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1. Introduction

Although Fractional Calculus (FC) was originally proposed over three centuries ago, its emergence represents a
pivotal development bridging classical and modern calculus. Once considered unconventional, this concept has since
undergone substantial development and found wide-ranging applications across numerous disciplines [1, 2]. In recent
years, research in FC has grown considerably, with numerous studies investigating diverse results for various classes of
fractional differential equations and inclusions under a wide range of assumptions [3—10].

To capture the nonlocal behavior of differential systems, various formulations of fractional derivatives have been
proposed, including the widely used Riemann-Liouville, Caputo, Erdélyi-Kober, and Hadamard derivatives. In [11],
the authors replace the classical derivative—whether in the Riemann-Liouville or Caputo sense—with a more general
proportional derivative. This substitution enhances the flexibility of modeling in various contexts, such as the temperature
dynamics of buildings [12] and the unsteady, incompressible flow of viscous fluids [13], magnetohydrodynamic viscous
fluids [14], and Brinkman—type fluids containing hybrid nanoparticles [ 15]. Within this framework, Abbes [16, 17] studied
the existence, uniqueness, and Ulam stability of fractional Cauchy problems governed by hybrid proportional-Caputo
derivatives. The analysis was conducted by applying Banach’s and Schaefer’s fixed-point theorems to the model:
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rePlx(r) =g(t), te[0,T], ae(0,1),
x(O) =Xx0 € R,

where 7“Z% is defined in Definition 1. Furthermore, the methodology in [16, 17] combines the Laplace transform
technique with a generalized Gronwall inequality. Using the Gramian matrix approach, the authors in [18] established a
controllability result for fractional dynamical systems with multiple control delays, employing generalized proportional
fractional derivatives in the Caputo sense. Moreover, further studies on the discrete setting of this type of operator can be
found in [19].

On the other hand, natural phenomena in fields such as chemistry, physics, computer networks, and biology are often
modeled by various coupled fractional differential systems [20-22]. Our aim is to extend the study initiated in [16, 17] to
a more general setting, particularly when the nonlinearities exhibit strong coupling.

Motivated by the preceding discussion, this paper considers the following coupled system:

PeGgte (V) = Arry () + Q1 (9, 11 (9), ©2(9)), 9 €J:=10,5],

PPty (D) = Aptr(B) + Qo (B, 11 (9), ©(3)), & €J: =0, ], ()

t1(0) =Ry, t1(0) =Ry,

where ”C.@g " denotes the hybrid proportional-Caputo fractional derivative of order 0 < &; < I, Q;: I x R" — R" are a
functions satisfying certain hypotheses to be specified later, R; € R and A; e R, ne N, i=1, 2.

The novelty of our results can be summarized as follows:

* We propose a hybrid proportional fractional differential system of Caputo type.

* A Perov-type fixed point principle is employed to establish a new existence and uniqueness result, while
Krasnosel’skii’s fixed point principle, within the framework of a generalized Banach space, is used to derive additional
existence results for the problem under consideration.

* To illustrate the theoretical results, two examples are presented.

* The results established in [16, 17] can be regarded as a special case of our findings.

This manuscript is structured as follows. Section 2 presents some basic background material used in the sequel. The
main results are stated and proved in Section 3. Our findings are validated through two illustrative examples in Section 4.
Finally, the last section is devoted to concluding remarks.

2. Preliminaries

We endow the space C(J, R") of continuous functions z: J — R” by the norm:

2] = sup [lz(®)[l, VzeC(J,R").
vey

L=(J, R") is the Banach space of all equivalence classes of essentially bounded measurable functions on J, equipped
with the norm:
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llzll= = re3llz(t)|| = inf{M > 0; ||z(¢)|| < M for almost every € J}.

