly, £,,, or W}"(Q) is not 2-uniformly smooth.
Consider now E = L, £,, or W;'(Q) for p € [2, o). From (12), these spaces are 2-uniformly smooth. In addition,
for these spaces, the following inequality remains valid:

1€ + 2> < 11> +2¢m, j(&))+(p— 1Al VE, heE, (13)

and (p — 1) is the best smoothness constant (see, for example, [26]). Comparing inequality (13) and the following
inequality in [24]:

1€ +Al> < IEI1P+2(n, j(&)) +2lknl*, VE, heE, (14)

we obtain that 2k> = (p — 1), so that k =

Vi1
V2

then, from (12), E is not 2-uniformly smooth. Consequently, the only possibility is that p = 2.

1
. The condition that k = \ﬁ therefore implies that p < 2. But if p < 2,

The following properties of the functions dg(€) and pg(7) are important to keep in mind through out the paper:
. Og(€) is defined on the interval [0, 2], continuous and increasing on this interval, 6z(0) = 0,
.0<ée(e)<lif0<e<2,
. pe(7) is defined on the interval [0, o), and is convex, continuous and increasing on this interval, with pg(0) =0,
. the function gg (&) = £ 8g(¢) is continuous and non-decreasing on the interval [0, 2], with g (0) = 0,
. the function A (€) = €' pg is continuous and non-decreasing on the interval [0, ), with /£ (0) = 0,

6. €285 > (4L)"'n%58g (&) if Sg(e > € > 0) and %pg(0) < 62pp(t) if 6 > 7> 0. Here, 1 < L < 1.7 is the Figiel
constant.

[ R N T R S

Lemma 2.1 [24] Let E be a UCBS. Given any positive number ¢, we can find a strictly increasing and continuous
function g : [0, ) — [0, o) , with g(0) = 0, verifying the identity

£ + (1 =)al> = tl|E [ + (1 =) |Al* —r(1 =1)g (& —All), V&, heE,
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with ||&]| < cand ||i] < ¢, 1 €0, 1].
Lemma 2.2 [24] Let E be a 2-USBS with k > 0 as the best smoothness constant. Then,

1€ +Al> < IEI7 +2(8, J () +2]kn|l?, (15)

forallé, heE.

Definition 2.1 [4] Let E be a Banach space, ® # C C E and G : C — C be a mapping with F(G) # 0. Then

1. G is referred to as being demiclosed at £* if whenever {&,},> is a sequence in C such that &, — ©* € C and
{&—G&, ) — 0, then GE* = @*. Further, G is referred to as being semicompact if whenever {&, },>1 is a bounded
sequence in C such that {&, — G, },>1 — 0, {&,},>1 has a subsequence which converges strongly.

2. E is endowed with the Opial property when a sequence {&,}7_, in E assures §, — @ as n — oo and

liminf[|&, — &[] < Timinf(|§, — 4], (16)

for any 7 € E with 71 # €.
Theorem 2.1 [27] Let C be a nonempty, closed, and convex subset of a UCBS E. Suppose a mapping G: C — E
is nonexpansive. Then, (I — G) is demiclosed at zero.
Proposition 2.1 [28] Let E be a real Banach space. For 1 < p < o, J,; is characterized as follows:
.Jp(&) #0forall & € E and D(Jp) (:the dormain of Jp,) = E;
Jo(€) = [EIP~112(&), VE € E(p#0);
(k&) = kP71 (§), K €0, );
Tp(=6) =—=Jp(&);
. Jp is bounded.
6. E is USBS (equivalently, £* is UCBS) provided J, is single-valued and uniformly continuous on any bounded
subset of E.
Lemma 2.3 [24] Let {a,}_;, {.}>, and {b,}_, be sequences of nonnegative real numbers which ensure that

Y1, < oo, ¥'b, < oo and

n=1 n=1

ar1 < (1+71)a,+b,, n>1.

Then, lima, exists.
n—oo

3. Main results

In this section, we first introduce the notion of an (e, {@,};_,)-enriched asymptotically nonexpansive mapping
((e, {@,};>_,)-EANM, for short) in the Banach space domain and then prove our convergence results.

Definition 3.1 Let C be a nonempty, closed, and convex subset of a real Banach space E. An operator G: C — C
is referred to as (e, {@,};_,)-EANM if there exist e € [0, ) and a sequence {@,};;_, of positive integers with @, —
1 (n — oo) such that, for all &, v € C and for all n > 1, the inequality

le(6 —w) +G"E =3y < (e+ 1)@, E — wll, (17)

Volume 6 Issue 6|2025| 7727 Contemporary Mathematics



holds.
1
Now, by setting e = 5 1, for some o € (0, 1], we obtain from (17) that

le(€ =) +G"S =Gy < (e+ 1)@, IS — v

s|(G-1)E-w+ee-avi= ml v

(18)
& (1-0)(E - ¥)+ 06" oGy < @, &~ v

<[l(1-0)6+0G"¢ —[(1-0)y+0G" Y[ < @[S — |-

Thus, G is a modified (o, {@,};_,)-enriched asymptotically nonexpansive mapping ((c, {@,};_,)-MEANM)
whenever G is (e, {®,}_,))-EANM. Observe that if e = 0 in (17), we obtained an important class of asymptotically
nonexpansive mappings studied by Goebel et al. in [29]. Also, if we set G5 = (1 — 0)I + oG in inequality (18), then
the modified (o, {@,};_,)-enriched asymptotically nonexpansive mapping reduces to the class of mappings examined
in [29].

