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Abstract: This paper presents a novel investigation into the dynamics of the Cheeger problem for rectangular domains.
The study introduces a new framework by defining the dynamical system associated with the classical Cheeger problem
specifically for rectangular shapes. A key finding is that the conditions m < 0 and q > m are sufficient for chaotic
behavior in the dynamical system defined for the Cheeger problem on rectangles. In this context, b(t) = emt represents
one of the time-varying dimensions of the rectangle, and εb(t) = eqt represents the perturbation in the same dimension.
The maximal deterministic Lyapunov exponent is rigorously derived, showing that chaos emerges as one rectangle
dimension decays while perturbations grow. Numerical illustrations confirm chaos onset at finite times t = 0.2383 and
t = 0.2494, demonstrating exponential divergence of trajectories and sensitive dependence on initial conditions. These
results establishing fundamental limits on the predictability horizon and enabling precise timing for interventions, thereby
bridging theoretical insights with practical foresight and control. Sensitivity analysis further reveals that increasing
q accelerates chaos onset, while increasing m stabilizes the system. Altogether, the work advances both theoretical
understanding and practical insights into geometric dynamics for complex systems.
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1. Introduction
In geometry, chaotic behavior describes the erratic and intricate patterns that, in specific circumstances, can appear

in geometric systems. A characteristic of chaos, this phenomenon frequently occurs in dynamical systems where slight
modifications to the initial conditions produce wildly disparate results [1–5]. The evolution of shapes, curves, and surfaces
often observed in fractals or in the study of intricate geometric structures can exhibit this behavior in geometric contexts.
For example, complex patterns like tree branching or crystal growth can result from the interaction of chaotic motion and
geometric constraints. Since it helps to capture the inherent complexities of systems influenced by nonlinear dynamics,
an understanding of chaotic behavior in geometry is essential for modeling real-world processes. This allows for deeper
insights into a variety of fields, including biology, engineering, and physics. Numerous applications exist for chaotic
behavior in geometry [6–11]. By dividing a given domain into two disjoint subsets, the classical Cheeger problem is a
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geometric optimization problem that seeks to minimize the ratio of the boundary surface area to the total volume of the
subsets [12–17]. It specifically looks for a partition that captures the efficiency of the partitioning by striking a balance
between the volume of the subsets and the size of the boundary. We have a great deal of information and proven results
about the Cheeger problem for convex sets, but much less for non-convex sets. Please see the references [18–20] for more
information.

On the other hand, the generalized Cheeger problem takes into account more complicated situations, like non-
homogeneous cases, in which various domain regions might have different weights or properties [21–23]. This leads
to a richer and more adaptable framework for geometric optimization by enabling the investigation of partitions that
minimize the boundary-to-volume ratio while taking these extra factors into consideration.

The classical Cheeger problem holds significant theoretical and practical importance, demonstrated by its broad
applications across various fields such as avalanche and landslide modeling, fracture mechanics, medical imaging,
eigenvalue estimation, and capillarity modeling [21, 22, 24–28]. These diverse applications highlight the problems
versatility in solving complex scientific and engineering challenges and underscore its role in geometric optimization and
nonlinear dynamic systems emerging in nature and technology. Despite extensive existing research, a notable gap remains
in thoroughly understanding the chaotic behavior that arises in dynamically evolving geometrical systems governed by the
Cheeger framework, particularly in rectangular domains where dimension growth and perturbations critically influence
system stability [17, 24–26]. Motivated by this gap, the present study aims to uncover chaos emergence by deriving
explicit criteria based on the maximal Lyapunov exponent, thereby bridging geometric analysis with dynamical systems
theory and advancing both fields.

1.1 Contributions of the research paper
This research is significant for its novel approach in characterizing and rigorously identifying sufficient conditions

for chaos onset within the Cheeger problem for rectangular shapes. By establishing the criteria m < 0 and q > m,
the study links geometric evolution directly to chaotic behavior, enabling predictive control through manipulation of
dimensional changes and perturbations. This foundational insight enriches theoretical understanding while enabling
practical applications, such as forecasting crack dynamics in fracture mechanics, tuning smart materials through controlled
chaos, improving hazard prediction in landslide and avalanchemodeling, enhancing imaging stability inmedical diagnosis,
and refining control in engineering systems. Additionally, the study quantifies the minimum prediction horizon for chaos
onset (around t = 0.2383 and t = 0.2494), providing valuable foresight and control timing. Overall, the work fills a critical
research gap, introduces novel analytical and numerical methods, and expands the practical and theoretical horizons of
the Cheeger problem in complex dynamic systems.

A key finding of this research is that the conditions m < 0 and q > m are sufficient for chaotic behavior in the
dynamical system defined for the classical Cheeger problem involving rectangular shapes. In this context, b(t) = emt

represents one of the time-varying dimensions of the rectangle, and εb(t) = eqt represents the perturbation in the same
dimension. As m < 0, this dimension exponentially decays toward zero over time, indicating that one dimension
effectively collapses, thereby constraining the state space and potentially increasing sensitivity to initial conditions in
the remaining dimensions. Meanwhile, the perturbation εb(t) = eqt grows faster when q > m. Because of this dynamic,
the state space is constrained by the collapsing dimension, making the other dimensions more sensitive to initial conditions.
Chaos is the result of nonlinear interactions being amplified by the interaction between the rapidly growing perturbation
and the decaying dimension. Therefore, the conditions m < 0 and q > m are in fact sufficient for chaos, highlighting the
intricate ways in which dimensionality and perturbations impact the system’s complex dynamics. When one dimension
is reduced, the available phase space is also reduced, which improves interactions between the other variables and creates
an environment that is conducive to chaos. The decaying dimension and intrinsic nonlinearities interact to drive the
dynamical system’s transition from stability to chaotic behavior over time. This understanding clarifies the mechanisms
behind chaotic dynamics and underscores the significance of dimension in influencing the behavior of complex systems.
The perturbed dimensions of the rectangle are expressed as a(t)+ εa(t) and b(t)+ εb(t), where εa(t) and εb(t) are small
perturbations, with a(t) = ent , b(t) = emt , εa(t) = ept , and εb(t) = eqt . In the main content of the present study, it is
theoretically established that such a decaying dimension drives the system toward chaos by yielding a positive maximal
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deterministic Lyapunov exponent. However, from a practical perspective, it becomes essential to investigate the specific
time interval during which the maximal Lyapunov exponent becomes positive and chaos emerges, while the rectangle still
maintains its positive dimensions, thereby preserving its structural integrity. This practical aspect is explored further in the
section on numerical illustrations. In the first numerical illustration, it is observed that the system requires a minimum time
of t = 0.2383 to reach a chaotic state by attaining a positive maximal Lyapunov exponent, while in the second numerical
illustration, this minimum time is found to be t = 0.2494. Both numerical illustrations, depicted in 1 and 2, clearly exhibit
the exponential divergence of nearby trajectories, highlighting the system’s Sensitive Dependence on Initial Conditions
(SDIC) and strongly suggesting chaotic dynamics. This framework lays the groundwork for further exploration of chaotic
dynamics in geometrically constrained systems.

1.2 Outline of the research paper
The structure of the paper is organized as follows: Section 2 presents the preliminaries, including recent literature

on chaotic dynamics in geometric optimization (Subsection 2.1), a description of J. Cheegers geometrical optimization
problem 2.2, and the concept of chaos via themaximal Lyapunov exponent 2.3. Subsections 2.4 to 2.8 review the analytical
properties of the classical Cheeger problem for rectangular shapes, which lay the foundation for defining the dynamical
system and characterizing chaotic behavior. Section 3 details the main contributions, starting with the research design
and methodology 3.1, followed by the formulation of the dynamical system 3.2, derivation of the maximal Lyapunov
exponent 3.3, establishing the sufficient condition for chaos 3.4, and its interpretation 3.5. Section 4 covers the numerical
techniques 4.1 and provides two numerical illustrations identifying the minimum time for chaos onset while maintaining
structural integrity. Section 5 offers a sensitivity analysis of key parameters, Section 6 contains a comparative study,
Section 7 discusses results and implications, and Section 8 concludes the paper with future research directions.

