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Abstract: We extend the notion of (a, k)-enriched strictly pseudocontractive mappings to the notion of the more general a-
enriched pseudocontractive mappings. It is shown with examples that the class of a-enriched pseudocontractive mappings
is more general than the classes of (a, k)-enriched strictly pseudocontractive and pseudocontractive mappings. Some
fundamental properties of the class a-enriched pseudocontractive mappings are proved. In particular, it is shown that the
fixed point set of certain class of a-enriched pseudocontractive self-mappings of a nonempty closed convex subset of a
real Hilbert space is closed and convex. Demiclosedness property of such class of a-enriched pseudocontractive mappings
is proved. Certain strong convergence theorems are then proved for the iterative approximation of fixed points of the class
a-enriched pseudocontractive mappings.
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1. Introduction

The notations N, R and C will denote the set of natural numbers, the set of real numbers and a nonempty closed and
convex subset of a real Hilbert space H, respectively. We denote the set {r € H: Tr = r} of fixed point of T by F(T).
Solving a fixed point problem of a mapping 7T is to show that F(T) # 0. Fixed Point Theory (FPT) is one of the most
powerful and fruitful tools in modern mathematics and a core subject of nonlinear analysis. In FPT, Banach’s fixed-point
theorem played a vital role in solving equation of the form 7Tr = r, where T is a nonlinear mapping. It is well known that
most of the nonlinear equations can be transformed into fixed-point problem.

Banach’s fixed-point theorem has attracted and continued to attract the attention of several researches due to its
applications in varieties of scientific problems, such as equilibrium problems, selection and matching problems, image
processing (see, for example, [1]), the study of existence and uniqueness of solutions of integral and differential equations.
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Recall that differential equation, whose essence is preeminent in mathematics, science and engineering, provides a robust
model that can be used to study several systems, including celestial mechanics and biological processes (see, for example,
[2]). Aside this, fixed point theory provides mathematical tools, like the Brouwer’s and Kakutani’s fixed-point theorems,
to prove the existence of market and economic equilibria, where supply matches demand (see, for example, [1, 3]). Further,
in the context of Banach algebra, the approximation of fixed point of the product of two operators has been involved in
addressing complex equations (see, for example, [4]); fixed point theorem has also contributed consequential platforms to
model self-similarity, convergence behavour, memory effects and nonlinear dynamics that occur in a variety of deciplines
(see, for example, [ 1] for more detail). Admittedly, the recurring expansion in the field of nonlinear operators and nonlinear
analysis is intimately connected to fixed point theory. The above illustrations underscore the richness and diversity of fixed
point theorems in real-world applications.

Fixed point theorems for nonexpansive mappings and their invariant points have been known to be instrumental in
convex feasibility problems, differential equations, game theory, economy, optimal control, dynamics and several other
physical problems. Consequently, considerable research effort has been made toward generalization of nonexpansive
mappings.

In [5], Saleem et al. studied the class of (a, ®r)-enriched Lipschtzian mappings in real Banach spaces. They referred
to a mapping T as (a, ®r)-enriched Lipschtzian if, for all r, s € C, there exist a € [0, =) and a continuous nondecreasing
function ®7: RT™ — R* with ®(0) = 0 such that

la(r—s)+Tr—Ts|| < (a+1)®7(||r—s]))- (1)

Note that if a = 0 and ®7(w) = Lo, for L > 0, then T is called L-Lipschitzian, where L is the Lipschitz constant.
Specifically, if a = 0, @7 (@) = Lw and L = 1, then T is referred to as nonexpansive. However, ifa > 0and b= (1 +a)~ !,
then b € (0, 1). In this case, (1) is equivalently written as

[(1=b)r+bTr—((1=>b)s+bTs)|| < Dr(||r—s])). 2)

For each r, s € C, (2) can also be written as

|Tor — Tps|| < Pr([lr—sl)), 3)

where the average mapping T, = (1 — b)I + bT is ®p-Lipschitizian in the terminology of Hicks and Kubecek [6].
Remark 1 Every Lipschitz mapping is invariably ®7-Lipschitzian but the converse may not be true; see, for

example, Hicks and Kubecek [6]. Also, every ®r-Lipschitz mapping is (0, ®r)-enriched Lipschitz mapping. Again,

if @7 is not necessarily nondecreasing and fulfills @7 () < @, for @ > 0, then T is called a nonlinear contraction on C.
Example 1 Let 7, a self-map of R, be given as

Tr=+/|r] VreR.

Consider ®7(w) = /@, ® > 0. It can easily be seen that ®7 is continuous and nondecreasing. Observe that T is
subadditive. Indeed, let 7, s € R. Then.
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(T(r+s)) = |rts

IN

(Vlrl+V1sl)?
= (Tr+Ts)>
By the subadditivity property of T, the last inequality yields
I Tr—Ts| < T(r—s) = ®r(|r—s|).

Therefore, T is (0, ®r)-enriched Lipschitzian mapping with &7 as the ®r-function. Consider T as being
Lipschitizian with Lipschitiz constant L > 0. Then, V7, s € R, with s = 0 and r # 0, we obtain 7r < L|r|. Hence, Vr # 0,
L> ! .
~ Vi
Now, if we approach the above selection of a in a more holistic way, say by giving a an arbitrary point in [0, o) and
considering @7 (®) = @, then (1) reduces to

Lettting r — 0, we get a contradiction. Consequently, 7" is not Lipschitizian mapping.

la(r=s)+Tr=Ts| < (a+1)Ir s, )

and it is called an a-Enriched Nonexpansive Mapping (a-ENM). This class of mappings was initiated in [7] as a superior
category of certain class of nonexpansive mappings.

In [8], Berinde introduced a class of nonexpansive-type mappings which is more general than the one considered
in [7]. In the words of Browder and Petryshyn [9], he referred to a selfmap T of C as being (a, k)-Enriched Strictly
Pseudocontractive Mapping ((a, k)-ESPM) if Vr, s € C there exist a € [0, o) and k € [0, 1) such that,

lla(r—s)+Tr— TsH2 <(a+ 1)2||r—s||2—|—k||r—s— (Tr—Ts)||2. (5)

They established some inclusive properties of this map in respect of a-ENM and k-Strictly Pseudocontractive
Mappings (k-SPM) (Recall that a mapping T is called (k-SPM) if Vr, s € C, we can find a k € [0, 1) which assures
|Tr—Ts||? < ||r—s||> +k|r—s— (Tr —Ts)||>. Notice that if k = 1, we obtain a pseudocontraction). In [8], it was shown
that a Krasnoselskii’s type sequence (see [10]) converges strongly to the fixed point of (a, k)-ESPM.

