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Abstract: We study Mean First-Passage Times (MFPTs) for diffusive migration in finite three-dimensional domains
motivated by organ-vessel architectures and intracellular transport. Focusing on a sphere traversed by a thin cylinder (an
idealised organ surrounding a blood vessel), and on a deformed hollow sphere with an inner trap, we formulate MFPT
via boundary integral equations that encode Dirichlet, Neumann, and Robin conditions. Two complementary strategies
emerge: (i) a deformation-from-solvable-geometry approach that yields accurate approximations for mixed boundaries,
and (ii) a “conductor-term” augmentation that restores solvability when standard integral equations fail. These frameworks
expose narrow escape/capture regimes and quantify how trap size and interface semi-permeability control MFPT. We
complement theory with numerical solutions of the adjoint Poisson problem, covering cases not reached analytically:
first, a sphere with Dirichlet boundary condition, traversed by a cylinder with Neumann one (complementing the integral
equations approach); second, a sphere with Neumann boundary condition, traversed by a cylinder with Dirichlet one
(uncovered by the integral equations approach). Beyond methodological value, our results provide interpretable MFPT
maps relevant to cell migration and particle delivery in organ-like geometries.

Keywords: mean first-passage time, Brownian motion, Poisson equation, Dirichlet, Neumann and Robin boundary
conditions, sphere traversed by cylinder, narrow capture problem
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1. Introduction

Diffusive particle migration is a very important statistical transport phenomenon that arises and has different
applications in biology, biochemistry, physics, and engineering. Here, we shall deal with diffusion without advection. One
important approach to particle diffusion employs Green’s functions, which depend generically on two position vectors and,
eventually, on another variable related to time. To handle Green’s functions with boundary conditions may be cumbersome.
On the other hand, and, at least as long as time durations in particle migration and the understanding of boundary conditions
are concerned, it is more economical to handle a simpler function of one position vector, namely, the so-called Mean First-
Passage Time (MFPT) function. Calculating or estimating the MFPT is essential in several specific fields, from modelling
chemical reactions to designing efficient nanoparticle-based drug delivery systems (see [1-16]).
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The MFPT is the expected time for a Brownian particle, starting from an initial position within a confined domain,
to reach for the first time a specified target location (in particular, the boundary of the domain). Once the imposition of
boundary conditions be understood for the MFPT function, the extension to Green’s functions appears to be conceptually
rather direct, even if formulae are still rather cumbersome. Moreover, Green’s functions have short-distance singularities,
the control of which requires detailed analysis upon carrying out approximations. On the other hand, the MFPT functions
either display such short-distance singularities in a simple way or do not have them. In fact, the MFPT functions are
obtained by performing spatial integrations of Green’s functions. In so doing, short-distance singularities of Green’s
functions are smoothed out.

In this work, we shall treat mostly the MFPT for a Brownian particle inside a sphere traversed by a thin cylinder,
modelled by the Poisson equation with suitable mixed boundary conditions. Such a geometry is biologically motivated, as
it resembles qualitatively a vital organ surrounding a blood vessel. Motivated by this analogy, we shall analyse different
features of the associated MFPT to a large extent theoretically because, being non-trivial, they do deserve adequate analysis
(but not exclusively: see Section 5 for numerical studies). In fact, that geometry, with different boundary conditions, does
not yield a closed-form MFPT and, so, poses certain mathematical difficulties (as shown in Sections 2 and 4). In so doing,
we come close to and treat a related mathematical difficulty, for another geometry (namely, a deformed hollow sphere
with a trap inside), in Section 3.

The approach to the MFPT in the present work will extend non-trivially certain aspects in [17-20], not treated
previously, which do deserve further and deeper analysis; namely, other adequately motivated geometries, Robin boundary
conditions, and certain narrow escape cases. We shall remind the so-called potential theory [17], namely, a time-honoured
mathematical theory for Electrostatics, formulated to deal with problems with Dirichlet and Neumann boundary conditions.
In this theory, a function of interest (say, the electrostatic potential) inside a domain is represented as the sum of an
explicit inhomogeneous term plus an integral over the boundary, containing a suitable Green’s function and certain
density functions. The latter satisfies, in turn, suitable inhomogeneous linear integral equations on the boundary, encoding
the Dirichlet or Neumann boundary conditions non-trivially, with other inhomogeneous terms determined by the above
explicit inhomogeneous term. The structure of those linear integral equations is deeply connected to the specific boundary
conditions. The MFPT encodes how a migrating particle (or cell) interacts with interfaces. Dirichlet (absorbing) boundary
captures at first contact (e.g., an exit through the organ boundary or irreversible adhesion) and leads to zero MFPT on the
target. The Neumann (reflective) boundary is an impermeable wall with zero normal flux, so that the walker cannot cross,
and the MFPTs increase near it. Robin (partially absorbing/transmissible) boundary interpolates continuously between
absorbing and reflecting behaviour and models semi-permeable membranes. We use this mapping explicitly in Section 2
(absorbing sphere traversed by a transmissible cylinder), Section 4 (transmissible sphere with absorbing cylinder).

Compact solutions of those integral equations for the density functions exist only in a few geometries: spherical
surfaces, concentric spherical surfaces, cylinders, and some others, provided that the boundary conditions are adequate.
So will denote the set of all such restricted cases with Compact (C) Solutions (So). For more general boundary surfaces
S, one proceeds through the following strategies.

First Strategy. Let a particle diffusion problem be determined by some surface S and boundary conditions not
belonging to Compact Solutions (CSo), such that:

1) the boundary surface S either does not differ much from the surface Scs, for one case belonging to CSo, or differs
appreciably but in a mathematically controllable way.

ii) one chooses an explicit inhomogeneous term as a starting point, which may not be optimal.

iii) for the given particle diffusion problem, one represents initially its MFPT function and density functions in terms
of that explicit inhomogeneous term plus integrals over the boundary S.

iv) the inhomogeneous linear integral equations resulting for density functions have kernels that allow the former to
be well defined. Not infrequently, the fulfillment of iv) shows up at the first stages of the analysis.

v) one appeals to the compact MFPT solution and associated density functions for the surface Scs, and, in terms of
them, one recasts respectively the initial MFPT function and density functions for S into other forms as a second step,
upon regarding S as a small or controllable deformation of Scso.
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vi) the resulting equations do provide a suitable basis for the desired approximate MFPT solutions for S, through
successive iterations.

The First Strategy will suffice for different cases of spheres traversed by thin cylinders (but it may not cover others),
as we shall see.

To provide a wider perspective, we warn that, upon applying the First Strategy to the MFPT for certain boundary
conditions, a difficulty may arise at item iv): the inhomogeneous linear integral equations for the density functions, as
directly formulated, have no solutions. This is the direct extension to the integral equation framework of the well-known
non-existence of an MFPT solution inside an undeformed spherical surface with Neumann boundary condition (in turn,
bearing a relationship to the narrow escape problem). This motivates the following approach.