2. Preliminaries
In the preliminaries, we concisely describe J. Cheegers geometrical optimization problem [13–15, 18] and the

phenomenon of chaos [29–32], together with a brief discussion of the fundamental analytical properties of the classical
Cheeger problem for rectangular domains. Although these properties are well established in the literature, they are
reviewed here as they are essential for formulating the associated dynamical system and analyzing the onset of chaos.
For further details, readers are referred to the cited works. Before proceeding to the main content of this section, we also
provide an overview of recent advances in chaotic dynamics within geometric optimization problems.

2.1 Recent literature on chaotic dynamics in geometric optimization problems
Recent literature on chaotic dynamics in geometric optimization highlights significant progress in understanding and

exploiting chaos for complex problem-solving. Chaos Game Optimization (CGO) algorithms and their variants have
been extensively studied, demonstrating effectiveness in binary, multi-objective, and large-scale optimization across
domains such as engineering, energy, and machine learning. These studies underscore CGOs adaptability while also
identifying challenges such as premature convergence and sensitivity to initial conditions, motivating hybrid algorithms
and theoretical improvements [33, 34]. Complementary research explores chaotic dynamics in high-dimensional systems,
nonholonomic and infinite-dimensional mechanical models, and geometric control theory, deepening the mathematical
understanding of chaos in PDE-constrained and shape optimization problems [35, 36]. Reviews on chaos control
provide modern strategies for stabilizing initially unpredictable systems, which are crucial for reliable optimization
outcomes. Despite these advances, deterministic analytic frameworks tailored for classical geometric problems, such
as the Cheeger problem, remain underdeveloped, particularly in explicitly connecting Lyapunov exponents to evolving
geometric parameters, motivating efforts to bridge theory and practical applications [37]. In recent developments on
chaotic geometric optimization, fuzzy optimization and functional approximation, particularly their applications in areas
such as medical imaging, have emerged as crucial directions [38–43].
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Recent theoretical frameworks (2020-2025) emphasize intricate patterns and deterministic laws governing highly
sensitive nonlinear systems, where small initial differences amplify exponentially, producing fractals, strange attractors,
and spontaneous order. Advances include refined characterizations of chaotic attractors using fractal geometry and
Lyapunov exponents, multifaceted bifurcation analyses, and studies of infinite-dimensional and stochastic dynamical
systems. There is growing interest in chaos control techniques leveraging feedback and synchronization to stabilize
unpredictable systems. Integration of geometric and topological methods, including dynamic Laplacians and supersym-
metric theories, has enhanced understanding of chaotic phenomena in PDE-governed systems. Key works include
comprehensive reviews on chaos control, and analyses of fractal sequences and convergence behavior, collectively
advancing both theoretical rigor and practical strategies for managing chaos in complex geometric and dynamical systems
[44, 45].

2.2 The J. Cheegers geometrical optimization problem
Let X be an open, non-empty bounded set in R2. The problem seeks a subset C of the cl(X) such that the perimeter-

to-area ratio of the set C is minimized among all subsets of cl(X). This ratio is known as the Cheeger constant, denoted
by h(X), and the set C that achieves this minimum is referred to as the Cheeger set.

Mathematically, the Cheeger constant can be expressed as:

h(X) = inf
C⊆cl(X)

|∂C|
|C|

, (1)

where:
• h(X) is the Cheeger constant for the set X .
• |∂C| denotes the perimeter (or boundary measure) of the set C. This is defined as the measure of the boundary

points of C.
• |C| is the area (or volume) of the set C, which corresponds to its 2-dimensional Lebesgue measure.
• cl(X) is the closure of X .
The set C must be smoothly bounded for the Cheeger problem, which means that its boundary must be distinct,

continuous, and differentiable. In order to enable meaningful comparisons of the perimeter-to-area ratio, this condition
guarantees that the perimeter is well-defined and finite. Rectangular shapes are the specific focus of this study. In this
case, the following is an expression for the rectangle’s classical Cheeger constant [13]:

C(Ra, b) =
(a+b)+

√
(a−b)2 +π(ab)
2ab

. (2)

Where C(Ra, b) is the classical Cheeger constant of the rectangle Ra, b with dimensions a and b.

2.3 The chaos phenomena
Chaotic behavior in dynamical systems is characterized by sensitive dependence on initial conditions, meaning that

small changes can lead to vastly different outcomes over time. This unpredictability is often quantified using the maximal
Lyapunov exponent, which measures the average rate of separation of infinitesimally close trajectories in the system.
Mathematically, the maximal Lyapunov exponent λ is defined as [31]:

λ = lim
t→∞

1
t

ln
(

d(t)
d(0)

)
, (3)
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where d(0) is the initial distance between two trajectories and d(t) is the distance between them at time t. The natural
logarithm, represented by the symbol ln, gives the growth rate in this expression. Trajectories diverge exponentially if
λ > 0 and the system is purely deterministic, exhibiting chaos [31]; if λ < 0, trajectories converge, indicating stability;
and if λ = 0, the system is usually periodic or quasi-periodic. In order to categorize a system’s stability and chaotic
features, the maximal Lyapunov exponent is a vital indicator of its dynamical behavior.

2.4 Analytical framework for chaotic behavior in the Cheeger problem
The study focuses on establishing a sufficient condition in the dynamics of shape dimensions that enables the

existence of chaotic behavior in the classical Cheeger problem. For simplicity, the present work concentrates on
rectangular shapes. It is important to highlight the basic requirements for defining the dynamical system and demonstrating
chaotic behavior in the classical Cheeger problem, namely the well-definedness, continuity, and differentiability of the
Cheeger constant function for rectangular shapes, which are already established in the literature.

2.5 Well-definedness of the Cheeger constant function for rectangular shape

Let C : D → B be the function defined as follows:

C(Ra, b) =
(a+b)+

√
(a−b)2 +π(ab)
2ab

. (4)

Where C(Ra, b) is the classical Cheeger constant of the rectangle Ra, b with dimensions a and b.
The domain D of the function is defined as:

D = {(a, b) ∈ R2 | a > 0, b > 0}. (5)

The range set S ⊂ B is defined as:

S = {C(Ra, b) ∈ R | (a, b) ∈ D}. (6)

To prove that the function is well-defined, we need to demonstrate that for every element in the domain D, there is
an unique association in the co-domain B.

2.6 Uniqueness property
It is trivial to show that C(Ra, b) provides a unique value for each (a, b) ∈ D, by establishing:

(a1, b1) = (a2, b2) =⇒ C(Ra1, b1) =C(Ra2, b2). (7)

Where (a1, b1) and (a2, b2) are taken arbitrarily from set D.
Now,
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C(Ra1, b1) =
(a1 +b1)+

√
(a1 −b1)2 +π(a1b1)

2a1b1
. (8)

C(Ra2, b2) =
(a2 +b2)+

√
(a2 −b2)2 +π(a2b2)

2a2b2
. (9)

=⇒

(a1 +b1)+
√
(a1 −b1)2 +π(a1b1)

2a1b1
=

(a2 +b2)+
√
(a2 −b2)2 +π(a2b2)

2a2b2
.

Since,

(a1, b1) = (a2, b2). (10)

Therefore,

C(Ra1, b1) =C(Ra2, b2). (11)

2.7 The continuity property of the classical Cheeger constant function for rectangular shape
To prove continuity, we observe that C(Ra, b) is composed of continuous functions. Specifically:
• The functions a+b, ab, and (a−b)2 are all polynomials in a and b, which are continuous.
• The square root function

√
x is continuous for x ≥ 0.

Since the combination of continuous functions (addition, multiplication, and square root) is continuous, C(Ra, b) is
continuous for a, b > 0.

