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Abstract: This paper introduces a novel spectral collocation method based on shifted Lucas polynomials for solving
the fractional Bratu differential equation with nonhomogeneous Dirichlet boundary conditions. The method employs
a homogenization strategy and an operational matrix formulation in the Caputo sense to transform the problem into a
nonlinear algebraic system, which is efficiently solved via the Newton-Raphson method. Detailed error analysis confirms
exponential convergence, and extensive numerical experiments demonstrate themethod’s superior accuracy and efficiency
compared to existing approaches, even for strongly nonlinear and fractional-order cases.
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1. Introduction
Numerical solutions of different types of Differential Equations (DEs) are necessary in most cases due to the inability

to obtain exact solutions for many DEs that arise in several branches of the applied sciences. Many numerical approaches
were followed to obtain approximate solutions for different DEs. For example, the Adomian decomposition method with
variational iteration [1], and the wavelets methods [2–6]. Spectral methods are numerical techniques that solve differential
equations by approximating the solution with a linear combination of basis functions, typically chosen from orthogonal
polynomials or trigonometric functions [7]. These methods are particularly advantageous for problems where the solution
is smooth, as they can achieve high accuracy with relatively few degrees of freedom due to their exponential convergence
properties [8]. The collocation method is notable for its simplicity and effectiveness among the various spectral methods.
In the collocation approach, the differential equation is enforced to vanish at discrete points, called collocation points. This
leads to a system of algebraic equations that can be solved for the coefficients of the basis functions [9]. This approach is
particularly well-suited for problems exhibiting singularities, sharp gradients, or fractional behavior, as it can effectively
capture complex solution structures [10]. In addition, due to its wide applicability for all types of DEs, it was successfully
applied to handle several DEs constrained by different underlying conditions, see for example [11–14]. The other two
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spectral methods, namely the tau and Galerkin, can also be applied to solve different DEs. In the tau method, we select
two different types of basis functions, see [15–18], whereas in the Galerkin methods, the two selected families coincide,
see, for example [19, 20].

In recent years, there has been growing interest in applying spectral methods to Fractional Differential Equations
(FDEs), which involve derivatives of non-integer order. FDEs are powerful tools for modeling phenomena with memory
effects or anomalous diffusion, such as those found in viscoelasticity, biology, and physics [21]. These equations often
exhibit behaviors such as singularities or sharp gradients that challenge traditional numerical methods. The collocation
spectral method has been adapted to handle FDEs by incorporating fractional derivative operators, typically defined in the
Caputo’s sense, into the discretization process, allowing for accurate and efficient solutions [10]. Many algorithms were
devoted to solving the different FDEs, such as the predictor-corrector method [22], A spatial sixth-order numerical scheme
[23], the Laplace Adomian decomposition method [24], a homotopy method [25], a homotopy perturbation method [26],
Laplace transform method [27]. The ability of spectral methods to provide a fully diagonal representation of fractional
operators enhances their computational efficiency, making them an attractive choice for solving FDEs. The collocation
method was successfully applied in [28–30], the tau method in [31–33], and the Galerkin method in [34, 35].

One particular FDE of interest is the fractional Bratu differential equation, a nonlinear equation given by

Dα u(x)+λeu(x) = 0 where α ∈ (0, 2] and x ∈ [0, 1], (1)

subject to the nonhomogeneous Dirichlet boundary conditions

u(0) = β , u(1) = γ. (2)

The fractional Bratu equation generalizes the classical Bratu equation, which arises in applications such as thermal
runaway in combustion theory, astrophysics (e.g., the Emden-Chandrasekhar equation), and chemical reaction theory [36].
Introducing the fractional derivative allows for modeling non-local effects and memory-dependent processes, making it
relevant to a broader range of physical and engineering contexts, including diffusion processes and pattern formation in
biological and chemical systems [37]. Solving the fractional Bratu equation poses significant mathematical challenges,
including the nonlinearity introduced by the exponential term, the non-local nature of the fractional derivative, and the
need to enforce nonhomogeneous boundary conditions accurately.

This paper proposes a novel collocation spectral method based on shifted Lucas polynomials as basis functions to
address these challenges. Lucas polynomials are a sequence of polynomials that generalize the Lucas numbers and are
closely related to Chebyshev polynomials [38]. The recurrence relation defines them

L0(x) = 2, L1(x) = x, Ln(x) = xLn−1(x)+Ln−2(x), n ≥ 2.

By applying a linear transformation, such as t = 2x − 1, these polynomials are shifted to the interval [0, 1],
yielding shifted Lucas polynomials L∗

n(x) = Ln(2x − 1), which are well-suited for problems defined on this domain
due to their computational efficiency with smaller coefficients reducing numerical errors compared to Chebyshev and
Legendre polynomials, shifted Lucas polynomials offer distinct advantages [39, 40]. Their non-orthogonal structure
enables easier generation while maintaining exponential convergence rates [41, 42]. The recurrence relation provides
exceptional compatibility with fractional derivative operations in the Caputo sense, making them particularly well-suited
for constructing operational matrices that preserve spectral accuracy in FDEs [43]. Previous research has demonstrated
the efficacy of orthogonal polynomials, such as Chebyshev and Legendre polynomials, in spectral methods for solving
FDEs [44–46]. Moreover, Lucas polynomials have been successfully employed in spectral methods for solving various
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differential equations, including fractional initial value problems [47]. However, applying shifted Lucas polynomials to
the fractional Bratu equation represents a novel approach that leverages their unique properties to achieve accurate and
efficient solutions.