Second Strategy. The addition of suitable “conductor” surface terms leads to other inhomogeneous linear integral
equations for the density functions at the level of step iv) which do have solutions, as we shall illustrate. Then, the steps
v) and vi) of the First Strategy are carried out for the Second Strategy. This will be the case of a deformed hollow sphere
with a trap inside.

In narrow capture situations, the MFPT stands specifically for the expected time required for the Brownian particle
moving inside a bounded domain, typically with a reflective boundary, to escape the domain through a small absorbing
region on the boundary, usually called the trap. The boundary surfaces, with possible disparate geometries and boundary
conditions to be satisfied by the diffusive motions, give rise to non-trivial boundary value problems, which have attracted
much attention. See [2, 3, 21-28] and references therein. These problems involve (at least, or typically) two spatial scales:
the spatial scale of the confined domain, and the asymptotically small scale of the absorbing trap. A good number of
research papers about them employed Green’s functions: see, for instance, [21, 23] and references therein. The present
integral equations approach and the above strategies enable us to analyse narrow capture situations and signals thereof,
from another standpoint, as we shall see.

This work is organized as follows. In Section 2, the Brownian particle, moving inside an absorbing sphere traversed
by a thin transmissible cylinder, is modelled by the Poisson equation with mixed Dirichlet (sphere) and Robin (cylinder)
boundary conditions. No narrow capture situations arise for it. This is analysed with the First Strategy. In Section
3, we treat a reflective (Neumann) deformed hollow sphere with an inner absorbing (Dirichlet) spherical trap, where
the narrow capture situation occurs: its analysis illustrates the Second Strategy in a simpler, but not trivial, context. In
Section 4, a transmissible (Robin) sphere traversed by a thin absorbing (Dirichlet) cylindrical trap is considered with
boundary conditions different from those in Section 2, in which the First Strategy suffices; however, a certain narrow
capture situation is seen to arise, which is compared to that in Section 3. Section 5 presents numerical computations of the
adjoint equation for the MFPT, for both geometries in Sections 2 and 4, for Dirichlet and Neumann boundary conditions.
We emphasize that the numerical approach enables dealing with cases not covered by the integral equation approach.
Finally, Section 6 outlines the conclusions and some discussions. Appendix A summarizes useful results in the integral
equation approach to the MFPT and its density functions for a diffusing particle inside an absorbing spherical surface, for
subsequent use in its counterpart with Robin boundary condition. Appendix B gives useful properties of Green’s functions,
in connection with Section 4.

2. Absorbing sphere traversed by a thin transmissible cylinder

In this section, the three-dimensional finite domain € is a sphere of radius R, with a very thin circular cylinder trap
inside of it, with radius 7, so that R > r, as in Figure 1. The centre of the sphere is chosen as the origin of coordinates,
and the third z-axis is the symmetry axis of the cylinder. Let h; be the length #; = vVR? —r2 so that R = h+ hy. The
intersections of the spherical surface S, and the cylindrical one are two circumferences, denoted by ¢ and ¢, of radius
r, lying in two parallel planes at z = —h; and z = hy, respectively. Let S, be the open cylindrical surface, parallel to its
symmetry z-axis and determined by —h; < z < hy, at a distance r from the z-axis. Let Ss be the open spherical surface
of radius R, limited by the two circumferences discussed above, inside Sgpn. Therefore, Q is bounded by the outer open

ary Math tics 8460 | Hélia Serrano, ef al.

/



spherical surface S, and the inner cylindrical one S, and, so, doubly-connected. The closed surface S enclosing Q is given
by S =S,US..

() (®)

Figure 1. In the panel (a), the domain Q enclosed by the spherical surface of radius R traversed by the circular cylinder of radius 7. In the panel (b), its
projection into the ZY-plane

Let us formulate the boundary conditions of our domain Q. Let the particle, moving inside the domain, reach the outer
spherical surface S; and leave Q. In this way, the MFPT function satisfies an absorbing (Dirichlet) boundary condition
on Ss. On the other hand, we assume that the inner cylindrical surface S, is transmissible (Robin boundary condition).
Thus, we are interested in studying the MFPT function T that satisfies the Poisson equation with mixed Dirichlet-Robin
boundary conditions of type

DAT (x) =—1 inQ, 1
lim7(x) =0 on S;, )
X—y
. dT .
alim =—(x)+b1limT(x)+c=0 on S, 3)
X—=y on xX—y

a # 0 (representing absorption)), b (representing reflection), and ¢ (contributing to implement that absorption and
reflection are not complete) are real constants. A is the standard Laplacian. The limits are always taken from inside
Q. % denotes always the inner normal derivative, from inside Q. D is the diffusion coefficient. Due to the above choice
of boundary conditions, this model will illustrate the First Strategy nontrivially. The present case and the one in Section
4 correspond to mixed boundary conditions, in the sense that in each of them the boundary conditions are not the same on
different parts of the same surface S, namely, on S; and S,.

2.1 Inhomogeneous linear integral equations for density functions

2
Let Too(x) = —% denote the solution of the Poisson equation (1) in infinite volume. Also, let L., be the Green’s

function solving the diffusion equation
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(DAX _S>L°°<x7 Vs S) = _S(X_y)

in infinite volume, where & stands for the three-dimensional Dirac delta function. We shall only employ its restriction for
1

1
47D |x—y|
boundary conditions (2) and (3) in Q, is defined by

s = 0 given by Le(x, y, 0) . Thus, the MFPT function T solution of the Poisson equation (1), subject to

dL(x,,0)

T(x) = To(x) + / om0

1) dS0)+ [ Lol 5. OHe()dS(). @

where the densities ug and U, are given in S; and S, respectively, as the solution of the inhomogeneous system of linear
integral equations

) = ~201.00) 20 [ ZE2 2D @asto) -2 | Loz Ol as(o) ®
w) =1 (a5 +0) (om0 420 [ P2 200 0asto 420 [ L0z O as@) )+ 225, @

The derivations for Dirichlet and Neumann boundary conditions in [18] can be directly generalized for Robin ones,
so as to establish the validity of (6), details will be omitted.

Notice that T, even if an allowed choice as an inhomogeneous term, is negative and, so, is not optimal, because an
infinite number of successive iterations of the integral equations appear to be required to get a positive MFPT function.
Anyway, the above three coupled inhomogeneous linear integral equations for 7', u, and U, are an adequate starting point:
they are correct, hold without approximations, and do have solutions, as will be shown below.

2.2 Implementing the First Strategy

For the complete spherical surface Sy, with absorbing boundary condition, the MFPT Ty, is known exactly, as
summarized in Appendix A. Then, such a case belongs to CSo. The purpose of the following transformations will be to
express (U and . for the present sphere plus cylinder case as the sum of dominant contributions (associated with Sp),
plus small contributions arising from small surfaces.