Definition 3.2 Consider E and C as stated in Definition 3.1. A selfmap G of C is known as (e, L)-enriched uniformly
Lipschitizian if there exist e € [0, o) and a positive real number L ensuring

le(6 =) +G"E =G Y| < (e+ DL -], VS, yeC, Vn=1, (19)

holds.

Example 3.1 Every asymptotically nonexpansive mapping G verifying (17) is automatically (e, {@,},_,)-EANM
with e = 0.

Example 3.2 Every e-enriched nonexpansive mapping G verifying (17) is automatically (e, {@,};_,)-EANM for
eachn € N with @,, = 1.

Example 3.3 Any (o, {®,};"_,)-EANM G validating (18) is a (HL], {@, ;°=1)-EANM validating (17).

Example 3.4 Let E = ¢~ and G : ¢ — {* be a mapping defined by

1
G ) s ) = T = ) s " )y \V/ 6600,
(&1, &, ) ﬁ(él &, 1), V8
where § = (&1, &, ---). Then, G is an (e, {@,};_,)-enriched asymptotically nonexpansive.
To see this, let & € £ and observe that forn =2, 3, 4, ---, n—1, n, we have
GE = Lé (20)
V2
1 1 1 1 1
G*6=G(G¢)=—G —=| = —=&=5
£=6(08) = —5G(8) ﬂ<ﬁé> SE= 3¢
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G = GA(GE) = =Gt = = (12&> S

¢ =G (GE) = =G = (%) ——¢=78

5
(98]
[\ )
(98]

n—1g _ ~n—2 — 1 ! L = !
G"E=G (Gé)_\/Z”jGé— 2n2< 2€>_ n—1

G'E=G""1(GE) =
Thus,

1
W(&l,éb"'), for n even

G(§17627”.): 1 (517‘52’...)’ for n odd.

\/22n—1

Clearly, F(G) = 0. Now, for any e € [0, o) (with n even) and & € R, we obtain

le(€ =) +G"E = G"y|| =[le(§ —0) +G"E - 0]

~ (45 ) Il

< (e 53 ) (13 ) 1601
<(e+1) (1455 ) IOl

=(e+1)@[ls -0,

where @, =

4
1—5—22,1). Observe that @, — 1 as n — oo.

Also, for any e € [0, o) (with n odd) and £ € ¢*, we obtain
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le(€ =) +G"S =Gy =[le(§ —0)+G"E - 0]

V2
= <e+ \/ﬁ) 1€ 0]
V2 V2

<(e+1) (1—1— V2 ) 1 -0

Vo
e+ D)m, & 0],

V2

where @, = | 1+ o | Observe that @, — 1 as n — oo, It is not difficult to see that in the two cases, G satisfies (17).
n

Hence, G is an (e, {®,};_,)-enriched asymptotically nonexpansive.
Definition 3.3 [30] The mapping G : E — E is said to satisfy condition (C) provided

1
Slo—Gol < fo—E||=|Go-Gf||l < |o-&|, Vo, §cE. @2n

Aside from failing to satisfy the continuity property, the nonexpansiveness condition of this class of operators does
not involve all points in the domain of definition.

Example 3.5 Let R be the set of real numbers with the usual norm ||.| = |.|, E= (R, |.|), [0, 1]=C C E and
G : R — R be a mapping defined by

1
557 for é#l
GE =

0 for &=1.

Note that F(G) = 0. G is not Suzuki generalised nonexpansive. Indeed, take & =1 and y = % Then,

1 1 1 3
S1E-GEl=311-0/> ;=1 7| =g vl.

Thus, G is not covered by condition (C) and therefore cannot be Suzuki generalised nonexpansive (or nonexpansive).
Notice that for n even,
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1 .
Wéa if §#1
G =
0, if &£=1.

It can easily be shown, following the same argument as in Example 3.4 (considering § # 1), that Gisan (e, {@,};_,)-
enriched asymptotically nonexpansive mapping.

The examples below show that the class of (e, {@,};;_,)-enriched asymptotically nonexpansive mappings properly
includes the classes of asymptotically nonexpansive and e-enriched nonexpansive mappings.

1
Example 3.6 Consider E =R, C = [r’ 1} with T € (0, 2). Define the selfmap G on C as

—1& if —
G¢ =
—2& it 0<gE<l

Then, G is an (e, {®,};_,)-EANM with @, = 1 but not an asymptotically nonexpansive mapping.
Indeed, noticing F(G) = {0} and G? = I, with I designating an identity operator, it is evident that G>*~! = G Vn > 1.
Since for every (£*, &) € F(G) x C, the following conditions:

@ le(§ —&)+G™"E — G| < [le& + G|l = (e + )&~ &7

) [le(€ &%)+ G 1E — P UE P < fle& + G ER = (e— 1Y€ — EP < (e 1€ — EXIP,
for —% < & <0and for 0 < & < 1, the inequality
1 2
(i) [le(E — )+ G & — P 1EP < el + G = (T) 1~ &2 < (e+ 121 — |12,

