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Abstract: This study addresses a nonlinear 2D reaction-diffusion system governed by variable-order fractal fractional
derivatives in both the Caputo and Atangana-Baleanu Caputo (ABC) senses. These derivatives are characterized by
non-singular kernels involving Mittag-Leffler functions, capturing memory and hereditary effects in complex media. To
obtain numerical solutions, a novel Non-standard Weighted average Finite Difference Method (NWFDM) is developed and
implemented. This approach allows flexibility in temporal and spatial discretization while accommodating the variable
fractional and fractal orders. A comprehensive analysis of stability using a von Neumann-type method and detailed error
estimates is provided for both fractional formulations. Numerical simulations confirm the stability and accuracy of the
proposed schemes, revealing the distinct impact of fractional parameters on system dynamics. The proposed methods
exhibit superior performance compared to traditional schemes, particularly in capturing anomalous diffusion behavior in
nonlinear environments. This study investigates a nonlinear 2D reaction-diffusion system incorporating variable-order
fractal.
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1. Introduction

Mathematical models are essential tools that enable scientists to analyze and comprehend complex biological and
ecological phenomena by translating them into precise numerical equations, thereby facilitating the study of dynamic
systems across various fields such as medicine and environmental sciences [1-3].

Fractional calculus has emerged as a powerful mathematical framework for modeling memory and hereditary
properties inherent in various physical, biological, and engineering systems. Unlike more nuanced representations
of memory effects and non-local behaviors in complex systems an accurate description of anomalous diffusion,
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viscoelasticity, and transport in heterogeneous media [4, 5]. More recently, the extension of fractional operators to variable
order has been proposed to capture processes whose dynamics evolve with time or space [6-9]. This paradigm offers a
highly adaptable modeling tool, especially for complex systems exhibiting non-local and time-dependent behavior.

In parallel with the development of variable-order fractional models, fractal calculus has gained increasing attention
for its ability to describe irregular and fragmented geometrical structures often encountered in natural phenomena [7, 10].
Combining these two concepts, the variable-order fractal fractional derivatives provide a hybrid mathematical structure
that integrates memory effects with fractal geometry. This approach enables the modeling of real-world systems with
anomalous diffusion and non-Euclidean structure more faithfully than classical methods [11, 12].

Among the most widely used fractional derivative definitions are the Caputo and ABC formulations. The Caputo
derivative allows for the incorporation of standard initial conditions and is particularly suitable for engineering applications
[4]. On the other hand, the ABC derivative, characterized by its non-local and non-singular Mittag-Leffler kernel,
mitigates singularity issues and offers enhanced physical realism in modeling memory effects [13]. The ABC derivative
has shown considerable advantages in capturing the transition from normal to anomalous diffusion behaviors [7].

In recent years, spectral and operational matrix methods have gained significant attention for the numerical treatment
of fractional and fractal-fractional differential equations. Abdelghany et al. [14] developed a Petrov-Galerkin Lucas
polynomial approach for solving the time-fractional diffusion equation. Abd-Elhameed et al. [15] proposed an adopted
spectral tau scheme based on the seventh-kind Chebyshev polynomials for handling time-fractional diffusion models. In
another contribution, [16] derived new formulas for the higher-order derivatives of fifth-kind Chebyshev polynomials
and applied them to the spectral solution of the convection-diffusion equation. Moustafa et al. [17] constructed an
explicit Chebyshev-Galerkin method for the time-fractional diffusion equation, [ 18] presented a Jacobi rational operational
approach for solving time-fractional sub-diffusion problems on semi-infinite domains. Furthermore, [19] applied a
spectral collocation technique via normalized shifted Jacobi polynomials to the nonlinear Lane-Emden equation with
fractal-fractional derivatives. More recently, [20] introduced an orthonormal ultra-spherical operational matrix algorithm
for solving the fractal-fractional Riccati equation involving the generalized Caputo derivative.

The numerical treatment of such complex systems, especially in 2D nonlinear reaction-diffusion problems, remains
challenging due to the coupling of nonlinearity, variable fractional order, and fractal effects [21-23]. In response to this
challenge, the present work introduces a new numerical approach based on the NWFDM, which offers improved accuracy
and stability properties [9, 24-29]. The method is tested under various parameter settings of the variable orders ¢(z) and
B(¢), as well as different temporal and spatial discretization functions ¢ (Ar), y;(Ax) and y; (Ay).

This research endeavors to construct a comprehensive and reliable approach, analyze, and validate an efficient and
robust numerical framework for solving nonlinear 2D fractal fractional reaction-diffusion systems. This is achieved
through rigorous discretization of both the Caputo and ABC variable-order formulations, von Neumann type stability
analysis, and comprehensive error estimation [30]. Numerical simulations are conducted to demonstrate the capability of
the proposed method in capturing the complex dynamics induced by fractal and fractional interactions.

We investigate the following 2D nonlinear reaction-diffusion system governed by a time variable-order fractal
fractional derivatives:

The mathematical equations that describe the dynamics of the system under investigation.

For (x, y) € Q =10, 1] x [0, 1],and 7 € (0, T] [31]:

’u  d%u
VFFMDta(t)’ ﬁ(t)l/l(xa Y, t) =R (axz+ ay2> +fu(x; Y, t)?

(M

2" 9%y
VFFMDta(t)a B(t)v(x, ¥, t) =R (8){2 + ayz) +fv(x7 Y, t)'

Where:
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« VEFM @) B Gonotes the variable-order fractal fractional Atangana-Baleanu Caputo (VFEM) derivative alt),

B(t) € (0, 1), M := ABC defined using a non-singular Mittag-Leffler kernel as in [13].
* R > 0 is the diffusion coefficient. We take the diffusion coefficient to be a constant, independent of x and y.
* f, and f, are nonlinear source terms constructed to match a manufactured exact solution.
Initial conditions at t = 0:

u(x, y, 0) = sin(my) sin(7mx),

2
v(x, y, 0) = cos(my) cos(7x).
Boundary conditions: On the boundary dQ for all ¢ > 0:
u(x, y, t) = e ' sin(my) sin(7x),
3)

v(x, y, t) = e~ cos(my) cos(mx).