Notice that equation (5), as it stands, involves both on its left- and right-hand-sides, as it stands, values of i, only
on Sy, which is part of Sypy. It turns out that L., and its normal derivatives depend explicitly on vectors defined over the
whole Sg,p. That, still having values of i for z only on S inside the relevant integral in the right-hand side of (5), allows
us to extend the right-hand side of (5) to any y on Sg,p. For justification of this extension in a different case, see [18]. Let
Sy be the open “berets” of gy, such that the union of S5 and Sy, is precisely Sgph, i€ Ssph = S5 U S, The open surface §j, is
formed by two open surfaces limited by ¢ and c¢_. This enables us to define i for y on Sj, and, then, over the whole Sy,
in the left-hand sides of equations (7), (8), and (9). That extension of i to S, will be used below. It follows that
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ps(y) = —2DTes(y w/‘ﬂ>g)%@ﬁ@

ILex(, 2, 0)

2D
2 )

1, (2)dS(2) zzz/ Le(y, 2, 0)1(2)dS(2). ™

Notice that we have added and subtracted the term

9Ls(y, 2, 0)

2D
s 9n(z)

Ws(2)dS(z).

dL(y, z, 0)
on(z)
to perform the inversion with the kernel (I — Ksph)_l, as indicated below. Such addition and subtraction and related ones,
later on, will play a crucial role for the approximations. S. and S, are small surfaces (compared to Sgpp).
By invoking Appendix A, we use the inverse kernel (I — Ksph)’l defined in Appendix A. In so doing, we shall
implement the First Strategy. Then, we rewrite L in (7) as

It has enabled to write —2D / Us(2) dS(z) in (7) for y over the whole Sy, which, in turn, will allow
sph

dLw(z, x, 0)

—2DT., 2D
@+ | o

1) = [ (1= Kan) (@), 0(2) s S ()

—ZD/S‘LM(Z, x, 0) e (x) dS(x)] da(z), (®)

o’s denoting solid angles (see Appendix A). By recalling ipp in (60), uy in (8) reads

dLo(z, x, 0)

2D
5, on(x)

H,(x) dS ()

1) =t + [ (1= K) ™' (@), ()

—2p /S Lo(2, %, 0) e (x) dS(x)] do(z). ©)

By using the values of y; on the surface S;,, we rewrite U in (6) as

—%mmw@+Auw%mm@w@—émﬁgfhﬁmmﬂ+fc (10

Volume 6 Issue 6]2025| 8463 Contemporary Mathematics



R2 1412
Let Typp (x) = 1

in (61). By using (55) for T'(x) = Tipn(x), we rewrite . in (10) as

be the MFPT function in a sphere of radius R with absorbing boundary condition, as given

) =20 (a5 ) (Tanto) + [ 522 6) ~ )+
+ [ Lz, Opel2)dS(:) — W“(Z) dS(z)) L2 (11)
By proceeding like in (10) through (11), the MFPT in (4) reads
0L (x, y,
79 T+ | P ()~ ) S0
+ [ Lot Opelast) - [ Pt gasty) (12

where L is defined on S, as before. The characterization of the densities t; and U, and the MFPT in (9), (11) and (12),
respectively, involve no approximation. Contrary to T..(< 0) in (4), Typn (> 0) in (12) is adequate, as a consequence of
the infinite number of iterations involved in (1 — Ksph)’l. It is natural to accept that particle migration has cylindrical
symmetry around the cylinder axis. Consequently, 7, u, and y. will be independent on angles about the axis of the
cylinder.

Tiph and pgpp play here the role of the compact MFPT solution 7cs, and its associated density function, respectively,
for the actual Scso = Sspn. Thus, T and its density functions (i, and g, upon regarding S as a controllable or small
deformation of Scs,, have been recast into the above new equations, which do provide a suitable basis for the approximate
determination of the MFPT, through successive iterations.

2.3 Low order corrections

We shall solve equations (10) and (11) to get the MFPT function in (12) by successive approximations: we shall
focus on the low-order ones. Thus, S = S;US,, with S, small, and S, being a close approximation to the closed spherical
surface Sspn of radius R. The small dimensionless parameter governing the approximation will be the ratio of the total
area of the small surface S. U S, over that of the larger S;. We shall denote, in an obvious notation (identifying surface
to its area), that small parameter as (S.USy) \ Ss. For small (S.USp) \ S, let ps > Ugpn + ,us(l), He = He, sph + ,uL(l). The

densities ux(l), M, sph and uc(l) are given, approximately, by

i) =20 [0 Ko (@), @) | [ P55 0)a5(5)~ [ (e, 0)te ) 0] )

=y ) +us ), (13)

where the subscript Sy, in ,us( ls)h indicates that it comes from an integration over Sj, and so on for the others,
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2 d 2
HUe, sph(y) = % + (aan(y) +b> 7DTsph(y)7 (14)

My = (a2 20 [ IL=(y:2,0) ()
ut () = (a an(y)+b> ( : /Ssph St @)as()

+ 2 [ Lt Opem@aso - 22 [ 20y dS(z)) (15)

with pV (v) = ,uc(,};sph )+ ,UC(,I;C )+ ,uil;h (v). The MFPT function T in (12) is approximated by

T(x) :Tsph(x)—i—T“)(x), (16)

where T is given for every x inside Q by

W (x) = /S ths(l)(y)dS(yH /S .Loo(x, ¥, 0) e, spn (¥) dS(y) — /S hw Hoon () dS()
=Ty () + 75 () + 75 (). (17

At zeroth order of the approximation, the contribution of the small surfaces S, and S}, are entirely neglected and S,
coincides with Sspy. Then, the density i in (9) equals ppn, while T equals Tgpy. On the other hand, . (although safely
disregarded at zeroth order) equals U, spn. The normal derivatives are meaningful as, even if the sizes of . and S, are
very small (actually, discarded at zeroth order), inner unit normal vectors and, hence, inner normal derivatives from inside

(1

the domain can be defined. One sees that, as (S, US},) \ Sy vanishes, the small corrections g ), ,uc(1> and T also vanish.

The computation of ,ux(l), uc(l) and 71, through the above nontrivial approximations, has been reduced to quadratures.

The small contributions IJ’S(-l;h’ /JL(;I;,, and Ts(hl) involve integrations over Sj, and integrands given in terms of spherical
coordinates. Then, they can be reduced to convergent series in terms of Legendre polynomials, which can be taken from
an analysis for a different case in [18] (namely, the MFPT for certain mixed boundary conditions on a spherical surface:
Dirichlet ones over almost that surface except for a small region over it with Neumann ones). However, each of the
remaining contributions in IJX(,I;C, ,uﬁ_l_)gsph + [.tcal_)gc and TS(SBI + TS(CI) contain integrations and integrands involving spherical
and cylindrical contributions and are far more difficult, requiring numerical integrations lying outside our scope here.
The special situation when b = 0 and ¢ = 0, ie, an absorbing sphere traversed by a reflective cylinder, could also
be treated, in principle, through the above integral equation approach. As r ceases to be sufficiently small, an increasing
number of iterations would be required. It appears interesting to get some quantitative knowledge of the MFPT for the
present geometry, at least for the case b = 0 and ¢ = 0, for values of r not too small, even if quantitative comparisons
to the above integral equation approach at low order (requiring certainly quite small ») are unreliable. Such a study for

b = ¢ =0, and not too small r, will require numerical methods: see Section 5.
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3. Reflective deformed hollow sphere with a spherical trap inside

In this section, employing the Second Strategy, a particle is moving inside a domain Q bounded by an absorbing inner
spherical surface Sp of radius r, and a reflective outer closed surface (not necessarily spherical) Sy, so that the surface
Sp is entirely enclosed by Sy. This geometry is related to and constitutes some extension of various studies on narrow
capture problems. See [21-23, 25-28] and references therein. A simple example of this type of domain occurs if Sy is a
hollow sphere, see Figure 2.

