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to establish existence and uniqueness. Second, an additional existence result is derived using Krasnosel’skii’s fixed point
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Ulam stability of solutions to the proposed problem. To validate the theoretical results, several illustrative examples are
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1. Introduction
Although Fractional Calculus (FC) was originally proposed over three centuries ago, its emergence represents a

pivotal development bridging classical and modern calculus. Once considered unconventional, this concept has since
undergone substantial development and found wide-ranging applications across numerous disciplines [1, 2]. In recent
years, research in FC has grown considerably, with numerous studies investigating diverse results for various classes of
fractional differential equations and inclusions under a wide range of assumptions [3–10].

To capture the nonlocal behavior of differential systems, various formulations of fractional derivatives have been
proposed, including the widely used Riemann-Liouville, Caputo, Erdélyi-Kober, and Hadamard derivatives. In [11],
the authors replace the classical derivative–whether in the Riemann-Liouville or Caputo sense–with a more general
proportional derivative. This substitution enhances the flexibility of modeling in various contexts, such as the temperature
dynamics of buildings [12] and the unsteady, incompressible flow of viscous fluids [13], magnetohydrodynamic viscous
fluids [14], and Brinkman–type fluids containing hybrid nanoparticles [15]. Within this framework, Abbes [16, 17] studied
the existence, uniqueness, and Ulam stability of fractional Cauchy problems governed by hybrid proportional-Caputo
derivatives. The analysis was conducted by applying Banach’s and Schaefer’s fixed-point theorems to the model:
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
pcDα

t x(t) = g(t), t ∈ [0, T ], α ∈ (0, 1),

x(0) = x0 ∈ R,

where pcDα
t is defined in Definition 1. Furthermore, the methodology in [16, 17] combines the Laplace transform

technique with a generalized Gronwall inequality. Using the Gramian matrix approach, the authors in [18] established a
controllability result for fractional dynamical systems with multiple control delays, employing generalized proportional
fractional derivatives in the Caputo sense. Moreover, further studies on the discrete setting of this type of operator can be
found in [19].

On the other hand, natural phenomena in fields such as chemistry, physics, computer networks, and biology are often
modeled by various coupled fractional differential systems [20–22]. Our aim is to extend the study initiated in [16, 17] to
a more general setting, particularly when the nonlinearities exhibit strong coupling.

Motivated by the preceding discussion, this paper considers the following coupled system:



pcDκ1
0 r1(ϑ) = A1r1(ϑ)+Ω1(ϑ , r1(ϑ), r2(ϑ)), ϑ ∈ J: = [0, b],

pcDκ2
0 r2(ϑ) = A2r2(ϑ)+Ω2(ϑ , r1(ϑ), r2(ϑ)), ϑ ∈ J: = [0, b],

r1(0) = R1, r1(0) = R2,

(1)

where pcDκi
0 denotes the hybrid proportional–Caputo fractional derivative of order 0 < κi < 1, Ωi: J×Rn → Rn are a

functions satisfying certain hypotheses to be specified later, Ri ∈ Rn and Ai ∈ Rn×n, n ∈ N, i = 1, 2.
The novelty of our results can be summarized as follows:
• We propose a hybrid proportional fractional differential system of Caputo type.
• A Perov-type fixed point principle is employed to establish a new existence and uniqueness result, while

Krasnosel’skii’s fixed point principle, within the framework of a generalized Banach space, is used to derive additional
existence results for the problem under consideration.

• To illustrate the theoretical results, two examples are presented.
• The results established in [16, 17] can be regarded as a special case of our findings.
This manuscript is structured as follows. Section 2 presents some basic background material used in the sequel. The

main results are stated and proved in Section 3. Our findings are validated through two illustrative examples in Section 4.
Finally, the last section is devoted to concluding remarks.

2. Preliminaries
We endow the space C(J, Rn) of continuous functions z: J→ Rn by the norm:

∥z∥= sup
ϑ∈J

∥z(ϑ)∥, ∀z ∈C(J, Rn).

L∞(J,Rn) is the Banach space of all equivalence classes of essentially bounded measurable functions on J, equipped
with the norm:
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∥z∥L∞ = t∈J∥z(t)∥= inf{M > 0; ∥z(t)∥ ≤ M for almost every t ∈ J}.