Remark 2 We observe from (5) that if « = 0 and k = 1, then we obtain a class of mappings defined by

ITr=Ts|* < ||r=s|]*+ |r—s— (Tr—Ts)|* (6)

and it is called a pseudocontraction. This class of mappings is intimately connected to the class of monotone mappings,
where a selfmap A of C is considered to be monotone if it satisfies the inequality

(r—s,Ar—As) >0, VrseC. (7
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It is on record (see, for instance, Browder and Petryshyn [9]) that T is a pseudocontraction providled A =1—T is a
monotone. As a consequence, F(T) = {re C: Tr=r} =N(A) = {r € C: Ar = 0}, where N(A) denotes the set of zeros
of A. It is also on record (see, for example, [11]) that if A is monotone, then the points that solve Ar = 0 corresponds to
the stability stance of certain evolution system.

Subsequently, several results have been announced in the domain of enriched nonlinear maps. Agwu and Igbokwe
[12] proved demiclosedness principle and further obtained weakly and strongly convergent sequences of Mann and
Ishikawa-type for (a, k)-ESPM. Razzaque et al. [13] studied multiple-set split feasibility problems for a finite family
of (a, k)-ESPM in real Hilbert spaces, Agwu et al. [14] introduced a method that initiated approximation procedures for
common fixed points of finite families (a, k)-ESPM and f-enriched strictly pseudononspreading mappings, and strong
convergence result was later established in real Hilbert space. Agwu et al. [15] established the fixed point result for
enriched pseudocontractive mappings, Berinde and Saleh [16] presented new average type iterative schemes for exploring
split common fixed point of demicontractive mappings in the Hilbert spaces. Agwu et al. [17] initiated the notion of 3-
enriched strictly pseudo-nonspreading mappings and proved convergence theorems of the sequence initiated by Halpern
type schemes. Their results solved the open problem posed by Kurokawa and Takahashi in [18]. They further established
some basic properties of the map studied.

In many results involving (a, k)-enriched strictly pseudocontractive mappings, it is discovered that k is confined in
the set (0, 1). This restriction limits the applicability of the map in different settings. Motivated by the need to broaden
the domain of k and the results of the authors mentioned above, it is our purpose in this paper to introduce a new nonlinear
mapping called a-enriched pseudocontractive mapping. Clearly, the class of enriched nonlinear mappings, having been
proven to be more general than the class of mappings from which they inherited their family name, forms richer bases in
applications. Inspired by this and following the conclusions reached in [19], our contribution in this paper is as follows:

(1) We further generalize the concept of (a, k)-ESPM to that of a-Enriched Pseudocontractive Mappings (a-EPM)
in order to extend and generalize fixed point theory to a broader class of functions, leading to more stable and efficient
algorithms for solving nonlinear equations and optimization problems. It is believed that the new concept will provide
a more flexible structure that can be applied to problems where neither pseudocontractive nor (a, k)-enriched strictly
pseudocontractive mappings may not be suitable, thus improving convergent properties and widening applicability.

(2) We illustrate with examples that a-EPM is larger than (a, k)-ESPM.

(3) we established some basic properties of a-EPM. Specifically, for Lipschitz a-ESPM, we established that the fixed
point set is closed and convex. Additionally, we proved demiclosedness principle for the class of mappings studied.

(4) We established strong convergence results involving Ishikawa-type sequence embedded with a-EPM. Finally, we
conducted a numerical experiment to confirm our convergence results.

The rest of the paper is organized as follows: Section 2 contains the preliminary concepts and results regarding fixed
point theory. Section 3 comprises strong convergence result of the proposed algorithm. Section 4 deals with the numerical
example to support our convergence result.

2. Preludes

Next, we present the following lemmas in order to accomplish the goal.

Lemma 1 [19] For given elements r, s € H, the inequality below remains valid:

lr 51 < I7ll* +2(s, r+s).

Lemma 2 [20] Consider C as a convex subset of H. Let r € H. Then, ry = Pcr if and only if

<l‘—l’0,r0—7‘>207 VteC.
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Lemma 3 [20] Let {a, } be a sequence of nonnegative real numbers guaranteeing the inequality
Ont1 < (1 - O‘m)am + 00,  m > my,

where {a,,} C (0, 1) and {5, } C R fulfill the following condition: 1i_r>n o, =0, ¥ a, =, and limsupd,, <O0. Then,
n=se9 m=1 m—yoo

lim a,, = 0.

M—soo

Lemma 4 [21] Let {a,, } be a sequence of real numbers that assures the existence of a subsequence {m;} of {m} for
which a,,, < am,41 Vi € N. Consider the integer {n,} given by

ng=max{r <s:a, <dj41}-

Then, {n;} is a nondecreasing sequence fulfilling limn, = oo, and for every t € N, the subsequent inequalities are
n—soo
validated:

an, < apy1 and  a; < ap41.

Lemma 5 [22] Consider a Hilbert space H. For ({r,};2;, {04 }72 ) € H x [0, 1], the following equality is validated

t
lowro+ouri+-+ o> = Y olrel> = Y, awanllre—ril*-
k=0 0<k, i<t

Lemma 6 [17] Consider a Hilbert space H. Then

() |las+ (1 —a)r||? = a||s||> + (1 —a)||r||> —a(l —a)||s—r|?* forall s, r € H and a € [0, 1].
@) [|s+7)> < |IsI>+2(r, s+7), foralls, r € H.

(iii) If {s, } is a sequence in H such that s, — g € H, then

limsup||s, — s||* = limsupl|s, — q||* +||¢ —s||*, Vs €H.

n—yoo n—yoo

3. Results and discussion

Now, we shall present our main results of this paper.

Definition 1 Let H be a Banach space and C C H. A selfmap T of C is known as a-EPM if for every r, s € C, we
can find an a € [0, ) that verifies the inequality:

la(r—s)+Tr=Ts|* < (a+1>|r—s|* + | (I =T)r— (I =T)s||*. ®)

Note that 0-enriched pseudocontractive mappings is pseudocontractive with a = 0. Therefore, inequality (8) reduces
to inequality (1) when a = 0.

1
Remark 3 Seta = 5= 1 € [0, o) for b € (0, 1]. Then, inequality (8) becomes
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la(r—s)+Tr=Ts|* < (a+ 1) |r—s|> + | (I =T)r— (I =T)s|?