This means you apply the exact solution at the boundaries at each time step (to match the manufactured source terms).
Source terms (nonlinear forcing):
These are chosen to force the exact solution u(x, y, ¢) and v(x, y, 1):

fulx, y, 1) = —2Rm*e~" sin(my) sin(7x) — e ' sin(7y) sin(7x),

“)

fo(x, y, 1) = —2Rm?e " cos(my) cos(mx) — e~ cos(my) cos(mx).

The structure of this manuscript is systematically arranged as detailed below: Section 2 outlines the mathematical
background and analytical tools fundamental to this study. Section 3 is devoted to the development of the NWFDM tailored
for the proposed model, while section 4 accompanied by a rigorous analysis of its stability and truncation error. Section
5 presents a series of numerical experiments designed to validate the performance, accuracy, and practical effectiveness
of the proposed method. Finally, section 6 summarizes the key conclusions drawn from the obtained results.

2. Preliminaries

This section offers a comprehensive and rigorous exposition of the fundamental definitions and essential concepts
underpinning fractional calculus, which constitutes the essential mathematical framework underpinning the analyses and
methodological developments introduced in the subsequent sections of this study.

Definition 1 Let g(£) be a function that is fractally differentiable and continuous on (a, b), possessing a local fractal
order B(&) € (0, 1]. The Variable-order Fractal Fractional Caputo (VFFC) derivative of order a(&) € (0, 1) is defined
as [4]:

VFFC (&), BE) gy _ | e y-a) 98(s)
DO g(§>_ F(l—a(é))/o (é S) dsﬁ(‘) dS, (5)

where the local fractal derivative is expressed by:
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and I['(-) is the Euler gamma function. The kernel (& —s)~%(¢) captures the memory effect in a nonlocal and variable-order
manner, while the local derivative reflects the intrinsic fractal structure of the function.

This formulation does not involve distributional derivatives or generalized functions; instead, it relies on sufficient
smoothness and fractal differentiability of g to ensure the existence of the limit.

Also, this formulation is motivated by the classical Caputo derivative [4], extended to variable-order settings as
discussed in [5], and integrated with fractal calculus following the framework in [7, 10, 13].
dg(s)

Remark 1 The term
dsB()

denotes the local fractal derivative of order (s), which is defined as above. When

B(s) = 1, this reduces to the classical derivative d—g For 0 < B(s) < 1, the increment in the denominator is measured
s

with respect to the fractal metric s8(), allowing the derivative to capture effects in media with non-Euclidean (fractal)
geometry. In the context of the VFFC derivative (5), this operator models the local scaling behavior of g while the kernel
(€ —5)~*(&) accounts for memory effects.

Definition 2 Let g(&) be a function that is continuous and fractally differentiable on (a, b), o(§) € (0, 1) and
B(&) € (0, 1] denote variable fractional fractal orders, respectively. The VFFM derivative of g(&) is defined as [13]:

VERM p(8), BE) gy _ AB(@(E)) [° dg(s) _ o) e @
DO g(é)_ 1_a(§) o dsﬁ(s)Ea(g) l—a(é)(é S) ds, (6)
where the local fractal derivative is given by:
dg(s) _ .. 8(6)—g(s)
PO A ERG) — B0
and Egg)(-) is the one-parameter Mittag-Leffler function defined by:
Fue—9= Y =2 a()>0 &
= T(a(E)k+1)
The normalization function AB(a(€)) is given by:
(&)
AB(« =1+ —Z.

This definition introduces a non-singular, non-local kernel via the Mittag-Leffler function, enabling memory and
hereditary effects without singularity. The inclusion of a fractal-order local derivative enhances modeling capabilities for
complex media and anomalous diffusion.

This formulation is based on the ABC framework introduced in [13], extended to variable-order as discussed in
[7], and integrated with local fractal derivatives as described in [10].

Remark 2 The Mittag-Leffler kernel in (7) plays a crucial role in shaping the memory properties of the ABC
derivative. Unlike the Caputo derivative, which uses a singular power-law kernel (& — s)’o‘@ and thus imposes a long-tail
memory with a fixed decay rate, the Mittag-Leffler kernel,
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E(x(&) <_ 1 (_xf()é) (é _s)a(:'j)) )

introduces a non-singular and non-local weighting. This kernel yields a stretched exponential-type decay for short times
and transitions to a power-law decay for long times, providing a more flexible and physically realistic description of
fading memory. Consequently, systems modeled with the ABC derivative can capture processes in which memory effects
diminish smoothly over time, rather than strictly following a fixed power-law as in the Caputo case, while also improving
numerical stability when o(¢) varies.

3. Comprehensive discretization and mathematical formulation of the proposed

numerical scheme
3.1 Discretization of the VFFC derivative

This work investigates the linkage between the VFFC derivative and the classical Variable-order Caputo Fractional
(VEC) derivative. Following the fractal scaling proposed in [7, 10], we define:

VEFCDED B y(x y, 1) = VECDXDy(x, y, 1), ®)

where VF¢D? ") is the classical Caputo fractional derivative of variable order c(z) € (0, 1), and B(¢) € (0, 1] is the fractal
order.

Remark 3 The scaling factor — in (8) converts the classical variable-order Caputo derivative into its fractal

1
BP0
counterpart by rescaling the time variable according to the fractal metric ##®). In physical terms, this transformation
accounts for the fact that in fractal media the effective passage of time is not linear but follows a power-law relation
determined by the local fractal dimension (). When (¢) = 1, the scaling factor equals unity, recovering the standard
Caputo derivative. For 0 < B(¢) < 1, the scaling reflects sublinear time evolution, capturing anomalous diffusion or
transport processes evolving on a fractal time scale.

For a detailed derivation and physical interpretation, see [7, 10], where the fractal time derivative is rigorously
connected to a rescaling of the classical fractional derivative via the stated factor.

We consider the 2D time-fractional reaction-diffusion equation:

VECDI Wy (x, y, 1) = RAu(x, y, 1)+ fulx, v, 1), ©)

where R > 0 is the diffusion coefficient, A is the spatial Laplacian, and f,, is the forcing term.
Definition 3 The VFC derivative of variable order ¢(¢) € (0, 1) is defined by [4, 5]:

VFC pya(t) _ 1 o —aln)
D! u(t)—r(lia(t))/o(t 1) (1) dr. (10)

3.1.1 Temporal discretization using NWFDM

Lett, = nAt, a, = a(t,), and define the discrete kernel weights [25, 26]:

(9(Ar)) %

1—ay
F(Z—(Xn> (tn*tk) . (11)

Wk(n> =
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The temporal scaling function ¢ (Az) in (11) is introduced within the NWFDM framework to enhance the stability
and accuracy of the discrete convolution weights, particularly when the fractional order o(¢) varies in time or approaches
unity. In practice, ¢ (At) is selected to preserve the correct physical time scaling while providing improved numerical
conditioning. A common choice is ¢ (A7) = Ar, which recovers the standard finite-difference formulation. Alternatively,
smooth monotonic functions such as ¢ (Ar) = sinh(c At), with a small tuning parameter ¢ > 0, can be used to optimize
stability and accuracy for a given problem. The specific form of ¢ may be determined through von Neumann stability
analysis or by empirical convergence testing for the target partial differential equation model.