2.8 The differentiability property of the classical Cheeger constant function for rectangular shape
To show thatC(Ra, b) is differentiable, we compute the partial derivatives with respect to a and b. Using the quotient

rule and chain rule, we have:

C(Ra, b) =
(a+b)+

√
(a−b)2 +π(ab)
2ab

. (12)

Let f (a, b) = (a+b)+
√

(a−b)2 +π(ab) and g(a, b) = 2ab.

The derivatives
∂ f
∂a

and
∂g
∂a

can be computed, and similar steps can be taken for b.

• The partial derivative
∂C
∂a

is:
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∂C
∂a

=
g

∂ f
∂a

− f
∂g
∂a

g2 . (13)

• The partial derivative
∂C
∂b

is:

∂C
∂b

=
g

∂ f
∂b

− f
∂g
∂b

g2 . (14)

f (a, b) = (a+ b) +
√
(a−b)2 +π(ab) is not differentiable at (0, 0) due the presence of square root. Thus, the

present study exclude the origin (0, 0) and its vicinity from the domain D for the analysis. Let D∗ denotes the domain D
after deleting the origin (0, 0) and its vicinity. Since f and g are continuously differentiable functions in domain D∗, the
partial derivatives of C with respect to a and b exist and continuous respectively, proving C(Ra, b) is differentiable in D∗.

3. The sufficient condition in the dynamics of shape dimensions for the existence
of chaotic behaviour in the classical Cheeger problem
The study focuses on establishing a sufficient condition within the dynamics of shape dimensions that enables

the emergence of chaotic behavior in the classical Cheeger problem. For simplicity, the present work concentrates on
rectangular shapes. The main content begins by formulating the dynamical system corresponding to the classical Cheeger
problem for rectangular shapes. Subsequently, it derives an explicit expression for the maximal Lyapunov exponent of
the defined system. Finally, the study articulates a sufficient condition for chaos in this dynamical system by invoking
the well-established criterion for chaotic behavior, namely L > 0, where L denotes the deterministic Lyapunov exponent.
Before delving into the main results, we briefly outline the research design and methodology.

3.1 Research design and methodology
In classical approaches to computing the maximal Lyapunov exponent of a dynamical system, a large ensemble of

pairs of infinitesimally close trajectories is typically considered, and the average rate of separation in the phase space is
computed. This strategy ensures the identification of at least one trajectory pair exhibiting exponential divergence, which
is crucial for detecting chaotic behavior. In the present study, however, due to the difficulty of explicitly obtaining full
trajectories in the phase space, the maximal Lyapunov exponent is evaluated using a single pair of infinitesimally close
trajectories. Specifically, leveraging the expression of the Cheeger constant C(Ra, b) of a rectangle in terms of its time-
dependent dimensions a(t) and b(t), two neighboring trajectories are considered: C(Ra(t), b(t)) andC(Ra(t)+εa(t), b(t)+εb(t)),
where εa(t) and εb(t) denote infinitesimal perturbations in the respective dimensions. The unperturbed and perturbed
functions are systematically constructed, often using exponential forms, to maximize the likelihood of observing chaotic
behavior, characterized by a positive deterministic Lyapunov exponent. Preliminary observations indicate that exponential
forms of the dimension functions effectively facilitate this behavior, as evidenced by the limiting behavior of the maximal
Lyapunov exponent.

All simulations are performed using MATRIX LABORATORY program 25.2.0.3042426 (R2025b). The sufficient
conditions for chaos are first derived analytically by employing inequalities based on the positivity of the Lyapunov
exponent. For numerical evaluation, exact parameter values for m, q, and other system variables are substituted into the
Lyapunov exponent formula. The minimum time to chaos is then computed using MATLAB’s robust numerical solvers
along with custom scripts. To ensure reproducibility, explicit pseudocode outlining the computational process is provided
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within the Numerical Illustration and Sensitivity Analysis sections of the paper, allowing other researchers to verify results
or extend the analysis systematically.

3.2 Dynamical system formulation in the classical Cheeger problem for rectangular shape

Generally speaking, a dynamical system is any physical or artificial system where an output variable is dependent
on one or more input variables and reacts appropriately to changes in the input variables. Dynamical systems are usually
studied to comprehend the qualitative and quantitative behavior of the system over time, i.e., how the system’s state
changes over time. Ordinary Differential Equations (ODEs), which specify the evolution of state variables in phase space,
are frequently used in mathematics to characterize dynamical systems. The dynamical system of the classical Cheeger
constant for a rectangle whose dimensions vary over time is inferred in this subsection. The Cheeger constant is a key
quantity that characterizes the optimal ratio of boundary length to area for subsets of a geometric shape. In our context,
we focus on a rectangle defined by Ra(t), b(t) = (−b(t), b(t))× (−a(t), a(t)), where a(t) and b(t) are time-dependent
variables representing the height and width of the rectangle, respectively.

We define the Cheeger constant of a rectangle with time-dependent dimensions as a function C : R2 → R, given by

C(Ra(t), b(t)) =
a(t)+b(t)+

√
(a(t)−b(t))2 +π a(t) b(t)

2 a(t) b(t)
, (15)

where, t ∈ [0, ∞].
The Cheeger constant function, governed by the time evolution of the rectangle’s dimensions, defines the correspon-

ding dynamical system. The minimum number of variables required to uniquely determine the state of this system is the
set of time-dependent state variables a(t) and b(t), which represent the dimensions of the rectangle. Accordingly, the
phase space of the system is defined as

S = {(a, b) : a > 0, b > 0} . (16)

The evolution of the system in phase space is governed by the following set of ordinary differential equations:

ȧ = f1(a, b), ḃ = f2(a, b). (17)

Where, f1 and f2 are some functions dependent on the Cheeger constant function.
The time evolution of the Cheeger constant in phase space is given by the total derivative of the Cheeger constant

function with respect to time:

Ċ =
∂C
∂a

· ȧ+ ∂C
∂b

· ḃ. (18)

Where the notations ȧ, ḃ, and Ċ denote the time derivatives of a(t), b(t), and C(Ra(t), b(t)), respectively. The set of
equation numbers (15)-(18) defines the dynamical system in the classical Cheeger problem for the rectangular shape.
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3.3 Maximal lyapunov exponent for the dynamical system defined in Cheeger problem for the
rectangle

To investigate chaotic behavior in the classical Cheeger problem for rectangular shapes, we analyze how the Cheeger
constant varies with the dimensions of the rectangle. By manipulating the dynamics of a(t) and b(t), we can explore
the conditions under which the system exhibits sensitivity to initial conditions, characterized by a positive Lyapunov
exponent. This analysis enhances our understanding of the interplay between geometry and dynamics in the context of
the Cheeger constant, emphasizing chaotic behavior as a fundamental aspect of the dynamical system associated with the
classical Cheeger problem. Furthermore, by examining the conditions that give rise to chaos, we contribute to a deeper
understanding of the classical Cheeger problem within the realm of dynamical systems. We define the maximal Lyapunov
exponent λ in relation to the evolution of the Cheeger constantC(Ra(t), b(t)), where the Lyapunov exponent quantifies the
rate of separation of infinitesimally close trajectories in the dynamical system defined by the time-dependent dimensions
a(t) and b(t).