Definition 1 [11] The Hybrid Proportional-Caputo Fractional Derivative (HPCFD) of order x € (0, 1) of a
differentiable function z(¥%) can be defined in one of two possible ways. The following general way:

RO =gy o (0 929+ mln, 92(99) (9 )

2

=FEZ7E (M (k. 2)2(B) +mo(k, D (8))
where RLJOI’K is the Riemann-Liouville fractional integral difined by for 1 — x > 0,

[
RL g 1=K () = ﬁ /0 (9 — 1) 2(v)dr,

and no, M1: [0, 1] Xx R — [0, o) are continuous functions of the variable ¥ and the parameter k € [0, 1]. They satisfy the
following conditions for all ¥ € R:

lim no(x, ¥) =0, lim no(x,¥)=1, mno(x,¥)#0, Kke(0,1],
Kk—0+

K—1—

lim ni(x,9)=1, lim ni(x,¥)=0, mni(x,¥)#0, Kel0,1).
Kk—0T

K—1~

Definition 2 [11] The inverse operator of the fractional Proportional-Caputo (PC) derivative (2) is given by

s ) (K' S) RL@lfKZ(y)
Pe gk (19 :/ ( ni(x, d ) y dy,
0 Z( ) 0 P y 770(’(7 S) ’ 7?0(’9 y) Y

where L .@;”‘ denotes the Riemann—Liouville fractional derivative of order 1 — x given by

d

Now, for ¢ > 0, we endow the space C(J, R") by Bielecki norm:

lzllz = supe™?[z(9)]. ©)

vey

Lemma 1 [24] The norms || - || defined by (3) and || - || are equivalent, i.e; there exist £ € (0, o) such that
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-1z < II- T <2l |5
Let p, g e R" with p= (p1, p2, -+, Pm)»94=(q1,92, ---, qm)- By p < gwemean p; < g;, i =1, ..., m. Also,

‘p|:(‘p1‘a |p2|7"'a |Pm|)7

max(p, g) = (max(p1, q1), max(p2, q2), .., Max (Pm, gm)) ,
and
RY={peR" p;eRy,i=1,...,m}.

IfceR,thenp <cmeans p; <c,i=1,...,m.

Definition 3 [25] Let V be a nonempty set. By a vector-valued metric on V we mean a map d: V x V — R™ with
the following properties:

1. d(p,q) > 0forall p, g €V, andif d(p, g) =0, then p = g;

2.d(p,q)=d(q, p) forall p,g € V;

3. d(p,w) <d(p, q)+d(g,w) forall p,q, we V.

We call the pair (V, d) a generalized metric space with

di(p. q)
d2 (p7 Q)
d(p, q): =
dm (p, q)
Notice that d is a generalized metric space on V if and only if d;, i = 1, ..., m, are metrics on V.

Definition 4 [23] A square matrix 9T of real numbers is said to be convergent to zero if and only if its spectral radius
P (9M) is strictly less than 1. In other words, this means that all the eigenvalues of A are in the open unit disc, i.e., |u| < 1
for every p € C with det(91 — ulI) = 0, where I denotes the unit matrix of 91, (R).

Theorem 1 [26] For any nonnegative square matrix 91, the following properties are equivalent

1. 901 is convergent to zero;

2.p(M) < 1;

3. the matrix / — 91 is nonsingular and

I ' =T+ M -
4. 1— 97 is nonsingular and (7 — ) ! is a nonnegative matrix.
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Now, we recall some fixed point theorems that will be used later.
Definition 5 [27, 28] Let (X, d) be a generalized metric space. An operator .4: X — X is said to be contractive if
there exists a matrix )t convergent to zero such that:

d(AN (ur), N (uz)) <Md(ur,up), forall up,u, e X

Theorem 2 [27] Let (X d) be a complete generalized metric space and .#": X — X be a contractive operator with
Lipschitz matrix 9t. Then .4 has a unique fixed point ug, and for each u € X, we have:

d( A %), up) <MEI— ) Yd(u, A (), forall keN.

Theorem 3 [25] Let X be a closed, convex and non-empty subset of a generalized Banach spaces X. Suppose that
% and ¥ map X into X and:

l.Zu+VveXforallu,veX;

2. 9 is compact and continuous;

3. ¥ is an 9M-contraction mapping.