1
hold, it follows from (17) that G is an (e, {®@,};_,)-EANM with @, = 1. But, if = < & <0, since 7 > 1, we obtain
G 1E =GP < |GG IP = IGE > = TN = &¥I1P > 1§ — &%,

which disqualifies G from being asymptotically nonexpansive.
Example 3.7 Let E = ¢~ and C = {& € £~ : ||€ ||~ < 1}. Define the mapping G : C —> C as follows:

G‘g:(ov §127 €227 "')7§:(€17 ‘1::27 )GC
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Then,

G'&=(0,&", 8", ), E=(&, &, ) €C,
for n > 1. Clearly, F(G) = {0}, where 0 = (0, 0, -+-). Now, since
le(§ = &%) +G"E = G & | = lle(&1, &2, ---) +(0, &, &™)
<lle(€1, &, ) +(0, &1y &ay )|
=[[((e+1)&1, M+1)&, )|l
= (e+ DS, &, -+l

= (e+ D& =&,

it follows from (17) that G is an (e, {®,};>_,)-EANM for @, = 1. But, by setting &
C, we get

Il
7N
W
1w

- vr+58-ovte=]e(’. & --->+<o, ]

=[G+ 54 )l

S o]

Therefore, G is not an e-ENM.
Remark 3.1 If F(G) # 0 and §* € F(G), then (17) becomes

le(€ =& +G"S = G"S7|| < (e+1)@[|G — &7, VE € C, VneN.

(22)

The class of mappings satisfying (22) is known as (e, {@,};;_,)-enriched quasi-asymptotically nonexpansive

((e, {@,};_;))-EQANM. Therefore, every (e, {®,};_,)-EANM whose fixed point set is nonempty is (e,

EQANM.
Assumption Q

In this section, we consider the following assumptions:

(1) E; is a UCBS and 2-USBS endowed with the Opial property and the best smoothness constant 0 < k < —;

(2) E; is a real Banach space;
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(3) A: E; — E; is a bounded linear operator and A* is its adjoint;

(4)0:E; — Ejisan (n, {®,};_)-EANM with {®@,} | C [1, ) and @, — 1 as n — 0. G is an (e, ¥)-ESPM
with F(G) # 0, G is demiclosed at zero, and e € [0, o).

Remark 3.2 In view of Assumption Q(1), E; is a real smooth, strictly convex, and reflexive (SCRBC) Banach space.
Consequently, the normalised duality mapping J, : E; —» 21" is single-valued, injective, and surjective.

Now, we consider SCFPP for an (e, {®,}_;)-EANM 9 and an (e, ¥#)-EQSPM G in two Banach space domains;
that is, we seek a point

E* € F(0) thatassures AE* € F(G). (23)

In the sequel, the solution set of SCFPP for d and G will be designated with I'; to be precise,

I'={&*e€F(Q):AE" € F(G)}. (24)

Theorem 3.1 Let Ey, E>, A, 0, G, and {@,};_, be as stated in Assumption Q. For each §; € Ey, {&,};7_, is given
by

n =+ WAL (G — 1)AE,,
(25)

§n+1 = (1 _an)n+an8r(lyna n>1,

where G5 = (1 —0)I+0G, 05 = (1 —0)I+09", {0} C (0, 1) with lirginfocn(l — ;) > 0 and 7y being controlled
n—>o0

-2 L @} C[1, e0) with L = sup @, and ):( -1)<
(e+ DIAJ2" (e+ DJA]? [ =t e o ane &

DIUT={E"€F(0):AE* € F(G)},then &, — E* €T.

(1) In addition, if T = {&* € F(0) : AE* € F(G)} # 0 and 3 is semicompact, then &, — E* € T.

Proof. We will break the proof into six different steps:

Step (1), we prove conclusion (I) by first showing that the limit nlgrolo I€, — &*|| exists for each £* € T. Since, for any

&* €T, we have £* € F(0) and £* € F(G), we obtain from (25) and Lemma 2.2 that

by the inequality 0 < ¥ < min

72— E*1* =[1(&0 = &) + W A2 (G — 1A, |2

<[17y 'A% (Go — DAG| +27(8 — 7, A"a(Go — 1)AG) +2K7 16, — &7

2
T (g 1)A5n||2+27<A§n—A<§*, elJ2<GA5n—Aén>>+zk2€n—€*|2

et 1)n +1
2
(f_ﬂ?)z [(G—1)AE, ||2 + 2Y<A§n —[(e+ G)AE, — eA&,]
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4 [(e+ G)AE, — eAE,] — AE™, e%h((ﬁ G)AE, — (e+ I)Aén)> +2K71&, — &1

_ 7lAl? . 2y
—<e+1)2n\|(G—1)A€n||2+2k2||§n—§ 1> (e+1)II(G—1)A€nI\2
+ (ei}/l) ([e(AE, —AE*) + GAE, — GAE*

—e(A, —ALY)], h((e+G)AL, — (e+1)AL,))