The maximal Lyapunov exponent is defined as:

λ = lim
t→∞

1
t

log
(

dt

d0

)
. (19)

Where,
• dt is the distance between two trajectories after t seconds.
• d0 is the initial distance between the two trajectories.
The necessary and sufficient condition for the existence of chaotic behavior in a dynamical system is that the

Lyapunov exponent is positive and purely deterministic. In equation number (19), d0 is a fixed small positive real number.
Thus, we can rewrite the expression as:

λ = lim
t→∞

1
t

log(dt)− lim
t→∞

1
t

log(d0). (20)

Since d0 is constant, as t approaches infinity,
1
t

log(d0) tends to zero. Then, the equation number (19) becomes:

λ = lim
t→∞

1
t

log(dt). (21)

In order to derive the expression for themaximal Lyapunov exponent of the dynamical system defined for the Cheeger
problem for the rectangle, we proceed by perturbing the dimensions a(t) and b(t). Specifically, we let the perturbed
dimensions be represented as a(t)+ εa(t) and b(t)+ εb(t), where εa(t) and εb(t) are small perturbations. The evolution
of the Cheeger constant can then be expressed in terms of these perturbed dimensions, resulting in an evolution equation
that captures how sensitive the Cheeger constant is to changes in the rectangle’s dimensions. This framework allows us to
analyze the dynamical behavior of the Cheeger constant, revealing the intricate relationship between geometric variations
and the resulting dynamical properties of the system.

Thus, we can express the maximal Lyapunov exponent in the context of the Cheeger problem for rectangular shape
as follows:

λ = lim
t→∞

1
t

log

(
C(Ra(t)+εa(t), b(t)+εb(t))−C(Ra(t), b(t))

C(Ra(0)+εa(0), b(0)+εb(0))−C(Ra(0), b(0))

)
. (22)
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The Cheeger constant for the rectangle Ra(t), b(t) is given by:

C(Ra(t), b(t)) =
a(t)+b(t)+

√
(a(t)−b(t))2 +πa(t)b(t)
2a(t)b(t)

. (23)

Perturbed Cheeger Constant after t seconds:

C(Ra(t)+εa(t), b(t)+εb(t)) =
N1 +N2

D1
. (24)

Where,

N1 = (a(t)+ εa(t))+(b(t)+ εb(t)), (25)

N2 =
√
((a(t)+ εa(t))− (b(t)+ εb(t)))2 +π(a(t)+ εa(t))(b(t)+ εb(t)), (26)

D1 = 2(a(t)+ εa(t))(b(t)+ εb(t)). (27)

Unperturbed Cheeger Constant after t seconds:

C(Ra(t), b(t)) =
a(t)+b(t)+

√
(a(t)−b(t))2 +πa(t)b(t)
2a(t)b(t)

. (28)

Initial Perturbed Cheeger Constant:

C(Ra(0)+εa(0), b(0)+εb(0)) =
N3 +N4

D2
. (29)

Where,

N3 = (a(0)+ εa(0))+(b(0)+ εb(0)), (30)

N4 =
√
((a(0)+ εa(0))− (b(0)+ εb(0)))2 +π(a(0)+ εa(0))(b(0)+ εb(0)), (31)

D2 = 2(a(0)+ εa(0))(b(0)+ εb(0)). (32)

Initial unperturbed Cheeger Constant:
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C(Ra(0), b(0)) =
a(0)+b(0)+

√
(a(0)−b(0))2 +πa(0)b(0)
2a(0)b(0)

. (33)

The maximal Lyapunov exponent for the classical Cheeger problem with rectangular shapes can now be computed
by replacing the perturbed Cheeger constant, unperturbed Cheeger constant, initial perturbed Cheeger constant, and initial
unperturbed Cheeger constant with the expressions provided by equation (22). The distance between trajectories is then
assessed using the Euclidean norm.

3.4 Deriving the sufficient conditions
To derive the sufficient condition for the existence of chaotic behavior in the present dynamical system, we

construct the dynamics of both the perturbed and unperturbed trajectories associated with the classical Cheeger constant,
equivalently defined through the functions a(t), b(t), εa(t), and εb(t), in such a way as to ensure a positive Lyapunov
exponent λ , which, in the present case, is purely deterministic.

Analyzing the expression for λ , we note that the exponential function inherently supports the condition λ > 0. For
this purpose, we can set a(t) = ent , b(t) = emt , εa(t) = ept , and εb(t) = eqt , where (n, m, p, q) ∈ Z4.

By substituting these forms into the limit expression for λ , we can derive sufficient conditions on the parameters
n, m, p, and q that facilitate the positivity of λ . This analysis reveals how the growth rates of the dimensions and their
perturbations directly influence the dynamical behavior of the Cheeger constant, ultimately demonstrating the potential
for chaotic dynamics in this system.

The maximal Lyapunov exponent is defined by equation (21):

λ = lim
t→∞

1
t

log(dt), (34)

where

dt = C
(
Ra(t)+εa(t), b(t)+εb(t)

)
−C
(
Ra(t), b(t)

)
, (35)

and C(·) denotes the Cheeger constant of a rectangle.
The Cheeger constant of the rectangle with perturbed dimensions:

C
(
Ra(t)+εa(t), b(t)+εb(t)

)
=

N1 +N2

D1
, (36)

where,

N1 := (a(t)+ εa(t))+(b(t)+ εb(t)),

N2 :=
√(

(a(t)+ εa(t))− (b(t)+ εb(t))
)2

+π (a(t)+ εa(t))(b(t)+ εb(t)),

D1 := 2 (a(t)+ εa(t))(b(t)+ εb(t)).
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The Cheeger constant of the rectangle with unperturbed dimensions:

C
(
Ra(t), b(t)

)
=

N3 +N4

D2
, (37)

where,

N3 : = a(t)+b(t), N4 : =
√

(a(t)−b(t))2 +π a(t)b(t), D2 : = 2 a(t)b(t). (38)

Thus one may write

λ = lim
t→∞

1
t

log
(

N1 +N2

D1
− N3 +N4

D2

)
. (39)

Let E =
N1 +N2

D1
− N3 +N4

D2
=

(
D2

2

)
(N1 +N2)−

(
D1

2

)
(N3 +N4)

1
2

D1D2

. (40)

By setting

a(t) = ent , b(t) = emt , εa(t) = ept , εb(t) = eqt , (n, m, p, q) ∈ Z4, (41)

into the expression for E, we obtain the following representation of the Lyapunov exponent λ :

λ = lim
t→∞

1
t

log
(

N5 −N6

D3

)
. (42)

Where,

N5 = entemt
(
(ent + ept)+(emt + eqt)+

√
((ent + ept)− (emt + eqt))2 +π(ent + ept)(emt + eqt)

)
, (43)

N6 = (ent + ept)(emt + eqt)

(
ent + emt +

√
(ent − emt)2 +πentemt

)
, (44)

D3 = 2(ent + ept)(emt + eqt)entemt . (45)

We solve for the Lyapunov exponent λ by factoring out the dominant exponential term, taking the limit t → ∞, and
simplifying the resulting expression; this step-by-step asymptotic factorization provided below to establish the sufficient
conditions:
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Step 1 Define the dominant exponents

k2 := max{n, p}, k3 := max{m, q}, k4 := max{n, m}.

Step 2 Factor dominant exponentials in pairwise sums. For large t,

ent + ept = ek2t(e(n−k2)t + e(p−k2)t
)
∼ ek2t ,

emt + eqt = ek3t(e(m−k3)t + e(q−k3)t
)
∼ ek3t .

Step 3 Inside the square-root terms in N6, factor the dominant exponent:

(
(ent + ept)− (emt + eqt)

)2
+π(ent + ept)(emt + eqt)∼

(
ek2t − ek3t

)2
+πek2tek3t .

Hence the square root itself scales like emax{k2, k3}t .
Step 4 Factor the leading exponential from N5:

N5 ∼ e(n+m)t · emax{k2, k3}t = e(n+m+max{k2, k3})t .

Step 5 Factor the leading exponential from N6:

(ent + ept)(emt + eqt)∼ e(k2+k3)t , ent + emt +
√

(ent − emt)2 +πentemt ∼ ek4t .

Thus

N6 ∼ e(k2+k3+k4)t .

Step 6 Factor the leading exponential from D3:

D3 ∼ 2 e(k2+k3)t e(n+m)t = e(k2+k3+n+m)t (up to the constant 2).

Step 7 Form the ratio (N5 −N6)/D3:

N5

D3
∼ e(max{k2, k3}−k2−k3)t ,

N6

D3
∼ e(k4−n−m)t .

