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Abstract: This paper introduces a novel probability distribution by combining the Kumaraswamy-G-Poisson and Fréchet
distributions, resulting in the six-parameter Kumaraswamy-Fréchet Poisson (KFP) distribution. The proposed model
enhances flexibility for modeling diverse data types beyond traditional lifetime applications. We rigorously derive its
key statistical properties and estimate parameters using Maximum Likelihood Estimation (MLE). To demonstrate its
effectiveness, we apply the KFP distribution to real-world data, showing satisfactory goodness-of-fit when compared
with competing distributions.
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1. Introduction
Statistical distributions have been widely employed by researchers as important tools in data analysis. In this regard,

developing new distributions is an essential issue that has attracted the attention of many researchers. Although the
classical distributions have a simpler form are more understandable via fewer parameters, they are not suitable for fitting
the skewed data. To overcome this shortcoming, some generalized distributions have been introduced that are more
flexible and usable than classical distributions, as follows: Generalized-Exponential (GE) [1], beta-generated distributions
[2, 3], McDonald Generalized (Mc-G) distribution [4], gamma-generated type-I distribution [5], gamma-generated type-II
distribution [6], exponentiated generalized distribution [7].

In this regard, the Kumaraswamy distribution is a statistical distribution used for datamodeling and analysis in several
fields such as insurance and finance. This distribution was first introduced by Kumaraswamy [8] for variables with lower
and upper bounds. It is defined on the interval (0, 1) and encompasses two non-negative parameters a and b, along with
the cumulative distribution function (cdf), and the probability density function (pdf) of the Kumaraswamy distribution as
follows

F(x; a, b) = 1− [1− xa]b, 0 < x < 1,
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f (x; a, b) = abxa−1 (1− xa)b−1 , 0 < x < 1.

Cordeiro and De Castro [9] introduced the Kumaraswamy-G family of distributions. Let G be an arbitrary baseline
distribution with the corresponding the pdf g. Then the Kumaraswamy-G distribution has the cdf and pdf, respectively,
given by

H(x; a, b) = 1− [1 − [G(x)]a]b , x ∈ R (1)

h(x; a, b) = abg(x)[G(x)]a−1 (1− [G(x)]a)b−1 , x ∈ R.

Next, a new generalized family called the Kumaraswamy-G Poisson (Kw-GP) family, with three additional positive
parameters to generalize the Kumaraswamy-G family, was proposed by Ramos et al. [10]. Later, Rocha et al. [11]
proposed the family of sequential Kumaraswamy distributions to address the need for developing distributions with
desirable properties and sufficient flexibility to model data with different characteristics. Nofal et al. [12] derived the
three-parameter Kumaraswamy uniform distribution from the family of Kumaraswamy distributions with the uniform
distribution. Then, some statistical properties of the proposed model were derived, such as the reliability/survival function,
hazard rate function, quantile function, median, and mode. Silva et al. [13] developed a new family of univariate
continuous distributions to represent the family of distributions called the Exponentiated Kumaraswamy-G family. Many
of its properties were studied in detail, includingmoments, skewness, kurtosis, entropy, and some reliability characteristics.
Arshad et al. [14] proposed a new class of distributions by merging the Kumaraswamy-G and odd gamma-G families
introduced by Torabi and Montazari [15]. Tahir et al. [16] introduced a new family of generalized Kumaraswamy
(G) distributions using a new generator, which serves as an alternative to the previously proposed Kumaraswamy-G
family. They also derived some mathematical properties of the proposed distribution. More recently, Tharu et al. [17]
studied the Kumaraswamy-G with the baseline distribution assumed to be a uniform distribution on the interval. Several
statistical properties of the proposed distribution were derived. In this context, several researchers have utilized the
Kumaraswamy-G family of distributions to extend various existing models. For example, Paranaíba et al. [18] proposed
the Kumaraswamy Burr XII distribution, and Gomes et al. [19] introduced the Kumaraswamy generalized Rayleigh
distribution. Rodrigues and Silva [20] presented the Kumaraswamy exponential distribution. Additionally, Jamal et al.
[21] proposed the generalized inverted Kumaraswamy generated family of distributions.