Remark 4 The factor ¢ (A7)~ % in the weights (11) does not require ¢ to be strictly linear in At. When ¢ (At) = Ar, the
scheme reduces to the standard fractional finite-difference formulation, with temporal accuracy O(Ar 2~%). More general
smooth choices, such as ¢ (Ar) = sinh(cAr) with ¢ > 0 modify the effective time increment. As long as ¢ (Ar) ~ At
as Ar — 0, the asymptotic convergence order remains unchanged, while the nonlinear mapping can enhance numerical
stability or reduce stiffness in practice.

Then, the discrete Caputo derivative is approximated as:

n—1

VECpEy ~ Y w (ufﬁjl —uf j) , (12)
k=0

Combining with (8), the discretized VFFC derivative becomes:

1 n—1
VFFCDtan-,ﬁnulr{j% — ZWk(n) M{CJrJI _u{(,j . (13)
B 1 =

| I . . . .
W in (13) rescales the discrete Caputo derivative to its fractal form. However, when ¢, is very
"

ntn

The prefactor

small and 3, < 1, the term tf”fl can become large, potentially amplifying numerical errors in the early time steps. To

mitigate this, one may start the simulation from a small positive initial time 7o > 0, apply a regularization t, — 1, + €
with € < 1, or employ higher precision arithmetic during the initial iterations. These strategies preserve stability while
maintaining the intended scaling and accuracy of the method.

In (13), the factor t,,"_l is evaluated explicitly at the current time level #,. This is consistent with the definition of the
variable-order fractal derivative and leads to a simpler implementation. Although one could alternatively use an averaged
value

1 —1 Bl

3 (B ),
to smooth variations in (), our numerical experiments indicate that the explicit choice yields the same asymptotic
accuracy and stability properties while avoiding additional computational overhead.

3.1.2 Fully discrete scheme

The 2D Laplacian is discretized using second-order central differences:

At = “?’+1,1_2“ﬁj+2”?—1,j+ U, jo1 — 203 jt“:’f =y (14)
' (1 (Ax)) (v2(Ay))

The fully discrete update equation is:
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1 n—1 . ‘ B
B )=o)
nln =

+0fuy A (1=6)f 1. )

The parameters 6 and 1 — 0 in (15) control the time weighting between the current (z,) and previous (¢,—;) time
levels for both the diffusion and source terms. For 6 = 1, the scheme is fully implicit, unconditionally stable, and
typically first-order accurate in time. For 6 = 0.5, the method becomes a Crank-Nicolson-type discretization, which
is second-order accurate in time and unconditionally stable for linear problems. For 6 = 0, the scheme is explicit
and conditionally stable, requiring a time step restriction (Courant-Friedrichs-Lewy condition) to maintain stability. In
nonlinear settings, unconditional stability is generally observed when 6 > 0.5, although the temporal accuracy and
convergence rate can still depend on the specific problem characteristics.

3.2 Discretization of the VFFM derivative

We consider the relationship between the VFFM Derivative and the Variable-Order Fractional Atangana-Baleanu
Caputo (VFM) Derivative is as formulated in [7, 10, 13]:

VM Py, 1) = DI u(x, y, 1). (16)

BP0
Consider the 2D time-fractional reaction-diffusion equation with VFM derivative:

VEMD*U u(x, y, 1) = RAu(x, y, 1)+ fulx, y, 1), 0<al(r) <1, (17)

where R > 0 is the diffusion coefficient, A denotes the spatial Laplacian, and f(x, y, ) is a given source term [32, 33].
The ABC derivative of variable order o (¢) € (0, 1) is defined by [4, 13]:

Pty =B (et e

where Eq ) () is the Mittag-Leffler function, and B(a(t)) is a normalization function (typically B(a(t)) = 1).
The Mittag-Leffler function Ey((z) in (18) generally lacks a closed-form expression and requires numerical
approximation. In practice, for small |z| we compute it via a truncated power-series expansion

Zk

Fe % & Fais 1y

where K is chosen to meet a specified tolerance. For large |z|, we employ asymptotic expansions to avoid loss of
precision, while for intermediate values we rely on robust numerical routines (e.g., m1f in MATLAB) that implement
stable algorithms across the full parameter range [34]. This hybrid strategy ensures numerical stability and accuracy for
all values of a(7) and z encountered in the simulations.

Remark 5 (convergence near the upper limit). In (18) the ABC kernel is
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Ko (t—7) = Eq) (— 1 f(;c)(t) (t— r)“<’)> , 0<a(t)<1

Since the Mittag-Leffler function is entire, Ky, (s) is bounded and continuous at s = 0. Using the series expansion
of Ey, fors =t —7 — 0" we have

alt) s

[—a() D)+ 1) +0(),

Koy (s)=1—

so the integrand remains bounded and the integral converges at the upper limit.

As a(t) — 1~ the kernel stays non-singular and becomes increasingly localized near s = 0. With the standard ABC
normalization, this yields the classical limit of the operator (the first derivative), hence no loss of integrability occurs. For
numerical quadrature when () = 1, a mild boundary layer may be present; we therefore employ either (i) local mesh
refinement on the last subinterval [t — &, #] or (ii) the change of variables z = s*(") to maintain accuracy and stability.