=

457
b

(r—s)—&—Tr—Tst < %Hr—s”z—i—||(I—T)r—(I—T)sH2
& (= byr+bTr—[(1=b)s+Ts]|? < ||Ir—slP> + | (1 = T)r — (1= T)s]?

& N =Tpsl|? < llr—slP+ 17 =T)r— (1 =T)s|,

where T, = (1 — b)I + bT with I representing the identity operator on C.

It, therefore, becomes clear from Remark 3 that the average operator 7}, is a pseudocontraction whenever T is an
enriched pseudocontractive mappings.

The existence of the class of an (a, L)-EPM is illustrated below.

Example 2 Consider H = R, with the usual norm. Given that the selfmap 7" of R as

P2, if Fe[-2,0]
7, if 7€ (0,1].

Clearly, F(T) = 0. It is interesting to know that T is O-enriched pseudocontractive mapping. To see this, observe
that if 7, § € [—2, 0], then, we get

|la(#—§) + T#— TS = |0(F —§) + TF —T§* = |1 +7+5*|p — 5

and

Thus,
O+ 12 p =82+ [p—Tr—E—TH> = (F—8>+(F—35)>(F+5)?>

(1+ (7487 -3

Y

|1+ 7+ 37— §

0(F —§) +T7—Ts|.
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If 7, § € (0, 1], then

0(F —§) + TF— T3> = |# =35> = |[F =5[> + 0= (0+ 1)*[# = 3> +|F — TF — (§— T3)|*.

Lastly, if # € [-2, 0] and § € (0, 1], then

0(F—8) +TF—TS* = [P+ —§> = |p — §+ 722

and

P —TF—(§—T$)|* =7

Thus,

(0+1)2|f—§|2+|f—Tf—(§—T§)|2 = ‘f_§‘2+f2 > |f_§_|_?2‘2

which shows that the mapping 0-enriched pseudocontractive.
Next, we show T is 0-enriched Lipschitzian with L = 5. If #, § € [—2, 0], then we have

0(F—8)+TA—T$| = |P+ P —5— | = |(F+8) + 1||F —§| < (0+1)3]7 —4].

If 7, § € (0, 1], then we have

0(F—§)+ T#—T5| = (0+1)|# —4]. ©9)

If 7€ [—2,0] and § € (0, 1], then we obtain

0(F=8)+TF—T5| = [F—§+/|=|p—5+7* - +§

= P—§4+P—F|+8

IA

PS4 1]|F =8|+ |§—F| = |2+ F+8]|F — 5|

< (041)3|F—3.
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If § € [-2, 0] and 7 € (0, 1], then we have

0(F =8 +TF—TS| = [p—(E+8)|=F—5—F+P* -7

= |P=S+(F=8) (43—

< 1 +A4S]R -8+

< U8R 8+ (P —9)°
< [ +7+8[+ |7 =37 - 5]
< (041)5]7—3].

Thus, we have that 7' is a (0, 5)-enriched Lipschitzian pseudocontraction with L = 5.

Also, it is worthy fact illustrated below that the class of a-enriched pseudocontractions is a superclass of the class of
pseudocontractions.

Example 3 Let 7', a selfmap of R, be given as

Then, every 7, § € (—oo, 2] and a = 1, we have

(a+ 1P —§2+|p—Tr—(E-TS> = 5/F—3

Vv
~
\
o)

()
I
]
~
~>

\
N2
+
~
~>

\
~
Y
. [\

Further, for all 7, § € (2, 0) and a = 1, we get

(a+ 12 =§P2+|p—Tr—(5-TS|*> = 5|p—5

and for 7 € (—eo, 2] and § € (1, ), we obtain
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(a+1)2p =52+ [P —TF—E=TH> = 4p—3 +F—E—1)
= Ap—5P+|F—5+1)
> |P=8§—1P =|a(f—8)+Tr—T3>.
Thus, for all 7, § € R and a > 1, we obtain
la(F—8)+TF=TS||> < (a+1)*|F=$|>+ (I - T)# — (I = T)3||?

. . . . . L . .5
and T is an a-enriched pseudocontractive mapping. However, 7T is not a pseudocontraction since for # =2 and § = ok we
get

1
|T? —T3§)* > 5= |P—S$P P —TF—(§—T$)|*

The following example illustrate the fact that the class of class of a-EPMs contains (a, k)-ESPMs.
Example 4 Consider R? as a 2-dimensional Euclidean plane. Define 7: R> — R? by

Tr = (r1,r)+(rn, —r)
= (ri4+r,rn—r),Yr=(r,r) R
Then, for r = (r1, 2), s = (s1, 52) € R and a = 1, we get
la(r—s)+Tr—Ts|* = |la((r1, r2) = (s1, 82)) + (r1 +r2, ra —r1) — (51 4+ 52, 52— 51) |
= la((ri=s1), (2=, $2)) + (r1+ 12, 2= r1) = (s1 452, 2= 1) >

= Q2(r1—=s1)+(r—5))+Q2(n—s) - (rn-s))’

5[(r1 —51)* + (r2 — 52)?]

= Sllr—sl* = (a+ 1)@ (|lr—s]).

5p*
i
Now, observe that ||a(r —s) 4+ Tr — Ts||> = 5||r —s||?, s — Ts = —(s2, —s1) and r—Tr = —(ra, —ry) so that

Hence, T is 1-enriched ®7-Lipshitz mapping with ®7(p?) =
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la(r=s)+Tr=Ts|* = ||~ (r2=r)~(~(s2=s1))I

| =[(ra=r1) = (s2 = s)]I

= |l —=s2), =(r1 —s1)]|I?

= (n—s1)+(n—)

Ir = s>

Consequently,

(a+1)?r=s|*+|lr=Tr—(s = Ts)|? Alr = s+ flr— sl

= slr-sl?
= l|la(r—s)+Tr— Ts||2

Therefore, T is a ®7-Lipshitz and an a-enriched pseudocontractive mapping. However, T is not an (a, k)-enriched
strictly pseudocontractive since for r = (1, 1), s = (=1, —1) € R?, we have ||r —s||*> = 8 and ||a(r —s) + Tr — T's||*> = 40,
so that

(a+1)?r—s||> +k|jr—Tr— (s—Ts)||* =32+ 8k < 40 = ||a(r —s) + Tr — Ts||*>, Yk € (0, 1).

Lemma7 Let7T:C — Cbean (a, L)-enriched Lipschitz pseudocontractive mapping. Then, F(T)={reC:Tr=r}
is closed and convex.

