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Abstract: In this paper, we are concerned with the Cauchy problem for a reaction-diffusion equation with time-dependent
absorption, posed on the Heisenberg group H”, driven by the sub-Laplacian and supplemented with non-negative
integrable initial data. The equation includes a nonlinear absorption term of the form —k(¢)u”, where p > 1, n > 1, and
k: (0, e0) — (0, oo) is a locally integrable function. The main focus is on how the interplay between nonlinear absorption
and diffusion determines the long-time behavior of solutions. We show that the nonlinear term determines the large-
time asymptotic behavior when p < 1+2/Q, while the classical/anomalous diffusion effects win if p > 14 2/Q, where
Q = 2n+2 is the homogeneous dimension of H”". The novelty of this work lies in extending the asymptotic analysis of
nonlinear parabolic equations with time-dependent absorption from the classical Euclidean setting to the sub-Riemannian
geometry of the Heisenberg group. To our knowledge, this is the first classification of large-time behavior for such
equations in this setting. Our analysis relies on different mathematical techniques tailored to the nature of the results. The
proof of the main decay result uses L” — L? estimates for the solutions along with a comparison principle, while for the
sub-critical case, we apply the method of nonlinear capacity estimates, also known as the rescaled test function method,
which is particularly effective in capturing subtle asymptotic behavior.
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1. Introduction

In this work, we investigate the asymptotic behavior of solutions to the Cauchy problem for a nonlinear reaction-
diffusion equation with time-dependent absorption, posed on the Heisenberg group

U — Agu = —k(t)u?, neH, t>0,
(1)
u(0, M) =uo(n) =0, n € H”,

where n > 1, p > 1, k: (0, o) — (0, o), k € L} (0, =), ug € L' (H") N Cy(H"), Ay is the Heisenberg Laplacian, and

loc
Co(H") denotes the space of all continuous functions tending to zero at infinity. The global existence and positivity of
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mild/classical solutions are obtained using the standard procedure via the comparison principle, combined with the fixed
point theorem and regularity arguments.

1.1 Historical background

The study of mass decay in nonlinear heat equations is essential for understanding how diffusion and nonlinear
absorption interact to influence the long-time dynamics of solutions. In the classical linear case,

ot = Au, u(0)=uy in RV,

the total mass is conserved for all 7 > 0, i.e., / N u(x, t)dx = / , Uo (x)dx, provided ug € L' (RY). This is easily verified
R R

by the representation formula

I

u(t, x) = eup(x) = [G(t, ) xug)(x), G(t,x) = (47rt)_%e_T,

where ¢/ is the heat semigroup on RY. However, the introduction of nonlinear absorption alters this behavior significantly.
In particular, for the semilinear equation

du=Au—u”, u(0) =up >0 in RV,

where p > 1, the total mass

Mg(t) = /RNu(x, t)dx,

typically decreases over time, and may decay to zero as t — oo, depending on the exponent p and the spatial dimension
N. The analysis aims to uncover how the presence of the semilinear absorption term —u” modifies the dynamics
compared to the purely linear setting. In the work of Gmira and Véron [1], it is observed that comparing two
supersolutions, one governed by the linear diffusion (¢, x) — e/“ug(x), and the other governed by the nonlinear absorption

t—(p— 1)7ﬁfﬁ, reveals a fundamental threshold at p = 1+ % for integrable initial data. This threshold aligns with
the Fujita phenomenon. The large-time behavior of the mass Mg(7) is crucial in understanding the asymptotic dynamics
of the solution u. Specifically,

cIfl<p<1+ %, then the mass decays to zero, that is, lim,_,. Mg (¢) = 0.

cIfp>1+ %, the mass does not vanish at t — oo and the solution u behaves like the linear heat flow:

lim sup |N%u(r, x) — MoG(t, x)| =0,

t—roo |x‘§c[l/2

where c is an arbitrary positive constant.
A related decay estimate was also obtained by Fino and Karch [2], who proved that
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limt%(lﬁ)Hu(t, ) = MuG(t, )| g@ny =0, forall 1 <g <o

{300

They also generalised the above results to the fractional reaction-diffusion equation

O = —(—A)*2u—uP, u(0) =uo >0 in RY, @)

where (—A)%/? stands for the fractional Laplacian of order 0 < o < 2. It has been shown that the critical exponent for
the large time behavior of solutions of (2) is p = 1+ /N, that is, the mass remains strictly positive for p > 1+ % and
vanishes as 1 — oo for p < 1+ §. See also a recent work by Ishige and Kawakami [3].