Definition 1 [11] The Hybrid Proportional-Caputo Fractional Derivative (HPCFD) of order κ ∈ (0, 1) of a
differentiable function z(ϑ) can be defined in one of two possible ways. The following general way:

pcDκ
0 z(ϑ) =

1
Γ(1−α)

∫ ϑ

0

(
η1(κ, τ)z(ϑ)+η0(η , τ)z′(ϑ)

)
(ϑ − τ)−κ dτ

=RLI 1−κ
0

(
η1(κ, τ)z(ϑ)+η0(κ, τ)z′(ϑ)

)
,

(2)

where RLI 1−κ
0 is the Riemann-Liouville fractional integral difined by for 1−κ > 0,

RLI 1−κ
0 z(ϑ) =

1
Γ(1−κ)

∫ ϑ

0
(ϑ − τ)κ z(τ)dτ,

and η0, η1: [0, 1]×R→ [0, ∞) are continuous functions of the variable ϑ and the parameter κ ∈ [0, 1]. They satisfy the
following conditions for all ϑ ∈ R:

lim
κ→0+

η0(κ, ϑ) = 0, lim
κ→1−

η0(κ, ϑ) = 1, η0(κ, ϑ) ̸= 0, κ ∈ (0, 1],

lim
κ→0+

η1(κ, ϑ) = 1, lim
κ→1−

η1(κ, ϑ) = 0, η1(κ, ϑ) ̸= 0, κ ∈ [0, 1).

Definition 2 [11] The inverse operator of the fractional Proportional-Caputo (PC) derivative (2) is given by

pcI κ
0 z(ϑ) =

∫ ϑ

0
exp
(
−
∫ ϑ

y

η1(κ, s)
η0(κ, s)

ds
) RLD1−κ

y z(y)
η0(κ, y)

dy,

where RLD1−κ
y denotes the Riemann–Liouville fractional derivative of order 1−κ given by

RLD1−κ
y z(y) =

1
Γ(κ)

d
dy

∫ y

0
(y− τ)κ−1z(τ)dτ.

Now, for ς > 0, we endow the space C(J, Rn) by Bielecki norm:

∥z∥B = sup
ϑ∈J

e−ςϑ∥z(ϑ)∥. (3)

Lemma 1 [24] The norms ∥ · ∥B defined by (3) and ∥ · ∥∞ are equivalent, i.e; there exist ℓ ∈ (0, ∞) such that
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∥ · ∥B ≤ ∥ ·∥ ≤ ℓ∥ · ∥B.

Let p, q ∈ Rm with p = (p1, p2, . . . , pm) , q = (q1, q2, . . . , qm). By p ≤ q we mean pi ≤ qi, i = 1, . . . , m. Also,

|p|= (|p1| , |p2| , . . . , |pm|) ,

max(p, q) = (max(p1, q1), max(p2, q2), . . . , max(pm, qm)) ,

and

Rm
+ = {p ∈ Rm: pi ∈ R+, i = 1, . . . , m} .

If c ∈ R, then p ≤ c means pi ≤ c, i = 1, . . . , m.
Definition 3 [25] Let V be a nonempty set. By a vector-valued metric on V we mean a map d: V×V→ Rm with

the following properties:
1. d(p, q)≥ 0 for all p, q ∈ V, and if d(p, q) = 0, then p = q;
2. d(p, q) = d(q, p) for all p, q ∈ V;
3. d(p, w)≤ d(p, q)+d(q, w) for all p, q, w ∈ V.
We call the pair (V, d) a generalized metric space with

d(p, q): =



d1(p, q)

d2(p, q)

...

dm(p, q)


.

Notice that d is a generalized metric space on V if and only if di, i = 1, . . . , m, are metrics on V.
Definition 4 [23] A square matrixM of real numbers is said to be convergent to zero if and only if its spectral radius

ρ(M) is strictly less than 1. In other words, this means that all the eigenvalues of A are in the open unit disc, i.e., |µ|< 1
for every µ ∈ C with det(M−µI) = 0, where I denotes the unit matrix ofMm×m(R).

Theorem 1 [26] For any nonnegative square matrixM, the following properties are equivalent
1. M is convergent to zero;
2. ρ(M)< 1;
3. the matrix I −M is nonsingular and

(I −M)−1 = I +M+ · · ·+Mn + · · ·

4. I −M is nonsingular and (I −M)−1 is a nonnegative matrix.
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Now, we recall some fixed point theorems that will be used later.
Definition 5 [27, 28] Let (X, d) be a generalized metric space. An operator N : X→ X is said to be contractive if

there exists a matrixM convergent to zero such that:

d(N (u1), N (u2))≤M d(u1, u2), for all u1, u2 ∈ X.

Theorem 2 [27] Let (X, d) be a complete generalized metric space and N : X→ X be a contractive operator with
Lipschitz matrixM. Then N has a unique fixed point u0, and for each u ∈ X, we have:

d(N k(u), u0)≤Mk(I −M)−1d(u, N (u)), for all k ∈ N.

Theorem 3 [25] Let X be a closed, convex and non-empty subset of a generalized Banach spaces X. Suppose that
U and V map X into X and:

1. U u+V v ∈ X for all u, v ∈ X ;
2. U is compact and continuous;
3. V is anM-contraction mapping.
Then the operator equation U w+V w = w has at least one solution on X .