Then the operator equation % w + ¥'w = w has at least one solution on X.

3. Main results

Let the generalized Banach space K: = C(J, R") x C(J, R") equipped with the Bielecki vector-valued norm:

211
(z1, 22) Il =
lz2(lB

Theorem 4 Let’s impose the assumptions:
(H1) The functions Qp, ;: J x R* x R” — R" are continuous.
(H2) There exists functions @;, 1, @; 2 € L™(J, [0, o)), i = 1, 2 such that

2
12:(9, x1, x2) = Qu(0, ur, u)|| < Y @i (9)l|xj —wjl, *)
j=1

for any x1, xp, uy, up € R" and ¢ € J.
Then, the coupled system (1) admits a unique solution on J.

For computational convenience, we denote 7 = supscy m, i=1,2.
Proof. According to [16, Lemma 4.1], let us introduce the operator 2°: K — K given by

(Z(v1, ©2)) (D) = (Zi(v1, ©2)) (D), (Z2(v1, ©2)) (D)), Q)

where, the operators 2;: K — C(J, R"), are defined by
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oo (- [ Bt [ (-2

-2

(6)
L )"

(A (9) + Qi(7, v1(7), va(7))]dtdy, V€3, i=1,2.
ooy [Am(0) + QT (@), w(@)]dudy, D€, i

Clearly, the set of all solutions to (1) coincides with the set of fixed points of the operator 2. Therefore, it is enough
to show that 2 is a 91.-contraction via the Bielecki’s norm.
For all (v, va), (51, 52) € K and all ¢ € J, by (H2) combined the fact

9
ni(K;, s) ) .
exp| — ——2ds | <1, foralldey, i=1,2, 7
p( /y no(K;, ) @)

we can get

[(Zi(r1, ©2)) () — (Zi(s1, 52)) (V)|

/ / |710 Kz; HQ (T tl( ) tz(r))_Qi(r>51(r>752(f))”d’fdy

[ (o) s sy

<n7i* ||A'H||t'—5'||3+i||w' Nl —s; s /ﬂ/y(y_f)"fze”drdy i=1.2
71—‘(’(1'— 1) l ' ' j=1 i / ! 0 0 ’ ’
Using Dirichlet’s formula [2], we have

1(Zi(r1, ©2))(9) = (Zi(s1, 52)) (D)

* 2 o &
Ni / ) K—2
<——— | | Aill|lti —sills + ; jll=|tj—s; e§3/ T—y)5 “dtd
T(xi—1) (” illllvi —sills Z | wHL | J ]”B) o g (t—y) y

J=1

®)

* 2 )
= ,’(‘) <||A,~|t,~—s,~||3+ Y ||wi7j||L°°||tj_5j||B> /0 e (9 —y)5dy, i=1,2.

j=1

Potting t = ¥ —y, one gets
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[ 0
/egy(ﬁ—y)’fffldyzegﬁ/ N le S, i=1,2. ©)
0 0

By making the substitution x = gt in (9), we obtain the following inequality:

Bk
foﬁ eS (¥ —y)ildy = ?,2 foﬂx’(f’le’xdx < ‘;g—,gfomx’(i’le’xdx < %, i=1,2. (10)
So,
n; z
[ Zi(r1, v2) — Zi(s1, 82) |l < gi'l( [Aillllei—silla+ Y @i jlle=e; — sz | - (1)
i=1

This implies that

| Zi(t1, v2) — Zi(s1, 52) [ < M ||(v1, v2) — (51, 52) |3,

where

INT) WY 1o /P (4T
M, = . (12)
Bloille Bllaall+ % @22

By taking ¢ sufficiently large, it follows that the matrix 91 converges to zero. Consequently, an application of
Theorem 2 shows that 2 has a unique fixed point. Therefore, the coupled system (1) has a unique solution in K.
Next, we present the second result of this paper, which is based on Krasnosel’skii—type fixed point Theorem 3.