A complementary contribution is given by Jleli and Samet [4], who rigorously analyzed the behavior of the mass
function for the following nonlinear fractional diffusion equation with time-dependent absorption

u+1°(—A)*?u=—h(t)w’,  u(0)=uy>0 in RY,

where 6 >0, p > 1, h: (0, %) — (0, %), h € L} (0, %), ug € L'(RY)NCo(RY). Under the assumptions

loc
1 oo N
/ h(s)ds <eo and / s~ aP= DO p(5) ds < oo,
0 1

they established that M., > 0. In contrast, when 1 < p < 1+ m and inf;>o h(z) > 0, they prove that the solution’s
mass decays to zero, i.e., Mo, = 0. If furthermore 4 € L (0, o), their sharp characterization is summarized as follows:
*Ifp> l+m,thenMw € (0, ),

cIfl<p< 1+m,thenMw=O.
An additional contribution to the understanding of mass dynamics in nonlocal equations is provided by Robles and

Morales [5], who investigated the nonautonomous fractional reaction-diffusion equation
Gu=k()(=A)**u—h()ow),  u(0)=up>0 in RY,

with 0 < & < 2, where k, h: [0, o0) — [0, o) are continuous, and ¢: R — [0, «) is a convex, differentiable function. Under
appropriate assumptions on the parameters, the authors established that the total mass remains strictly positive for all finite
times and converges to a positive constant as ¢t — oo, provided that 2 € L!(0, o). These results highlight the diminishing
influence of the absorption term over time and its role in preserving the long-time mass of the solution.

Further advancements by Kirane et al. [6] focused on a time-weighted semilinear equation involving a mixed diffusion
operator L = —A+ (—A)%/? and time-dependent absorption

Qu+1PLu=—h(1)uP, u(0)=up >0 in RV,

where 8 >0, p > 1, h: (0, ) — (0, ), h € L}, (0, %), up € L'(RN) N Cy(RN). They established a generalized Fujita-
type critical exponent p. = 1+ W and demonstrated that solutions exhibit mass decay for p < p., while persistence

occurs for p > p,.
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Very recently, Fino and Sobajima [7] examined the decay of mass with respect to an invariant measure for semilinear
heat equations in exterior domains

diu—Au+u? =0,

posed in exterior domains Q C R with Dirichlet boundary condition on dQ. A notable aspect of their analysis is the
use of an invariant measure ¢ (x) dx, where @ is a positive harmonic function satisfying Dirichlet boundary conditions on
0dQ. They showed that the total mass with respect to this weighted measure vanishes as ¢ — o if and only if 1 < p <
min{2, 1+ %} In contrast, when p > min{2, 1+ %}, all solutions are asymptotically free. For N > 3, the large-time
asymptotic profile is described by a Gaussian-modified function.

1.2 Motivation and objectives

Motivated by the results discussed above, we observe that mass decay not only reflects dissipative mechanisms but
also serves as a critical indicator of the qualitative behavior of solutions. In our setting, where the absorption is both
nonlinear and time-dependent, the decay of mass captures the influence of dissipation over time, linking the mathematical
analysis to physically relevant processes such as heat propagation with sinks, reactive diffusion, and population dynamics
with resource depletion. This highlights the broader applicability of our results in modeling long-term behavior in
dissipative systems.

Our aim is to investigate the Cauchy problem (1) on the Heisenberg group H”, and to establish decay and persistence
results analogous to those found in the Euclidean, but adapted to the subelliptic geometry of H”. We derive critical
exponent conditions under which the total mass either vanishes or remains positive as t — oo, using semigroup estimates,
scaling analysis, and suitable test function techniques tailored to the Heisenberg setting. For recent developments
concerning critical exponents in semilinear heat equations on general stratified Lie groups, including the Heisenberg
group, we refer the reader to the works of Suragan and Talwar [8], as well as Borikhanov et al. [9].