3. Main results
Let the generalized Banach space K: =C(J, Rn)×C(J, Rn) equipped with the Bielecki vector-valued norm:

∥(z1, z2)∥B =

∥z1∥B

∥z2∥B

 .

Theorem 4 Let’s impose the assumptions:
(H1) The functions Ω1, Ω2: J×Rn ×Rn → Rn are continuous.
(H2) There exists functions ϖi, 1, ϖi, 2 ∈ L∞(J, [0, ∞)), i = 1, 2 such that

∥Ωi(ϑ , x1, x2)−Ωi(ϑ , u1, u2)∥ ≤
2

∑
j=1

ϖi, j(ϑ)∥x j −u j∥, (4)

for any x1, x2, u1, u2 ∈ Rn and ϑ ∈ J.
Then, the coupled system (1) admits a unique solution on J.
For computational convenience, we denote η∗

i = supϑ∈J
1

η0(κi, ϑ) , i = 1, 2.
Proof. According to [16, Lemma 4.1], let us introduce the operator Z : K→K given by

(Z (r1, r2))(ϑ) = ((Z1(r1, r2))(ϑ), (Z2(r1, r2))(ϑ)), (5)

where, the operators Zi: K→C(J, Rn), are defined by
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(Zi(r1, r2))(ϑ) =exp
(
−
∫ ϑ

0

η1(κi, s)
η0(κi, s)

ds
)

Ri +
1

Γ(κi −1)

∫ ϑ

0

∫ y

0
exp
(
−
∫ ϑ

y

η1(κi, s)
η0(κi, s)

ds
)

× (y− τ)κi−2

η0(κi, y)
[Airi(ϑ)+Ωi(τ, r1(τ), r2(τ))]dτdy, ϑ ∈ J, i = 1, 2.

(6)

Clearly, the set of all solutions to (1) coincides with the set of fixed points of the operator Z . Therefore, it is enough
to show that Z is aMς -contraction via the Bielecki’s norm.

For all (r1, r2), (s1, s2) ∈K and all ϑ ∈ J, by (H2) combined the fact

exp
(
−
∫ ϑ

y

η1(κi, s)
η0(κi, s)

ds
)
≤ 1, for all ϑ ∈ J, i = 1, 2, (7)

we can get

∥(Zi(r1, r2))(ϑ)− (Zi(s1, s2))(ϑ)∥

≤ η∗
i

Γ(κi −1)

∫ ϑ

0

∫ y

0

(y− τ)κi−2

|η0(κi, y)|
∥Ωi(τ, r1(τ), r2(τ))−Ωi(τ, s1(τ), s2(τ))∥dτdy

+
η∗

i
Γ(κi −1)

∫ ϑ

0

∫ y

0

(y− τ)κi−2

|η0(κi, y)|
Ai ∥ri(τ)− si(τ)∥dτdy

≤ η∗
i

Γ(κi −1)

(
∥Ai∥∥ri − si∥B +

2

∑
j=1

∥ϖi, j∥L∞∥r j − s j∥B

)∫ ϑ

0

∫ y

0
(y− τ)κi−2eςτ dτdy, i = 1, 2.

Using Dirichlet’s formula [2], we have

∥(Zi(r1, r2))(ϑ)− (Zi(s1, s2))(ϑ)∥

≤ η∗
i

Γ(κi −1)

(
∥Ai∥∥ri − si∥B +

2

∑
j=1

∥ϖi, j∥L∞∥r j − s j∥B

)∫ ϑ

0
eςy
∫ ϑ

y
(τ − y)κi−2dτdy

≤ η∗
i

Γ(κi)

(
∥Ai∥∥ri − si∥B +

2

∑
j=1

∥ϖi, j∥L∞∥r j − s j∥B

)∫ ϑ

0
eςy(ϑ − y)κi−1dy, i = 1, 2.

(8)

Potting t = ϑ − y, one gets
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∫ ϑ

0
eςy(ϑ − y)κi−1dy = eςϑ

∫ ϑ

0
tκi−1e−ςtdt, i = 1, 2. (9)

By making the substitution x = ςt in (9), we obtain the following inequality:

∫ ϑ
0 eςy(ϑ − y)κi−1dy = eςϑ

ςκi

∫ ϑ
0 xκi−1e−xdx ≤ eςϑ

ςκi

∫ ∞
0 xκi−1e−xdx ≤ eςϑ Γ(κi)

ςκi , i = 1, 2. (10)

So,

∥Zi(r1, r2)−Zi(s1, s2)∥B ≤ η∗
i

ςκi

(
∥Ai∥∥ri − si∥B +

2

∑
j=1

∥ϖi, j∥L∞∥r j − s j∥B

)
. (11)