7’2||A||2 N 2y
_(e+1)2||<Gfl)Aén||2+2k2||§nf§ [ (e_'_l)II(Gfl)AénHZ

+ (eiyn ([e(A&, — AE¥) + GAE, — GAE*, I((e+ G)AE, — (e+1)AL,))

s 2
_(e+1)2||(G—1)A§n||2+zk2||<§n—<§ (= (e+1)||(c—1)Agn\|2

+611[He(Agn—Aé*r)+GA<§,,—GA§*||2+||(G_[)A§n||2}

<2)&— &P = (1= He+ DIAPIG - DAG P

Y

Jre—i—l

[(e+1)*[| A& —AS™ || + 9/(G —1)A&|*)

=[2k> +y(e+ DIIAIPNIE — &> ~ e%(l —pu=yle+ DIAIP)IG — DA |

<[|& — &%~ %(1 —t=ye+DIAIP)I(G — 1AL, (26)
Again, using (17), (26) and Lemma 2.1, we get
18+1 = & 11> =[1(1 = 06) (n — §*) + 0 (O htn — &)
<(1=0)[[n = E* (1 + 0| O — §* (1> — 0t (10%:) (|72 — T2

Cn

=(1 _an)th_é*”z"‘ (e+1)2

1
_Ex _mngEx2 _ =
lle(fin — &*) +0hy — 0" E™||” — 04 (1 an)é’(e 1||hn 5chn||>
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(Xn a).n

* 1 n
<(1—aw)[|t, =& ||2 Hh —&" ||2_an( O‘n)g<e+1”hn_5chn>

Q 0, O, N 1
<<1 e_:1>||h” é H2 - anfé ||2an(lan)g<e+1”hn6g.hn”>

e+1

1 n
— (1 — an)g<e+l|h” -0 hn”)

s<1+“'”)> 1€ — EXI1%, 27)

S(Han(w”_l))llén &~ (lfu e+ DIIAI)IG — DA |?

which, by using the fact that Z (@, — 1) < oo, (26), and Lemma 2.3, leads to the conclusion that hm ||§,, E*|| exists.

Consequently, {&,}= | is bounded
Step (2), we show that lim ||, — &,|| = 0 and lim ||/i,41 — %, || = 0. To do this, set
n—ro0 Nn—oo

Y 2 2 1 n
= l—u— 1)]A —1)Ag, (1 —a, w— 0", |-
0= (1= u =+ DIAPIIG - DAGI + o a>g<g+1m 6h|0

Then, we obtain from (27) that

0, < (1 + W) 160 = &I = 11&as1 — &7,

which subsequently yields

lim (G~ A& =0. 28)
and
llmg( Hh —0"h, ||> (29)
n—soo

By using Lemma 2.1 and the property of g, it follows from (29) that
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lim ||, — 9", = 0. (30)
n—soo
Since from (17)

1601 = Sull =11 (0 = Gn) + 0 (O Ttn — )|

<|[7; A2 (S 6 — DAG | + 0| (T A — )|
YllAll O 1o
= —1A — —h
LE NG = DAG |+ 1@ — 1)
it follows from (28) and (30) that
r}g{}ngnH_gn” =0. (€19
Using a similar approach as in above, we get

st =Bl < 1Ens1 = Eall + 1) A" 2(Go — DAGr || + |1 A 2(Go — 1AL, |

YlIAll vllAll
< _ ALkl } _ ik 1} _
< Nws = &all+ LG~ DAG |+ 2 1(G - DA,
which on the application of (30) and (31), yields
lim ||7ip41 — Byl = 0. (32)
n—soo

Furthermore, since
180 = nll = 11 (& — )| = 1YA™2(Go — DAG,||
YIIA]
<0 —1DA
< 26— D),
it follows from (28) that

r}g{}c“‘gn_hn” =0. (33)
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Step (3), we show that li_r>n ||, — ORy|| = 0.
n oo

Since 0 is an enriched asymptotically nonexpansive mapping, by setting L = sup @, it follows from (30) that

n—yeo

17in = Shn|| <17t = 0" | + | 0" Tt = 3o |
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=7y — 0" Al + |0 (0" 1) — S|
=|in— 0"t + ||e (9" — hu) +3 (9" hn) — Shy—e (9" h— ) ||
<ty — 3"l + || € (9™l — Bn) + 3 (9" ' 1in) — Sha|| + |0 it — |
<|iw— 0" Bl + (e+ 1)L||0" Tty — B || + €| 0" i — |
= ||ty — 0" | + [e(1 + L) +L]||0" " Fip — 1|
<1y — 0" 1| + [e(1+ L) + L] {||0" 1y — 0" hus || + |0 Frney — Pyt |
+ 11 — i }
=||fin — 0" fn || +[e(1 +L) + L] ||0" 1y — 0" iy |
+le(1+L) + L) |0"  hiuy — Bp—r || + [e(1 + L) + L] | Fin—1 — B
<[t — 0" |
+le(1+L)+ L {||e (in—Trur) + " iy — 0" it || + €1 Fin — rua ||}
+[e(1+L)+ L] ||0" Ayt — By || + [e(1+ L) + L] || rn—y — 1|
<7t — 0" |
+le(1+L)+L|(e+ 1)L ||y — hnr]| +[e(1+L) + Le || 2n — hn—1 ||}
+[e(1+L)+ L] ||0"  Aiyy — By ||+ [e(L+L) + L] | rn—1 — T
=Ay — 0"y + [e(1+ L)+ L] {(e+ 1) (1 + L) || in—1 — Fn||