Theorem 5 Suppose that (H1) hold. If
(H3) There exist functions ¥; € L(J, R, ) and real constants U; > 0, (i = 1, 2) such that

”Qi(ﬁ,x? u)” qul(ﬁ)(gl—’_”x”—i_”u")a i=1,2,

forall x, u € R", and ¥ € J.
Then, the coupled system (1) has at least one solution.
Proof. We define a closed, convex and bounded subset J7 of K by

Jr={(v1,v2) €K ||(v1, v2)|[p < T},

with T = (T1, Th) € ]Ri such that
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o &\ [ T
<
0 Oy (07} T

; (13)

where @y, @y, 01, 6, 63 and Oy are positive real numbers that will be specified later.
Moreover, construct the operators % = (%, %) and ¥V = (¥, ¥5) on Jr as:

U(r1, v2)(D) Tk —1) / /ex ( g mEmi“)

-2

(y—1)%

——Qi(7, v (7), v2(7))dtdy, i=1,2,
No(Ki, y) (. 1(2), ra(m))dedy

and

Yi(t1, 1) (¥) =exp (_ Oﬁmw)&—kr(lsl)/f/oyexp (—/yﬂ Z(])EZ:SdS)

_ Ki—2
L=

2 Ap(®)dtdy, i=1,2.
no(k;, ) (9)dzdy

Obviously, both % and ¥ are well defined due to (H1) and (H3). Furthermore, by [16, Lemma 4.1] the operator (5)
may be written as:

(t], ’Cz) = (% (t], 1'2), %z(t], tz)) + (% (t], 'Cz), %(‘C], tz)): = fl’f(t], ‘Cz). (14)

Thus, the fixed point of operator 2 coincides with the solution of (1).
Step 1: We show that % (v, va) + ¥ (s1, 52) € Jr, for any (vy, v2), (51, $2) € J7.
For all (v, v2), (81, $2) € K and for each ¥ € J, by using (7) and (H3), we can get

[(Z(x1, 02)) (D)

—1 / / | K, i(0) (Ui + e (7) || + [|va(2) [ )d Tdy

T L ( )/ /y — p)Ki"257 c_
< Yol (U + + i dtd 1,2.
— (Ki 1) || l||L i ||t1HB ||t2||3 0 0 (y ) e Vs l ’

Analogously to proof of Theorem 4, we have
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|2 (e1, ey <21l (Bt el +llealls), i= 1,2,
g’fz
Thus, the above inequalities can be expressed in the following vector form:
o
121 (v1, v2) | [[e1]l e 1 [l
% (x1, 22)||5: = <M + ; (15)
|2 (x1, )15 [v2l5 ”;Sz W2 |2
where
TI* ,r'*
Wil [l
mg ==
Lol %ol
Using the same technique, we can also obtain
(1. 92)ll5 < Z|Aillllsills + R, i=1,2.
Hence
171(s1, 52)ll 5 1]l R
||AI/(5U52)”B:: SCDQ + ) (16)
172(s1, 2) I 521 Ry
where
,r'*
Tl o
D= . )
,r'*
0 Xy
Combining (15) and (16), we get
o
[[e1lls 5115 S [l + Ry
% (v1, e2)ll g+ 117 (51, 52) | g < Ng +9¢ - : (18)
l[v2(|B l|52|5 ngzéz W2 = + R2
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Now, we look for T = (T1, T>) € R2, such that % (1, v2) + ¥ (s1, s2) € Jr for any (t1, v2), (51, $2) € J7. To this
end, according to (18), it is sufficient to show

T (O] T
%g + S b
) 0)) )
where
)
o I W [l + Ry
B =N +D; and =
;0
0 érczz ||‘PZHL°° +R>
Equivalently
() T
<@u-3)| | (19)
0)) I

For a sufficiently large ¢, matrix B is convergent to zero. It yields, from Theorem 1 that the matrix (/ —B.) is
nonsingular and (I — %g)’l has nonnegative elements. Therefore, (19) is equivalent to

(0]} T;
(I—3B¢)"! <
0)) fp)
Moreover, if we denote
o &
(1_ %g)il == 5
& &

then we obtain

0101 + & <Ti,

0301 + 0s0m < T».