Figure 2. A reflective sphere of radius R with a concentric absorbing sphere of radius r

The particle is moving inside the domain Q, far away from the outer surface, and, at some point, will reach the inner
spherical boundary and leave it. Thus, the MFPT function T will be the solution of the Poisson equation with mixed
Dirichlet and Neumann boundary conditions of type

DAT(x)=—1 inQ,

lgn;T(x) =0 on Sp, (18)
. dT
l;rr;m(x) =0 on Sy. (19)

Let S denote the closed boundary surface of Q defined as the union of the two disjoint closed surfaces Sp and Sy.
The configuration of S, with an inner spherical surface trap Sp, gives rise to a narrow capture problem, as we shall see.
The method below is different from those based on Green’s functions. In short, the inverse of a certain operator (the
actual counterpart of the operator (I — Ksph)_1 in Subsection 2.2 and Appendix A) does not exist for the actual boundary
conditions and certain mathematical extension will be required to bypass that difficulty. The solution of such a problem
will extend to the actual (in general, non-spherical and more difficult) surface Sy, the procedure in [17] (for Electrostatics)
and in [18, Proposition 4.3] (for Sy a closed spherical surface concentric to Sp, like in Figure 2).

3.1 Inhomogeneous integral equations including “conductor term”

The MFPT function of a particle inside Q is written from the outset as
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T(x):Tw(x)—F/SD aLa(:( y) 0) y)dS(y +/ (X, y, 0 iy () dS(y +uo/ L.(x,y,0)dS(y), (20

where L is a non-vanishing constant. The structure of / (X, y, 0)dS(y) will be necessary in order to solve the

difficulties mentioned above. The developments below will conﬁrm that. The last integral is the actual MFPT counterpart
of what is named a “conductor term” in potential theory for Electrostatics [17]. We stress that the inner normal derivative
at Sp throughout this section is opposite to the one in Appendix A: this is actually the origin of the difficulties to be met
in this section. We shall discuss Sy later. One has

}’2

Loo(x,9,0)dS(y) = —.
. (x,,0)dS(y) DIy

From [18], including both Dirichlet and Neumann boundary conditions, the functions yp and uy satisfy the
inhomogeneous system of linear integral equations of the second kind (which includes piy)

2

dL.(y,z,0 r
o) = ~2DT.0) =20 [ FE 2 up(6)as(e) <20 [ Loz On(@aS@ 20T, @D
Sp n(z) ly|
aT
= 2D — 22
p0) =20 500 (22)
for y on Sp and Sy, respectively. We use the same 7., and L... No additional equation is needed for Llo.
3.2 Justification of the Second Strategy
For y on the inner boundary spherical surface Sp, ie |y| = r, let up}" be defined by
uof = up(Y1)7 = [ (@) p(3) 42, @3)

integrating over the whole solid angle Q,, and Y;" being the standard spherical harmonics (see [29]). We operate on
equation (21) for up so as to solve for all up(|y|)}":

2
(I+ Kepn)lip (y) = —2DTu(y) — 2D /S Ly, 2, 0) i (2) dS(2) — 2u0|ry—| = Up, i (24)

with the same Kipp as in Appendix A and Subsection 2.2, but here with the structure (1 + Kypy) instead of (1 — Kypp ). That
is due to the opposite sign of inner normal derivative on Sp, with respect to Subsection 2.2. This yields (Jy| = r)

[y (—mo(y) 2D [ Loz 0lmn(2)ds(2) —ZHUF) dQ, = ( i 1) Hof'- *9
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For [ = 0, the previous equation (25) yields

/ ( 2DT.(y) — 2D /S Loy, 2, O)MN(z)dS(z)Zuor) %, =0 (26)

and, for [ > 0, it yields

/Y'”* < 2DT.( ZD/ w (¥, 2, 0)un(2)dS(2) — 2u0r> dQ, = lej_ 1uD, 27
There is a difficulty for / = 0, clearly. Previous equations (24), (25), (26) and (27) imply that (I + Ksph)_1 does not
exist. In spite of that, equation (26) enables the determine i in terms of py. At this stage, we appreciate the importance
of having included the non-vanishing “conductor term” containing fiy. Then, the equation (27) provides all ypj* for >0
in terms of wy and yy. If g = 0 from the outset, then equation (26) would have become an additional constraint on ty
which would be impossible to satisfy. Then, ,uDg does not contribute to (24).
Stated differently, equation (24) reads

Hp = —KsphUD + UD, inh-

Assume first that ug does not satisfy (26). Then, the operator —K;p, would have a non-zero eigenvalue equal to 1,
with non-vanishing eigenfunction y, thereby preventing the inverse (I + Ksph)’1 from existing. Alternatively, if tp |
would be a solution of equation (24) as it stands, so would be up 2 = up 1 + Ay, for any real constant A, that is, equation
(24) would not have a unique solution. Now, assume that piy does satisfy (26). Then, the inclusion of the “conductor term”
suppresses any component proportional to y, as the resulting tip ;n;, has zero component proportional to the latter, by virtue
of (26). In the subspace of functions orthogonal to v, the operator (I + Ksph) exists: such a subspace corresponds to
all / > 0. Equivalently, after the inclusion of the “conductor term” with pg satisfying (26), equation (24) has a unique
solution (in the subspace of functions orthogonal to y).

We now turn to equation (22) for uy, in order to check that, indeed, the contribution of ,uDg in the former cancels

out. In fact,
0) =205 0) + 2050 1 f S @I (@) (o) | s
MV =205 205000 \ 4aD SDanz L ey L @)@ ko) | dS(:
+ /S Leo(y, 2, 0)un (2) dS(2) + Mo /S Lao(y, 2, O)dS(z)>. (28)

The application of i implies that, as |y| on Sy is greater than r, the contribution of / = 0, and, hence, that of [,LD8,
vanishes identically. Then only upj* for [ > 0 contribute in equatlon (28).

There still remains to check that the contribution of ,uDO also disappears in the MFPT function. For that purpose, we
recast the MFPT function in (20) as
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n@:runq;)%gny[ilﬂyflz;wunmwmmnmwtmw+

[ Lol On(3)AS(0) b0 [ L, 3, 0)dS(). 29)
Sy Sp

Again, the use of the partial derivative l;i implies that the contribution of / = 0 vanishes identically when |x| greater

than r, and only pp}" for I > O contribute in (29). The fact that up, 9 does not contribute constitutes an important consistency
condition. The non-vanishing ,uDO remains undetermined, but this poses no problem, as shown.