Therefore
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N5 −N6

D3
∼ e(max{k2, k3}−k2−k3)t − e(k4−n−m)t .

Step 8 Set K1 := max{k2, k3}. Then

N5 −N6

D3
∼ e(K1−k2−k3)t − e(k4−n−m)t .

Step 9 Take the logarithm, divide by t, and pass to the limit:

λ = lim
t→∞

1
t

log
∣∣∣∣N5 −N6

D3

∣∣∣∣= lim
t→∞

1
t

log
∣∣∣e(K1−k2−k3)t − e(k4−n−m)t

∣∣∣ .
This yields equation (46):

λ = lim
t→∞

1
t

log
∣∣∣e(K1−k2−k3)t − e(k4−n−m)t

∣∣∣ . (46)

Evaluation of the limit:
Define

α : = K1 − k2 − k3, β : = k4 −n−m.

Then

λ = lim
t→∞

1
t

log |eαt − eβ t |.

Case 1: α > β . Factor eαt : λ → α.

Case 2: β > α . Factor eβ t : λ → β .
Case 3: α = β . Then λ = α = β , unless cancellation of coefficients occurs, which is nongeneric.
Thus:

λ = max{α, β}= max{K1 − k2 − k3, k4 −n−m}.

Step-by-step derivation of the sufficient condition for chaos:
Step 1: Assign exponents
Without loss of generality, we choose:

K1 = n, n ≥ p (so k2 = n), q > m (so k3 = q), n ≥ m (so k4 = n).
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Step 2: Compute asymptotic coefficients
The Lyapunov exponent depends on the dominant asymptotic terms:

α = K1 − k2 − k3 = n−n−q =−q, β = K1 − k2 − k4 = n−n−m =−m.

Step 3: Identify the maximal exponent
Since q > m, we have −q <−m, which implies

β > α.

Therefore, the maximal Lyapunov exponent is

λ = β =−m.

Step 4: Establish the sufficient condition for chaos
For chaotic behavior, the Lyapunov exponent must be positive:

λ > 0 =⇒ −m > 0 =⇒ m < 0.

Additionally, q > m ensures that the perturbation grows faster than the decaying dimension, which is necessary for
divergence.

Step 5: Conclude the criterion
Hence, the explicit sufficient conditions for chaotic dynamics are

m < 0 and q > m,

with the corresponding maximal Lyapunov exponent

λ =−m > 0.

This establishes both the criterion for chaos and the explicit Lyapunov exponent.

3.5 The sufficient condition and its interpretation
The function b(t) = emt represents one dimension of the rectangle in the context of the classical Cheeger problem for

rectangular shapes. It decays exponentially to zero when m < 0, whereas the perturbation εb(t) = eqt grows faster when
q > m. In this case, the state space is constrained by the collapsing dimension, making the remaining dimensions more
sensitive to initial conditions. Chaos is the result of nonlinear interactions being amplified by the interaction between the
rapidly growing perturbation and the decaying dimension. Theoretically, such a decaying dimension produces a positive
deterministic Lyapunov exponent, which pushes the system towards chaos. Practically speaking, though, it becomes
crucial to look into the precise moment at which the Lyapunov exponent turns positive and chaos arises while the rectangle
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maintains its positive dimensions and its structural integrity. In the section that follows, this practical aspect is further
examined using numerical examples.

4. Numerical illustrations
Before proceeding to the numerical illustrations, the present work highlights the numerical technique employed for

computing the maximal Lyapunov exponent and determining the precise onset of chaos.

4.1 Numerical technique
The numerical methodology centers on computing the maximal Lyapunov exponent:

λ = lim
t→∞

1
t

log
dt

d0
,

where dt is the separation between perturbed and unperturbed Cheeger constants with time-varying dimensions. Explicit
exponential parameterizations for a(t), b(t), εa(t), εb(t) are substituted, and the chaos condition is tested via the function
f (t) on a dense temporal grid [10−5, 5] with fine step ∆t = 10−6. The earliest t satisfying f (t) > 0 marks the onset of
chaos.

For sensitivity analysis, parameters m and q are varied independently (with the other fixed), each sampled across
prescribed intervals. At every sampled value, f (t) is evaluated on the same dense grid to locate the minimum chaos time.
Results are compiled, smoothed with spline interpolation, and visualized.

This brute-force yet precise approach-combining analytic parameterization, exhaustive time scanning, and parameter
sweeps-ensures robustness, reproducibility, and clear identification of nonlinear sensitivity in chaos onset.

4.2 Illustration
Illustration 1:
The Lyapunov exponent is given by:

λ = lim
t→∞

1
t

log
(

dt

d0

)
. (47)

Where,

dt =C
(
Ra(t)+εa(t), b(t)+εb(t)

)
−C

(
Ra(t), b(t)

)
,

d0 =C
(
Ra(0)+εa(0), b(0)+εb(0)

)
−C

(
Ra(0), b(0)

)
,

C(Ra, b) =
(a+b)+

√
(a−b)2 +πab
2ab

.

Let a(t) = ent , b(t) = emt , εa(t) = ept , εb(t) = eqt , where n = 5, m =−1, p =−2, q = 3.
Substituting the value of d0 in (4.1), we get:
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λ = lim
t→∞

1
t

log
(

dt

0.9431

)
.

λ = lim
t→∞

1
t

log(dt)− lim
t→∞

1
t

log(0.9431).

λ = lim
t→∞

1
t

log(dt)+ lim
t→∞

1
t
(0.0583).

For λ > 0, we require

log |dt |+0.0583 > 0 =⇒ |dt |> e−0.0583 =⇒ |dt |> 0.9433.

To determine the first appearance of a positive Lyapunov exponent, we seek the smallest value of t such that

|dt |> 0.9433 ⇐⇒ |N5 −N6|
|D3|

> 0.9433.

The above inequality is solved numerically using MATLAB, yielding t = 0.2383. The following presents the
algorithm corresponding to the MATLAB implementation:

Algorithm 1 Identification of Minimum Time t for Onset of Chaos in the Dynamical System
Require: Parameters: n = 5, m =−1, p =−2, q = 3
Require: Search range: tmin = 0.00001, tmax = 5, step size ∆t = 0.000001
Ensure: Minimum t such that f (t)> 0
1: Define the function f (t) as in Eq. (4.2)
2: Generate values of t ∈ [tmin, tmax] with increment ∆t
3: for each value of t do
4: Compute f (t)
5: if f (t)> 0 then
6: return value of t
7: end if
8: end for
9: Report: No positive value found for f (t) in the given range.

f (t) =
∣∣∣∣M1 +M2

M3
− M4 ·M5

M3

∣∣∣∣−0.9433 (48)

M1 = entemt (ent + ept + emt + eqt) ,
M2 =

√
(ent + ept − emt − eqt)2 +π(ent + ept)(emt + eqt),
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M3 = 2(ent + ept)(emt + eqt)entemt ,

M4 = (ent + ept)(emt + eqt), (49)

M5 = ent + emt +
√
(ent − emt)2 +πentemt .

The parameter functions in the first numerical example are set as follows: a(t) = ent , b(t) = emt , εa(t) = ept , and
εb(t) = eqt , where n = 5, m = −1, p = −2, and q = 3. At t = 0.2383 units of time, we obtain a positive Lyapunov
exponent for the first time by putting the sufficient conditions m < 0 and q > m into practice. This outcome has practical
significance since it shows that chaos will eventually break out in the system. Notably, the system maintains a distinct
rectangular structure even as chaos arises, preventing the situation where t → ∞ would cause one of the rectangle’s
dimensions to collapse. Chaos is the result of nonlinear interactions being amplified by the interaction between the
rapidly growing perturbation and the decaying dimension. As a result, the conditions m < 0 and q > m are sufficient
for chaos, demonstrating the intricate relationship between dimensionality and perturbations and complex dynamics. The
conditions m = −1 and q = 3 together not only demonstrate the existence of chaos but also the complex connection
between dimensionality and chaotic behavior, highlighting the crucial role of the Lyapunov exponent in describing the
system’s stability and complexity. The graph of two adjacent trajectories that diverge exponentially is shown in Figure
1. This shows the system’s Sensitive Dependence on Initial Conditions (SDIC), a clear sign of chaotic behavior. The
graph is generated using MATLAB software, plotting the Cheeger constant against the time variable, where the x-axis
represents time and the y-axis represents the Cheeger constant. The simulation is performed with the parametric values
n = 5, m =−1, p =−2, and q = 3.