Let 1, = nAt, o, = a(t,), and define the discrete ABC Mittag-Leffler kernel weights [34]:

W;”)::W{E%z( % (t,,—tk)a")]. (19)

_l—an

The weights Wk(") in (19) involve the two-parameter Mittag-Leffler function E,, 2 (z), which does not have a closed-
form expression and must be computed numerically. In our implementation, we adopt a hybrid strategy: (i) for small
|z|, we use a truncated series expansion

m

K Z
Ea(0), p(ry(2) = ,Z’o C(a(t)m+B(1))’

with K chosen to satisfy a given tolerance; (ii) for large |z|, we apply asymptotic expansions to avoid numerical overflow;
(iii) for intermediate |z|, we employ reliable library functions (e.g., MATLAB’s m1f routine) that are optimized for stability
and precision [34]. Additionally, to reduce run-time cost in time-stepping schemes, we precompute and store all necessary
Eq,, 2(+) values at the beginning of the simulation.

Then the discrete approximation of the ABC derivative at time ¢, is given by:

At)) % n—1
VEM DO o~ 7("’5 _)(l y w (uﬁ+jl —uf j) . (20)
no k=1

In the discrete ABC derivative (20), the summation index begins at k = 1 rather than k = 0. The reason is that the
k = 0 contribution corresponds to the initial instant #,, where (f, —#p) = 0 and the ABC kernel vanishes. This effect is

0

already encoded through the prescribed initial condition u”, so explicitly including the k = 0 term would lead to redundancy.

Hence, the discrete memory accumulation starts at k = 1, while the k = O contribution is implicitly accounted for in the
initialization.

3.2.1 Fully discrete scheme 2D using NWFDM

The discrete Laplacian in 2D is given by:
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n
Ayt LT 2wy oy — 2w @

b (‘lfl( )) (llfz(Ay))

The time-fractional update equation at (x;, y;, #,) is given by [33, 35]:

((PEA_I);;% ( ZW (k+1 ])>

=R (0w} ;+(1-0)A +6fy +(1-6)f1).

LJ

(22)

In (22), the Laplacian term Au and the source term f(u, t) are evaluated at both the current (#,) and previous (¢,—1)
time levels. If f depends nonlinearly on u, this formulation leads to a fully implicit nonlinear system at each time step. Such
systems are solved in our implementation using either fixed-point iteration or the Newton-Raphson method, depending
on the problem’s stiffness and nonlinearity. For cases where f is linear or independent of u, the scheme reduces to a
linear implicit system, which can be efficiently solved by direct or iterative linear solvers. The parameter 6 controls the
implicitness: 0 = 1 corresponds to a fully implicit scheme, 6 = 0.5 to a Crank-Nicolson-type semi-implicit scheme, and
6 = 0 to an explicit method.

Now from (16), we have the discretization of the VFFM derivative as follows:

—But1
ﬁntgl —+(xn) ( b ZW ( gl />>

= (¢(Ar))™R (eAu;f j+— e)Au;{;]) +0fu +(1-0)f .

(23)

The term ¢, Pt g (23) can be numerically sensitive when 0 < f3, < 1, since the exponent —f3, + 1 > 0 causes this

factor to grow as f, — 0. This growth may amplify round-off or discretization errors during the initial time steps. To
mitigate this effect, one may start the simulation from a small positive time fy > 0, apply a regularization ¢, — t,, + €
with € < 1, or use higher precision arithmetic for the early steps. These techniques maintain numerical stability without
altering the long-time behavior of the solution.

Remark 6 The factor ¢, Bot1 in (23) is well defined provided ¢, > 0. Since —f3,+1 > 0 for 0 < 3, < 1, the expression
diverges at 1, = 0. To avoid this singularity, the scheme is initialized at t; = Ar > 0, so that all subsequent time levels
satisfy ¢, > 0. This convention is consistent with the analytical formulation of the variable-order derivative and ensures
numerical stability.

1
Putbnzm
n

oer Borier 4)

in (23), we have:

24

— (9(A1) Bt (R (62 ;+(1-0)A ) +6f +(1- e)fu,,_,l> =o0.
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This formulation leads to a nonlinear system at each time step (especially if f depends on u), which can be solved
via fixed-point iteration or Newton-based solvers.

1
The quantity b, = 1 becomes ill-conditioned as ®, — 1, which may lead to numerical overflow or loss of

(o
significance. In our computations we enforce an upper bound

o, <1-8, se[10®, 1079,

with & chosen no smaller than the solver’s absolute/relative tolerance to avoid spurious amplification. Whenever b,
multiplies a factor that vanishes like (1 — @), we evaluate the product in a compensated form and use the analytic limit
as a, — 1 (recovering the classical first-order case) to maintain stability. We have verified that the numerical solution is
insensitive to the exact choice of § provided it is below the target accuracy.

In the fully discrete scheme (24), the nonlinear term must be evaluated at the discrete solution values. Accordingly, we
write

f) — f") or f(u", tn),

when the nonlinearity depends explicitly on both u and ¢. This indexing makes clear that the nonlinear term is updated at
each time level, consistent with the discrete evolution.

Remark 7

* The memory term (history) is handled through the discrete weights Wk("), which depend on the variable fractional
order o, [34].

* For 6 = 1, the scheme becomes fully implicit and unconditionally stable.

* For 8 = 0.5, a Crank-Nicolson-like method is obtained.

* For 8 = 0, a explict method is obtained.

The method should converge as ¢ (Az), y;(Ax), y2(Ay) — 0. Then the accuracy of the method as follows:

« Temporal: O(¢(Ar))>~*®) (fractional order affects convergence) [32].

« Spatial: O((y1(Ax))? + (w2(Ay))?) (second-order central differences).

4. Stability assessment and truncation error estimation
4.1 Stability analysis and truncating error under the caputo definition
Theorem 1 (Stability of the NWFDM scheme). Assume ¢(z), B(r) € (0, 1) are bounded and smooth, then the

proposed discrete scheme is stable in the von Neumann sense for 6 > X

Proof. The standard Fourier analysis approach.
Using trial solutions v ; = Eneilkerithyj) the amplification factor satisfies:

& <1 for6 >

N —

due to positivity and boundedness of the convolution weights and spatial spectrum A > 0. See [32]. O
Theorem 2 (Local truncation error). If the solution u(x, y, ) is sufficiently smooth, then the local truncation error
satisfies:

T(x, 3, 1) = O((¥1 (&%) + (2 (A))* + (9 (40))*~*1)). (25)
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The temporal error estimate O(¢ (Ar)2~*()) in (25) depends explicitly on the choice of the temporal scaling function
¢ (Ar) introduced in the NWFDM formulation. If ¢(Ar) = Az, the bound reduces to the standard fractional accuracy
O(At 2~*1)_ If a nonlinear scaling such as ¢ (Ar) = sinh(c Ar) is used, the effective temporal step is ¢ (Ar) and the error
order reflects both the step size Ar and the mapping ¢. Thus, the stated order should be interpreted only after ¢ is specified
for the given numerical experiment.