+{|8”"h,,,1 _h”*IH} -0 (n— 00).
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That is,
lim ||, — 0| = 0. (4

Step (4), we show that &, — E* €T
Since E; is a UCBS, it is reflexive. By considering the boundedness of {&,}+_,, there is a subsequence {&,,}3, of
{&x}, for which £, — &* as i — co. By using (33), it follows that 7,, — &* € T" as well. Also, from (34),

lim |72, — Oy, || = 0. (35)
i—o0
Following the demiclosedness property of the asymptotically nonexpansive mapping 05, we obtain

04 (I=06)6n =[1—((I =0)I+06)0]5, = 0 (I-0)&,

whenever {&,, }*, C C with §, — &*. Consequently, £* € F(0).
On the other hand, in view of the fact that A is bounded, it follows that A, — AE* as i — co. Thus, using (28), we
obtain

lim (G —1)A&, || = 0. (36)

From the demiclosedness property of G, we obtain that AE* € F(G). This, alongside the fact that E* € F(0), implies
that E* € T

Now, we show that the convergence of the sequence {&,}7_, to the point £* € I is unique. Here, we assume that
{&x};r_, admits another subsequence {&,, };7, which converges to a point #* € I different from &* and then establish a
contradiction. Indeed, considering Step 1 and the assumption that £ is endowed with the Opial property, we obtain

timinf|&, — & < iminf]1&, — || <limint&, ~ 7|
—timinf] &, ~ 4| < liminf|&, — & (7
—liminf&, — &l = liminfl &, — 7.

which is a contradiction. Hence, {&,};_, converges weakly to &*.

Step (5), we establish the validity of (I7).

Indeed, since r}grolo ||(I—9),|| =0 and @ is semicompact, we can find a subsequeence {7, };>, of {A,};_, such that
fin, — ©* € E1. By (33), it is clear that the subsequence {&,, }>; of £, — ¥* too. Since {#,},_; converges weakly to
&*, it follows that £* = ¥*. Since li’giol.}fﬂén — & exists and ligglfﬂéni —&*|| =0, it follows that g, — £* € I This
establishes the validity of (I7).
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4. Application

Now, we apply our result to study the hierarchical variational inequality problem (HVIP, for short) in Banach space.
Let E be a Strictly Convex and Real reflexive Banach Space (SCRBS). Let C be a nonempty, closed, and convex
subset of E. Then, for any £ € E, there exists a unique point 7 € C that guarantees the inequality

I =2l <[lg —@l, YoecC.

Putting # = Pc&, we refer to Pc as the metric projection of E onto C.

Lemma 4.1 [31] Let E be a SCRBS and C be a nonempty, closed, and convex subset of E. Let & € E and & € C.
Then, the subsequent conditions are equivalent:

(1) h € Pe&;

2){(h—w, J(E—h)) >0, Vo € C.

Definition 4.1 Let E be a SCRBS and C, Q C E be two nonempty, closed, and convex subsets of E. Letd, 0:C — C
be two nonlinear mappings which assure that F(3) is a nonempty, closed, and convex subset of C. The HVIP for a mapping
0 with respect to the mapping © in a real Banach space E is to find a point £* € F () satisfying the inequality

(E"—w, J(OE*—E%)) >0, Vo € F(D). (38)

By Lemma 4.1, the HVIP (38) in Banach space is equivalent to the fixed point equation below:

& =Pr)2(&")- (39)

Let C=F(0), Q = F(Pp5)?) (the fixed point set of Pr(5)0), and A = I (the identity mapping on E). Then, the HVIP
of problem (38) for a mapping 0 in respect of the mapping o in a Banach space is equivalent to the SCFPP below:

search for &* € C which guarantees &* € Q. (40)

Consequently, the set of solution I'; of the HVIP (38) is the same as the set of solutions to the SCFPP (40).
Hence, the following theorem is a direct consequence of Theorem 3.1.
Theorem 4.1 Let E be a UCBS and 2-USBS endowed with the Opial property and the best smoothness constant

1
0<k< 7 Let 0: E — E be an (e, {®,};_,)-EANM with {@,};_; C [1, e) such that @, — 1 as n — o and

F(0) #0. Let O : E — E be a mapping such that the mapping G = Py (50 is an (e, 1)-EQSPM with F(G) # 0 and G is
demiclosed at zero. For each §; € E, {&,}*_, is a sequence generated from

{hnén+7(ccl)én7 (4])

én«(»l - (l - an)hn‘i’ana}éhn; n Z 17

where G = (1 —0)[+0G, 0% = (1—0)[+00", {a, }5_; C (0, 1) with lirginfocn(l —0y,) > 0, and ¥ is being controlled

1-2k> 1-=x
(e+1)7 (e+1)

sup@, and Y (@, — 1) < oo,

n—oo n=1

by the inequality: 0 < y < min{ }, {@,}57, C[1, e0) with L=
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(MIfT| = {E* € F(D) : AE* € F(G)}, then &, — E* €T,

(1) In addition, if I'y = {{* € F(0) : AE* € F(G)} # 0 and 0 is semicompact, then &, — E* € I'| as n — o.