Our results can be summarized as follows. A unique non-negative solution of the Cauchy problem (1) exists globally
in time. Hence, we study the decay properties of the mass

Ma(t) = [ ue.m)an.

of the solution u to problem (1). We prove that }Lm My(t) = Mo > 0 for p > 1+2/Q (Theorem 3), while My (r) tends

tozeroast — o if | < p < 1+2/Q (Theorem 4), where Q = 2n+ 2 is the homogeneous dimension of H". The proof
of Theorem 3 is based on the LP — LY estimates of solutions as well as the comparison principle, while for Theorem 4,
our proof approach is based on the method of nonlinear capacity estimates or the so-called rescaled test function method,
which has been used extensively in recent works (see, e.g., [10—15]). This method has also been applied in the setting of
the Heisenberg group (see [16—18]).

1.3 Main results

Definition 1 (Mild solution) Letug € Co(H"), k€ L} (R),n>1, p>1,and T > 0. We say that u € C([0, T),

loc
Co(H™)) is a mild solution of problem (1) if u satisfies the following integral equation

M(tv 77) :SH(t)MO(n) _/(:SH(I_S)]C(S)‘MV)i]M(Sﬂ n)dsu for all ne an re [07 T) (3)
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More generally, for all zy > 0, we have
u(t,n) =Su(t —to)u(to, n / S (t — s)k(s)|u|”'u(s, n)ds, forallm € H", 1 € [to, T). 4)

If u is a mild solution of (1) in [0, T') for all T > 0, then u is called a global-in-time mild solution of (1).

Theorem 1 (Local existence) Given ug € Co(H"), k € le (R),n>1,and p > 1, there exist a maximal time Tj,ox > 0
and a unique mild solution u € C([0, Tiax), Co(H")) to the problem (1). Furthermore, either Tiax = oo or else Tiax < o0
and |[u(t)|| = (rn) — o0 as t — Tiax. Moreover, if up € L'(IH"), for 1 < r < o, then u € C([0, Tinax), L' (H")).

The local existence of the mild solution follows directly from the standard fixed-point theorem in the Banach space
Co(H"). The following comparison principle can be derived in a similar manner to [19, Lemma 3.5.9].

Lemma 1 (The comparison principle) Let u and v, respectively, be mild solutions of problem (1) with initial data
up and vy, respectively. If 0 < uy < vp, and the function k(z) does not change sign on (0, Tnax ), then 0 < u(x, 1) < v(x, )
for almost every 11 € H" and for all 7 € [0, Tiax)-

The comparison principle ensures the non-negativity of the solution, highlighting its physical meaningfulness,
particularly through the mass of the solution My (7). As the nonlinearity is of the absorbing type, by applying the
comparison principle, we can control the growth of the solution and extend its existence for all time. This leads to the
following global existence result.

Theorem 2 (Global existence) Given 0 < uy € L' (H") NCo(H"), k: (0, ) — (0,0), k € L}, .(0, ), and p > 1. Then,
problem (1) has a unique global mild solution u € C([0, =), L' (H") N Cy(H")) which satisfies 0 < u(t, ) < ||lug ||z

Remark 1 Assume that k € C((0, ), (0, «)). Then, by applying a standard bootstrap argument, any mild solution
u of (1) defined on an interval [0, T] possesses C!-regularity in time and C2-regularity in space. Consequently, the solution
u satisfies the equation d,u — Agu = —k(f)uP in the pointwise sense.

We deal with problem (1), and we study the decay of the “mass”

MH(I):/Hnu(t, n)dn :/ uo(n)dn — //n s)uP (s, m)dnds. %)

In order to obtain equality (5), it suffices to integrate (3) with respect to 17, using property (v) in Proposition 2 below,
and applying Fubini’s theorem.

Since we limit ourselves to non-negative solutions, the function My (7) defined in (5) is non-negative and non-
increasing. As a result, M., = zlgg My (1), raising the natural question of whether M., = 0 or M., > 0. In our first theorem,
we show that diffusion phenomena play a crucial role in determining the large-time asymptotic behavior of solutions to
problem (1).