In this paper, we derive a six-parameter distribution by combining the Kumaraswamy-G Poisson distribution
(introduced by Ramos et al. [10]) with the Fréchet distribution. The Fréchet distribution is a special case of the generalized
extreme value distribution and is widely used in extreme value theory to model the maxima of datasets. Due to its
flexibility, the Fréchet distribution and its generalizations have been extensively employed by researchers to model data
distributions. For instance, Alyami et al. [22] recently introduced the binomial Fréchet distribution. Similarly, Alotaibi
et al. [23] and Alzeley et al. [24] conducted studies on the exponential Fréchet distribution, while Almetwally et al. [25]
proposed the bivariate Fréchet distribution.

The remainder of this paper is organized as follows: In Section 2, first, we introduce the new distribution, which is a
combination of the Kumaraswamy-G Poisson distribution with the Fréchet distribution, called the Kumaraswamy-Fréchet
Poisson (KFP) distribution. In Section 3, some statistical properties of this new model are investigated. In Section 4, to
demonstrate its effectiveness, we apply the KFP distribution to real-world data, showing satisfactory goodness-of-fit when
compared with competing distributions.
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2. The KFP distribution
For an arbitrary baseline distribution H with corresponding density function h, the Poisson-G distribution introduced

by Abouelmagd et al. [26] has the cdf and pdf, respectively, as follows

F(x) =
1

1− e−λ

[
1− e−λH(x)

]
, x ∈ R (2)

f (x) =
λh(x)e−λH(x)

1− e−λ , x ∈ R,

where λ > 0. By combining (2) and (1), the cdf of the Kumaraswamy-G Poisson distribution, as introduced by Ramos et
al. [10], is derived as follows:

F(x) =
1

1− e−λ

[
1− e−λ

(
1−[1−G(x)a]b

) ]
, x ∈ R. (3)

The Fréchet distribution is a continuous probability distribution widely used in extreme value theory to model the
maxima of datasets. Its cdf and pdf are given by

G(x) = e−(
x−µ

s )
−α
, x > µ (4)

g(x) =
α
s

(
x−µ

s

)−α−1

e−(
x−µ

s )
−α
, x > µ,

where µ is the location parameter, s > 0 is the scale parameter and α > 0 is the shape parameter. Now, substituting (4)
into (3), we obtain the cumulative distribution function

F(x) =
1

1− e−λ

1− e
−λ

1−

(
1−e−a( x−µ

s )
−α
)b
 , x > µ, (5)

where a, b, α, s, λ ∈ R+ and µ ∈ R. This new family of distributions, defined by equation (5), is referred to as the
Kumaraswamy-Fréchet Poisson (KFP) distribution and is denoted by KFP(a, b, α, µ, s, λ ). It is easy to see that the
corresponding pdf is given by

f (x) =
λab

α
s

1− e−λ

(x−µ
s

)−1−α
e−a( x−µ

s )
−α
(

1− e−a( x−µ
s )

−α
)b−1

e
−λ

1−

(
1−e−a( x−µ

s )
−α
)b
 , x > µ. (6)

Volume 6 Issue 5|2025| 5957 Contemporary Mathematics



Figure 1 displays the pdf plots of the KFP distribution for various parameter values. These plots demonstrate that
the KFP distribution can take on different shapes. It is characterized by an increasing-decreasing pattern and is always
one-sided.

Figure 1. Comparison of density functions across parameter sets. Subfigures (a)-(e) illustrate the effects of varying (a, b, α, µ, s, λ )
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3. Statistical properties
In this section, we obtain some important characteristics of the KFP distribution. First, we obtain the quantile

function.
For every 0 < p < 1, by solving F (xp) = p, it is easy to see that the quantile pth of the KFP distribution is as follows.