Proof. By setting £y = E; =E, A=1, G= Pr(0) 00 in Theorem 3.1, and noticing that J; = J, = J, the conclusion
follows immediately from Theorem 3.1. O

5. Numerical examples

Example 5.1 [5] Let E = R? be equipped with the Euclidean norm and

C={(&, &) eR &, 65 >0, EE+E7 <1}

Let G: C — C be given as

G(h, &) = (g %) (42)

Notice that C a bounded, closed, and convex subset of the uniformly convex Banach space E. Lete € [0, +) and ¥ €
[0, 1). Then, for all , & € C, we have

le(h—&)+Gh—& |* =l e[(f, &)~ (B2, &)]+G(1, &)~ Gz, &) |

= |le(h —ha, &1, &)+ (

hl;h27 &1 ;52>H2

hy—ho

=|le(hy —hy)+ ——=, e(& — &) +

|
2 2

|| 2eh —2ehy + 7y —Fia 2661—2@524‘51—52“2
B 2 ’ 2
(43)

(2€+ l)hl — (Ze+ l)hz (26’—1— l)él — (26‘—!— 1)52 H2
2 ’ 2

2
2e+1
( ; ) | 1=, &1 =& P

2
_ (%;1) | (1, &) — (B2, &) |17

Also, by setting Q= (e+1)* || A—& || +9 || i— & — (Gh— G&) ||*, we obtain that
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Q=(e+ 1| (h, &) = (&1, &) IIP +0|(hr, &) — (a2, &) — <hl e @) HZ

272

—(e+ 12| (1, &)= (&1, &) |2 +0]|(h1 — o, &~ &) — (h' o _§2> i

2 72

(e (. &)= (@ &) 1o (- (M52 ) ) - (8- (2572) )

2 =2k —M+2 261 =258+ & H2
2 2

=(e+1)* || (71, &) = (&1.xi2) > +0

(44)

=(e+1)* || (1, &) — (&1, &) ||* +0

h—hy 51-52“2
2 2

=(e+1)* | (A1, &) — (&, &) |I? +g | By —hp, &1 =& |2
=(e+1)* || (1, &) — (A, ha) |7 +% | (B, &) = (B2, &) |17

(5
=2 2] 0, 60— 02, ) 1P
Equations (43) and (44) imply

le(h—&)+Gh—G& |

2
(262“> | (1, &) — (ha, ) |2

(45)

<

(e+ 17+ (f)] | (i &)~ (s 1) |

=(e+ 1) [|A=E [P +0 || h—& —(Gh—GE) |I*.

Therefore, G is an (e, ©¥)-enriched strictly pseudocontractive mapping. Further, observe that F(G) = (0, 0), so that
G becomes an (e, ¥)-enriched strictly quasi-pseudocontractive mapping.
Example 5.2 Let G be a selfmap of R. For each £ € R, define
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GE = 3¢, (46)

Here G is an (e, ¥)-enriched strictly pseudocontractive mapping with e = 0 and F(G) = {0}.
Let E =R and 0 : R — R? be a mapping defined by

1

ﬂ(él, &), VEER, (47)

G, &)=

where & = (&, &). In Example 3.4, we have proved that G is an (e, {®@,};_,)-EANM and F(G) = (0, 0). Therefore,
Theorem 5.1 below follows from Theorem 3.1.

Theorem 5.1 Let E; = E; = R?, C be as described above. Letd: C — C (e, {®,}_;)-EANM and Let G: C — C
be the (e, ¥)-ESPM given by (45) and (46), respectively. Let A : C — C be a bounded linear operator and A* is its adjoint.
For each §; € C, let {§,}7_, be a sequence developed from

By =&+ vA*(Gs — 1)AE,,
Epr1 = (1 — o)y + 0, 0% Hiy, n>1,

where G5 = (1—0)[+0G, 05 = (1—0)[+00" and {0}, C (0, 1) with lilginf(xn(l — o) > 0 and y being controlled
n—oo

1 —2k? l—-n
(e+D)JIA[>" (e+ 1A

by the inequality 0 < y < min{ } If E‘, (@, — 1) < oo, then the results of Theorem 3.1 follows.
n=1

6. Conclusions

This paper initiated the concept of (e, {@, }_,)-EANM in a real Banach space domain. Further, we used this concept
to study the split common fixed point problem of enriched strictly pseuocontractive and asymptotically nonexpansive
mappings, and subsequently showed that weak and strong convergence theorems of the SCFPP for (e, ©)-ESPM
and (e, {@,};_;)-EANM could be established in such spaces using a modified Ishkawa iterative method. As the
classes of enriched strictly pseudocontractive and asymptotically nonexpansive mappings cover the classes of strictly
pseudocontractive and asymptotically nonexpansive mappings, our result contributes in the following ways:

1. The mappings we considered in this paper are larger than the mappings considered for the results in [4, 5, 8, 21].

2. The problems considered by Cui et al. [21] and Tang et al. [24] are consequences of our main result.

As an application, the iteration sequence studied in this paper was shown to be suitable for approximating the solution
of the hierarchical variational inequality problem which is clearly more general than classical variational inequality
problem and the fixed point problem. Our theorem therefore improves, complements, and unifies the results of [11, 24]
and several other results announced recently.

Acknowledgement

The first author acknowledges the Princess Nourah bint Abdulrahman University Researchers Supporting Project,
project number PNURSP2025R 174, Princess Nourah bint Abdulrahman University, Riyadh, Saudi Arabia.