This implies that

∥Zi(r1, r2)−Zi(s1, s2)∥B ≤ Mς∥(r1, r2)− (s1, s2)∥B,

where

Mς =


η∗

1
ςκ1 ∥A1∥+

η∗
1

ςκ1 ∥ϖ1, 1∥L∞
η∗

1
ςκ1 ∥ϖ1, 2∥L∞

η∗
2

ςκ2 ∥ϖ2, 1∥L∞
η∗

2
ςκ2 ∥A2∥+

η∗
2

ςκ2 ∥ϖ2, 2∥L∞

 . (12)

By taking ς sufficiently large, it follows that the matrix Mς converges to zero. Consequently, an application of
Theorem 2 shows that Z has a unique fixed point. Therefore, the coupled system (1) has a unique solution in K.

Next, we present the second result of this paper, which is based on Krasnosel’skii–type fixed point Theorem 3.
Theorem 5 Suppose that (H1) hold. If
(H3) There exist functions Ψi ∈ L∞(J, R+) and real constants 0i > 0, (i = 1, 2) such that

∥Ωi(ϑ , x, u)∥ ≤ Ψi(ϑ)(0i +∥x∥+∥u∥), i = 1, 2,

for all x, u ∈ Rn, and ϑ ∈ J.
Then, the coupled system (1) has at least one solution.
Proof. We define a closed, convex and bounded subset JT of K by

JT = {(r1, r2) ∈K : ∥(r1, r2)∥B < T},

with T = (T1, T2) ∈ R2
+ such that
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δ1 δ2

δ3 δ4


ω1

ω2

≤

T1

T2

 , (13)

where ω1, ω2, δ1, δ2, δ3 and δ4 are positive real numbers that will be specified later.
Moreover, construct the operators U = (U1, U2) and V = (V1, V2) on JT as:

Ui(r1, r2)(ϑ) =
1

Γ(κi −1)

∫ ϑ

0

∫ y

0
exp
(
−
∫ ϑ

y

η1(κi, s)
η0(κi, s)

ds
)

× (y− τ)κi−2

η0(κi, y)
Ωi(τ, r1(τ), r2(τ))dτdy, i = 1, 2,

and

Vi(r1, r2)(ϑ) =exp
(
−
∫ ϑ

0

η1(κi, s)
η0(κi, s)

ds
)

Ri +
1

Γ(κi −1)

∫ ϑ

0

∫ y

0
exp
(
−
∫ ϑ

y

η1(κi, s)
η0(κi, s)

ds
)

× (y− τ)κi−2

η0(κi, y)
Airi(ϑ)dτdy, i = 1, 2.

Obviously, both U and V are well defined due to (H1) and (H3). Furthermore, by [16, Lemma 4.1] the operator (5)
may be written as:

(r1, r2) = (U1(r1, r2), U2(r1, r2))+(V1(r1, r2), V2(r1, r2)): = Z (r1, r2). (14)

Thus, the fixed point of operator Z coincides with the solution of (1).
Step 1: We show that U (r1, r2)+V (s1, s2) ∈ JT , for any (r1, r2), (s1, s2) ∈ JT .
For all (r1, r2), (s1, s2) ∈K and for each ϑ ∈ J, by using (7) and (H3), we can get

∥(Ui(r1, r2))(ϑ)∥

≤ 1
Γ(κi −1)

∫ ϑ

0

∫ y

0

(y− τ)κi−2

η0(κi, y)
Ψi(ϑ)(0i +∥r1(τ)∥+∥r2(τ)∥)dτdy

≤ η∗
i

Γ(κi −1)
∥Ψi∥L∞

(
0i +∥r1∥B +∥r2∥B

)∫ ϑ

0

∫ y

0
(y− τ)κi−2eςτ dτdy, i = 1, 2.

Analogously to proof of Theorem 4, we have
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∥Ui(r1, r2)∥B ≤η∗
i

ςκi
∥Ψi∥L∞

(
0i +∥r1∥B +∥r2∥B

)
, i = 1, 2.

Thus, the above inequalities can be expressed in the following vector form:

∥U (r1, r2)∥B : =

∥U1(r1, r2)∥B

∥U2(r1, r2)∥B

≤Nς

∥r1∥B

∥r2∥B

+


η∗

101
ςκ1 ∥Ψ1∥L∞

η∗
202
ςκ2 ∥Ψ2∥L∞

 , (15)

where

Nς =


η∗

1
ςκ1 ∥Ψ1∥L∞

η∗
1

ςκ1 ∥Ψ1∥L∞

η∗
2

ςκ2 ∥Ψ2∥L∞
η∗

2
ςκ2 ∥Ψ2∥L∞

 .