F−1(p) = xp = µ + s
(
−1

a
ln
(

1−
(

1+
1
λ

(
ln(1− p(1− e−λ ))

) 1
b
)))− 1

α

, ∀ 0 < p < 1. (7)

Using (7) and the probability integral transformation theorem, we can easily generate random samples from the KFP
distribution using the following steps:

- Generate a uniform random number u ∼ Unif(0, 1).
- Transform u using x = F−1(u).
The hazard rate function (also known as the failure rate function) is a crucial concept in reliability theory and serves

as an important characteristic of a distribution. It provides valuable insights into the behavior of a system or component
over time, particularly in terms of its likelihood of failure. Let X be a random variable with distribution function F ,
survival function F = 1−F and density function f . Then the hazard rate function of X , denoted by h(x), is defined by

h(x) =
f (x)

F(x)
. Now, the hazard rate function of the KFP distribution is

h(x) =
f (x)

F(x)
=

λabαsα

(x−µ)−1−α e−a( x−µ
s )

−α
(

1− e−a( x−µ
s )

−α
)b−1

e
λ

(
1−e−a( x−µ

s )
−α
)b

e
λ

(
1−e−a( x−µ

s )
−α
)b

−1

, x > µ.

Figure 2 illustrates the plots of the hazard rate function of the KFP distribution. From the figure, it is observed that
the hazard rate function of the KFP distribution is unimodal for various values of parameters.

Figure 2. The hazard rate function of the KFP distribution for some parameter values
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3.1 Moments of the KFP distribution

In this section, we obtain themoments of theKFP distribution. LetX be a randomvariable havingKFP(a, b, α, µ, s, λ )
distribution. Then, for r = 1, 2, . . .,

E(X r) =
∫ ∞

−∞
xr f (x)dx

=
∫ ∞

µ

abλ
α
s

1− e−λ

xr
(

x−µ
s

)−1− α
e−a( x−µ

s )
−α
(

1− e−a( x−µ
s )

−α
)b−1

e
−λ

1−

(
1−e−a( x−µ

s )
−α
)b
dx.

Let
x−µ

s
= y, then x = sy+µ and dx = sdy. So, we have,

E(X r) =
abλα
1− e−λ

∫ ∞

0

[
(sy+µ)r y−1−α e−ay−α

(
1− e−ay−α

)b−1
e
−λ
(

1−
(

1−e−ay−α )b
)]

dy.

By Taylor expansion ex = ∑∞
k=0

xk

k!
, we have,

E(X r) =
abλαe−λ

1− e−λ

∫ ∞

0

(sy+µ)ry−1−α e−ay−α
(

1− e−ay−α
)b−1 ∞

∑
k=0

λ k
(

1− e−ay−α
)kb

k!

dy

=
abλα
eλ −1

∫ ∞

0

[
(sy+µ)ry−1−α e−ay−α ∞

∑
k=0

λ k

k!

(
1− e−ay−α

)kb+b−1
]

dy

=
abλα
eλ −1

∞

∑
k=0

λ k

k!

∫ ∞

0

[
(sy+µ)ry−1−α e−ay−α

(
1− e−ay−α

)b(k+1)−1
]

dy.

By generalized binomial expansion (1− x)r = ∑∞
w=0(−1)w

(
r+w−1

w

)
xw, we have,

E(X r) =
abλα

e

λ
−1

∞

∑
k=0

λ k

k!

∫ ∞

0

[
(sy+µ)ry−1−α e−ay−α ∞

∑
w=0

(−1)w
(

b(k+1)+w−2
w

)
e−ay−α w

]
dy

=
abλα

e

λ
−1

∞

∑
k=0

λ k

k!

∞

∑
w=0

(−1)w
(

b(k+1)+w−2
w

)∫ ∞

0
(sy+µ)ry−1−α e−ay−α (1+w)dy.

By binomial expansion (x+ y)n = ∑n
j=0

(
n
j

)
xn− jy j. So,
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E(X r) =
abλα
eλ −1

∞

∑
k=0

λ k

k!