Co iporary Math tics 7742 | Mohammad Akram, ef al.



Conflict of interest

The authors declare that there is no conflict of interests regarding the publication of this paper.

References

[1] Agwu IK, Ugwunnadi GC, Narain OK, Mebawondu AA. A method involving tri-inertial-type for solving split
problems with multiple output sets. Reports of the Mathematical Circle of Palermo Series 2. 2025; 74: 1-31.
Availavle from: https://doi.org/10.1007/s12215-025-01213-9.

[2] Mitrovic ZD. An application of a generalized KKM principle on the existence of an equilibrium point. Mathematics
Series. 2001; 12: 64-67. Availavle from: http://www.jstor.org/stable/43666553.

[3] Xu HK. Inequalities in Banach spaces with applications. Nonlinear Analysis. 1991; 16(12): 1127-1138. Availavle
from: https://doi.org/10.1016/0362-546X(91)90200-K.

[4] Agwu IK, Igbokwe DI. Convergence theorems and demiclosedness principle for enriched strictly pseuocontractive
mappings in real Banach spaces. International Journal of Nonlinear Analysis and Applications. 2023; 14(6): 345-
355. Availavle from: http://dx.doi.org/10.22075/ijnaa.2023.28405.3880.

[5] Saleem N, Agwu IK, Ishtiaq U, Radenovi’c S. Strong convergence theorems for a finite family of (b, k)-enriched
strictly pseudocontractive mappings and 7-enriched Lipschitizian mappings using a new modified mixed-type
Ishikawa iteration scheme with error. Symmetry. 2022; 14(5): 1032. Availavle from: https://doi.org/10.3390/
sym14051032.

[6] Browder FE, Petryshyn WV. Construction of fixed points of nonlinear mappings in Hilbert space. Journal
of Mathematical Analysis and Applications. 1967; 20(2): 197-228. Availavle from: https://doi.org/10.1016/
0022-247X(67)90085-6.

[71 Berinde V. Approximating fixed points of enriched nonexpansive mappings by Krasnolselkii iteration in Hilbert
spaces. Carpathian Journal of Mathematics. 2019; 35(3): 293-304. Availavle from: https://doi.org/10.37193/CJM.
2019.03.04.

[8] Berinde V. Approximating fixed points of enriched nonexpansive mappings in Banach spaces by using a retraction-
displacement condition. Carpathian Journal of Mathematics. 2020; 36(1): 27-34. Availavle from: https://doi.org/
10.37193/CIM.2020.01.03.

[91 Agwu IK. A novel iteration algorithm for hybrid pair of total asymptotically non-expansive single-valued and
total asymptotically quasi-nonexpansive multivalued mappings in Banach space. Results in Fixed Point Theory and
Applications. 2020; 2020: 1-20. Availavle from: https://doi.org/10.30697/rfpta-2020-007.

[10] Agwu IK, Igbokwe DI, Ukeje NC. Convergence of a three-step iteration scheme to the common fixed points of
mixed-type total asymtotically nonexpansive mappings in uniformly convex Banach spaces. European Journal of
Mathematical Analysis. 2021; 1: 45-67. Availavle from: https://doi.org/10.28924/ada/ma.1.45.

[11] Igbokwe DI. Weak and strong convergence theorems for the iterative approximation of fixed points of strictly
pseudocontractive maps in arbitrary Banach spaces. Journal of Inequalities in Pure & Applied Mathematics. 2002;
5(1): 67-75.

[12] Okeke GA, Agwu I, Igbokwe D, Olaoluwa H. Existence of fixed point for a new class of enriched pseudocontractive
mappings. Journal of the Nigerian Mathematical Society. 2024; 43(3): 221-235.

[13] Agwu IK, Isik H, Igbokwe DI. Fixed point results involving a finite family of enriched strictly pseudocontractive
and pseudononspreading mappings. Journal of Inequalities and Applications. 2024; 2024(1): 58. Availavle from:
https://doi.org/10.1186/s13660-024-03120-6.

[14] Berinde V. Weak and strong convergence theorems for the Krasnoselskij iterative algorithm in the class of enriched
strictly pseudocontractive operators. Annals of West University of Timisoara-Mathematics and Computer Science.
2018; 56(2): 13-27. Availavle from: https://doi.org/10.2478/awutm-2018-0013.

[15] Censor Y, Elfving T. A multiprojection algorithm using Bregman projections in a product space. Numerical
Algorithms. 1994; 8: 221-239. Availavle from: https://doi.org/10.1007/BF02142692.

[16] Byrne C. Iterative oblique projection onto convex sets and the split feasibility problem. Inverse Problems. 2002; 18:
441-453. Availavle from: https://iopscience.iop.org/article/10.1088/0266-5611/18/2/310.