3.3 Modified integral equations for density functions

Let Sy be the union of two open surfaces: Sy, 1 and Sn. Sn, 1 1s a large part of a full spherical surface Sy, spn having
radius R > r and concentric with Sp. Sy is a small non-spherical open surface (having an arbitrary shape). Let SN, sph, 2 be
the small open part of Sy, sph such that the union of Sy, | and Sy, sph, 2 is just S, sph. Since the dependences of L.. and ‘g‘—:
on y are explicit, the right-hand side of (22) enables us to define iy on Sy, sph, 2. Then, py is defined (besides on Sy) on
the whole Sy, sph (a similar extension was carried out in Subsection 2.2). This enables us to define the following integral,
for compactness, as

/ LoindS = / LoopindS — / LoundsS
SSy SN SN, sph
to be used in (20), (21) and (22). For y on Sy, spn (|y| = R), let

uny' = un ()" / Y"(Qy) un(y

and integrate (21) and (22) over the whole solid angle. For y on Sp, equations (26) and (27) can be recast as

/ <2DT )+2D ( / Lm,uNdS) dszy> FavTor+2u%R =0 (30)
and
/Y'"* sz/ Loo(y, 2, 0)uy(2) dS(z) ) d© R 31)
’ 55, =0 0 OB (2)dS(2) | d = 573 g i = 5 Mol

One also gets, for y on Sy, sph,

0= / Y0*2D &i

4\/7r?
(Tw + / quNdS) 40, + @ o (32)
SSw R

xX=y
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and, for [ > 0,

(I+ l)rl"'1

20+1 a0
wy = T /ylm 2D — </¢ss quNdS> dQ, + Wug’,. (33)
x=y N

on

Notice that, equations (30) and (32) give yy and /,LIQ,O while equations (31) and (33) give ;5 and wy;, for [ > 0, all
in terms of /5 LopydS. The latter has been characterized above. For that purpose, use should also be made of (22) for
SN

zon Sy and Sn, sph, 2, which also makes sense by virtue of the above extension for z on Sy, spn, 2. Such a use will not be
necessary as long as one restricts to low-order computations, as discussed below.

In case that Sy coincides with the full spherical surface Sy, sph, so that / Lo.uydS is absent, some computations
i SSn

yield upf" =0, uyy* =0 for I > 1 and any m, and

R uy, 1 (R P
Ho="32 = 3\ T (34)
so that
1 /(rP—x*> R R
T(x) = — - 35
=5 ( 6 3 3/ (33)

in agreement with [18]. It is important to notice that, for fixed R all uy, ty and T become larger in magnitude the smaller »
is: this is interpreted as a signal of narrow escape of the Brownian particle towards the centre of Sp. In this case, the MFPT
T does display the (short-distances) singularity at » = 0 in a simple way. In case that Sy and S N, sph, 2 be small perturbations
of the explicitly solvable case in equation (34), so that one can restrict to the lowest order correction, iy on dSy can be
approximated by % (R—rz + %) This is meaningful provided that, for fixed R and (small) r, the contributions of Sy and
Sn, sph, 2 be adequately smaller than those for Sy = Sy, sph , as given in (34). This, in turn, occurs, if, semiquantitatively,
(R/r) x (solid angle of Sy, as “seen” from the center of Sp) < 1. Then the corresponding system for Lo, all uJ%, for >0
and py; [ > 0 is straightforward to solve.

4. Transmissible sphere with an absorbing thin cylinder trap

In this section, we also consider the same domain Q, with the same boundary surface S, displayed in Figure 1 (the
radius r of the thin cylinder being supposed much smaller than /), but with different boundary conditions which will
make the present case quite different from that in Section 2. Now, the particle is moving inside Q and we assume that the
outer spherical surface S; is transmissible, so there are some particles that may leave the domain while others may come
in through the outer boundary. On the other hand, the inner cylindrical surface S, is absorbing, ie the particle, at some
instant, will leave the domain through it. In this way, the MFPT function T satisfies the Poisson equation with mixed
Robin and Dirichlet boundary conditions of type

DAT(x)=—1 inQ,
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alima—(x)erlimT(x)Jrc =0 ondS;,

xX—y dn X—=y

lim7T(x)=0 onS,,

x—y

whenever a # 0, b and ¢ are real constants. Important differences occur depending on b. We shall treat only the case b # 0
through the integral equation approach. We anticipate that the case b = 0 will meet difficulties in the integral equation
approach, and it will be studied (also with ¢ = 0, for simplicity) numerically in Section 5.

4.1 Case b # 0: Integral equations
The MFPT function T is characterized, for every x € Q, by

aLm(X, Vs 0)

T(x) = Tu(x) + /S ]

He()dS0) + [ Lo, O ()S() (36)

with the same T, and L., as in the previous sections. The densities . and L are defined in S, and Sy, respectively, as the
solution of the inhomogeneous system of linear integral equations

1) =20 (1.0)+ [ 25220 @asto) + [ L0.z Odasto) @7

L (y) = (a;n +b) %DTm(y) + %D <a 8}1&())) +b> ( /S S Leo(y, 7, 0) pis(2) dS(2)

dLes(, 2, 0) 2Dc¢
+ /S () ds(z)> + = (38)

The above three equations for 7', u. and p; hold without approximations. For a general x, one has in cylindrical
coordinates x = (p, @, z). Like in Section 2, particle migration is naturally assumed to have cylindrical symmetry around
the cylinder axis. Consequently, 7', u. and u, will be independent of angles ¢ about the cylinder axis. The physical
dimensions (dim) of the various relevant quantities are (L denoting length): dim T = L?/D, dim L.. = 1/LD, dim u, = L,
dim y. = L%, dim (a/b) = L, dim (c/b) = L* /D, and dim (cD/bR) = L. The density .(z) will be expanded into a Fourier
series in —h| < z < h; as

_ Heo o izng/hy
,uc(Z) = T + Z He, ne . (39)
n=—oo, n#£0

At this stage, we proceed as in Subsection 2.2, with a similar full spherical surface Sy, an open “beret” S, with
Ssph = S5 U S}, and extension of the right-hand side of (38) to any point on Sg,,. This enables us to define p; on Sj and,
hence, over the whole Sgpn. So, we implement the First strategy, which will turn out to suffice. By adding and subtracting
surface integrals like in Subsection 2.2, equations (37) and (38) become
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He(y) = 2D (Tm<y>+ S.Wuxz)dsw [ 2 O (@)dS(@) - [ Ll o>us<z>ds<z>) (40)

and

) = (ag+8) 22100+ 22+ 22 (28 (| RECELICES

a a a

+ L ( ‘M‘;(Z(’Zz)’o)uc(z) ds(z) - /S L2, 0)tts(2) dS(z))- 1)

At this point, we extend the developments in Subsection 2.2 and recall the developments in Appendix A, for the
spherical surface with Robin boundary conditions. Then, p. in (40) (using (64)) and y; in (41) (using (65) and (66))
become

pe(y) =—2D <TRob )+ /S Leo(y, 2, 0) (15(2) — Mrop (2))dS(2)

+/68L';)(ny£;)’()>uc(z)dS(z)—/ Leo(y, 2, O)Hs(z)ds(z)) “42)

Sh

) = [ 1K) (@), @) 22 (az %) ([ 252D @yasta

- [t 0)us<z>ds<z>)da<u>+uR0b<y> 43)

where Ug,p and Tk, are given in Appendix A. As r, radius of S, vanishes, it is reasonable that i (y) tends to g, (y) for

+h
consistency. We focus here on p. (with y on S,), leaving i, (with y on S;) to the next subsection. We apply / to (42)
—hy

. . dL.(v,2,0
(thereby proceeding to L. o), operate in / L
7 s, on(z)

1 _ €_2h1 K
5 dx
p=r K
~+oo

_r - n aJO(KP,)
_hil <n§n¢0u0’n(—l) 0 JO(Kr) ap/

using (71), use (39) and cancel out two contributions equal to

Ue, 0. Then, p. in (42) yields

rf [t dJo(xkp’)
”CJ)E ( 0 JO(KF) &p/

2(1— e 2¥) dK)

pler K2+ (nm/hy)?