Figure 1. SDIC (n = 5, q = 3)

Illustration 2:
The Lyapunov exponent is given by:

λ = lim
t→∞

1
t

log
(

dt

d0

)
. (50)
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Where,

dt =C
(
Ra(t)+εa(t), b(t)+εb(t)

)
−C

(
Ra(t), b(t)

)
,

d0 =C
(
Ra(0)+εa(0), b(0)+εb(0)

)
−C

(
Ra(0), b(0)

)
,

C(Ra, b) =
(a+b)+

√
(a−b)2 +πab
2ab

.

Let a(t) = ent , b(t) = emt , εa(t) = ept , εb(t) = eqt , where n = 3, m =−1, p =−2, q = 2.
Substituting the value of d0 in (4.3), we get:

λ = lim
t→∞

1
t

log
(

dt

0.9431

)
.

λ = lim
t→∞

1
t

log(dt)− lim
t→∞

1
t

log(0.9431).

λ = lim
t→∞

1
t

log(dt)+ lim
t→∞

1
t
(0.0583).

To determine the first appearance of a positive Lyapunov exponent, we seek the smallest value of t such that

|dt |> 0.9433 =⇒ |N5 −N6|
|D3|

> 0.9433.

The above inequality is solved numerically using MATLAB, yielding t = 0.2494. The following presents the
algorithm corresponding to the MATLAB implementation:

Algorithm 2 Identification of Minimum Time t for Onset of Chaos in the Dynamical System
Require: Parameters: n = 3, m =−1, p =−2, q = 2
Require: Search range: Search range: tmin = 0.00001, tmax = 5, step size ∆t = 0.000001
Ensure: Minimum t such that f (t)> 0
1: Define the function f (t) as in Eq. (4.4)
2: Generate values of t ∈ [tmin, tmax] with increment ∆t
3: for each value of t do
4: Compute f (t)
5: if f (t)> 0 then
6: return value of t
7: end if
8: end for
9: Report: No positive value found for f (t) in the given range.
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f (t) =
∣∣∣∣M1 +M2

M3
− M4 ·M5

M3

∣∣∣∣−0.9433 (51)

M1 = entemt (ent + ept + emt + eqt) ,
M2 =

√
(ent + ept − emt − eqt)2 +π(ent + ept)(emt + eqt),

M3 = 2(ent + ept)(emt + eqt)entemt , (52)

M4 = (ent + ept)(emt + eqt),

M5 = ent + emt +
√

(ent − emt)2 +πentemt .

In the second numerical illustration, we consider the parametric values n = 3, m = −1, p = −2, and q = 2. Here,
we maintain the same values for m and p while varying n and q compared to the previous illustration. This combination
illustrates how different growth rates in the dimensions governed by n and q can coexist with the decay dictated by m
and p. Despite these variations, the consistent negative value of m and the condition q > m remain critical for fostering
chaotic dynamics. At t = 0.2494 units of time, we obtain a positive Lyapunov exponent for the first time.

Figure 2. SDIC (n = 3, q = 2)

This indicates that the fundamental mechanism for chaos remains resilient to variations in the rates at which the
other dimensions grow. In addition to supporting our conclusions that the conditions m =−1 and q = 2 are sufficient for
chaos, the flexibility in parameter selection exposes the intricate interaction between different rates of growth and decay
in determining the dynamical system’s overall behavior. As a result, the system continues to be chaotic, confirming the
importance of parameter selection and dimensionality in the development of chaotic behavior. Figure 2 illustrates the
graph of two nearby trajectories that diverge exponentially, demonstrating the Sensitive Dependence on Initial Conditions
(SDIC) of the system, which is a strong indication of chaotic behavior. The graph is generated using MATLAB software,
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plotting the Cheeger constant against the time variable, where the x-axis represents time and the y-axis represents the
Cheeger constant. The simulation is performed with the parametric values n = 3, m =−1, p =−2, and q = 2.

5. Sensitivity analysis
In the present work on the chaotic onset in the Cheeger problem, a detailed comparative sensitivity analysis between

the two key parameters m and q has conducted. Both parameters influence the timing of chaos emergence, but their
sensitivities differ in magnitude and nature. The analysis reveals that q tends to have a stronger and more immediate
effect on reducing the minimum time to chaos as it increases, indicating a higher sensitivity to variation. In contrast, m
exhibits a more stabilizing influence, with increases in m delaying chaos onset, though its sensitivity grows stronger as it
approaches critical thresholds near zero from the negative side. This comparative understanding of parameter sensitivities
allows for more precise control strategies by prioritizing which parameter adjustments yield more significant impacts on
chaotic behavior. Such results align with modern sensitivity approaches in chaotic systems, highlighting the importance
of evaluating parameter influence through systematic perturbations and leveraging advanced methods such as adjoint and
shadowing-based sensitivity calculations to inform robust design and control in chaotic dynamical systems. Figures 3 and
4 illustrate the relationship between the parameters m and q and the minimum time required for chaos onset, providing
clear insights for sensitivity analysis.

Figure 3. Sensitivity analysis (m vs t)
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Figure 4. Sensitivity analysis (q vs t)

1. Chaos Onset vs parameter q (with m fixed):
• As the parameter q increases from 0 to around 5, the minimum time to chaos decreases sharply from approximately

0.26 to near zero.
• This indicates a strong negative sensitivity of the chaos onset time to increasing q; a higher q accelerates the

transition to chaos.
• The curve is nonlinear, with a steep decrease initially which slows down as q increases, reflecting diminishing

returns in chaos time reduction for large q.
2. Chaos Onset vs parameter m (with q fixed):
• As m increases from −5 towards −0.5, the minimum time to chaos increases from near zero to approximately 0.2.
• This shows a positive sensitivity of chaos onset time to increasing m; as m becomes less negative, the system delays

or resists chaos onset.
• The relationship is also nonlinear with rapid changes near m =−2 to −1, suggesting sensitive dependence in this

parameter region.
Overall sensitivity summary:
• Increasing q reduces the time required for chaos onset, making the system transition to chaos faster.
• Increasing m increases the chaos onset time, effectively stabilizing the system against early chaos.
• Both parameters have a nonlinear impact on chaos timing, with more pronounced sensitivity in certain ranges (q

near zero; m near −2 to −1), indicating these regions are critical for control or prediction.
• The graphs confirm the robustness of the chaos onset criteria by showing smooth but sensitive dependency,

highlighting the need for careful parameter control to predict or delay chaos in practical applications.
This sensitivity behavior assists in identifying parameter regimes more vulnerable to chaotic transitions and

those offering greater stability, essential for design and intervention strategies. The pseudocode for the MATLAB
implementation used to generate the graphs depicting the relationship between the parameters m and q and the chaos
onset time is provided below to ensure reproducibility of the results.
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Algorithm 3 Sensitivity Analysis of Chaos Onset Time for Rectangular Cheeger Systems
Input:
• Parameters: n = 3, p =−2.
• m range: 10 values in [−5, −0.5] (for m-sensitivity, q fixed).
• q range: 10 values in [−0.2, 5] (for q-sensitivity, m fixed).
• Fixed parameters: qfixed = 2 for m-sensitivity, mfixed =−1 for q-sensitivity.
• Time range: t ∈ [10−5, 5], step ∆t = 10−5.
2: Output: Minimum chaos onset times tmin for each m and q; interpolated sensitivity curves.
3: Initialize arrays t_results_m and t_results_q with NaN values.
4: for each m in m-values do
5: Define f (t) = |dt |−0.9433, using M1, M2, M3, M4, M5 with (n, m, p, qfixed).
6: Generate time grid t = tmin : ∆t : tmax.
7: Evaluate f (t) at each time point.
8: Find first index i such that f (ti)> 0.
9: if such index exists then
10: Record ti in t_results_m.
11: end if
12: end for
13: for each q in q-values do
14: Define f (t) = |dt |−0.9433, using M1, M2, M3, M4, M5 with (n, mfixed, p, q).
15: Generate time grid t = tmin : ∆t : tmax.
16: Evaluate f (t) at each time point.
17: Find first index i such that f (ti)> 0.
18: if such index exists then
19: Record ti in t_results_q.
20: end if
21: end for
22: Interpolate and plot results:
• m-sensitivity: plot (m, t_results_m) and perform spline interpolation.
• q-sensitivity: plot (q, t_results_q) and perform spline interpolation.
23: Define helper functions M1, M2, M3, M4, M5 explicitly using exponential expressions of a(t), b(t), εa(t), εb(t).
24: End of Algorithm.