Theorem 3 Let u be a non-negative, nontrivial global mild solution of (1). If

/ =2 P=Dk(1)dr < oo, (6)
1
then

}EE,MH(I) =M. >0. (7

Moreover, for all g € [1, ),
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Q(],l)
2\ u(t) — Meohy |, —> 0 as t — oo, (8)

Remark 2 The condition (6) can be replaced by
/ = $0Dk(t)dr <o, foranyto > 0.
fp

On the other hand, if k € L*(0, o) and p > 1 + %, then the condition (6) in Theorem 3 is fulfilled. Indeed, as

p>1+éé%>l,wehave

/ =30 Dk(r)dr < HkHw/ =30 Dgr < oo,
J1 J1

In the remaining range of p, the mass My(f) converges to zero, and this phenomenon can be interpreted as the
domination of nonlinear effects in the large time asymptotic of solutions to (1).
Theorem 4 Let u = u(x, t) be a non-negative global mild solution of problem (1). If igg k(f)>0and 1 <p <1+ é,
1>

then

lim My (1) = M. = 0.

f—o0

An immediate consequence of Theorems 3 and 4, using Remark 2, is the following

Theorem 5 Let u = u(x, t) be a non-negative nontrivial global mild solution of problem (1). If k € L(0, o) and
i1>1£ k(t) > 0, then we have two cases:
>

cIfp>1+ é, then M., > 0. Moreover, (8) holds for all g € [1, ).
cIfl<p< 1+é,thean:0.

The paper is organized as follows. In Section 2, we present some definitions, terminologies, and preliminary results
concerning the Heisenberg group, the sub-Laplacian operator, and its heat kernel. Sections 3 and 4 are devoted to proving
our main results.

Notation: We shall employ the following notational conventions in what follows. For Q C R, the characteristic
function on Q is denoted by 1. For any nonnegative functions g and i, we write f < g whenever there exists a positive
constant C > 0 such that f < Cg. We use C as a generic constant, which may change value from line to line. Norms in
Lebesgue spaces L? are written as || - || ,, for p € [1, eo].

2. Preliminaries
2.1 Heisenberg group

The Heisenberg group H" is the space R*"+! = R” x R" x R equipped with the group operation

non' = @x+x,y+y, t14+7+2(xy —x"y)),
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where n = (x, y, 7), ' = (¥, y/, 7'), and - is the standard scalar product in R”". Let us denote the parabolic dilation in
R?"+1 by §,, namely, 5, (1) = (Ax, Ay, A27) forany A > 0, = (x, y, T) € H". The Jacobian determinant of §; is A2,
where Q = 2n+ 2 is the homogeneous dimension of H”. A direct calculation shows that §, is an automorphism of H" for
every A > 0, and therefore H" = (R>**!, o, §, ) is a homogeneous Lie group on R*"*1,

The homogeneous Heisenberg norm (also called Koranyi norm) is derived from an anisotropic dilation on the
Heisenberg group and defined by

1

2 3
1Nl = (Z X7 ) +70 | = (kP +IP)*+7%)

=1

i

where |-| is the Euclidean norm associated with R”. The associated Koranyi distance between two points 17 and & of H is
defined by

dy(n,&)=[E"onl,, m.E€H,

where £ ! denotes the inverse of & with respect to the group action, i.e. E~! = —&. This metric induces a topology on H".
Thus, we can define the Heisenberg ball of H", centered at 1 and with radius > 0, as By(n, r) ={&§ e H": d;(n, &) <r}.
The Heisenberg convolution between any two regular functions f and g is defined by

(s = [ fno& Ns@)de = [ f(&eE " om)de.

H~

The left-invariant vector fields that span the Lie algebra are given by
X; = 0y, — 2yi0x, Y; = 9y, + 2x;0;.
The Heisenberg gradient is given by
Ve=X, ..., X0, 11, ..., Ya), )

and the sub-Laplacian (also referred to as the Kohn Laplacian) is defined as

n n
A=Y (X2 +Y7) =Ac+ Ay +4(x + |y1*) 07 +4 Y (20}, — yid2.) ,
i=1 i=1

where A, = V-V, and A, = V,-V, stand for the Laplace operators on R".

2.2 Heat kernel

We recall the definition and some properties related to the heat kernel associated with —Ayp on the Heisenberg group.
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Proposition 1 [20, Theorem 1.8] There exists a function & € .’(H") such that if u denotes the solution of the free
heat equation on the Heisenberg group

ot — Agu =0, neH, t>0,

u(n, 0) = uop(n), neH,

then we have
u(-, t) = hy *y o,

where *,; denotes the convolution on the Heisenberg group defined above, while the heat kernel (¢, 1) € (0, o) x H" +—
hy (1) associated with —Ayy is defined by

1 X y s
ht(n) = tnﬁh <\/E7 ﬁ’ t)’ for all n :(x,y, S) EH", t>0.

Proposition 2 [21, Proposition 2] There is a unique semigroup (Sg(7));>0 generated by Ay and satisfying the
following properties:

(1) (Sm(1))s>0 is a contraction semigroup on L (H"), 1 < p < e, which is strongly continuous for p < eo.