Co iporary Math tics 8472 | Hélia Serrano, ef al.




b /+hldz(TRob(y)+ /S Leo(3, 2, 0) (45(2) — Hrop (2) )dS(2) — Lw(y,z,owz)ds@), “44)

h J-n
and for n #£ 0
_r(=1)" Fee dJo(kp’) 1 —e 2ux
Hen = h <.uc,0 0 JO(Kr) ap/ o Kz—l—(nﬂf/hl)sz
i S k()| 2(1—e ) (@ — (x/)) )
c,n -1 " N/ d
SR Ve A A e O o vy [ o Pz
n/#()
_2D M i) _ _
. dz| Tron(y) + oo (¥, 2, 0) (1 (2) — Mron(2))dS(2) SLoo(y’%O)ﬂs(Z)dS(Z) - (45)
—hy h

So, use is made in this subsection of the properties summarized in Appendix B.

4.2 Case b # 0: Approximate solutions and signal of narrow escape

We now proceed to the lowest approximation. We drop contributions of orders [s, and fts(z) — Ugop(2) in lc,0 and

Ue, n. For n =0, we may approximate . o ~ /.Lc(f)()) with

~1
O_ ([ do(kp)|  1—e ¥ 2D /+h1
ugo_( | ot 5o — dx [, =T )

p'=r

The integral over x contained in uﬁ% does not vanish as r — 0, as an analysis of the integrand indicates. For n # 0,

we may approximate [, , in (45) by

+WJ0(Kr) dJo(xkp’) (1—e ) dx
2D [+ B 0 9p" |y (K2+ (n1/h1)?)
Heon = .ua(‘.,on = oy [/ 1dz Tron(y) | € /i) 4 (=1)" o0 aJ ! p
1 RCI g
0 P pr=r

(1 _ efzhl K‘)
g (24 (7 /11)?)

. e dJo(xp’)
The integral /0 Jo(xr) 9’
similar arguments.
Similarly, we may approximate pis(y) ~ ,LLS(O) (y)+ ;,Ls(l)(y) with us(o) (¥) = Hrob(y) and using equation (71). On S,
u has spherical coordinates (r, 8, ¢,) and its third component is z, = rcos 6,. Then

(0)

dx contained in ¢ , does not vanish as » — 0, through
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i) =~ [ (a1 Kiw) (@), @) %2 (az0+0) »

a n(

o0 4 2_ *K(hI*Zu) _ *K(Zuthl)
[ gy HuERD) 2 i
JO 1Y pl=r K +hy
oo 8]0(’([)/) 1— e,Zth /;hl dZTROb(y) . (46)
2
A Jo(xr) ap’ pimr 2

(1)

We emphasize that p; ’(y) tends to 0 if r vanishes, as it should be for consistency. This follows from the fact that,

. . +oo dJo(K, ! 2— —K(h1—zu) _ p,—K(zuthy) .
as p corresponds to a point on S;, the integral / Jo(kp) (;(p ,p ) e . e dx tends to 0 if r
JO p/:r
vanishes, as an analysis of the integrand shows.
On the other hand, through similar arguments, we derive the exact representation
dL(x, y, O
70 <o)+ | S )00+ Ll 0)m0)
s. on(y)
— Hgon(y))dS(y) — /S Leo(x, y, 0) s (y)dS(y)- (47)
h

This, in turn, can be approximated as T (x) ~ T (x) + T()(x), with T() (x) = T, (x) and (p and z, being the
cylindrical coordinates of x)

Foo d.] Kr 2 - eiK(hl 71/\') _ E*K(Zx+h|)
/ Jo(xp) O(/ ) dx
1) 0 " 1p—r K oy
TV (x) = — Foo dJo(kp’) | — o 2hx /;hl dz Trop(y)- (48)
2 J()(K'r) ; 5 dx
0 i |y, K

Through a study similar to that for ,LLSI) (y), both the integral over K in the numerator in 7! (x) and, hence, 7" (x)

. . . . o 2D [th .
approach 0 if r vanishes, as it should also be for consistency. The contribution —— / dz Trop(y) in ,uc(,_o()), large due

0) .

1
to —, can be regarded as a (weak) s1gnal of a narrow capture situation. Notice that, only (L. 0 increase as the cylinder
r’
becomes thinner, while none of ,uc, n (n #0) and ,ux © display such behaviour. The MEFPT T(%) does not exhibit the short-
1
distance singularity (> as r vanishes, which is smoothed out by the spatial integration / dS(y) in (47). Thus, the
r S,

narrow escape for the sphere traversed by a cylinder is weaker than the one for the hollow spﬁere in Section 3. Anyway,
the integral equation approach has enabled the display of some weak signal of narrow capture towards the thin cylinder.
The first-order correction is obtained by following the procedure in Subsection 2.3. Detail is omitted. Since ig,, and
Trop diverge as b — 0 (see equations (67) and (68)), the developments in this section do not hold if » = 0. This does not
prevent the MFPT from existing and being well defined for » = 0 but , in such a case, an analytical approach lies outside
our scope here. We shall proceed to a numerical study of it in Section 5.
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5. Numerical solutions in the unit sphere traversed by a thin cylinder

In this section, computational studies are carried out for the MFPT corresponding to the geometries in Sections 2 and
4. For that purpose, we shall recast the Poisson equation into a dimensionless form. We scale x = Ix; and T = (I /D)Ty,
where [ is a suitable unit of length and the new position vector x; and T, are dimensionless. Then, DAT (x) = —1 is recast
into the dimensionless form A;T;(x,;) = —1, where A, is the Laplacian with respect to x,. To fix the ideas, D/ag can be
taken about 2.2 x 10~ 2m?s ™! (the diffusion coefficient of water at room conditions). ag (dimensionless) is about 10~2 for
a globular protein and decreases as the radius of the Brownian particle increases (roughly, as 1/(radius of the particle)). [
could be chosen, say, between one mm and one um. Throughout this section, we consider dimensionless quantities, but
the subscript d will be omitted, with the understanding that 7; = T and x,; = x are dimensionless.