6. Comparative evaluation: proposed framework vs. contemporary chaos-based
optimization
The proposed framework for computing the maximal Lyapunov exponent based on the explicit Cheeger constant

of rectangles and a targeted single trajectory pair differs fundamentally from contemporary chaos-based optimization
methods, which rely on ensemble averaging, chaotic maps, and statistical estimations in complex phase spaces.

6.1 Present study
• Deterministic Geometry: Directly exploits the analytic formula for the Cheeger constant in rectangles, with time-

dependent side lengths and perturbations defining unperturbed and perturbed trajectories.
• Single Trajectory Pair: Evaluates the Lyapunov exponent from one systematically chosen pair of trajectories,

instead of ensemble averaging.
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• Analytic Control: Exponentially varying functions a(t), b(t) and perturbations εa(t), εb(t) allow controlled
sensitivity to chaos.

• Deterministic Lyapunov Exponent: Computed explicitly from the geometry, unlike statistical or empirical
estimates in metaheuristic approaches.

6.2 Recent chaos-based optimization methods
• Statistical Averaging: Lyapunov exponents estimated from ensemble simulations of chaotic trajectories (e.g.,

Chaotic Transient Search Optimization (CTSO), Chaotic Runge Kutta Optimization (CRUN), CGO) [46].
• Algorithmic Complexity: Depend on chaotic maps (Logistic, Tent, Sine) and population-based randomness

without closed-form geometric access [47].
• Global Search: Ensemble methods ensure coverage in high-dimensional, nonlinear optimization landscapes [35].
• Empirical Chaos Detection: Exponents often used as heuristic indicators of convergence and stability rather than

analytic quantities [48].

Table 1. Comparison at a glance between the proposed framework and recent methods

Aspect Proposed framework Recent methods (CTSO, CRUN, CGO)

Trajectories Single, deterministic pair Ensemble, many averaged pairs
Lyapunov exponent Explicit, geometry-driven Empirical, statistical estimate

System type Rectangular Cheeger (tractable) Complex, high-dimensional
Chaos induction Geometric perturbations Chaotic maps and randomness

In summary, this study advances a deterministic, geometry-based method for chaos detection in the Cheeger problem,
clearly distinguished from recent metaheuristic approaches that rely on stochastic ensembles and empirical chaosmeasures
for general nonlinear optimization problems (see Table 1).

7. Results and discussions
7.1 Novel contribution: dynamical systems approach to the classical Cheeger problem for rectan-

gular domains

This study introduces a novel framework by defining the dynamical system associated with the classical Cheeger
problem specifically for rectangular shapes, emphasizing the fundamental role of geometric characteristics in shaping
chaotic dynamics. It rigorously derives the maximal deterministic Lyapunov exponent tied to this system, bypassing
stochastic or ensemble methods, and formulates a precise mathematical model quantifying the system’s sensitivity to
initial conditions through trajectory analysis. The work highlights the pivotal influence of rectangle dimensions on the
calculation of the Lyapunov exponent, establishing a direct connection between geometry and global system dynamics.
This comprehensive approach not only deepens theoretical understanding of chaos in geometric settings but also pioneers
a systematic method to analyze the interplay between shape, dynamics, and stability in complex systems, representing a
significant advancement in the study of the Cheeger problem and its dynamic interpretations.

7.2 Key contributions: sufficient condition and finite-time chaos onset estimation
A significant result of this research is the identification of the explicit sufficient conditions m < 0 and q > m for

the emergence of chaotic behavior in the dynamical system defined by the classical Cheeger problem for rectangular
domains. Here, the perturbed and unperturbed dimensions are respectively modeled as a(t) + εa(t) = ent + ept and
b(t)+ εb(t) = emt + eqt , with m < 0 indicating a dimension decay and q > m indicating a faster-growing perturbation.
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This dynamic results in the collapsing dimension constraining the state space and amplifying nonlinear interactions,
producing chaos characterized by a positive maximal Lyapunov exponent. Importantly, the study extends these theoretical
insights with practical relevance by estimating the minimum finite times t = 0.2383 and t = 0.2494 at which the maximal
Lyapunov exponent becomes positive while the rectangle still maintains positive dimensions, thus preserving structural
integrity. These finite-time chaos onset estimates are demonstrated via numerical illustrations showing clear exponential
divergence of nearby trajectories, visualized as time-varying Cheeger constants. This combination of established sufficient
conditions and finite-time transition quantification provides concrete predictive capability for chaotic transitions in
geometric systems, bridging theory and practice, especially in fields where the Cheeger set represents critical structural
thresholds, such as fracture mechanics, landslide, and avalanche modeling.

7.3 Sensitivity analysis of chaos onset with respect to parameters m and q

In the present work, a comprehensive sensitivity analysis of the chaotic onset in the Cheeger problem has performed,
focusing on the parameters m and q, which play distinct roles in influencing the timing of chaos emergence. The analysis
reveals that increasing q significantly accelerates chaos onset, exhibiting a strong negative sensitivity where chaos time
sharply decreases as q grows, though with diminishing returns for large q. Conversely, the parameter m acts as a
stabilizing factor: as m increases from more negative values towards zero, the chaos onset time increases, indicating
a positive sensitivity that delays or resists chaos, with heightened sensitivity near the critical range of [−2, −1]. These
nonlinear dependencies identify critical parameter regions crucial for effective control and prediction. The smooth but
sensitive trends shown in Figures 3 and 4 validate the robustness of the proposed chaos onset criteria and emphasize the
importance of carefully tuning system parameters to manage chaotic transitions in practical applications. This insight
aids in recognizing vulnerable regimes prone to early chaos and those offering greater stability, thus guiding design and
intervention strategies in complex dynamical systems.

7.4 Comparative insights: explicit geometry vs. ensemble-based chaos approaches
The present framework fundamentally differs from recent chaos-based optimization approaches by replacing

statistical and heuristic strategies with a deterministic, geometry-driven method. Instead of relying on ensemble averaging
and chaotic maps to estimate Lyapunov exponents, it derives the exponent explicitly from the Cheeger constant of
rectangles using a single, carefully chosen trajectory pair. This direct connection to geometry provides analytic precision
and computational efficiency, in contrast to the empirical and population-based techniques employed in contemporary
methods. While recent approaches are designed for high-dimensional, non-analytic optimization landscapes, the
current work exploits the tractable structure of the rectangular Cheeger problem, allowing controlled sensitivity through
exponential variations in side lengths and perturbations. By achieving chaos detection without stochastic ensembles, the
framework establishes a rigorous and transparent alternative that complements and strengthens the broader landscape of
chaos-based methodologies.