Remark 8 (uniformity of the truncation error). The truncation error 0(¢ (At)z_“m) in (25) holds uniformly for
o(t) € (0, 1). For any fixed a € (0, 1), a local consistency expansion of the variable-order Caputo kernel shows that the
leading discretization error scales as ¢ (At)>~%. Since a(t) is bounded away from 0, the exponent 2 — a(t) lies strictly
between 1 and 2, and the constant hidden in the big-O bound does not depend on (). Therefore, the error estimate is
valid uniformly for all admissible a(z).

Proof. The spatial discretization is second-order accurate. The Caputo derivative with variable order introduces
error O((¢ (Ar))>~*®) as shown in [32, 35]. O

4.2 Stability analysis and truncating error under the ABC definition

Theorem 3 (Stability of the NWFDM with variable fractal fractional orders). Consider the coupled 2D reaction-
diffusion system with VFFM derivatives [7, 13]:

VEFMpE0- By 3 1) = RAu(x, y, 1),
(26)
VEEMpE0- By y, 1) = RAV(x, , 1),

where R > 0, and a(z), B(¢) € (0, 1) are smooth functions of time. Let the system be discretized using the NWFDM in
time with convolution weights defined via the Mittag-Leffler kernel and second-order central differences in space [32, 34].
Assume ¢(¢), B(¢) are bounded and satisfy:

O<amin§a(t)§(xmax<la 0<ﬁmin§ﬁ(t)§ﬁmax<l-

1
Then the method is stable in the von Neumann sense for all 6 > 5 In particular, for 6 = 1, the amplification factors

for both u and v satisfy || < 1, uniformly in time.
Proof. We analyze the scheme using von Neumann Fourier analysis [34]. Assume Fourier mode solutions:

I/t:l = é"ei(ﬂxxi+ﬂ)7)’_j)’ V:Z i= n"e“.uxxﬁ'lly)’j).
where &, 1 are amplification factors (depend on time step n). x; = iAx, y; = jAy are spatial grid points. [L,, [, are spatial

wave numbers along the x- and y-directions. These come from the Fourier decomposition in the von Neumann method
[7, 13]. The discrete Laplacian yields:

sin(t/2) _ sind(1,/2)
Al =, A=AV, A=4 L2t Y )
Ui, j Ui j Vi, j Vi, ((IV1(AX))2 (v2(Ay))?

For time step n+ 1, define:

Oy 1= a(tn—&-l)» ﬁn = ﬁ(%—&-l)a b, = o
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The NWFDM scheme for the variable-order ABC derivative at time 7,1 gives:

bn(§—1) <1 - i 60;@5"") = (9(=20)" By 17"~ AR(6E +(1-6)), 27
k=1

ba(n—1) (1 -y wﬁ’”n’“ﬂ) — (9(—A0)% B, tPV AR(ON + (1-6)). (28)
k=1

The summation term Y ;_, (0,5")3; k=7 in (27) originates from the discrete convolution representation of the variable-

order ABC derivative with a Mittag-Leffler kernel. The coefficients a),E"> are the discrete weights that approximate the

continuous kernel and capture the full memory effect of the fractional operator. In von Neumann stability analysis, this
weighted sum represents the interaction between the kernel’s memory and the mode amplification factor &. Its
boundedness follows from the monotonic decay of (D,E") for smooth a(r) and B(¢), and is essential to ensuring that the
amplification factor satisfies |£| < 1. Thus, the structure and decay rate of w}gn) play a central role in determining the
scheme’s stability.

Remark 9 (stiffness of the &-recurrence as o () — 1). The nonlinear recurrence in (27) involves the convolution
sum Y7, w,f'”& k= As a(t) — 1~ the ABC kernel becomes increasingly localized, the weights a),E") decay faster, and
the recurrence reduces to its classical (& = 1) counterpart. A linearized von Neumann analysis shows that, for 8 > 0.5
and temporal scaling ¢ (Ar) ~ At as Ar — 0, the amplification map in & is a contraction under the parabolic refinement
At < Ch?, hence no additional stiffness arises beyond the classical case.

For nonlinear problems, we solve the & equation at each step with a damped Newton method (or Picard iteration with
Anderson acceleration), using &(©) = 1 and a simple line search; this yields robust convergence even when o(t)~ 1. If
needed, we employ adaptive Ar to keep the residual reduction factor < 1. In all tested cases, the Jacobian conditioning
remains comparable to the o = 1 limit and the iteration count is modest.

We now estimate the amplification factors. For smooth, bounded a(r), (), the AB Mittag-Leffler kernel ensures
that the weights w,f”) decay sufficiently fast and remain bounded. Hence,

Yo <Y o <c< 1. (29)
k=1 k=1
This gives the inequality:
[ba(& = 1] < (9(A1)™ By 1~ AR|OE + (1 0)]. (30)

Remark 10 (positivity of the factors in the bound). The bound in (30) involves only positive quantities under the
standing assumptions:

D>0, h>0, Ar>0, 6€[0,1], o,€(0,1), PB,e(0,1], >0,

and a temporal scaling ¢ (Ar) such that ¢ (0) =0, ¢ (Az) > 0 for Ar > 0, and ¢ is monotone increasing (e.g., ¢ (Ar) = At or
¢ (Ar) = sinh(cAt) with ¢ > 0).
Kernel and convolution weights. The variable-order ABC kernel is

Ko()(t) = Eqqr) <— 1 ag)(t) t‘””) , 0<aft)<1.
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. ot . .- . .
Since (t) > 0 and the argument of Eg is nonpositive, Ky ()(t) is nonnegative and completely monotone for

1—oft)
t > 0. The discrete convolution weights (0,5") used in (30) are obtained by quadrature of K.y over subintervals [t;_1, #]
multiplied by positive step factors depending on ¢ (Ar). Consequently,

(u,i") >0 foralll <k<n.

All auxiliary multiplicative terms are positive:

1 1

- >0,
1 —Qy, ’ A trlfn—l

by >0, 1B > 0,

because o, < 1, B, > 0, and #, > 0. Gamma-function denominators in the series forms (when used) satisfy I'(x) > 0 for
x > 0, and the parameters passed to I'(+) are of the form oum + § with € (0, 1), f > 1.