Let us consider the domain Q, given in Figure 1, formed by a unit sphere centered at the origin traversed by a cylinder
with radius r = % We anticipate that the actual cylinder radius r = % is not sufficiently small to compare with possible
numerical results following from the analytical studies to first-order in Subsection 2.3. First, assume that the Brownian
particle moves inside an absorbing unit sphere traversed by a reflective thin cylinder, so that the MFPT function is the
solution of the problem

AT (x) =—1 in Q, (49)
T =0 ondS;, (50)
or =0 on S, (51)
dan

where the homogeneous Dirichlet boundary condition is on the sphere, and the Neumann one on the cylinder. Since our
domain is symmetric respect to the plane Y = 0, we represent, in Figure 3a, the numeric MFPT function T solution of the
Poisson problem, defined in cylindrical coordinates (p, z), where p stands for the radial distance from the cylinder axis,
and z the vertical (ie the third cartesian) coordinate, when % <p <1land —1<z<1. Figure 3a displays, at fixed p, how
the MFPT decreases as |z| tends to 1, ie the MFPT decreases when the particle approaches the circumference along the
intersection between the sphere and the cylinder. Moreover, at fixed z, the MFPT decreases as p tends to 1, ie the mean
time decreases when the particle approaches the absorbing unit sphere boundary. Along z = 0, in Figure 3b, the monotone
profile highlights how an impermeable vessel delays encounters with the exit. In a cell-migration analogue (absorbing
organ boundary, non-adhesive vessel), cells starting near the vessel axis experience longer residence times than those near
the organ periphery.

Now, we assume that the Brownian particle moves inside a reflective unit sphere traversed by an absorbing thin
cylinder. Then, the MFPT function is the solution of the Poisson equation (49) subject to the mixed Neumann-Dirichlet
boundary conditions

T
a— =0 onS;, (52)
on
T=0 onS,, (53)

precisely the Neumann boundary condition is on the sphere, and the Dirichlet one on the cylinder. One reason making
this case particularly interesting is that it corresponds to » = 0 and ¢ = 0, not covered by the previous integral equation
approach in Section 4. Its numeric solution is plotted in Figure 4a in cylindrical coordinates (p, z) when % <p<land
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—1 <z < 1. Here the MFPT drops sharply near the absorbing cylinder and is largest near the reflective outer wall. Figure
4a displays, at fixed p, how the MFPT decreases as |z| tends to 1, ie the MFPT decreases when the Brownian particle
approaches the circumference along the intersection between the sphere and the cylinder. Besides, at fixed z, the MFPT
decreases as the radius p tends to %, showing a narrow capture tendency that strengthens as the cylinder radius decreases.
Biologically, a capturing/adhesive vessel yields fast encounters for cells near the vessel and delayed capture for cells near
the organ boundary.

The numerical MFPT maps corroborate the theoretical trends. A reflective cylinder acts as a delay-inducing obstacle
(as in Figure 3), whereas an absorbing cylinder produces a pronounced capture basin along the vessel, with minimal MFPT
near p = r (as in Figure 4).

(®)
041

02 g4 ol |

06 o3 0.2 0.4 0.6 0.8 1.0

P P

Figure 3. In the panel (a), the MFPT function T solution of (49), with absorbing boundary condition (50) on the unit spherical surface, and reflective
boundary (51) on the cylindrical surface of radius 1, defined in cylindrical coordinates (p, z) € [£, 1] x [—1, 1]. In the panel (b), the MFPT function

whenz=0andp € [%, 1]

(@) (b)
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0.6
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Figure 4. In the panel (a), the MFPT function 7" solution of (49), with reflective boundary condition (53) on the unit spherical surface, and absorbing
boundary (52) on the cylindrical surface of radius %, defined in cylindrical coordinates (p, z) € [%, 1] x [—1, 1]. In the panel (b), the MFPT function

whenz=0andp €[4, 1]
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6. Conclusion and discussions

The passive Brownian motion of a particle in a fluid at rest is studied. The particle diffusion is considered in three-
dimensional finite domains Q bounded by closed surfaces S, which pose non-trivial boundary value problems. The mean
first-passage time, satisfying the adjoint Poisson equation, characterizes the particle migration inside Q and the possibility
of reaching S. It provides an interesting alternative to the use of Green’s functions.

Equations (1), (2) and (3) in Section 2, related ones in Section 4, and (18) and (19) in Section 3 (and simplifications and
reformulations thereof) for other geometries, appear in the literature. What is different in the present work is the following.
We have studied here the methodological characterization of the mean first-passage time, through suitable inhomogeneous
linear integral equations for certain density functions on S, encoding the boundary conditions and extending potential
theory for Electrostatics non-trivially. Dirichlet, Neumann and Robin boundary conditions are considered, as mixed
boundary conditions (a genuine long-standing and open problem). The approach allows for possible approximations
for the mean first-passage time, for suitable surfaces S which be small or controllable deformations of certain surfaces
(spherical surfaces, concentric spherical surfaces, cylinders and some others). One virtue of such an integral equation
approach is that, in principle, it displays situations with narrow escape, which has also motivated our theoretical analysis
here.

The following intriguing conceptual issue may arise: for certain boundary conditions, the inhomogeneous linear
integral equations, as directly formulated and as a consequence of the signs in inner normal derivatives, have no solutions.
Fortunately, the addition of suitable “conductor” surface terms leads to other inhomogeneous linear integral equations
which do have solutions. This is precisely what happens for a reflective deformed sphere with an absorbing spherical
trap.

By following those strategies, the mean first-passage time for the following new surfaces has been analysed:

* absorbing sphere traversed by a transmissible thin cylinder, in Section 2, with First Strategy and no narrow escape,

* reflective deformed sphere with an absorbing spherical trap, in Section 3, with Second Strategy (including a
“conductor” surface term): the mean first-passage time, has a short-distance singularity and a neat narrow escape

* transmissible sphere traversed by an absorbing thin cylinder, in Section 4, still with First Strategy and weak narrow
escape .

Emphasis in Sections 2 and 4 has focused on displaying the crucial differences between geometries for a small radius
of the cylinder, rather than on numerical computations for them.

We emphasize that for a transmissible sphere (Robin boundary condition) traversed by an absorbing thin cylinder
(Section 4), the integral equation approach (First Strategy, without “conductor” surface terms), suffices to arrive at
approximate solutions, with a weak, narrow escape, always with a finite mean first-passage time. This contrasts with
the case in Section 3.