Using the same technique, we can also obtain

∥Vi(s1, s2)∥B ≤ η∗
i

ςκi ∥Ai∥∥si∥B +Ri, i = 1, 2.

Hence

∥V (s1, s2)∥B : =

∥V1(s1, s2)∥B

∥V2(s1, s2)∥B

≤Dς

∥s1∥B

∥s2∥B

+

R1

R2

 , (16)

where

Dς =


η∗

1
ςκ1 ∥A1∥ 0

0 η∗
2

ςκ2 ∥A2∥

 . (17)

Combining (15) and (16), we get

∥U (r1, r2)∥B +∥V (s1, s2)∥B ≤Nς

∥r1∥B

∥r2∥B

+Dς

∥s1∥B

∥s2∥B

+


η∗

101
ςκ1 ∥Ψ1∥L∞ +R1

η∗
202
ςκ2 ∥Ψ2∥L∞ +R2

 . (18)
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Now, we look for T = (T1, T2) ∈ R2
+, such that U (r1, r2)+V (s1, s2) ∈ JT for any (r1, r2), (s1, s2) ∈ JT . To this

end, according to (18), it is sufficient to show

Bς

T1

T2

+

ω1

ω2

≤

T1

T2

 ,

where

Bς =Nς +Dς and

ω1

ω2

=


η∗

101
ςκ1 ∥Ψ1∥L∞ +R1

η∗
202
ςκ2 ∥Ψ2∥L∞ +R2

 .

Equivalently

ω1

ω2

≤ (I −Bς )

T1

T2

 . (19)

For a sufficiently large ς , matrix Bς is convergent to zero. It yields, from Theorem 1 that the matrix (I −Bς ) is
nonsingular and (I −Bς )

−1 has nonnegative elements. Therefore, (19) is equivalent to

(I −Bς )
−1

ω1

ω2

≤

T1

T2

 .

Moreover, if we denote

(I −Bς )
−1 =

δ1 δ2

δ3 δ4

 ,

then we obtain


δ1ω1 +δ2ω2 ≤ T1,

δ3ω1 +δ4ω2 ≤ T2.

Which means that U (r1, r2)+V (s1, s2) ∈ JT .
Step 2: V is Dς -contraction mapping on JT .
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In fact, for each ϑ ∈ J and for any (r1, r2), (s1, s2) ∈ JT . By the same way of the proof of Theorem 4, we can easily
show that

∥V (r1, r2)−V (s1, s2)∥B ≤Dς∥(r1, r2)− (s1, s2)∥B,

where Dς is (17). Taking ς large enough it follows that the matrix Dς is convergent to zero and thus, V is and Dς -
contraction mapping on JT with respect to the Bielecki norm.

Step 3: U is compact and continuous.
Firstly, let {(r1, n, r2, n)} in JT be a sequence such that (r1, n, r2, n)→ (r1, r2) in JT as n → ∞. For each ϑ ∈ J, we

have

∥(Ui(r1, n, r2, n))(ϑ)− (Ui(r1, r2))(ϑ)∥

≤η∗
i

∫ ϑ

0

∫ y

0
exp
(
−
∫ ϑ

y

η1(κi, s)
η0(κi, s)

ds
)
(y− τ)κi−2

Γ(κi −1)
∥Ωi(τ, r1, n(τ), r2, n(τ))−Ωi(τ, r1(τ), r2(τ))∥dτdy

≤η∗
i ∥Ωi(·, r1, n, r2, n)−Ωi(·, r1, r2)∥B

∫ ϑ

0

∫ y

0

(y− τ)κi−2

Γ(κi −1)
eςτ dτdy, i = 1, 2.

Analogously to (10), we get

∥Ui(r1, n, r2, n)−Ui(r1, r2)∥B ≤η∗
i

ςκi
∥Ωi(·, r1, n, r2, n)−Ωi(·, r1, r2)∥B, i = 1, 2.

Since Ωi, i = 1, 2 are continuous (H1), we have

∥Ui(r1, n, r2, n)−Ui(r1, r2)∥B → 0 as n → ∞.

So, U is continuous.
Next we prove that U is uniformly bounded on JT . From (15), and for each (r1, r2) ∈ JT we can get

∥U (r1, r2)∥B < ∞.