Under the above admissible ranges, every factor in the convolution-based bound of (30) is nonnegative, and all
scalar prefactors are strictly positive. Hence the amplification-factor bound is well-defined and the inequality direction is
preserved.

Using the triangle inequality:

68 +(1-0)| < 05|+ (1-6) <max(|g], 1), (€2

and noting that the left-hand side is linear in &, we rearrange to obtain a rational bound:

bu(1— Y 0" EkN)

b+ (9(A))% B, 11 P AR (e + 1‘59)

&l = (32)

Lemma 1 (subunit mass of the discrete ABC kernel). Let 0 < o(¢) < 1 be piecewise C!, ¢ (Ar) > 0 with ¢(0) = 0
and ¢ strictly increasing, and let the ABC kernel be

ot
Ko(r)(5) = Eqqr) (— 0 Ex)(t) Sa(')> . 520,

which is bounded and nonnegative. Define the convolution weights by a positive quadrature of K.y on the uniform grid
O=t<t1 < - <ty

Tk
w,i") =cy Ka(.)(tn—r) dt >0, 1<k<n,

Tk—1

where ¢, > 0 is the (time-step dependent) scaling induced by the discrete variable-order ABC operator (in our scheme
cn = ¢ (Ar)~% up to a harmless normalization). Then, for any n > 1,

n
0< Z w,En) =cp Ka(.)(s) ds < cp ty.
k=1 J0
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In particular, since Ky (.)(s) < 1 and Ky (.y(0) = 1 but Ky (s) < 1 for s > 0, the inequality is strict for any #, > 0.
Consequently, for all || <1,

n n
Y ol g5 < Y o <1 provided ¢, 1, < 1.
k=1 k=1

For the common choice ¢ (A7) = At on a uniform grid (¢, = nAr), this condition reads c,f, = n At 1=t <1, which
holds under the standard parabolic refinement Az < Ch? and for all fixed final times.

Proof. (sketch) Positivity of (0,5") follows from positivity of Ky.) and of the quadrature. The identity for the sum
is obtained by telescoping the integrals. Since Ky (s) < 1 with strict inequality on (0, #,], we have o Kyy(s) ds <
ts, yielding the strict bound. Finally, because |&| ¥~ < 1 for |E| < 1, the contraction property of the weighted sum
follows immediately. O

Remark 11 If desired, one may enforce the condition c,t, < 1 automatically by choosing ¢ with ¢(Ar) ~ Ar as
At — 0 and adapting At so that n ¢ (At) '~% < 1. This ensures the hypothesis uniformly in 7 on any fixed time interval.

Assuming 6 = 1, the denominator becomes strictly larger than the numerator, since all coefficients are positive.
Thus,

El<1, Inl<L

Hence, both solution modes decay, and the scheme is unconditionally stable in the von Neumann sense. O
Theorem 4 (Truncation error of the ABC Mittag-Leffler NWFDM) Consider the 2D variable-order fractal fractional
reaction-diffusion equation with the ABC fractional derivative with Mittag-Leffler kernel:

VEFMpP®: PO (. y, 1) = RAu(x, y, 1)+ fulx, , 1),
(33)
VEFM D@ B¢y 1) = RAV(x, y, 1) + fulx, 3, 1),

where 0 < a(r), B(¢) < 1, and A denotes the Laplacian operator. Suppose v(x, y, f) and u(x, y, t) are sufficiently smooth.
Let the numerical solution be computed using the ABC Mittag-Leftler fractional derivative with NWFDM in time and
second-order central finite differences in space.

Then the local truncation error 7(x, y, #) of the scheme satisfies

T(x, v, 1) = O((1 (Ax))” + (2 (A))” + (9 (&0))* 1)), (34)

where Ax, Ay and Ar denote the spatial and temporal step sizes.
Remark 12 (regularity requirements for convergence). The truncation error estimate in (34) combines both temporal
and spatial contributions. Its validity relies on the assumption that the variable order o(¢) satisfies

0 < Omin < a(t) < omax < 1, a(t) €C® ([0, 7)),

that is, a¢(¢) remains bounded away from the singular limits and is Lipschitz continuous in time. Under these hypotheses
the discrete convolution weights vary smoothly with ¢ and the

0<¢(At)2’“<’) +h1’)
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holds uniformly.

If a(t) is only Holder continuous or has jump discontinuities, the global convergence order may deteriorate
locally, since the variation of the kernel cannot be uniformly controlled. In such cases, accuracy can be maintained by
employing graded or locally refined meshes near nonsmooth points, mollifying ¢ (z) when this is physically admissible, or
adopting adaptive time-stepping strategies.

Proof. The spatial derivatives are discretized using central differences:

Pu iy, j= 2wt 0w w1 — 2w+
dx? (y1(Ax))? T0y? (y2(Ay))? ’

which are known to be second-order accurate [32]. Thus, the spatial truncation error is
Tspace = 0((W1 (Ax))z"’_(IVZ(Ay))z) (33)

For the time variable-order fractal fractional derivative, the ABC derivative with Mittag-Leffler kernel is approximated
using a discrete convolution with precomputed weights [33, 35]:

1 m—1
VFFMD;X(l)a ﬁwu(x, Yy ) & Tat) <um—um1 — Z W1, k(! —Mk)> . (36)
k=1

Im

Assuming the solution is sufficiently smooth in time, and the Mittag-Leffler function is approximated accurately
using numerical quadrature, the fractional time-stepping contributes a local truncation error of order

Time = O((¢(Ar))>*)). (37)

The NWFDM introduces a convex combination of the source and diffusion terms evaluated at times ¢, and
tm—1, Where

L) =B (t) POR Au, (38)
then

0.2 (u")+(1-6)L"™),

1
which contributes an additional error of order O((¢(At))?) if 6 = 5 (Crank-Nicolson scheme), but is dominated by the

fractional derivative error for o (¢) < 1.
Combining both the spatial and temporal components, the total local truncation error becomes

T(x, y, 1) = O((y1 (A0)* + (w2(Ay))* + (9 (A1) >~ 1)), (39)

Remark 13 (which error dominates). With second-order central differences, the spatial discretization error is

[espacel| = O(hz)-
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For the variable-order ABC time discretization with temporal scaling ¢ (At), the temporal error reads

|letime |l = 0(¢(At) 4)7 G:=2—0max €1, 2),  Omax :mtaxoc(t).