For the interest of providing quantitative information on the mean first-passage time for the geometry in Section 2
and 4 for simpler cases (b = 0 and ¢ = 0), numerical computations based directly on the adjoint Poisson equations have
also been carried out in Section 5:

« for an absorbing unit sphere traversed by a reflective cylinder, with radius r not sufficiently small to allow for a
direct comparison with the low-order analytical computations in Section 2,

« for a reflective unit sphere traversed by an absorbing thin cylinder, a particularly interesting case because it
corresponds to a situation, not covered by the integral equation approach in Section 4.
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Appendix A. Spherical surface with either Dirichlet or Robin boundary condition

First, the MFPT for a diffusing particle inside a sphere €2 of radius R with an absorbing boundary S, will be reviewed
by using the linear integral equation approach [18, Proposition 3.3]. So, our presentation of the integral equation approach
for the geometries considered will be essentially self-contained. One starts with the Poisson equation in the sphere with
a Dirichlet boundary condition of type

DAT(x)=—1 inQ,

lim7'(x) =0 on Sy, (54)

x—y
whose solution is given by

aL""(xv Y O)

LT oS0, (55)

T(x) = Tw(x)Jr/S

where the function u satisfies the inhomogeneous linear integral equation of second kind

u) = -207.0) 20 [ ZEB 2y asto. (56)

Firstly, consider the standard spherical coordinates y = (r, 8, @), with r = |y|, the solid angle ct(y) = (0, @), as well
as the spherical harmonic functions {¥;"} which satisfy the orthonormality property

[0 @OV (@) daty) = 8,180, (57

with do(y) = sin@d6d¢. Here, the integration over o(y) is carried out over the whole solid angle, so that &, ; = 0 for
I # 1" while §;; = 1, and so on for §,, ;. Then, for any x and y in Q, take into account the following expansion

Ly N ) (e (%)
=yl l:Orl>+121+1m:711 P

!
where r- and r~ are, respectively, the smallest and the largest of r. As shown in [18, Proposition 3.3], by interpreting %
>

1

as TaR2>

through an “averaging” procedure, the function u in (56) can be recast as

u(o(y)) = =2DTw(y) +/Ksph(a()’)a o(x))p((x))da(x), (59)

where the integral kernel Ky, is given by
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Thus the solution p in (59) may be written as

plal) = =20 [ (1= Kgn) ™ (@(0), al3) T=(a() da(y),

where I denotes the unit operator, and the inverse of the linear operator I — Ky, is

m=l
(1K) " (a( Z e HCEIACOR
Therefore,
X 2
2 (1K) (@), @) T dary) = () = (60)

which becomes on S, the expression p(a(ys)) = %2. By reshuffling the above solution for pisp,(y) into equation (55),
as shown in [18, Proposition 3.3], the MFPT function is

R2_ ‘X|2

T()C) = Tsph(.x) = 67D, (61)

which does satisfy the Dirichlet boundary condition (54) and agree with [14] and [18, Example 2.5].
Next, we turn to the MFPT function for a diffusing particle inside a sphere Q of radius R with a Robin boundary
condition on Sgp. Namely, the solution of the Poisson equation in the sphere with Robin boundary condition of type

DAT(x) =—1 inQ, (62)
i T () 4 bl T ) 4 e — 0 on S 63
axbn}%( ) + xlir; ()C) +c= Oon dgph;, ( )

whenever a # 0, b and ¢ being real constants, is given by

TRob(x) +/ Lo X Vs ).uRob( )dS( )a (64)

where the density Uz, is defined by
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2Dc. (65)

Urop(Y) = é (a (9na(y) —|—b> (ZDTm(y) +2D /Ss hLm(y7 2, 0)Urop (2) dS(Z)> +

We introduce Ugop)" for Ugop (v on Sspp) in previous equation (65), using the counterpart of (23). Then, operating
like for the above case of absorbing surface, equation (65) becomes

wo [ 2R\ o 19 2Dc
HRob] = <1+a> URob] +/Yl () (a (a8n(y) +b) 2DTN(y)+a>.

One gets
' d
prn @) = [ (1K) ™ (@), a00) (5 (3540 ) 2010+ 22) ), (66)
-1 — v 2 +1 = m m *
(I —Kgop)  (a(x), at(y)) = lgmm;lﬂ (oe(x)) [ (ex(y))]"-
One finds tgop;* = 0, for [ > 0, and ukobg = an <;b + g — 22), so that
a R D

MROb:%—'_g_b? (67)

and

R? — |x|? aR c
Trob(x) = 6TH + 3D b (68)

This Tk, can be directly shown to agree with the solution of the Poisson equation (62) with Robin boundary condition
(63). (I— KR(,;,)fl, (67) and (68) display that b £ 0 is necessary for the present reliability of the Robin boundary condition.
In fact, the case b = 0 and ¢ = 0 corresponds to the well-known non-existence of an MFPT solution inside an undeformed

spherical surface with Neumann boundary condition.
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Appendix B. Green’s functions

We shall need the expansion of L. (x, y, 0) in cylindrical coordinates x = (p, ¢, z) = (x2,z) and y = (p’, ¢’, 7) =
(2, ) given by

1

Loo(x,9,0) = D

T / oo /
(00 )/ e 2T, (xp)Jn(kp") dx, (69)
0

n=—co

where J,, is the standard regular Bessel functions of n-th order, see [29]. For general x,

~+oo
2 | Loo(x, &,0)dS(E) =r /0 (2—("“’1*@ —e*"<z+’“>) L:p)Jo(Kr)dK, (70)
JLw(x, £, 0) _ Feo —x(h—z) _ —Kk(z+hy) Jo(xp) dJo(kp’)
o [ S as(e) —r/o (Z—e 1=0) _ Kl ) e p/:rdrc. 1)

The integrands in (70) and (71) make the integral convergent for both small and large k. (70) and (71), for different
x, will play a crucial role in Section 4. The consistency of (70) and (71) will be confirmed by the following analysis and
useful identities. The equation (69) yields

D(A +82> 2 ((x2,2), (v2,7) 0)—(85(2)()6 - )) 8(z—7) (72)
2 822 (9[)/ (X2, 2), V2, ; - ap/ 2—)2 )

where A; is the two-dimensional Laplacian with respect to xp. On the other hand, let G(xz, y2) be the two-dimensional
Green’s function. One has

1

Foo ,
5 L € glp.p') (73)

n—=—oo

G(x2,y2) =

d d
DAzaT),G(XL )= _TP'&@) (x2=y2), (74)

so that go(p, p') = =D~ 'Inpyax, and g, (p, p') = ﬁ(pmin/pmm)'"' for n # 0, where Py and Ppqy are the smallest and

~+o0
the largest of p and p’. By applying the integral / dz to equation (72), noting that 5—; yields a vanishing contribution

and comparing with equation (74), one gets

+ 9

d
- a—p,Lm((xz, 2), (12, 7),0) dz = a—p,G(xg, y2)- (75)

By comparing the right-hand-sides of equations (75) and (73), one gets, forn =0, 1, 2, ...,
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L = Ju(kp) dJu(xp’) . dgn(p, p’)
= /0 dic = . (76)

K dp’ dp’

For n = 0, the integral in (76) is ambiguous when p’ tends to p = r. The ambiguity is solved in [19, Example 1],
yielding

teJo(kp) ddo(kp’) 1
/0 x5 77)

which is crucial for the cancellation giving rise to (44). On the other hand, for n # 0 and p’ tending to p = r, one gets
from [19, Appendix C] that

/+°° () IIn(KPY) (78)
0

K ap’

~+oo
Thus equation (76) provides a correction of a previous equation in [19, Appendix C] (relating Ledz to G).

However, it turns out that such an equation in [19] also leads, in a formal sense, to equations (76), (77) and (78), thereby
keeping the results in [19] valid.
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