Proof. If F(T) = 0, then it is done. Suppose otherwise and let {u,,},_, C F(T) so that u,, — q. We show that
qgEeF(T).

lg=Tqll < llg—Tunll+1Tq— Tun||

IN

g — ||+ (a+1)L{lg — unl|

= [1+(a+1L]||g—um|| =0 as m— oo.

Therefore, g € F(T), and F(T) is closed. Next, we prove the convexity of 7. If F(T) is singleton or empty, then it is
convex. Suppose the converse and let g1, g2 € F(T) and ¢ € [0, 1] be arbitrary, and g = ag; + (1 — a)g2. We demonstrate
that g € F(T) = F(T}). Notice that

Volume 6 Issue 6]2025| 7543 Contemporary Mathematics



lg—aqill = (1—a)llg1 —a2l; [lg — g1l = llg1 — g2 |- (10)

Ford € (0 ), set Syr = Tp[(1 — ©)r+ O Tpr], where Ty, = (1 — b)I + bT with I representing the identity

1
1+V1+12

operator on C. Then, Syq; = g and Syq2 = ¢». Now, since

lg—Ssql> = |o(g1—Ssq)+(1—)(q2—Ssq)|?
= allgi—Ssqll* + (1 — a)llq2 — Spqll* — a(l — a)|lqg1 — g2 | (11)

and

1
J— 2 — [ —_
IS9q—q1| [(1 ¥)g+ ﬁThq] +a+1T[(1 ¥)g+ ﬁqu}

Ha+1
e+ el
a1 T 9

1
= ——la[(1-8)g+9T,g—q] +T[(1 — ¥)g+ 3Tpq] — Tq: |

(a+1)2
< 2 _ . 2
< (a+1)2[(a+1) |(1—8)g+OTpg—q1|
+]|(1 = 9)g+ 9Tyg— Ssq — (¢1 — Ta1)||*]
< (1=9)(g—q1)+ 3 (Thg—q1)|
+[(1=9)(g—Ssq) + ¥(Thg — Ssq)|*
Y (1 —0)
_ _ _ 2 _ _ 2 _ 2
= (1-9)|qg—all +7(a+1)2||a(q q1)+Tq—Tq| W 1 lg—Tqll
— J— 2 B — — —
+(1=9)[lg—Ssqll +(a+1)2||a(q (1-0)g+9Thq))
9(1—0)
_ _ 2 Y\ Y o 2
+Tq—T((1-9)g+3Tyq)| @i 1)? llg—Tqll
) 3(1—0)
< _ 2 2 _ 2 vl—=—v), 2
< (1=9)|g—qill”+Sg—a1] +(a+1)2\|61 Tq| @tz lla—Tq|
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8(1—0)

- 2
m”f]—TfIH

+(1=9)llg—Ssql* + 0L g — (1 - 0)g +8Tpq)|* —

120 —02L%)|lg—Tq||* + (1 —9)]lg— Ssqll*,

()
— _ 2_ 7

it follows that

1Ssg— a1l < llg—q1]* + (1= 9)|lg— Ssql|*. (12)

Using the same approach as above, we obtain

1S0q — q2|1* < llg— q2|* + (1 — B)||g — Suql|*. (13)

Putting (12) and (13) into (11), we get

IN

lg — Soall? allg—aqil* + (1= 9)llg — Saql’]
+(1=)[llg =2l + (1 = 9)llg = Spal*] — (1 — @) llg1 — g2

= (1-9)lg—Ssql*

It, therefore, follows from the last inequality that 0 < [|¢ — Ss¢||*> < 0, and as a consequence, we have S3q = g.
Observe that

1Tog—qll < |lg—Ssql +ISsq— Trqll

= lg—Ssql + | T[(1 - 0)q+8Tpq] — Tpq||

1
= |lg—Soqll+ ——=|al(1 —0)q+Thg—q] + T[(1 — ¥)q+3Trq] — T4||

(a+1)
< llg—=Ssqll +LI(1 = B)g+ 3Tog —4||
= lla—Soql+LD|q—Tql.
Consequently, 0 < [1 — LY]||Tpqg — ¢|| <0, and hence T,qg = Tq = q. O
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Lemma 8 If a mapping 7: C — C is an (a, L)-enriched Lipschitz pseudocontraction, then (I-T) is demiclosed at
ZEeTo.

Proof. Let {r,};,_, € C assures r, — q and r,, — T'r,, — 0. We show that ¢ — T'q = 0. For each r € H, define
fiH—R" by

f(r) =limsup||r, —r|*.
m—yoo
Recalling Lemma 6(iii), we acquire

f(r) =limsupl|r,, — g|* +[lg — r[|*.
m—oo

Consequently,
f(r)=fl@)+la—r|*> vreH.
Therefore,
f(Ssq) = £(@)+ la—Sval’. (14)
Notice that
1Sorm—rmll < Ssrm = Tormll + lrm — Torul
= [[(1=b)[(1 =)rm+ OTprm] +DT[(1 — O)rm+ OTprm)
—[(1=b)r+bTry]|| + ||rm — Tprml|
= (1= )+ OTyrm — ] + T[(1 = )1+ OTyr] ~ Tr
+|rm — Tprml|
= L||(1=)rm+STprm — rull + [rm — Torml|
= (%—Fl)”rm—TrmH—)O as n—»oo.
Moreover,
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Thus

f(Ssq) =

IN

Volume 6 Issue 6|2025| 7547

Trm—Sormll < |Trm—ruml|+|rm—Serm|| =0 as n— o

limsup||r,, — Ssq|>
m—roo

limsup|[ry — So7m + Sorm — Ssdq|?
m—yoo

limsup||Sy7rm — S,9q||2
Mm—yoo

limsup||T,[(1 — O)rpy + OTprim) — Tp[(1 — )g + 19T;,q]||2

m—yoo

(I
(at pyzlimsupllal( = )7+ 0Ty — (1= 0)q + 0Tpg)] + T[(1 = 0)rin + 0Ty
m—yoo

—T[(1-9)g+ 9T,q]|?