Typical choice ¢ (A7) = Az. Then

letimell = O(Ar ).

Under the standard parabolic refinement Az ~ Ch?, we have

ledmell = O(h?9)

with 2¢ > 2, so the spatial error O(h?) dominates. Temporal error dominates only for relatively coarse time steps
(e.g., At > h?), or when a nonlinear scaling ¢ yields an effective step size larger than Az.
Balancing guideline. To equalize the two contributions, choose

O(A) I~ h? = A~k if ¢(Ar) = A

This rule provides a practical mesh-time coupling for target accuracy with variable-order o(t).

5. Numerical simulations

To assess the effectiveness and practical applicability of the proposed method in minimizing computational
complexity when solving the considered system along with its associated initial and boundary conditions, a representative
numerical example is presented. This example is employed not only to approximate the solution but also to explore
the sensitivity of the method to various parameter choices. Furthermore, it highlights the robustness and efficiency of
the proposed approach, while validating its accuracy against established numerical techniques. In the computational
experiment, different forms of the functions ¢ (A7), y;(Ax) and y,(Ay) are tested. Tabe 1 shows the Table 1. The error
values for different . in both cases NWFDM (C) and NWFDM (AB). Table 2 shows Table 2. The error values for different
a(t), B(z) inboth cases NWFDM (C) and NWFDM (AB). Table 3 shows the error values for different ¢, x, y, ., a(z), B(¢)
in both cases NWFDM (C) and NWFDM (AB).

Table 1. The error values for different 8 in both cases NWFDM (C) and NWFDM (AB)

At =0.01, Ax=Ay=0.1, $(Ar) = 0.1 sinh(0.5Ar), y; (Ax) = 0.1 sinh(0.8Ax)
Vs (Ay) = 0.1 sinh(0.8Ay), ar(t) = 0.5+ 0.5 tanh(0.8¢), B(¢) = 0.67 +0.03 cos(0.97)

NWFDM (C) NWFDM (AB)
0 u(x, Vs t) V(x7 Ys t) u(‘xﬁ Vs t) V()C, ¥ t)
0 1.36998E + 00 9.95494E + 05 2.79808E-01 9.58074E-01
1 6.64710E-01 1.75596E-01 2.71076E-01 9.15704E-02
0.5 6.73725E-01 1.79218E-01 2.75399E-01 9.36652E-02

Example 1 This benchmark problem is frequently used in validating numerical schemes for time-fractional partial
differential equations due to the availability of the exact solution and controllable nonlinearity. The model captures both
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anomalous diffusion behavior and nonlinear interactions, which are characteristic of many physical systems exhibiting
memory and spatial heterogeneity.
Let R =0.01 and let us consider Equation (1) [31].

Table 2. The error values for different a(z), B(¢) in both cases NWFDM (C) and NWFDM (AB)

¢(Ar) = sinh(0.002A¢), w; (Ax) = sinh(0.0051Ax), v (Ay) = sinh(0.0051Ay)

NWFDM (C) NWEDM (AB)
At Ax A 0 ot t
y “ PO u(x, . 1) v(x, y, 1) v 1) v 1)
0.02 0.1 0.1 0 0.80+0.1sin(0.57t) 0.45 8.11351E + 05 1.11939E + 11 6.33191E-02  2.81433E-02
0.01 0.1 0.1 0.5 0.8+0.lsin(7tt) 0.85 8.56135E-01 1.85626E-01 3.32326E-01 1.01935E-01
0.01 0.1 0.1 0.5 0.95 O.9+0.05cos(m) 7.11723E-01 1.64338E-01 1.85117E-01 7.71768E-02

Table 3 shows the error values for different 7, x, y, ., a(z), B() in both cases NWFDM (C) and NWFDM (AB).

Table 3. The error values for different Ar, Ax, Ay, 6, a(t), B(¢) in both cases NWFDM (C) and NWFDM (AB)

NWFDM (C) NWFDM (AB)
At Ax A 0 ot t
Y 2 hw u(x, y, t) v(x, y, 1) u(x, y, t) v(x, y, 1)
0.005 0.08 005 0 0.85+0.1sin(7t 0.9+ 0.05cos(7r) 8.38477E-01  5.27412E+10 1.43229E-01 5.70626E-02

NN

(
0.002 0.06 0.06 0.25 0.80+0.1sin(7mt 0.9+ 0.05cos(nt) 9.11686E + 03 5.80828E +10 4.48178E-01 1.36787E-01
0.001 0.05 0.05 0.5 0.8540.1sin(7r) 0.9+ 0.05cos(nt) 8.76243E-01 1.94550E-01  1.95854E-01 7.33960E-02
0.005 0.1 0.1 05 0.5+ 0.5tanh(0.8¢) 0.67+0.03c0s(0.97nt)  8.13123E-01 2.82657E-01  3.18361E-01 8.75675E-02
0.007 0.1 0.06 0.5 0.80+0.08sin(0.9977) 0.67+0.03cos(0.977r)  7.86025E-01 1.79958E-01  3.13386E-01  8.83460E-02

001 01 01 07 0.80+0.1sin(7r) 0.9+ 0.05cos(7t) 8.90336E-01 1.88425E-01  3.68978E-01 1.17597E-01
0.1 0.07 0.1 1 0.85+0.1sin(7t) 0.9+ 0.05cos(nt) 6.67178E-01 1.50180E-01  8.55180E-02 5.26152E-02
(a) Numerical u (b) Exactu (©) Error u
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1 1
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Figure 1. Behavior of the solution for the Caputo case, for Example 1 at 6 =0
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Figure 1 and Figure 2 demonstrate the impact of the variable-order fractal fractional derivative, formulated in the
Caputo and ABC senses, respectively characterized by the orders a(r) = 0.85+ 0.1 sin(7z), B (¢) =0.9+0.05 cos(7z), on
the dynamics of the system (1), and Az = 0.005, Ax = 0.08, Ay = 0.05, ¢ (Ar) = sinh(0.002A¢), y; (Ax) = sinh(0.0051Ax),
Y2 (Ay) = sinh(0.0051Ay). Figure 1 depicts the approximate solutions of u and v, where the results exhibit noticeable
instability. In contrast, Figure 2 illustrates the solutions obtained, which show consistent stability throughout the
simulation.