∞

∑
w=0

(−1)w
(

b(k+1)+w−2
w

)

×
∫ ∞

0

r

∑
j=0

(
r
j

)
(sy)r− jµ jy−1−α e−ay−α (1+w)dy

=
abλα
eλ −1

∞

∑
k=0

λ k

k!

∞

∑
w=0

(−1)w
(

b(k+1)+w−2
w

)

×
∫ ∞

0

r

∑
j=0

(
r
j

)
µ jsr− jyr− j−1−α e−ay−α (1+w)dy.

By substitution z = ay−α(1+w), we have

E(X r) =
abλα
eλ −1

∞

∑
k=0

λ k

k!

∞

∑
w=0

(−1)w
(

b(k+1)+w−2
w

)

×
∫ ∞

0

(
r

∑
j=0

(
r
j

)
µ jsr− j z

−1
α (r− j−α−1)

(a(1+w))
−1
α (r− j−α−1)

e−z z−
1
α −1

α(a(1+w))−
1
α

)
dz

=
abλ

eλ −1

∞

∑
k=0

λ k

k!

∞

∑
w=0

(−1)w
(

b(k+1)+w−2
w

)

×
∫ ∞

0

r

∑
j=0

(
r
j

)
µ jsr− j z

j−r
α e−z

(a(1+w))
−1
α (r− j−α)

dz.

If α > r, then
∫ ∞

0 z
j−r
α e−zdz, j = 0, 1, . . . , r, converges and equals Γ

(
j− r
α

+1
)
, where Γ(.) is the Gamma function.

Thus for α > r, the expected value E(X r) is well-defined and equals

E(X r) =
abλ

eλ −1

∞

∑
k=0

λ k

k!

∞

∑
w=0

(−1)w
(

b(k+1)+w−2
w

) r

∑
j=0

(
r
j

)
µ jsr− j

(a(1+w))
−1
α (r− j−α)

Γ
(

j− r
α

+1
)
. (8)

If α < r, then
∫ ∞

0 z
j−r
α e−zdz, for j = 0, diverges, implying the r-th moment of the KFP is infinite. Using (8), for the

case r = 1 and r = 2, we have, respectively,

E(X) =
bλ

eλ −1

∞

∑
k=0

λ k

k!

∞

∑
w=0

(−1)w
(

b(k+1)+w−2
w

)[
sa

1
α

(1+w)−
1
α +1

Γ
(

1− 1
α

)
+

µ
1+w

]
, for α > 1 (9)
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and

E(X2) =
abλ

eλ −1

∞

∑
k=0

λ k

k!

∞

∑
w=0

(−1)w
(

b(k+1)+w−2
w

)

×

 s2Γ
(
− 2

α
+1
)

(a(1+w))−
2
α +1

+

2sµΓ
(
− 1

α
+1
)

(a(1+w))−
1
α

+
µ2

a(1+w)

 , for α > 2. (10)

Now, using (9) and (10), the variance of the KFP distribution for α > 2 is as follows

Var(X) =
abλ

eλ −1

∞

∑
k=0

λ k

k!

∞

∑
w=0

(−1)w
(

b(k+1)+w−2
w

) s2Γ
(
− 2

α
+1
)

(a(1+w))−
2
α +1

+

2sµΓ
(
− 1

α
+1
)

(a(1+w))−
1
α

+
µ2

a(1+w)



−

[
bλ

eλ −1

∞

∑
k=0

λ k

k!