7.5 Practical applications and significance
The sufficient condition identified in the study, m< 0 and q>m, provides a critical link between geometric evolution

and the onset of chaotic behavior in the Cheeger problem for rectangular shapes, enabling predictive control over chaos
through manipulation of dimensional changes and perturbations. This allows designers to establish safe operational
thresholds where systems behave predictably or, conversely, to harness chaotic dynamics for beneficial randomness in
simulations or materials tuning. Practical applications are wide-ranging: in structural and fracture mechanics, it aids in
forecasting when crack growth transitions from stable to chaotic, enabling preemptive reinforcement; in smart materials, it
guides programmed transitions between ordered and chaotic states to tune mechanical or thermal properties; for landslide
and avalanche modeling, it improves hazard forecasting and early warning by predicting chaotic transitions in evolving
terrains; in medical imaging, it enhances segmentation stability by anticipating chaotic boundary shifts; and in engineering
control systems, it informs stabilization strategies and refines computational simulations to maintain accuracy up to
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chaos thresholds. The study further quantifies the minimum time to chaos (around t = 0.2383 and t = 0.2494), setting
fundamental limits on predictability horizons and enabling precise timing for interventions, thus bridging theoretical
understanding with practical foresight and control capabilities.

8. Conclusions and future work
8.1 Conclusions

The present study introduces a novel investigation into the dynamics of the Cheeger problem for rectangular domains,
establishing a direct connection between geometry and chaotic behavior. By deriving a sufficient condition for chaos,
the work demonstrates how the interplay between dimensional evolution and sensitivity to perturbations drives complex
dynamical responses. A key contribution is the analytic derivation of the maximal deterministic Lyapunov exponent
in the classical Cheeger setting, achieved without reliance on ensemble averages or stochastic approximations. This
deterministic framework highlights the pivotal role of rectangle dimensions in governing the onset of chaos, thereby
advancing both the mathematical theory of Cheeger sets and their dynamical interpretations. The study further contributes
by identifying the precise times t ≈ 0.2383 and t ≈ 0.2494 at which the maximal Lyapunov exponent becomes positive,
signaling the emergence of chaos while the system maintains its structural integrity. These critical thresholds define
practical predictability horizons, enabling timely interventions and linking theoretical chaos characterization to real-world
control applications.

The sensitivity analysis underscores how system parameters modulate chaos onset. Specifically, increasing the
growth parameter q accelerates the transition to chaos, while increasing m delays it, thereby stabilizing the system against
premature instability. The nonlinear dependency of chaos timing on these parameters reveals critical regions, particularly
for q near zero and m in the range [−2,−1], which are especially important for control and prediction. Numerical
simulations confirm these trends with smooth yet highly sensitive dependency curves, validating the robustness of the
analytic chaos onset criteria and demonstrating their practical predictive power.

A comparative perspective places the present work in sharp contrast with recent chaos-based optimization methods.
Whereas contemporary approaches rely on statistical averaging, heuristic ensembles, and chaoticmaps in high-dimensional
optimization landscapes, the current framework leverages explicit geometry and deterministic analysis. By computing the
Lyapunov exponent from a single pair of carefully constructed trajectories, the proposed method eliminates the need for
stochastic ensembles, providing clarity, analytic precision, and computational efficiency. This distinction situates the
present contribution as both rigorous and complementary to existing chaos-based techniques.

Several features and advantages of this approach emerge. The present work establishes the explicit sufficient
condition m < 0 and q > m, which directly links geometric evolution to the onset of chaotic behavior in the classical
Cheeger problem for rectangular domains. The derivation of an analytic formula for the maximal Lyapunov exponent
facilitates deterministic predictability and yields rare, precise benchmarks for the finite-time transition to chaos (around
t ≈ 0.2383 and t ≈ 0.2494). Given the well-established role of the Cheeger set as the weakest portion of a domain and its
constant as a threshold parameter in fracture mechanics, landslide, and avalanche modeling, these findings have valuable
practical implications. Specifically, the ability to accurately predict when chaos emerges while the rectangle still preserves
positive dimensions enables early warning and strategic interventions in these applications, where chaotic transitions often
indicate critical failure modes or abrupt natural hazard events. Thus, this work robustly connects the theoretical framework
of geometric chaos with applied fields reliant on Cheeger constants for stability and safety assessments. By avoiding
ensemble averaging, the framework achieves high computational efficiency and precision while maintaining theoretical
rigor. The adaptability of this approach further positions it for extensions to anisotropic domains, coupled systems, and
broader nonlinear dynamical contexts.

The two numerical illustrations reinforce these findings. In the first case, with n = 5, m =−1, p =−2, and q = 3, the
system exhibits chaos onset at t = 0.2383, confirming that the sufficient conditions yield a positive Lyapunov exponent
before dimensional collapse. In the second case, with n = 3, m = −1, p = −2, and q = 2, the onset occurs at t =
0.2494, showing how dimensional growth and decay rates interact while preserving chaos criteria. In both scenarios, the
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exponential divergence of nearby trajectories confirms sensitive dependence on initial conditions and provides compelling
evidence of chaotic behavior. These results highlight not only the sufficiency of the analytic conditions but also the
robustness of the chaotic mechanism under parameter variation.

The present work therefore establishes a rigorous and explicit sufficient condition,m< 0 and q>m, linking geometric
evolution directly to chaos onset in the classical Cheeger problem for rectangular domains. By deriving an analytic
formula for the maximal Lyapunov exponent, it provides deterministic predictability and rare, precise estimates for chaos
emergence at finite times (t ≈ 0.2383 and t ≈ 0.2494). This contribution has concrete and verified practical applications,
particularly in fields such as fracture mechanics, landslide, and avalanche modeling, where the Cheeger set represents the
weakest region of a structure and the Cheeger constant serves as a critical threshold parameter. Accurately predicting when
chaos arises as characterized by positive Lyapunov exponents while the domain maintains positive dimensions ensures
that structural integrity is preserved up to critical intervention times. These insights enable early warning and mitigation
strategies in real-world scenarios where chaotic transitions often coincide with sudden failure modes or hazardous events.
Thus, this work substantially bridges theoretical geometric chaos with applied disciplines that rely on stability analysis,
enhancing predictive capabilities and control frameworks in complex dynamic systems.

In conclusion, this research establishes a rigorous, deterministic foundation for studying chaotic dynamics in the
Cheeger problem, unifying theoretical development, numerical validation, and practical relevance. By identifying explicit
sufficient conditions for chaos, deriving maximal Lyapunov exponents analytically, and quantifying finite-time transitions,
it advances our understanding of sensitive geometric dynamics while providing concrete predictive capabilities. The
broader impact lies in bridging geometric optimization with chaos theory to address critical challenges in engineering,
materials science, geophysics, and beyond, thereby opening new avenues for predictive control and innovative applications
in complex dynamical systems.

8.2 Future directions and potential extensions
Building on the established sufficient condition m < 0 and q > m linking geometric evolution to chaos onset in the

Cheeger problem for rectangles, and the determination of minimum chaos transition times t ≈ 0.2383 and t ≈ 0.2494,
future research can pursue several concrete directions. One major avenue is to extend the deterministic analytic
framework to non-rectangular and anisotropic shapes, examining how geometric complexity alters chaos thresholds
and dynamical behavior. Another involves coupling geometric chaos criteria with multi-physical fields such as stress,
temperature, or fluid dynamics to model more realistic systems like smart materials or biomechanics. Developing
multi-parameter Lyapunov exponents and multi-dimensional chaos measures will provide deeper insights into system
stability under coupled influences. Moreover, embedding these analytic methods into real-time monitoring and control
systems can revolutionize adaptive hazard forecasting in landslides, fracture detection, and medical image stabilization
by enabling precise intervention timing based on minimum chaos onset. Finally, integrating these theoretical advances
with chaos-informed global optimization heuristics has the potential to enhance search efficiency and control in complex
geometric optimization problems. These directions leverage the concrete minimum time results to synchronize theoretical
exploration with practical predictability and control in multi-disciplinary engineering and scientific domains.
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