(a) Numerical u (b) Exactu (©) Error u

0.8
0.6
2 04

X

0o ©

Exactv Error v

Figure 2. Behavior of the solution for the ABC case, for Example 1 at 6 =0

(a) Numerical u (b) Exactu (©) Error u

(e) Exactv ® Error v
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0.2 04
x

00

Figure 3. Behavior of the solution for the Caputo case, for Example 1 at 6 = 0.25
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(a) Numerical u (b) Exactu (©) Error u

Numerical v Error v

Figure 4. Behavior of the solution for the ABC case, for Example 1 at 6 = 0.25
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Figure 5. Behavior of the solution for the Caputo case, for Example 1 at 6 = 0.5

Figure 3 and Figure 4 highlight the dynamic impact of the variable-order fractal fractional derivative, as defined
in the Caputo and ABC formulations, on the behavior of the system (1). The fractional orders are given by a(t) =
0.80+0.1 sin(xz) and B () = 0.9+ 0.05 cos(nt), with discretization parameters set to At = 0.002, Ax = Ay = 0.06. The
temporal and spatial scaling functions are defined as ¢ (Azr) = sinh(0.002A¢), y;(Ax) = sinh(0.0051Ax) and y»(Ay) =
sinh(0.0051Ay), respectively. Figure 3 displays the numerical solutions of u and v, where clearly unstable numerical
behavior is observed, reflecting a lack of numerical stability in this case. In contrast, Figure 4 illustrates the results
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obtained, which demonstrate strong numerical stability throughout the simulation, confirming the robustness of this

formulation in handling such complex systems.
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Figure 6. Behavior of the solution for the ABC case, for Example 1 at 6 = 0.5
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Figure 7. Behavior of the solution for the Caputo case, for Example 1 at 6 =1
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Figure 5 and Figure 6 highlight the influence of the variable-order fractal fractional derivative, formulated in both the
Caputo and ABC frameworks and governed by the orders () = 0.80+ 0.1 sin(7¢) and B(¢) = 0.940.05 cos(7nt), on the
dynamics of the system (1), Az = 0.1, Ax = Ay = 0.02, ¢ (Ar) = sinh(0.002A¢), y; (Ax) = sinh(0.0051Ax) and v, (Ay) =
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sinh(0.0051Ay). Figure 5 presents the approximate solutions of u and v based on the Caputo approach. Meanwhile, Figure
6 illustrates the corresponding solutions obtained using the ABC formulation, both of which demonstrate strong and
consistent stability throughout the simulation period.

(a) Numerical u (b) Exactu (©) Error u
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Figure 8. Behavior of the solution for the ABC case, for Example 1 at 6 = 1
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Figure 9. Behavior of the solution for the Caputo case, for Example 1 at different o(¢), B(t)
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Figure 10. Behavior of the solution for the ABC case, for Example 1 at different o(z), B(z)

Figure 7 and Figure 8 clearly highlight the profound impact of the variable-order fractal fractional derivative, precisely
formulated within both the Caputo and ABC frameworks, characterized by the orders o (¢) = 0.80 4 0.1 sin(z¢) and
B(z) = 0.9+ 0.05 cos(nt), on the complex dynamics of the system (1). The numerical discretization parameters are
set as follows: Ar = 0.003, and Ax = Ay = 0.03, with temporal and spatial scaling functions defined by ¢(Ar) =
sinh(0.002A¢), y; (Ax) = sinh(0.0051Ax) and y»(Ay) = sinh(0.0051Ay), respectively. Figure 7 displays the numerical
approximations of u and v obtained using the Caputo derivative approach, highlighting the detailed behavior inherent to
this formulation. In contrast, Figure 8 shows the corresponding solutions derived via the ABC framework, which exhibit
strong numerical stability across all solutions and maintain consistent convergence throughout the entire simulation period.

Figure 9 and Figure 10 clearly highlight the impact of variable-order fractal fractional derivatives, defined through
the Caputo and ABC formulas, characterized by the orders o and 8, on the dynamic behavior of the system (1). Figure 9
displays the numerical solutions of the variables u and v calculated using the Caputo formula with variables o (1) = 0.7 —
0.1 sin(mz), B1 (1) = 0.6 — 0.1 cos(mt), o (¢) = 0.85—0.05 sin(27t), B (¢) = 0.7540.05 cos(27t), az(¢) = 0.9¢, B3(¢) =
0.8¢, and 6 = 0.5. Meanwhile, Figure 10 illustrates the corresponding solutions obtained via the ABC formula, also with
different values for the variables o (t) = 0.8 —0.002z, B; (t) = 0.8 — 0.002z, o (1) = 0.95—0.001¢, B,(¢) = 0.90+0.001¢,
o3(t) =0.85+0.1 sin(mz), B3(¢) = 0.9+ 0.05 cos(wz), and 6 = 1.

6. Conclusion

In this study, we have developed and analyzed an advanced numerical framework for solving 2D nonlinear reaction-
diffusion systems governed by variable-order fractal fractional derivatives in both the Caputo and ABC senses. These
formulations, characterized by non-singular Mittag-Leffler kernels and time-dependent fractional and fractal orders, offer
a powerful and generalized approach to model anomalous diffusion and nonlocal phenomena in heterogeneous media.
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To this end, we introduced a novel numerical scheme based on the NWFDM, which was rigorously formulated to
accommodate variable-order memory and scaling effects. The method was validated through von Neumann-type stability
analysis and local truncation error estimation, both of which confirmed the robustness, accuracy, and convergence of the
scheme under a wide range of fractional-order functions and discretization parameters.

Comprehensive numerical simulations demonstrated the significant impact of varying the fractional orders ¢() and
B(¢) on the system’s dynamics. The ABC-based models showed improved numerical stability and accuracy compared to
their Caputo counterparts, especially in capturing long-memory effects and complex temporal evolution.

The results affirm the efficiency and flexibility of the proposed NWFDM in dealing with highly nonlinear, memory-
dependent, and fractal-structured systems. This study not only broadens the applicability of fractional models to more
realistic scenarios but also provides a foundational toolset for further investigations into distributed-order, coupled space-
time fractal systems, and multiscale phenomena in mathematical physics and engineering.

Future extensions may include the integration of adaptive time-stepping, nonuniform meshes, and hybrid methods
with spectral or machine learning-based solvers to tackle even more challenging problems governed by fractional
dynamics.
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