Volume 6 Issue 6]2025| 7743 Contemporary Mathematics


https://doi.org/10.1007/s12215-025-01213-9
http://www.jstor.org/stable/43666553
https://doi.org/10.1016/0362-546X(91)90200-K
http://dx.doi.org/10.22075/ijnaa.2023.28405.3880
https://doi.org/10.3390/sym14051032
https://doi.org/10.3390/sym14051032
https://doi.org/10.1016/0022-247X(67)90085-6
https://doi.org/10.1016/0022-247X(67)90085-6
https://doi.org/10.37193/CJM.2019.03.04
https://doi.org/10.37193/CJM.2019.03.04
https://doi.org/10.37193/CJM.2020.01.03
https://doi.org/10.37193/CJM.2020.01.03
https://doi.org/10.30697/rfpta-2020-007
https://doi.org/10.28924/ada/ma.1.45
https://doi.org/10.1186/s13660-024-03120-6
https://doi.org/10.2478/awutm-2018-0013
https://doi.org/10.1007/BF02142692
https://iopscience.iop.org/article/10.1088/0266-5611/18/2/310

[17] Moudafi A. The split common fixed point problem for demicontractive mappings. Inverse Problems. 2010; 26(5):
55-70. Availavle from: https://iopscience.iop.org/article/10.1088/0266-5611/26/5/055007.

[18] Moudafi A. A note on the split common fixed point problem for quasinonexpansive operators. Nonlinear Analysis.
2011; 74(12): 4083-4087. Availavle from: https://doi.org/10.1016/j.na.2011.03.041.

[19] Xu HK. Iterative methods for the split feasibility problem in infinite dimensional Hilbert spaces. Inverse Problems.
2010; 26(10): 50-80. hAvailavle from: ttps://iopscience.iop.org/article/10.1088/0266-5611/26/10/105018.

[20] Zhao J, Yang Q. Several solution methods for the split feasibility problem. /nverse Problems. 2005; 21(5): 1791-
1799. Availavle from: https://iopscience.iop.org/article/10.1088/0266-5611/21/5/017.

[21] Cui HH, Wang FH. Iterative methods for the split common fixed point problem in Hilbert spaces. Fixed Point Theory
and Applications. 2014; 2014(1): 78. Availavle from: https://doi.org/10.1186/1687-1812-2014-78.

[22] Takahashi W. Iterative methods for split feasibility problems and split common null point problems in Banach spaces.
Journal of Nonlinear and Convex Analysis. 2015; 16(12): 2351-2364.

[23] Takahashi W, Yao JC. Strong convergence theorems by hybrid methods for the split common null point problem in
Banach spaces. Fixed Point Theory and Applications. 2015; 2015(1): 87. Availavle from: https://doi.org/10.1186/
s13663-015-0324-3.

[24] Tang J, Chang S, Wang L, Wang X. On the split common split common fixed point problem for strict
pseudocontractive and asymptotically nonexpansive mappings in Banach spaces. Journal of Inequalities and
Applications. 2015; 2015(1): 305. Availavle from: https://doi.org/10.1186/s13660-015-0832-z.

[25] Chidume C. Geometric Properties of Banach Spaces and Nonlinear Iterations. London: Springer London; 2009.

[26] Bynum WL. Weak parallelogram laws for Banach spaces. Canadian Mathematical Bulletin. 1976; 19(3): 269-275.
Availavle from: https://doi.org/10.4153/CMB-1976-042.

[27] Goebel K, Kirk WA. Topics in metric fixed point theory. In: Cambridge Studies in Advanced Mathematics. Vol. 28.
Cambridge, UK: Cambridge University Press; 1980.

[28] Xu ZB, Roach GF. Characteristic inequalities of uniformly convex and uniformly smooth Banach spaces. Journal
of Mathematical Analysis and Applications. 1991; 157(1): 189-210. Availavle from: https://doi.org/10.1016/
0022-247X(91)90144-0.

[29] Goebel K, Kirk WA. A fixed point theorem for asymptotically nonexpansive mappings. Proceedings
of the American Mathematical Society. 1972; 35(1): 171-174. Availavle from: https://doi.org/10.1090/
S0002-9939-1972-0298500-3.

[30] Suzuki T. Fixed point theorems and convergence theorems for some generalized nonexpansive mappings. Journal of
Mathematical Analysis and Applications. 2008; 340(2): 1088-1095. Availavle from: https://doi.org/10.1016/j.jmaa.
2007.09.023.

[31] Takahashi W. Nonlinear Functional Analysis. Yokohama: Yokohama Publishers; 2000.

Co iporary Math tics 7744 | Mohammad Akram, ef al.


https://iopscience.iop.org/article/10.1088/0266-5611/26/5/055007
https://doi.org/10.1016/j.na.2011.03.041
ttps://iopscience.iop.org/article/10.1088/0266-5611/26/10/105018
https://iopscience.iop.org/article/10.1088/0266- 5611/21/5/017
https://doi.org/10.1186/1687-1812-2014-78
https://doi.org/10.1186/s13663-015-0324-3
https://doi.org/10.1186/s13663-015-0324-3
https://doi.org/10.1186/s13660-015-0832-z
https://doi.org/10.4153/CMB-1976-042
https://doi.org/10.1016/0022-247X(91)90144-O
https://doi.org/10.1016/0022-247X(91)90144-O
https://doi.org/10.1090/S0002-9939-1972-0298500-3
https://doi.org/10.1090/S0002-9939-1972-0298500-3
https://doi.org/10.1016/j.jmaa.2007.09.023
https://doi.org/10.1016/j.jmaa.2007.09.023

	Introduction
	Preliminaries
	Main results 
	Application
	 Numerical examples
	Conclusions