This proves that U is uniformly bounded.
Step 4: It remains to show that U (JT ) is equicontinuous.
Let (r1, r2) ∈ JT and any ϑ1, ϑ2 ∈ J, with ϑ1 ≤ ϑ2, then

∥(Ui(r1, r2))(ϑ2)− (Ui(r1, r2))(ϑ1)∥ ≤ Yi, 1 +Yi, 2, i = 1, 2,

where
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Yi, 1 =
1

Γ(κi −1)

∫ ϑ2

ϑ1

∫ y

0
exp
(
−
∫ ϑ2

y

η1(κi, s)
η0(κi, s)

ds
)
(y− τ)κi−2

η0(κi, y)
∥Ωi(τ, r1(τ), r2(τ))∥dτdy, i = 1, 2,

and

Yi, 2 =
1

Γ(κi −1)

∫ ϑ1

0

∫ y

0

∣∣∣∣exp
(
−
∫ ϑ2

y

η1(κi, s)
η0(κi, s)

ds
)
− exp

(
−
∫ ϑ1

y

η1(κi, s)
η0(κi, s)

ds
)∣∣∣∣

× (y− τ)κi−2

η0(κi, y)
∥Ωi(τ, r1(τ), r2(τ))∥dτdy, i = 1, 2.

From one hand, by (H3) and (7), we can find

Yi, 1 ≤
η∗

i
Γ(κi −1)

∫ ϑ2

ϑ1

∫ y

0
(y− τ)κi−2Ψi(ϑ)(0i +∥r1(τ)∥+∥r2(τ)∥)dτdy

≤η∗
i ∥Ψi∥L∞

Γ(κi −1)

(
0i +∥r1∥+∥r2∥

)∫ ϑ2

ϑ1

∫ y

0
(y− τ)κi−2dτdy

≤η∗
i ∥Ψi∥L∞

Γ(κi)

(
0i +∥r1∥+∥r2∥

)∫ ϑ2

ϑ1

yκi−1dy

≤η∗
i ∥Ψi∥L∞

Γ(κi +1)

(
0i +∥r1∥+∥r2∥

)[
ϑ κi

2 −ϑ κi
1

]

≤η∗
i ∥Ψi∥L∞

Γ(κi +1)

(
0i + ℓ∥r1∥B + ℓ∥r2∥B

)[
ϑ κi

2 −ϑ κi
1

]

≤η∗
i ∥Ψi∥L∞

Γ(κi +1)

(
0i + ℓT1 + ℓT2

)[
ϑ κi

2 −ϑ κi
1

]
, i = 1, 2.

Hence

Yi, 1 → 0 as ϑ1 → ϑ2, i = 1, 2.

On the other hand, let h(ϑ) = exp
(
−
∫ ϑ

0
η1(κi, s)
η0(κi, s)ds

)
. Using Lagrange Mean value theorem, there exist t ∈ [ϑ1, ϑ2]⊂

J, such that

h(ϑ2)−h(ϑ1)

ϑ2 −ϑ1
≤ h′(t).
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Then

|h(ϑ2)−h(ϑ1)| ≤
∣∣∣∣η1(κi, t)
η0(κi, t)

exp
(
−
∫ ϑ

0

η1(κi, s)
η0(κi, s)

ds
)
(ϑ2 −ϑ1)

∣∣∣∣≤ ∣∣∣∣η1(κi, t)
η0(κi, t)

∣∣∣∣(ϑ2 −ϑ1). (20)

So

Yi, 2 ≤
η∗

i ∥Ψi∥L∞

Γ(κi +1)

(
0i + ℓ∥r1∥B + ℓ∥r2∥B

)∣∣∣∣η1(κi, t)
η0(κi, t)

∣∣∣∣(ϑ2 −ϑ1)ϑ κi
2

≤η∗
i ∥Ψi∥L∞

Γ(κi +1)

(
0i + ℓT1 + ℓT2

)∣∣∣∣η1(κi, t)
η0(κi, t)

∣∣∣∣(ϑ2 −ϑ1)ϑ κi
2 , i = 1, 2.

Hence

Yi, 2 → 0 as ϑ1 → ϑ2, i = 1, 2.

Therefore,

∥(Ui(r1, r2))(ϑ2)− (Ui(r1, r2))(ϑ1)∥→ 0 as ϑ1 → ϑ2, i = 1, 2.

Hence, by Lemma 1, we get

∥(U (r1, r2))(ϑ2)− (U (r1, r2))(ϑ1)∥→ 0 as ϑ1 → ϑ2.

We conclude that U (JT ) is equicontinuous. By Arzelá-Ascoli’s theorem, we deduce that U is a compact operator.
Thus, all the hypotheses of Theorem 3 are satisfied. Hence, the operator Z has at least one fixed point (r1, r2) ∈ JT ,
which is just the solution of system (1).