(ii) (Sm(?))s>0 is a strongly continuous semigroup on Co(H").

(iii) For every v € X, where X is either LP(H") for 1 < p < o or Co(H"), the map ¢ — S(¢)v is continuous from
[0, o) into X.

(iv) Su(t)f = hyxy f, forall f € LP(H"), 1 < p < oo, t > 0.

) /H" h(n)dn =1, foralls > 0.

(vi) i(n) >0, forallm e H", t > 0.

(vii) hyo, (rx, ry, r’s) = r Ch(x, y, 5), for all r, £ > 0, (x, y, s) € H".
(viii) 2, (n) = h;(n~"), forall n € H", t > 0.

(ix) Ay *yg hy = hyy g, for all s, £ > 0.

Proposition 3 [21, Proposition 3] The function #; is given by

_ 1 Ay, |22 ire _ 2
ht(n)_ (27[)’1+22”/IR(Sinh([A)) exp (_4tanh(t)L))e d}y7 forallT] —(Z, T) GR XR.

Proposition 4 [22, Theorems 2, 4] Let &, be the heat kernel associated with —Ap. Then there exist two positive
constants ¢, Cy such that the kernel can be estimated as follows:

Ci|n|? cnl?
c*t*% exp (—*LT”H) <m(n) < C*t’% exp <—*n|H>

t

forany r > 0 and n € H".
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Proposition 5 [22, Theorem 1] Let &, be the heat kernel associated with —Ag. Then there exist positive constants
c1 and Cy; depending —Ap such that

"
10/ X;h (1) < Cszl*%*%

ety
t

e~ , forall n e H", ¢ >0,

where I = (i], R i,n) with |I‘ =mand X; = XiIXiz .. .X,'m.
The following result is a direct consequence of Proposition 5.
Lemma 2 Let &, be the heat kernel associated with —Ap. Then there exist positive constants C; and C, depending

—Apg such that

1 1

Ve ()l <€, ITh()ly <Ci2, 0 1>0,

where Vi is defined by (9) and T = 9.
Lemma 3 [21, Lemma 2] Suppose 1 < p, g, r < o« and %—ké =1+ } If f € LP(H") and g € LY(H"), then their
convolution f g belongs to L"(H"), and the following inequality holds

1F e &llr < [1£11p8llg,

which is known as Young’s inequality.
Thus, by applying Young’s inequality (Lemma 3) for convolutions and using Proposition 5 along with the
homogeneity property

|(Ax, Ay, A%7)|; = Ay, forn=(x,y, 7)€ H", >0,

we obtain the following estimate.
Lemma 4 (L? — L7 estimate) Suppose 1 < p < g < e. Then there exists a positive constant C such that for every
f € LP(H"), the following inequality holds:

ISu()flly <Ct 5G| fl,, >0

To express the zero-order Taylor expansion with integral remainder on the Heisenberg group in a straightforward and
comprehensible manner, we provide it here along with a detailed proof.

Lemma 5 Let f: H" — R be a smooth function. For any point 11 = (xo, yo, ) € H" and a small perturbation
& = (x,, T) € H", the zero-order Taylor expansion of f(n o &) around 1 with an integral remainder is given by

F08)= 7+ [ 063,250 - Vuesno8,(6))ds,

where Vi = (Vi, 9;)7.
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Proof. Using the fundamental theorem of calculus, we express the function f along the curve y(s) = 10 (&) for
s€0,1],

fmot)—fm = [ L rmose))ds.

o ds
Applying the chain rule in the Heisenberg group,

n

O8N = L XAoBE) T o0+ TS0 B(E) T () + 2eF(n o (E)) G (40

i=1
= Y X (N08,(E))+ Y (n06,(&)) + 2570 f(06,(&))
i=1 i=1

(X, Y ZST)T%HJ((TI OSS(&))'

Integrating both sides from O to 1, the result follows. O
Lemma 6 Let g € L' (H") and put M, = / g(n)dn. We have
HV!