∞

∑
w=0

(−1)w
(

b(k+1)+w−2
w

)(
sa

1
α

(1+w)−
1
α +1

Γ
(

1− 1
α

)
+

µ
1+w

)]2

. (11)

3.2 Parameter estimation for the KFP distribution

Let x1, . . . , xn be the observed values of the random samples X1, X2, . . . , Xn drawn from the KFP distribution with
the parameters θθθ = (a, b, α, µ, s, λ ). The likelihood function of the observation x = (x1, . . . , xn) is written as follows:

L (θθθ |x) =
n

∏
i=1

f (xi|θθθ)

=
n

∏
i=1

 λab
α
s

1− e−λ

(xi −µ
s

)−1−α
e−a

(
xi−µ

s

)−α (
1− e−a

(
xi−µ

s

)−α)b−1

e
−λ

1−

(
1−e

−a
( xi−µ

s
)−α)b


, µ < x(1),

where x(1) = min{x1, . . . , xn}. On taking logarithms of the likelihood function we have, for µ < x(1),

l(θθθ) = lnL (θθθ |x)

=n ln(abαλ/s)−n ln
(

1− e−λ
)
− (α +1)

n

∑
i=1

ln
(

xi −µ
s

)

−a
n

∑
i=1

(
xi −µ

s

)−α
+(b−1)

n

∑
i=1

ln
(

1− e−a
(

xi−µ
s

)−α)
−λ

n

∑
i=1

(
1−

(
1 − e−a

(
xi−µ

s

)−α)b)
. (12)
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The partial derivatives of the log-likelihood function are supplied, respectively, with regard to the unknown
parameters a, b, α, µ, s and λ . These partial derivatives are given as:

∂ l(θθθ)
∂a

=
n
a
−

n

∑
i=1

(
xi −µ

s

)−α
+λ

n

∑
i=1

b
(

1− e−a
(

xi−µ
s

)−α)b−1

e−a
(

xi−µ
s

)−α (xi −µ
s

)−α

∂ l(θθθ)
∂b

=
n
b
+

n

∑
i=1

ln
(

1− e−a
(

xi−µ
s

)−α)
+λ

n

∑
i=1

(
1− e−a

(
xi−µ

s

)−α)b

ln
(

1− e−a
(

xi−µ
s

)−α)

∂ l(θθθ)
∂α

=
n
α
−

n

∑
i=1

ln
(

xi −µ
s

)
+a

n

∑
i=1

(
xi −µ

s

)−α
ln
(

xi −µ
s

)
−a(b−1)

n

∑
i=1

(
xi −µ

s

)−α
ln
(

xi −µ
s

)
e−a

(
xi−µ

s

)−α

1− e−a
(

xi−µ
s

)−α

−abλ
n

∑
i=1

(
xi −µ

s

)−α
ln
(

xi −µ
s

)
e−a

(
xi−µ

s

)−α (
1− e−a

(
xi−µ

s

)−α)b−1

∂ l(θθθ)
∂ s

=
nα
s

−aαsα−1
n

∑
i=1

(xi −µ)−α +(b−1)aαsα−1
n

∑
i=1

(xi −µ)−α e−a
(

xi−µ
s

)−α

1− e−a
(

xi−µ
s

)−α

−aαbλ sα−1
n

∑
i=1

(xi −µ)−α e−a
(

xi−µ
s

)−α (
1− e−a

(
xi−µ

s

)−α)b−1

∂ l(θθθ)
∂ µ

= (α +1)
n

∑
i=1

1
xi −µ

−aαs−1
n

∑
i=1

(
xi −µ

s

)−α−1

+(b−1)aαs−1
n

∑
i=1

(
xi −µ

s

)−α−1

e−a
(

xi−µ
s

)−α

1− e−α
(

xi−µ
s

)−α

+aαbs−1λ
n

∑
i=1

(
1− e−a

(
xi−µ

s

)−α)b−1

e−a
(

xi−µ
s

)−α (xi −µ
s

)−α−1

∂ l(θθθ)
∂λ

=
n
λ
− ne−λ

1− e−λ −
n

∑
i=1

(
1−
(

1− e−a
(

xi−µ
s

)−α)b)
.