Which means that % (tq, v2) + ¥ (51, 52) € Jr.
Step 2: ¥ is D-contraction mapping on Jr.
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In fact, for each © € J and for any (v1, t2), (81, 2) € Jr. By the same way of the proof of Theorem 4, we can easily
show that

17 (e1, v2) = (51, 52) I8 < D[ (v1, v2) = (51, 52) |,

where D is (17). Taking ¢ large enough it follows that the matrix ®. is convergent to zero and thus, 7" is and D.-
contraction mapping on Jr with respect to the Bielecki norm.

Step 3: % is compact and continuous.

Firstly, let {(t1,,, v2,,)} in J7 be a sequence such that (t; ,, t2 ,) — (¢, v2) in J7 as n — eo. For each ¥ € J, we
have

[(%(x1, s v2,0)) (D) = (Zi(1, v2)) (D) ]

) - _ K—2
Sn;ﬁ/oﬂ/:exp (_/yﬂ Zl(x,, )ds> (?(Kiﬂn 1920(2, t1,(7), t2,0(2)) = Qu(z, 11(2), v2(1))l|dTdy

O(Ki7 S)
* v y(yfr)’q_z ST .
<M1 s tam) — (s, t2)||3/O /0 ey =12
Analogously to (10), we get
% (1,0, €2,n) — (%1, 2) || S%Hﬁi(v s t2,0) — Qi v, w)|lp, i=1,2.
Since Q;, i = 1, 2 are continuous (H1), we have

% (1 ny 2.0) — Z(t1,%2) |5 — 0 as n— oo,

So,  1is continuous.
Next we prove that % is uniformly bounded on Jr. From (15), and for each (r, t2) € Jr we can get

% (t1, ©2) || < oo

This proves that % is uniformly bounded.
Step 4: It remains to show that % (Jr) is equicontinuous.
Let (v, t2) € Jr and any 9, O, € J, with ¥ < B, then

[(Z(x1, v2)) (%) = (Zi(v1, w)) (O < i +%2 i=1,2,

where
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Loy % k), ) =05 |
%; 27/ / (—/ : d) Qi(t, v (1), v2(7))||dTdy, i=1, 2,
=D e b TP o9 ®) Ty 19905 ) m)lded:

and

o 1 /191 /y
“2TT-DJo Jo

-2

op (- 1) o (- [ L8

_TKi
U= D% 70, v (2), ea(c))ldady, i = 1, 2.

no(K;, y)

From one hand, by (H3) and (7), we can find

<t [ [ 6= 0" ) O+ I (D + D)y

nz ”I ||L / / K -2
————(U;+ “dtd

<O (i el 5
<P (5 ol el [0 - 07
<R (&5 el + el o8~ 07
g%(ﬁﬂrm +£T2) [0y =0/, i=1,2.
Hence

%Z1—0 as %=, i=12.

On the other hand, let 4(1) = exp ( Jo v g(‘) ) . Using Lagrange Mean value theorem, there exist 7 € [0, %] C
J, such that

h(192) _h(ﬁl) /
T <H(t).
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Then

nl(Kivt) ( ﬂTh(K‘[,S) ) ‘nl(Kivt)
h —h(%)| < |———Lexp| — —2d —H)| < —%). 20
| (192) ( 1)|_‘n0(’(i7t) P o nO(K.l'7s) § (192 1) = nO(K.i,t) (192 1) ( )
So
i ||Yill = N1 (%, 1) "
< . _ i
Zha <oty (O el dlels)| 0 (9 9093
0 [Will N1 (1) K .
<7 '] _— 1 pu— .
S (U,+£Tl+m) e | (B2 B0 i=1,2
Hence
g/i’z—>0 as Y —h, i=1,2.
Therefore,

[(%(x1, ©2))(D2) = (Z(x1, v2)) (D) || =0 as 1=, i=12.