}Ln;”ht*Hg*MghtHl =0. (10)
If, in addition, (|n], + |n|2)g(n) € L' (H"), then

I &~ Ml < eIl (Iml + nP)g(m)h, forall 1> 0. ()

Proof. We adapt the technique used in [6, Lemma 6]. We first establish (11) by supposing g € L' (H", (1+|n |u241) dn).
Using Taylor’s expansion (Lemma 5), Fubini’s theorem, and Lemma 2, we have

e =My = | [ (o0& )= mm) s@az

1

IA

1 1
L L 19aumo 8@l I ) le(@) dgds+2 [ [ oh(mo &€l slelle(&)Id ds

< ot [1 (e nl+Iebls@)lag s

_1
< crzf|(Inly + gl
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Let us next prove (10). For g € L' (H"), using e.g. [23, Theorem 2.2], there exists a sequence {g;} € Z(H") such
that g; — g in L' (H"). For each j, using the fact that |||, = 1, and applying (11) to g;, we have

he ey g —Mghellt < B g & — he ey 8ll1 + ||y 85 — Mg hel[1 + | Mg he — Mghy |1

< llg—gjllillell+ Ve =y g — Mg |1 + |Mg; — M| |1
< 2lg—gilh+Cr2|(nly + g )
Hence,
liﬂsogp\\hz wy 8 — Mgh|1 <2|g— g,
and the conclusion follows by passing to the limit as j — oo. O

In preparation for later use, we introduce and describe the properties of the cut-off functions { Qg }g~o defined as

iz

(pR(t7n):q)Z(€R(tan))7 éR(tan) R ) n:(%)’, T)Gan t >0, (12)

where £ =2p', p" = p/(p—1) is the Holder conjugate of p, and ® € € (R) is a smooth non-increasing function satisfying
L) <@ < ]L[ . Furthermore, we define

+°0)

Nl—

Qx(t, ) = P, (&r(z,m)) where &, = 1[%, P

Lemma 7 Define the family of cut-off functions {@g}z~¢ as in (12). Then the following inequality holds:

~ 0

1
|0 r(t, M|+ |Au@r(t, n)| < — (Qr(2,M))7 .

/ 1
Proof. It is easy to see that |J, | < %q},’;(u n)7. Therefore, we focus our attention on Ay @g. In fact,

AP (Exle, M) |+ |4, (Enle, m) | + 412+ vP)

|Au@r(t, )| < 27 d" (&gt n))]

4 Jl |02 0 (Erle, m) |+ 4 X Ivsl 03 (E(r, m) |
j=1 j=1

So,
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Bgr( )| S5 @2 (&l m) (104G, )P+ 19 (&l ))I) (Voo M+ V(e ) )

+ @ (Er(t, 1)) P (Er(e, )] (1AER (1, )|+ |AyEr(2, 1))
+ (e + )2 (Er (2, m)) (19 (&R (1, )1 + | (Er (2, m))I) 19 e, m)I?

+ (ke + [y1P)@ ! (Er(r, m) [P (ER(e, m))I |07 Er (1, )]

@2 (Er(t, 1)) (1BL(ER(r, 1))+ [P (E(r, m))]) [9:E(r, )| i'xﬂ ER ]

+ U (&t 1)) | (E(r, 1) |Z|x,|\ 2 Lt )

2 (Eg(e. 1) (90 (Gl M)+ 9 (e, m)]) eile, M) Y. 11|, Bl )|
J=1

Ll (&g, 1)) L (R (e, 1)) il|yj|

8)62/'T€R(tv n)‘ .
Taking into account the support of ®,, a direct computation yields

1
|Amr(t, M| SR (gr(t, m))” .