L
i msepl(at DA = B)r+ 9Tor — (1= D)+ 9Tog) I
m—yoo

H{[(1 =)+ OTpry — T[(1 — ) ry + 8Tprm)
—{((1=9)g+0Tpq) — T[(1 - ¥)g+ ¥Tyq]}|*]

|
(ag 12 imsup(at D21 = 0)rn+ 0Tprm — (1 - 9)g+ 9Thq) ||
m—yoo

1
+m|‘(l — 19)rm+19Tbrm _T[(l — ﬁ)rm“r'lsTbrm]

—{(1 =g+ 0Tpq) — T[(1 - 8)g + OTq]} |

limsup[|(1 — )7 + 0Tprm — (1 = ¥)g + 9Tpq)||?

m—soo

+H{[(1 =)+ 3Tpry — T[(1 — ) rm + 3Tprm)

—{((1=0)g+0Tpq) — T[(1 — ¥)g + 3Tpg]}||*
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C

Thus,

IA

IA

limsupl||(1 = )7 + B Tprm — (1 = ¥)g+ 8Tpq)|?

m—yoo

+|(1 =) rm+O3Tprm — {(1 =b)(1 — )1+ OTprim +bT[(1 — )y + OTprm]}
(1= 0)g+0Tpg— {(1—b)(1 — 9)g+ 0Tyq +bT[(1 — 8)g+ 8Tpg|} ]

limsup{ (1 — 0)|[rm —q||* + 0| Tprm — Tpql|> = (1 = )| — Typrn — (g — Tp) |
m—seo

+(1—9) g — Soql*+ B Thg — Ssq||*> — 0(1 — 9)|lg — Trq|*}

B(1—9)

m”q—anz

B
li 1= ) ||rm—ql* + ——— —q)+Trm—Tq|?* -
imsup{(1—0) | | + 53l — )+ 71— T4

(1= 0)la= S04+ 5 lala— (1 = 9)q+ 973)) + Tg=T((1 = D)+ 03

B(1—0)

—WHCI—TCIHZ}

. v
limsup{(1 —0)rm —ql* + 0| rm —ql* + =55 Ilrm = Tr — (g = Tq)|?
e (a+1)

v(1-9
i la = TalP+ (1= 0)lg = SoalP+ 012~ (1= D)+ 9T

3(1-9)

2 g =Tal?
FIE lg—Tql|I"}
. )
limsup{|[rin — g> — ——5 (1 =28 = 9°L?)||g— Tq||*+ (1 - 9)|lg — Swql*}
m—soo ((1—|—1)

limsup{||r — gl|> + (1= 9)|lg — Swql|*}.
m—yoo

f(Suq) < flg)+(1—9)llg—Ssqll*. (15)

It follows from (14) and (15) that
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£(Ssq) = (@) +lla—Ssall* < fg) + (1 —3)[lg— Ssql*-

Thus, 0 < ¥||q — Ssq||* <0, and we get ||g — Syq|| = 0.

Observe that
0<Thg—qll < llg—Ssqll+[ISeq— Tl
= |lg—Ssqll +|Tp[(1 — ©)g+ VTpq] — Tpq||
= |[lg—Ssqll+ (ajrl) la[(1=0)g+DTog —q] +T[(1 - V)g+0Tpq] — T4||
< lg—Swsqll+L[[(1—3)g+3Thg— 4|
= |lg—Ssqll+L9(lqg—Tpql.
Consequently, 0 < (1—9L)|lg — Tpq|| < [l — Ssql =0, and we have T)g = Tq = q. O

Subsequently, we establish convergence results for iterative computation of invariant points of a class of enriched
Lipschitz pseudocontractions in the domain of real Hilbert spaces.

Theorem 1 Let 77 and 7> be selfmaps of C. Consider 71 and 75 as two (a, {L; ,-211 )-enriched Lipschitz
pseudocontractions where L; and Ly, are the Lipschitz constants. Suppose I' = F(T) N F(T) # 0. Let ro, u € C be
arbitrary and define {r,,} by

Zm = (1 =cm)rm+cmTp, 27m;

ym:(l_ﬁm)rm"‘ﬁme,lrm; (16)

Fmtel = O+ (1 - O‘m)[ﬂmrm + 6me, 1Ym+ ’)/mTh,ZZm]a

where T, ; = (1 —=b)I+bT; (i=1, 2), {6u}, {On}, {¥m} Cla, b] C (0, 1), {o,} C (0, ¢) C (0, 1) fulfill the following
requirements: (i) &, + Oy + Y = 1; (ii) h_r)n o, =0, i O =09 O+ Y < Cm, B < B < ,Vm>1, for
m oo

1
m=1 \/L2+1+1

L =max{Li, l}. Then, {r,} admits strong convergence to a common point of 7; and 7»,that is fixed nearest to u.
Proof. Let g € I'. Since from (8) and Lemma 5, we get

Hamu+ (1 - am)[ﬁmrm + 5me, 1Ym+ 7me,22m] - CIHZ

7+ —al®

IN

am||u_QH2 + (1 - am)HSm(Tb, 1Ym _CI) + ﬁm(rm —6]) +')/;n(Tb,ZZm _Q)Hz
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IA

0|t = q 1>+ (1= 06) 8| T, 13m — G 11> + Ol — g + Yl T, 22m —q|
—(1 = 0n) O O Ty, 1Ym _rm||2 — (1= 04n) O Y| Ty, 22m _rm||2]

= Oullu—glf* + (1= ) 8| (1 = b)Y + bT1ym — q|I* + a7 — gl
+¥ll (1= B)zm +bTazm — qlI* — (1= ) 8Ol (1 = b)yim + bT1ym — 1|

(1= ) O Yl (1 = D)z + BTz — ]

1 —om)6,
2 ot~ )+ Tovw ~ Tl + (1= )0l

IN

O‘mH”_QHZ"‘

(1 — ) O Oy
(a+1)2

(1 — Q) P

T _ 2
((l+l)2 H 1Ym rm”

a(zm —q) + Tozm — Tq||* —

(1 — Ow) O
7#”52"1*""1“27

it follows from the a-enriched pseudocontractivity of 77 and 7, that

1—-ay,)6
< gl + LI 12— g2+l — Tivml )
(a+1)
1—o
+(1—(Xm)19m||l"m_qn2+((a_FT))ZYm[(Cl‘l-1)2||Zm_CI||2+||Zm—T2Zm|2]
1 —ay,) om0, 1 — Q) O ¥
e R e e L
(1— )5
= (Xm||”*CIH2+(1*am)5mHYm*Q||2+(a+7r;)2m”)’m*lem||2
11—«
+(1_am)79m||rm_qn2+(1_am)}/m”Zm_QHZ"‘%HZm_TZZmHZ
(a+1)
(1= a)0md, (1 — Q) O}
—WHTlm—MHZ—WHBM—MHZ-

Furthermore, from (16), Lemma 5 and enriched pseudocontractivity of 77, we obtain