Hence, by Lemma 1, we get

(% (v1, ©2))(B2) = (% (v1, 22)) (D) = 0 s B — .

We conclude that % (J7) is equicontinuous. By Arzela-Ascoli’s theorem, we deduce that % is a compact operator.
Thus, all the hypotheses of Theorem 3 are satisfied. Hence, the operator 2 has at least one fixed point (v, t2) € Jr,
which is just the solution of system (1).

Hyers—Ulam stability: We now close this section by studying the Hyers—Ulam stability of system (1). Define the
following nonlinear operators ®;, ®,: K — C(J, R"):

PGy e1(9) — Arei (8) — Q1(3, 11 (D), 12(9)) = @1 (x1(9), va(9)),

Y eJ:=]0,D],
Pyt ea(8) — Aara () — Qo (8, 11 (9), 12(B)) = Do (v1 (D), ©2(9)),
For some €1, & > 0, we consider the following inequality:
[@1(x1(B), ©2(B))[| < &1,
vey. 2y

[@2(v1 (), v2(B))| < &2,
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Definition 6 The coupled system (1) is Hyers-Ulam stable if there exists a positive constant ¥;, i = 1, 4 such that for
every €1, & > 0 and for each solution (31, 32) € K of inequality (21), there exists a solution (ty, t2) € K of (1) with

31(0) —e1(D)[| < vr&1 + ne2,

~

v ey.
[32(8) —v2(9)[| < B3&1 + g2,

Theorem 6 (Stability results) Assume that

1. The conditions of Theorem 4 are satisfied.

2. The inequalities (21) have at least one solution.

Then, the system (1) is Hyers-Ulam stable with respect to the Bielecki’s norm.

Proof. Let (t], vp) € K be the solution of problem (1) satisfying (6) and let (31, 32) be any solution satisfying (21),
then

3i(0) = Zi(51, 52) (9) + 7 I @i(51(9), 52(9)),  i=1,2. (22)
From (22), it follows that
13:(9) = Zi(31, 32) ()| <P I @i(31 (), 32(9))|| < (A7) (Ve i=1,2. (23)
Thus, by (H2), and inequalities (8), (10), (23), we get

13:(9) =i (D) =3:(F) — Zi(31, 52) (V) + Zi (31, 32)(F) — i (D)

<[3:(0) = Zi(31, 32) (O) | + 1127315 32) (D) — Zi(er, v2) (D) |

. ] ffegﬂ 2 )
< () (9 + lg (Ai||||3i—ti|B+Z||wi,j||L°°||ﬁj—tj||B>7l=172-

K:
i ]: 1

Hence, we get

i n; ; .
3 —vills < (P°.7571) (b)&i + gi'lf <||Ai|||3i—fi||3+ |wi.,j||L°°||3j—fj|B> yi=1,2. (24)
=1

J

Inequalities (24) can be rewritten in matrix form as
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31 —1lls (Pe7y1) (b)e
(1—9m,) < (25)

132 —v2ll5 (.7521) (b)e

where 9. is the matrix given by (12). Since the matrix 91 is convergent to zero for sufficiently large ¢, it yields, from
Theorem 1 that the matrix (/ — 1) is nonsingular and (7 — zmg)*‘ has nonnegative elements. Therefore, (25) is equivalent
to

31—l (Pe.7511) (b)er
<(-mg)”! ;
32— 2|5 (A1) (b)es

which yields that

31 —tills < p1 (I3 1) (b)er +p2 (P75 1) (b)er,
v eyJ.
32 —v2lls < p3 (I3 1) (b)er +pa (P 7521) (b)ea,

where p;, i = 1, 4 are the elements of the matrix (I — ;) 1.
Hence, the coupled system (1) is Hyers-Ulam stable with respect to Bielecki’s norm.