TheMaximum Likelihood Estimates (MLEs) â, b̂, α̂, ŝ, µ̂ and λ̂ can be obtained by solving the estimating equations

∂ l(θθθ)
∂a

= 0,
∂ l(θθθ)

∂b
= 0,

∂ l(θθθ)
∂α

= 0,
∂ l(θθθ)

∂ s
= 0,

∂ l(θθθ)
∂ µ

= 0,
∂ l(θθθ)

∂λ
= 0.

or by direct maximization the likelihood function of (12). Clearly, the above estimating equations cannot be solved
analytically. Therefore, numerical methods are used to calculate the MLE estimators.
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4. Application
In this section, we consider data modeling and parameter estimation when a set of data becomes available. The data

set consists of the waiting times between 65 consecutive eruptions of the Kiama Blowhole [27]. The raw data values are:

83, 51, 87, 60, 28, 95, 8, 27, 15, 10, 18, 16, 29, 54, 91, 8, 17, 55, 10, 35, 47, 77, 36, 17, 21, 36,

18, 40, 10, 7, 34, 27, 28, 56, 8, 25, 68, 146, 89, 18, 73, 69, 9, 37, 10, 82, 29, 8, 60, 61, 61, 18,

169, 25, 8, 26, 11, 83, 11, 42, 17, 14, 9, 12.

We conducted goodness-of-fit tests comparing the KFP distribution against several alternative distributions:
• Poisson-Fréchet (PF):

f (x; µ, s, α, λ ) =
λα

s(1− e−λ )

(
x−µ

s

)−α−1

e−(
x−µ

s )
−α

e−λe−(
x−µ

s )
−α

, x > µ.

• Kumaraswamy-G-Poisson with the baseline U(0, c) distribution (KUP):

f (x; a, b, c, λ ) =
λabxa−1

(
1−
(x

c

)a)b−1
exp
(
−λ
[

1−
(

1−
(x

c

)a)b
])

ca
(
1− e−λ

) , 0 < x < c.

• Kumaraswamy-G with the baseline U(0, c) distribution (KU):

f (x) =
ab
ca xa−1

(
1−
(x

c

)α)a−1
, 0 < x < c.

• Fréchet (FR)
Table 1 presents the maximum likelihood estimates of the parameters for each distribution, along with the

Kolmogorov-Smirnov Distance (KSD), its p-value, and the model performance metrics
• Akaike Information Criterion (AIC):

AIC =−2ln(L )+2k

• Bayesian Information Criterion (BIC):

BIC =−2ln(L )+ k ln(n)

where k is the number of parameters in the model and n is the sample size. From the table, it can be observed that the
KFP distribution has the smallest Kolmogorov-Smirnov distance (0.098), indicating a strong fit to the data. Additionally,
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the KFP distribution yields the lowest AIC (593.02) value among all models and a competitively low BIC (605.98) value,
second only to the FR distribution (603.6), suggesting it is the most efficient choice given the number of parameters.
This demonstrates an optimal balance between goodness-of-fit and model complexity. The fitted Cumulative Distribution
Function (CDF) of the models, along with the empirical distribution, is shown in Figure 3.

Table 1. Goodness-of-fit test results and parameter estimates

Distribution Parameters KS-D KS p-value AIC BIC

KFP

µ̂ = 6.4570
ŝ = 3.8301
α̂ = 0.2256
â = 5.5683
b̂ = 34.3038
λ̂ = 0.0060

0.098 0.565 593.02 605.98

PF

µ̂ = 3.9043
ŝ = 13.1878
α̂ = 1.0072

λ̂ = 8.8661×10−11

0.130 0.228 600.68 609.31

FR
µ̂ = 0.700

ŝ = 17.7853
α̂ = 1.2735

0.104 0.487 597.12 603.60

KUP

ĉ = 337.9813
â = 1.440626
b̂ = 8.312569
λ̂ = 2.607358

0.110 0.417 600.14 608.78

KU
ĉ = 338

â = 1.210933
b̂ = 11.21113

0.112 0.396 600.96 607.44

Figure 3. The cumulative distribution function of the fitted models and the empirical distribution
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