Hyers–Ulam stability: We now close this section by studying the Hyers–Ulam stability of system (1). Define the
following nonlinear operators Φ1, Φ2: K→C(J, Rn):


pcDκ1

0 r1(ϑ)−A1r1(ϑ)−Ω1(ϑ , r1(ϑ), r2(ϑ)) = Φ1(r1(ϑ), r2(ϑ)),

pcDκ2
0 r2(ϑ)−A2r2(ϑ)−Ω2(ϑ , r1(ϑ), r2(ϑ)) = Φ2(r1(ϑ), r2(ϑ)),

ϑ ∈ J: = [0, b],

For some ε1, ε2 > 0, we consider the following inequality:


∥Φ1(r1(ϑ), r2(ϑ))∥ ≤ ε1,

∥Φ2(r1(ϑ), r2(ϑ))∥ ≤ ε2,

ϑ ∈ J. (21)
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Definition 6 The coupled system (1) is Hyers-Ulam stable if there exists a positive constant γi, i = 1, 4 such that for
every ε1, ε2 > 0 and for each solution (z1, z2) ∈K of inequality (21), there exists a solution (r1, r2) ∈K of (1) with


∥z1(ϑ)− r1(ϑ)∥ ≤ γ1ε1 + γ2ε2,

∥z2(ϑ)− r2(ϑ)∥ ≤ γ3ε1 + γ4ε2,

ϑ ∈ J.

Theorem 6 (Stability results) Assume that
1. The conditions of Theorem 4 are satisfied.
2. The inequalities (21) have at least one solution.
Then, the system (1) is Hyers-Ulam stable with respect to the Bielecki’s norm.
Proof. Let (r1, r2) ∈ K be the solution of problem (1) satisfying (6) and let (z1, z2) be any solution satisfying (21),

then

zi(ϑ) = Zi(z1, z2)(ϑ)+ pcI κi
0 Φi(z1(ϑ), z2(ϑ)), i = 1, 2. (22)

From (22), it follows that

∥zi(ϑ)−Zi(z1, z2)(ϑ)∥ ≤ pcI κi
0 ∥Φi(z1(ϑ), z2(ϑ))∥ ≤

(pcI κi
0 1
)
(ϑ)εi, i = 1, 2. (23)

Thus, by (H2), and inequalities (8), (10), (23), we get

∥zi(ϑ)− ri(ϑ)∥=∥zi(ϑ)−Zi(z1, z2)(ϑ)+Zi(z1, z2)(ϑ)− ri(ϑ)∥

≤∥zi(ϑ)−Zi(z1, z2)(ϑ)∥+∥Zi(z1, z2)(ϑ)−Zi(r1, r2)(ϑ)∥

≤
(pcI κi

0 1
)
(ϑ)εi +

η∗
i eςϑ

ςκi

(
∥Ai∥∥zi − ri∥B +

2

∑
j=1

∥ϖi, j∥L∞∥z j − r j∥B

)
, i = 1, 2.

Hence, we get

∥zi − ri∥B ≤
(pcI κi

0 1
)
(b)εi +

η∗
i

ςκi

(
∥Ai∥∥zi − ri∥B +

2

∑
j=1

∥ϖi, j∥L∞∥z j − r j∥B

)
, i = 1, 2. (24)

Inequalities (24) can be rewritten in matrix form as
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(I −Mς )

∥z1 − r1∥B

∥z2 − r2∥B

≤


(

pcI κ1
0 1
)
(b)ε1(

pcI κ2
0 1
)
(b)ε2

 (25)

where Mς is the matrix given by (12). Since the matrix Mς is convergent to zero for sufficiently large ς , it yields, from
Theorem 1 that thematrix (I−Mς ) is nonsingular and (I−Mς )

−1 has nonnegative elements. Therefore, (25) is equivalent
to

∥z1 − r1∥B

∥z2 − r2∥B

≤ (I −Mς )
−1


(

pcI κ1
0 1
)
(b)ε1(

pcI κ1
0 1
)
(b)ε2

 ,

which yields that


∥z1 − r1∥B ≤ ρ1

(
pcI κ1

0 1
)
(b)ε1 +ρ2

(
pcI κ2

0 1
)
(b)ε2,

∥z2 − r2∥B ≤ ρ3
(

pcI κ1
0 1
)
(b)ε1 +ρ4

(
pcI κ2

0 1
)
(b)ε2,

ϑ ∈ J.

where ρi, i = 1, 4 are the elements of the matrix (I −Mς )
−1.

Hence, the coupled system (1) is Hyers-Ulam stable with respect to Bielecki’s norm.

4. Examples
In this section, we present examples to illustrate the results established in the previous two sections.
Example 1: Consider the following fractional systems:



pcD
1
2

0 r1(ϑ) = A1r1(ϑ)+Ω1(ϑ , r1(ϑ), r2(ϑ)), ϑ ∈ [0, 1],

pcD
1
3

0 r2(ϑ) = A2r2(ϑ)+Ω2(ϑ , r1(ϑ), r2(ϑ)), ϑ ∈ [0, 1],

r1(0) = r1(0) = (0, 0),

(26)

where

n = 2, κ1 =
1
2
, κ2 =

1
3
, A1 =

1 2

3 4

 , A2 =

3/2 5/4

1/2 1/4

 ,

and Ω1, Ω2: [0, 1]×R2 ×R2 → R2 such that, for r1 = (r1, r2) and r2 = (z1, z2), we have
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Ω1(ϑ , r1(ϑ), r2(ϑ)) =

 (ϑ +1)r1(ϑ)+(ϑ +1)r2(ϑ)

e2ϑ loge (1+ |z1(ϑ)|+ |z2(ϑ)|)

 ,

Ω2(ϑ , r1(ϑ), r2(ϑ)) =

 eϑ

ez1(ϑ)+z2(ϑ)

ϑ arctan(r1(ϑ)+ r2(ϑ))

 .