3. Proof of Theorem 3

We start by proving M., > 0. From (5), we have

OS/ u(t,n)dn:/ uo(n)dn — // s)uP (s, n)dnds. (13)
Hi‘l
Hence, for ug € L' (H"), we immediately obtain
ueL=((0, ), L'(H")) and / k(t)u? (t, n)dndt < |luplli < oo. (14)
o Jmr

As u is a mild solution, we immediately get the following estimate
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0 <u(t) < Su(t)uo, forallt >0,

which implies, using Lemma 4, for all r > 0, that

o(p—1)
p)

()l < IS )uolly < min { €1 0 lolly b = HGt, p, wo): (15)

Now, for fixed € € (0, 1], we denote by u® = u®(x, t) the solution of (1) with initial condition £up. The comparison
principle implies that

0<uf(t,n) <u(t,n), foralln e H", t >0
Hence,

Mo >ME=1im [ u®(r,n)dn.

t—roo JTHn

Therefore, to prove (7), it suffices to show, for small € > 0 which will be determined later, that ME > 0. Applying
(13) to u® and letting r — oo, we obtain

Mi:e{/ n—f/ / tn)pdndt}
Furthermore, by applying (15) to u®, we get
luf(@)l) < H(t, p, €uo) = €"H(t, p, uo).
Hence
| Loko @y anac= 2 [Tkl @< et [Tk, p o),

It follows immediately from the definition of the function A that

N

1 1
[ kHE pw)de < uoll [ k@dr <,
0 0

e 0=l
/k(t)H(t,p,uo)dt < C||u0||l;/t = k(1)di < oo.
1 1
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Consequently,
[k puo)dr <
Jo
which yields to

. 1
lim —
e—0t €

[ [ Ko@)y anar =o.
0 JHn
Hence, as / uo(n)dn > 0, there exists & € (0, 1) such that
JHn

1= . ) 1

[ [ ke m) dndr< S [ uomyan,

& Jo Jmr 2 Jun
which implies that

£ &
Mo > M2 > ?/ uo(n)dn > 0.
H}’l

This completes the proof of (7). The proof of the asymptotic behavior (8) will be divided into two cases.
Case of g = 1. Applying Minkowski’s inequality, we decompose the expression ||u(t) — M.l || as follows:

u(t) = Mecyl[t < () = sy 5 (10) 1+ ([Pt #55 t0) — Mia(t0) e
+ ||M (o) by —1y — M (o) e |1 + || M (to) hy — Mool |1, (16)
for all # > to > 0. Since u is a mild solution, we apply the L! — L! estimate from Lemma 4 to equation (4), which yields
t
[[s(2) = ht—sg 4 u(t0) [ 5/{ k(s)[[u(s)lIpds, (17)
0
for all # > 7y > 0. Furthermore, applying Lemma 6 with ¢ = u(fy), we obtain
Jim [y~ 5y u(t0) — Mz (10) e~ [[1 = 0. (18)
Applying again Lemma 6 with g = &, and using Proposition 2 (v), we find

tlgzlo”h’*fo =ity ¥y hloH1 =0,
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which implies, using Proposition 2 (ix), that
(M (t0) e —1y — M (0) e |1 < |lwo |1 (et — Prell1 = [0l 1 | e — Pre—tg 53 g [t — O, (19)
when ¢ goes to co. In addition, from Proposition 2 (v), we directly have
1M1 (f0)hs — Mooy |1 < [Mrr(t0) — Moo (20)
Substituting estimates (17)-(20) into (16), we deduce
timsupus) — M1 5 | k(5) () s + M (1) Moo,
Letting fo — oo and using (14), it follows that
tim [[u() ~ Mo} = 0.
Case of g > 1. On the one hand, for each m € [1, +<9], using the L' — L' estimate from Lemma 4, we arrive at

u(E) I < (1S5 (0o, < €22 O=30) g . @1

In addition, by Proposition 4 (or Proposition 5) along with Proposition 2 (v), we obtain the decay estimate

)
el S 22 (22)

On the other hand, for a fixed m € [1, 40| and for every g € [1, m), by employing Minkowski’s inequality followed
by Holder’s inequality, one obtains

() — M < () = M 12 ()13 + M 3) 23)

where 6 = (1 —1/q)/(1—1/m). Inserting (21) and (22) into (23) yields

B

_1
t (l ")||u(t) —Mohy||g S [Ju(t) wath}_‘s — 0, ast—oco.