(17)
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[lym _‘1||2 = (1 =Bu)(rm—q) +ﬁm(Tb., lrm_g)”2

= (1 _Bm)Hrm _4“2+ﬁm||Th, 1rm_‘1||2_ﬁm(1 _ﬁm)Hrm_Th, 1”m||2

= (=Bl all + s ot )+ Tir ~ Tl
~ Bn(1—Bw) 2
—T
(a+l) ||l"m [l"m”
< (l—ﬁm)llrm—q2+(aﬁml)z[(aJrl)zllrm—qllerIrm—TlrmIIZ]
 Bu(1—Bw) 2
—T
(Cl+l) ||l"m lrm”
24 # 2
= |lrm—ql”+ (Jrl)z”rm Tirm||”. (18)
Using tha same approach as in (18), we get that
2
Cn
lzm—al®> = llrm—al*+ (+1)2||"m Tyrw|. (19)

Now, since from (16) and Lemma 5

”ym — 1Ty, 1)’m||2 H(l _Bm)(rm —1Tp, lym) +ﬁm(Tb, 1rm — T, lym)||2
= (1 *ﬁm)”rm =Ty, lymH2 +ﬁm”Tb, 1rm — Tp, IYmH2

~Bn (1= Bu)||7m _Tb,lrm”z

= (1ﬁm)”rmTb,l)’m|2+(af_ml)2”a(rmYm)JFTl"mlem”z
—B.(1—
e =Tl
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< (U= Bu)llrm =Ty 13l + BuL? [ 7m =y I®
e = T
= (1Bl (1= D)y BT
B2 = (1~ Bt BT = P~ T P
< S sl By P o i
B =i
= LBl i+ B
+ B = Tl - BB
< B By B i
e =i
= T )P - -2 B~ Tira

it follows that

H)’m_Tl)’mH2 < (1_ﬁrn)HT1ym_rm)||2
2712 2
=Bl = 2B — B L7 — Tirm|” (20)

By employing the same approach as above, we get
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llzm — T2ZmH2 < (1—cm)l|Tazm — rm)||2
—cmll = 2¢p — LA |1 — Tarml*. 1)
Putting (18), (19), (20) and (21) into (17), we get

Ba
(a+1)?

lrmir =gl < owllu—gl* + (1 = &) 8ulllrm — ql* + i — Tarm| ]

(1 — Ot ) O

Tar)?

(1= Bu) | T1ym — rm||2

_Bm[l _Zﬁm_ﬁrﬁLz]Hrm_TlrmHZ] +(1— am)ﬂerm _‘IHZ

2

Cm
+(1—am)}/m[|\rm—q\|2+ (a_~_1>2||rm7T2'"mH2]
(l_arn)ym 2
at1)? (1= cm) | T2zm — r|

—cm[l —2¢m — c,anZ} l7m — Tgrm||2]

(1= am) O ®,

m 2 (l_am)ﬁnﬁ/m
R T

i 1p | B22m — )

IN

O‘m””_‘IHZ"‘(l — O [|7m _CIHZ — Bl _3Bm_ﬁr%zL2]||’"m_Tl’"m”2

-«

—((H’I’))zmcm[l — 3 — ALl = Tori?
1 — )0,

O (1= B ) T = ol
1-a
e (1 o = )T~ ol

= O‘m”"‘_CIHz“‘(l _O‘m)Hrm_‘le — B[l _3ﬁin_ﬁ;%zL2]||rm_Tlrm”2

_(1 _O‘m)'ym

@r 12 e[l = 3cm — L2 ||rm — Torm|)?
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(1= 04) O

a1y (8 + Y — B Trym — i
l_(xm m
+((a_i_1>)2y(8m+’ymcm)|T2Zmrm”2. (22)

Now, from (ii) of the hypothesis, we obtain that
1=3Bn—Lofy > 1-3B—L*B* >0,
1 =3¢y —Lyc2, >1-3B—L*B>>0 (23)
and
Ont+Ym—PBn<0, Su+Yu—cn<0, Vm>1. (24)
It, therefore, follows from (22), (23) and (24) that
Irmsr =gl < oullu—gl|* + (1 — om)llrm —gl1*. (25)
Thus, using induction, we get
rws1 —gl* < max{u—q| [ro—q|*}, ¥m>0.

Therefore, the sequence {r;,} is bounded, and so is the sequence {y, }. O
Let r* = Pr(u). Then, by (16), Lemma 1 and employing the same approach as in (18) and (19), we obtain

Hrm+1 - r*||2 = H(Xm(u_ r*) + (1 - O‘m)[ﬂmrm‘FsmTh l)’m""}/me, 23m — r*]Hz

IN

(1= ) 16mTp, 13m + OmFm + YT, 22m — 7‘*“2

20 (u—r1", rpsy —r*)

IN

(1- am)5m||Tb., 1Ym *r*”er (1 — O4n) O — *”2

+(1 - an1)7m||Tb. 2Zm — *”2 - (1 - am)émﬂmHTb? 1Ym _rm”2
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— (1= &) O Y| Ty, 22m —rm||2—|—2am<u—r*, Pyt —17%)

(1— )5

= S =)+ T = TP (1= ) Ol =
+7( 1(;3’;));/”’ a(zm — ") + Tozm — Tr||?
(1= )OO (aaj)lir;ﬁm a(m = rm) + Tiym — )
_7(1 zaa—:z)l??Ym lla(zm — 1) + Tozm — r,n||2 + 20, (u—r", rpy — 1)

< “(;j‘";;f"'[(w 2 lym — 71+ v — Tiiml2] 4+ (1 = o) O — 7
+(1(afrf))2ym (a4 1)2||zm — r*|1> + l|zm — Tazml||*]
e
+200, (u—r", Fpg — 1)

< (=abillm—rP+ fl)z -
(1 B T = P = Bl = 26~ B3~ T )

2
c
+(1 _am)ﬁm”’"m_r*nz"‘(l _O‘m)ym[H’"m_CI”Z"‘ = ||”m_T1”m||2]

(a+1)2
(1= O ) Y 2 272 2
+W[(1_Cm)”TZZm_rmH — e[l =2cm — ;L7 ||t — Tarm| 7]
(1 — )0, (1 — ) Ot
*#”Tl)’m*rmuzf#HBM—MHZ
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(1 — ) 0m

< (=)l P+ S St v — Bl T = P
SB35, — B2~ i
W(smwm—cm)nmm—rmv
—W[l “3em— L1 — Torml?
+204, (u—1", ry1 — 1) (26)
< (=) ||rm =P 4200 (u— 1%, sy —1). 27