Clearly, the functions Ω1, Ω2 are continuous. Moreover, for any u1, u2, ū1, ū2 ∈ R2 and ϑ ∈ [0, 1] we have

∥Ω1(ϑ , u1, u2)−Ω1(ϑ , ū1, ū2)∥1 , ≤ ϖ1, 1(ϑ)∥u1 − ū1∥1 +ϖ1, 2(ϑ)∥u2 − ū2∥1

and

∥Ω2(ϑ , u1, u2)−Ω1(ϑ , ū1, ū2)∥1 , ≤ ϖ2, 1(ϑ)∥u1 − ū1∥1 +ϖ2, 2(ϑ)∥u2 − ū2∥1

where ∥ · ∥1 is a norm in R2 defined as follows

∥(u1, u2)∥1 = |u1|+ |u2| .

Hence the hypothesis (H2) is satisfied with

ϖ1, 1(ϑ) = ϑ +1, ϖ1, 2(ϑ) = e2ϑ , ϖ2, 1(ϑ) = eϑ , ϖ2, 2(ϑ) = ϑ .

Obviously,

∥ϖ1, 1∥L∞ = 2, ∥ϖ1, 2∥L∞ = e2, ∥ϖ2, 1∥L∞ = e, ∥ϖ2, 2∥L∞ = 1.

and

∥A1∥max = 4, ∥A2∥max =
3
2
,

where ∥ · ∥max is a norm of matrix A = (ak, j) defined as follows

∥A∥max = max
k, j

|ak, j|.
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Furthermore, the matrix mς given by (12) has the following form

Mς =


6η∗

1
ςκ1

η∗
1 e2

ςκ1

η∗
2 e

ςκ2
5η∗

2
2ςκ2

 .

Taking ς large enough it follows that the matrix Mς is convergent to zero and thus, an application of Theorem 4
shows that the coupled system (26) has a unique solution and is Hyers–Ulam stable.

Example 2. Consider the systems



pcD
1
3

0 r1(ϑ) = 1
4 r1(ϑ)+Ω1(ϑ , r1(ϑ), r2(ϑ)), ϑ ∈ [0, e],

pcD
1
3

0 r2(ϑ) = 1
5 r2(ϑ)+Ω2(ϑ , r1(ϑ), r2(ϑ)), ϑ ∈ [0, e],

r1(0) = r1(0) = 0,

(27)

where

n = 1, κ1 =
1
3
, κ2 =

1
5
, A1 =

1
4
, A2 =

1
5
,

and Ω1, Ω2: [0, e]×R×R→ R such that,

Ω1(ϑ , r1(ϑ), r2(ϑ)) =
loge (1+ |r1(ϑ)|+ |r2(ϑ)|)

eϑ +13
+

5
eϑ +13

,

Ω1(ϑ , r1(ϑ), r2(ϑ)) =
arctan(r1(ϑ))

ϑ +13
+

|r2(ϑ)|
(ϑ +13)(1+ |r2(ϑ)|)

+
5

ϑ +13
.

Clearly, the hypothesis (H1) of Theorem 5 is satisfied. Furthermore,

∥Ω1(ϑ , r1, r2)∥ ≤
1

eϑ +13
(5+∥r1∥+∥r2∥) ,

and

∥Ω2(ϑ , r1, r2)∥ ≤
1

ϑ +13
(5+∥r1∥+∥r2∥) .

Consequently, the inequalities above ensure that condition (H3) of Theorem 5 is fulfilled, where
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Ψ1(ϑ) =
1

eϑ +13
, Ψ2(ϑ) =

1
ϑ +13

, ϑ ∈ [0, e], 01 = 02 = 5.

It follows from Theorem 5 that the system (27), has at least one solution.

5. Concluding
Using Perov-type and Krasnosel’skii fixed point principles within the framework of generalized Banach spaces,

we investigated a class of nonlinear hybrid proportional fractional differential systems. We established the existence,
uniqueness, and Hyers-Ulam stability of solutions under minimal assumptions, thereby generalizing previous results in
the literature. In a forthcoming paper, we aim to introduce a new hybrid proportional fractional derivative involving a
non-singular kernel.
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