4. Examples

In this section, we present examples to illustrate the results established in the previous two sections.
Example 1: Consider the following fractional systems:

PGy (9) = Arei (8) + (9, 1 (9), 1a(8)), B €0, 1],

pCQO%VZ(ﬁ) = Agtr () + Qo (8, 11 (D), 12 (), €0, 1], (26)

t1(0) = 1(0) = (0, 0),
where

1 2 3/2 5/4
9 AIZ ) AZZ ’
3 4 1/2 1/4

and Q1, Q,: [0, 1] x R? x R? — R? such that, for v; = (r1, 2) and t2 = (z1, z2), we have
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(8 4+ 1)r () + (8 + Do (D)
Q(9, 11(9), () = ’
e*log, (1+|z1 ()| +|z2(D)])

P

%1 (19)+22(19)

(B, 11(9), ©2(9)) =
Barctan (r1 () +r2(9))

Clearly, the functions Q, Q; are continuous. Moreover, for any uy, us, ity, ity € R2and ® € [0, 1] we have
19Q1(8, ur, uz) = Qu (9, iy, i2)||y, < @1, 1 (F)lug — [ + @1, 2(B) |uz — a4
and
192(8, ur, uz) — Qu (0, iy, 2|y, < @2, 1(F)lur — i [|1 + @2, 2(V) |uz — a4
where || - |1 is a norm in R? defined as follows
([ Gty )y = fun |+ u2 -
Hence the hypothesis (H2) is satisfied with
@,1(0)=0+1, @ 0)=e", @ (0)=¢", @ () =10
Obviously,

|@11lli= =2, [|B12)==¢* |@1lix=¢e, [|B22]==1.

and

3
HA1||max:47 ”AZHmax: 57

where || - ||max is a norm of matrix A = (a, ;) defined as follows

|| max :r?ax\ak7j|.
JJ
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Furthermore, the matrix m. given by (12) has the following form

6n;  njé

gfi gl
mg ==

nze  5n

gKZ 2€K2

Taking ¢ large enough it follows that the matrix 901 is convergent to zero and thus, an application of Theorem 4
shows that the coupled system (26) has a unique solution and is Hyers—Ulam stable.
Example 2. Consider the systems

Iw@ét](ﬁ) = %tl(ﬁ) —|—.Q.1(19, tl(ﬁ)a tZ(ﬁ))v e [07 E],

1
PG5t (D) = 12 () + Qa(B, 1 (9), (¥), Be0,e, 27
t1(0) =11(0) =0,
where
1 1 1 1
n ,  Ki 3 K 5 1= 2 5

and Q1, Q: [0, ¢] x R x R — R such that,

Q1(0,11(8), ta()) = e T O+ |e2(®)) 5

e +13 e?+13’
~arctan (v (9)) 2 ()] 5
(B, n(9), 20) = —5 73 @+ 13)(1+[RO))  9+13°

Clearly, the hypothesis (H1) of Theorem 5 is satisfied. Furthermore,

1

Qi (¥ < ———

(SNl +[le2ll)

and

1Q2(, v1, w)|| <

1
5 .
g3 S el )

Consequently, the inequalities above ensure that condition (H3) of Theorem 5 is fulfilled, where

Co iporary Math tics 2498 | Abdelkader Moumen, et al.



1 1

n =gt PO

vel0,e], U;1=0,=

It follows from Theorem 5 that the system (27), has at least one solution.

5. Concluding

Using Perov-type and Krasnosel’skii fixed point principles within the framework of generalized Banach spaces,
we investigated a class of nonlinear hybrid proportional fractional differential systems. We established the existence,
uniqueness, and Hyers-Ulam stability of solutions under minimal assumptions, thereby generalizing previous results in
the literature. In a forthcoming paper, we aim to introduce a new hybrid proportional fractional derivative involving a
non-singular kernel.
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