This completes the proof of Theorem 3. ([l
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4. Proof of Theorem 4

We assume M., > 0 and argue by contradiction. The idea of the proof is to use the variational formulation of the
weak solution by choosing the appropriate test function. As u is a global mild solution, then u is a global weak solution
and therefore

/Hnu(T,n)fp(T,n)dn—/Hnuo(n Ondn+// P @dn di = // 91 + Au@] dn dt,

forall T > 0 and any test function ¢ € W= ([0, T'), W= (H")). Let @ be a test function as defined in (12). Consequently,
for every T > R,

M)~ [ womeu0, man+ [ [ Kot m)yonts, mana
T »

= [ [ ute.m) (30ele. m)+ Augele. m) )
0 H)‘l

c (T . 1
<z | L utemeic.mranar
0 JH
where we have used @z (T, 1) = | and Lemma 7. Letting T — oo, using the dominated convergence theorem, we arrive at
M.. / uo(N)@r(0, M dn+/ / u(t, n))"er(t, M)dnde < 2 / / (L, m)Qk( )P dndr. (24)
Since @g(#, n) — 0 when R — oo, we conclude that
—/ uo(n)er(0, n dn+/ / Yor(t,n)dndt — 0, when R — oo,
where we have used the dominated convergence theorem together with (14), therefore there exists Ry > 0 such that
oo MDo
Mm—/ uo(n)er(0, n)dn +/ / k(t)uP or(t, n)dndt > - > 0, forallR>R;. (25)
H 0 JHr
Combining (25) and (24), we get

Mo
=<
7 S

x| A

//u(t,n)(p,’g(t,n)%dndt, forall R > R;.
0 Jun

By Hoélder’s inequality, we arrive at
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SE

IN

N

x| A

1
RECD (7] e manar)

for every R > R;. To proceed, we introduce the auxiliary function

v = [ ([ [ e nrese mana) 2. ko

which is well-defined and bounded. Indeed, we have

(/OOO/H,, 1[%,1](€R(l‘, n))dndt)l_; (/Om/n(u(,’ )P it n)dndt)ll?

(26)

v <[] e e n))dndt%p = [ ey [y Gt n))%pdndt.

Observe that

o0 dp o0 ds U ds
L @) 2= [Ty @05 = [ =g

and therefore we conclude that

Y(R)glogz//(u(t,n))”dndtgc, forall R >0,
0 H”

where we have used estimate (14) and the fact that igg k(t) > 0. On the other hand,
>

Y'(R) = _R—l/o /n(u(t, M)’ eu(t, n)dnds,  forallR>0,

which yields, using (26), that

and then

Co iporary Math

P=Ny"(R), forall R > Ry,

Y'(R) < —(Mo)?R-$P=D, forallR >Ry.
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Integrating on [p, R|, for any p > R;, we get
R o
Y(R) =Y (p) < —(MM)P/ s 80Ngs,  forallR>p >R,
p

which implies

O<Y(R)<Y(p)—(Moo)”/ s %(pfl)ds, forallR>p > R;.
P
Hence
R ¢
(Mm)p/ s30Ngs<y(p), forallR>p>Ry. @7)
P

Using the boundedness of Y (R;) and (27), we conclude that

R
/ s 30D gs < (M) PY(R)) S 1, forallR>Ry.
Ry

and therefore
/ms_%(p_l)ds <I.
Ry

However, this leads to a contradiction since the integral on the left-hand side diverges when p < 1+ é This completes
the proof of Theorem 4. ]

5. Conclusion

In this work, we investigated the Cauchy problem for a nonlinear reaction-diffusion equation with time-dependent
absorption on the Heisenberg group, focusing on the asymptotic behavior of non-negative solutions. We established
a sharp threshold for the exponent p that separates two distinct regimes: one in which the nonlinear absorption term
governs the long-time decay, and another where diffusion dominates the asymptotics. This threshold is determined by
the homogeneous dimension Q = 2n + 2 of the Heisenberg group and generalizes known Euclidean results to the sub-
Riemannian setting. Our approach combines L” — L7 estimates with the comparison principle to handle the supercritical
case, and employs nonlinear capacity methods, particularly the rescaled test function technique, to analyze the critical
regime. These methods are well-suited to the geometric and analytical structure of the Heisenberg group and highlight the
delicate interplay between nonlinearity, geometry, and time-dependent coefficients. The results presented here constitute,
to the best of our knowledge, the first systematic classification of large-time behavior for such equations in the context of
stratified Lie groups. They pave the way for further research into nonlinear evolution equations with time-varying terms
on more general sub-Riemannian manifolds or groups. Future directions may include more general nonlinearities and
related problems involving fractional or higher-order subelliptic operators.
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