Now, we enlist the following cases:
Case A. Suppose we can find ng € N which assures that {||r,, — r*||} is decreasing for n > ng. Then, we obtain that
{||rm — r*||} is convergent. It, therefore, follows from (23), (24) and (26) that

rm—Tirm—0, ry—Tor, —0 as n—»oo. (28)

Further, in view of the fact that {||r,,+.1 — r*||} is a bounded subset of a reflexive space H, it is possible to choose a

subsequence {||7y+1 — ||} of {||rns+1 —7*||} that assures r,,1 — rand limsup(u—r*, ry g —r*) = ]}im (U—=r* Tyyg1 —
m—soo —ro0

r*). Then, from (28), Lemma 7 and Lemma 8, we obtain that r € F(7}) and r € F(T3). Hence, by Lemma 2, we get

limsup(u —r*, rypyy —1°) = klgn (u—r" rpye1 — 1) = (u—r-,r—r*) <0. (29)
m—»oo *®

Therefore, we conclude from (26), (29) and Lemma 3 that ||, — r*|| — 0 as m — . Consequent upon this, r,, —
r* = Pr(u).

Case B. Suppose we can find a subsequence {n;} of {n} that guarantees the inequality

1Fme = Il < lrm1 = 77| Vk €N,

Then, from Lemma 4, we can find a non-decreasing sequence {n; } C N which guarantees n; —— oo, and

lrm =1l < llrmrr =] and - lre = || < [0 = 77| (30)
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for all k € N. Now, from (23), (24) and (26), we have T Tiry, =0 and 71y —Thr,, —0 as n— . Thus, using
the same approach as in Case A, we have

limsup(u—r*, ry41 —r*) <O0. 31)
k—so0
Now, from (27), we get
Irmeer =12 < (1= a7 = 71>+ 200 (=, ryen = 1), (32)

and hence (30) and (32) imply that

O I, =12 < Mg = 712 = [y = 711 4+ 200, (4 = 7, ryer = 1)

A

= ank<u_r*7 rnk+1_r*>'

Using the fact that o, > 0 and (31), we have
limsupl|r,, —r*|| <0,
k—yoo

and hence ||r,, —r*|| = 0 as k — oo. But ||ry — r*|| < |1y, 41 — r*|| Vk € N. Therefore, we get ry — r*. From the forgoing
cases, we admit that {r,} yields to strong convergence of the common fixed point of 77 and 75 nearest to u. This ends the
proof.

It is worthy to mention that the technique used to prove the above Theorem could be employed for a finite family of
enriched Lipchitzian pseudocontractions. To be precise, the following theorem is presented.

Theorem 2 Let {7;}Y | be selfmaps of C. Consider {T;}Y , as (a, {A;}_,)-enriched Lipschitz pseudocontractions

N
with Lipschitz constants {A;}Y_,, respectively. Suppose I'= () F(T;) # 0. For arbitrary ro, u € C, let {r,,} be developed

i=1
from

Ym = (1 —Vm)rm‘f'vab,irm, i= 17 27 e N’
(33)

N
Fm+1 = Ot + (1 - am)[umorm + ‘Zlum,-Tb, iym]a
i=

where 7j, ; = (1 =b)[+bT; (i=1, 2), {t,: i =0,1,---, N} C (a, b) C (0, 1), {an} C (0, ¢) C (0, 1) ensures that:
N

N o 1

DY v, =1; () im 04, =0, ¥ Gy =00 ¥ thyy, <V <V < ——=——,Ym>1, for A =max{A;:i=0,1,---,N}.
()i:O (i), fim, m=1 i=1 VAZ+1+1 { }
Then, {r,} converges strongly to a common fixed points of 7;(: i =0, 1, --- , N) nearest to u.

If in Theorem 1, we take T as an a-ENM, then we have that T is an (a, L)-EPM with L = 1, and consequent upon
this, the following corollary ensues.
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Corollary 1 Let T and 7> be (a, {A;}%)-enriched Lipschitz pseudocontractive selfmaps of C with Lipschitz
constants A; and A,, respectively. Suppose I' = F(T3) N F(T3) # 0. For arbitrary ro, u € C, let {r,,} be developed
from

Zn = (1 *Cm)rm +Cme,2rm;

ym:(lfﬁm)rmJFBme,lrm; (34)

Tm+1 = Cnu + (1 - 6tm)[ﬁm’"m + Sme, 1Ym + ?me,me]v

where T, ; = (1 = b)I +bT; (i = 1, 2), {8}, {Dn}, {fu} C [a, b] € (0, 1), {4} < (0, ¢) C (0, 1) ensures that: (i)
By + 6 + fm = 1; (ii) lim ch, =0, ¥ G = oo S+ n < my P < B < (V2—1),Ym > 1, for A = max{A;, A,}.
m—roo0 m=1
Then, {r,,} admits strong convergence to a common fixed points of 7} and 7, nearest to u.
In what follows, we establish convergence results for common zeros of a family of enriched monotone operators.

Corollary 2 Let H be as stated above. Let {A;}7_;: C — C be a sequence of (a, {A;}7_,)-enriched Lipschitz

2
monotone operators with Lipschitz constants A; and 4,, respectively. Suppose I' = (Y N(A;) # 0. For arbitrary ro, u € C,
i=1

let {r,,} be developed from

im =Tm _CmAh,2rm;

ym:rm_ﬁmAb,lrm; (35)

T = Ot + (1 = Qo) [Suri + O (T — Ap, 1) Ym + YL — Ap,2)Zm)s

where T, ; = (1 —=b)I+bT; (i =1, 2), {6u}, {On}, {¥n} Cla, b] C (0, 1), {0} C (0, ¢) C (0, 1) fulfill the following

1
— Ym>1, for
VAZ+141
A =max{A1, A2 }. Then, {r,,} admits strong convergence to a common zero points of A and A, nearest to u.

reqUirementS: (]) O + 6m +hm=1 (11) mlii? Oy =0, Z Oy = 9, 6m + Y < Cms Bm < ﬁ <
e m=1

Proof. Let {7}, ; 1.2:] = (I —{Ap,; ,»211 ). The, every {7, i}l.z:] is an a-enriched Lipshitz pseudocontraction with the
2 2

Lipshitz constant A/ = (1 +A;) and (" F(T;) = N (A;) # 0. Furthermore, when {A,, ;}7_, is replaced with (1 — {7}, ;}2_,),
i=1 1

i= i=
then the iterative method of (35) reduces to (16), and hence, the conclusion follows immediately from Theorem 1. [
We can also obtain the corollary below for a finite family of enriched monotone operators.

Corollary 3 Let Hilbert space. Let {4;}Y ,: C — C be a sequence of (a, {4;}Y_,)-enriched Lipschitzian monotone

N
mappings with Lipschitz constants A;, i = 1, 2, ---, N, respectively. Assume that ' = (| N(A;) is nonempty. Let a
i=1

sequence {r,} be developed from an arbitrary ry, u € C by

ym:rm*VmAb,irmv i=1,2,---,N;
(36)

N
Pl = Ot + (1 — am)[”iﬂorm + 'Zlumi (I_Ab’i)ym]v
i=
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N
where Tj, ; = (1 —b)I+bT; (i = 1, 2), {Ou,}¥., C (a, b) C (0, 1), {0t} C (0, ¢) C (0, 1) ensure that: (i) ¥ um, = 1;
i=0

oo N 1
11 1 = —_— ©9. . < < — > = i ] = ... .
(i1) ’nh_n>1mocm 0, mzz,locm ; igluml <y <v< N/EESRE Vm>1, for A =max{A;:i=0,1,---, N}. Then, {r,}
admits strong convergence to a common zero points of A;(: i =0, 1, --- | N) nearest to u.

In Corollary 3, by taking a single Lipschitz monotone operator, we obtain the corollary as:
Corollary 4 Let A: C — C be a sequence of (a, L)-enriched Lipschitzian monotone operator with Lipschitz
constants A. Suppose I' = N(A) # 0. For arbitrary ro, u € C, let {r,,} be developed from

Ym = Tm — CnApTm;
(37)
Fma1 = dpu+ (1 _dm)[(l - }/m)rm'i‘ym(I_Ab))’m]v

where T, = (1 —b)I+bT , {yin} C (a,b) C (0, 1), {an} C (0, c) C (0, 1) ensure that: (i) h_r)n dn =0, E‘, dyy = o0; (ii)
m-—soo m=1

1
Yn<cm<c<

T VATEIHI

, VYm > 1. hen, {r,} admits strong convergence to a common zero points of A nearest to u.

4. Numerical example

The purpose of this section is to give a numerical example to support our result. The following example is given to
support Theorem 1.

Example 5 Let R be the set of real numbers and let H = R. Let C = [—2, 1] and define 71, T>: C — C by

r+r%,  if re[-2,0]

Tlr:
r, if re(0,1],
and
1
) if |:727 7i|’
r, 1 re 5
Tzr:
1\2 1
r—Z(r—g) if re(i,l}.

Let {rn}, {ym} and {z,, } be generated by (16), where ¢, __ cm=2 —LJr; =9 —E(LJr
o Y Z’”l & v "= 200" P 100 T mr2000 T T 2\ 100
m) and ¥, =1— (ﬁ + m) for every m € N. Then, the sequence {r,,} converges to a common fixed point

of T1 and T».

1
Solution Observe thatI' = F(T1)NF(T2) = [0, 1]N [— 2, ﬂ , and that for all r, s € C, we have
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0+ 1% r—s>+|r—Tir—(s—T1s)|? lr—s?+r2>|r—s+r°

|0(r—s)+Tir— T1s|27

which shows that the mapping T; is a (0, 5)-enriched Lipshitzian pseudocontractive mapping (see Example 2). Similarly,

we can show that 75 is a (0, 10)-enriched Lipshitzian pseudocontractive mapping.

——=, cn =P —7—1—# =4 —l(i—l—#)andﬁ =1 (L—i-
1 m+20" "~ P 100 m+zoo’7’"_ " 2\100  m+200 " 100

m) Then, the sequences {0}, {cm}, {Bn}s {¥m}> {Om} and {,,} satisfy all the condition of Theorem 1. Using
the algorithm (16) and choosing u = 0.7 and ryp = —1, we have the numerical (and graphical) results in Table 1 and Figure
1 (scenario 1). Also, from algorithm (16) and choosing u = —1 and ry = 0.6, we obtain the numerical (and graphical)
results in Table 2 and Figure 1 (scenario 2).

Remark 4 1. The sequence {r,,} converges to 0.5 when u = 0.7 and rp = —1 as shown in in Table 1 and Figure 1
(scenario 1). When u = —1 and ry = 0.6, the sequence {r,, } converges to 0 as shown in Table 2 and Figure 1 (scenario 2).

Foreveryme N, oy, =

1
2. From Theorem 1, we can conclude that the sequence {r,,} in Example 4.1, converges to [0, 1]N [— 2, E] .

Convergence of r,, (Scenario 1)

-0.87 T T T T T T T T
-0.88 .
£ -0.89 .
.09 .
051 d | | { { I =i Convergence to r=0.5
0 2,000 4,000 6,000 8,000 10,000 12,000 14,000 16,000 18,000
Iterations (m)
Convergence of r,, (Scenario 2)
0.52 T T T T
I = Convergence to =10
0.518 F .
5
0.516 F .
e =
0.514 1 L L L 1 L L 1
0 2,000 4,000 6,000 8,000 10,000 12,000 14,000 16,000 18,000

Iterations (m)

Figure 1. Depicts the above scenarios 1, 2
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Table 1. Convergence of r,, for Scenario 1 (u=0.7, ro = —1)

Iterations (m) T'm
0 -0.907980272
500 -0.900229384
1,000 -0.894312711
5,000 -0.889952467
10,000 -0.885826455
12,000 -0.881769705
14,000 -0.877771988
17,000 -0.873833840

Table 2. Convergence of r,, for Scenario 2 (u = —1, ro = 0.6)

Iterations (m) Tm
0 0.519856216
500 0.516928871
1,000 0.515438553
5,000 0.515134221
10,000 0.514980675
12,000 0.514852353
14,000 0.514742061
17,000 0.514650857

5. Conclusion

The class pseudocontractive mappings are very important class of nonlinear mappings due to their intimate
connection with another class of nonlinear mappings called accretive mappings. Here, we introduced a more general
class of a-enriched pseudocontractive mappings which contains, the class of pseudocontracive mappings. We proved
convergence results in a real Hilbert space. Several examples are given to support our results. Unlike several works in
the literature, we do not require strict assumptions on the space or the operator in order to obtain our results. Indeed,
this results represent the vanguard for other results in this direction. It is hoped that the introduction of this new class
of nonlinear mappings will provide a new direction for the evaluation of common solution of variational inequality and
fixed point problems with several practical applications in operator theory.
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