The remainder of this paper is organized as follows: In Section 2, we provide definitions and preliminaries, including
the Caputo fractional derivative and the properties of Lucas polynomials. Section 3 presents the theoretical formulation of
the numerical scheme, including the boundary homogenization technique to handle nonhomogeneous Dirichlet conditions,
and applying the collocation method to construct the nonlinear algebraic system, then solving this system via the Newton-
Raphson method. In Section 4, we conduct an error analysis, establishing lemmas and estimating upper bounds for the
approximation error to demonstrate the method’s convergence properties. Section 5 analyzes the convergence of the
Newton-Raphson method that is used to solve the resulting nonlinear system. In Section 6, we present numerical results
for various values of the nonlinear coefficient λ , comparing our method with other existing approaches to highlight its
accuracy and efficiency. Finally, concluding remarks are reported in Section 7.

2. Essential preliminaries
This section presents some fundamentals of the fractional calculus. In addition, some useful properties of the shifted

Lucas polynomials are presented.

2.1 Caputo fractional derivative

Definition 1 The Caputo fractional derivative of order α > 0 is given in [48] by

CDα f (x) =
1

Γ(n−α)

∫ x

0
(x− t)n−α−1 f (n)(t)dt, α > 0, x > 0

where n−1 ≤ α < n and n ∈ N.
The following properties hold:

DαC =0, (C is a constant),

Dα xk =


0, if k ∈ N0, and k < ⌈α⌉,

k!
Γ(k+1−α)

xk−α , if k ∈ if k ∈ N0, and k ≥ ⌈α⌉,

where ⌈α⌉ is the ceiling function, and N0 = {0, 1, 2, . . .}.

2.2 Lucas and shifted Lucas polynomials

Definition 2 The Lucas polynomials {Ln(x)}∞
n=0 can be generated using the following recurrence relation [49]:
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

L0(x) = 2,

L1(x) = x,

Ln(x) = xLn−1(x)+Ln−2(x), n ≥ 2.

Definition 3 The shifted Lucas polynomials {L∗
n(x)}∞

n=0 are defined by the following transformation:

L∗
n(x) = Ln(2x−1), x ∈ [0, 1],

and meet the following recurrence relation:



L∗
0(x) = 2,

L∗
1(x) = 2x−1,

L∗
n(x) = (2x−1)L∗

n−1(x)+L∗
n−2(x), n ≥ 2.

Definition 4 The explicit power form of shifted Lucas polynomials is given in [50] by:

L∗
n(x) = n

⌊ n
2 ⌋

∑
j=0

n−2 j

∑
k=0

2k(−1)n−k (n− j−1)!
j! k!(n−2 j− k)!

xk.

3. The proposed numerical scheme
It is known that the set of shifted Lucas polynomials {L∗

n(x)}∞
n=0 can be used as a basis to represent analytic functions

on the interval [0, 1]. Accordingly, we define the following:
Definition 5 Any analytic function g(x) can be represented in the form of an infinite series of shifted Lucas

polynomials as:

g(x) =
∞

∑
n=0

dnL∗
n(x).

Definition 6 To find an approximate solution uN(x), we define the polynomial approximation space SN and the
subspace VN which satisfies the boundary conditions, as follows:

SN [0, 1] = span{L∗
n(x) : n = 0, 1, 2, . . . , N},
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and

VN = {u ∈ SN : u(0) = β , u(1) = γ},

such that its approximation uN(x) may be written in the following form:

uN(x) =
N

∑
n=0

dnL∗
n(x).

3.1 Boundary condition homogenization

Lemma 1 For the inhomogeneous Dirichlet conditions u(0) = β , u(1) = γ , any approximation in the form: uN(x) =
N

∑
n=0

dnL∗
n(x) admits the decomposition:

uN(x) =
N

∑
n=0

dnL∗
n(x)︸ ︷︷ ︸

vN(x)

+β (1− x)+ γ x︸ ︷︷ ︸
w(x)

,

where vN(0) = 0 and vN(1) = 0 if and only if the coefficients {dn} satisfy:

N

∑
n=0

dnL∗
n(0) = 0,

N

∑
n=0

dnL∗
n(1) = 0.

Proof. We consider the following transformation:

w(x) = β (1− x)+ γ x,

which satisfies

w(0) = β , w(1) = γ.

Let vN(x) =
N

∑
n=0

dnL∗
n(x). The two conditions vN(0) = 0 and vN(1) = 0, lead to

N

∑
n=0

dnL∗
n(0) = 0,

N

∑
n=0

dnL∗
n(1) = 0,

and, consequently, the decomposition uN(x) = vN(x)+w(x) enforces homogeneous boundary conditions on vN if and only
if the coefficient constraints hold. This preserves the spectral structure of vN while w(x) accounts for the nonhomogeneous
Dirichlet conditions.
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3.2 Collocation system

Lemma 2 [51] The Caputo fractional derivative of the shifted Lucas polynomials of order α is given by

Dα L∗
n(x) =


n

n

∑
k=⌈α⌉

(−1)n−k (n+ k−1)!
(n− k)!(2k)!

· k!
Γ(k−α +1)

2k+1xk−α , ℓ−1 < α ≤ ℓ, ℓ= ⌈α⌉ ∈ N, n ≥ α,

0, n < α.

Corollary 1 For the homogenized approximate solution

uN(x) = β (1− x)+ γ x+
N

∑
n=0

dnL∗
n(x),

the Caputo fractional derivative Dα uN(x) of order α ∈ (0, 2] is given by:

Dα uN(x) = δ⌈α⌉, 1(γ −β )
x1−α

Γ(2−α)
+

N

∑
n=⌈α⌉

dnn
n

∑
k=⌈α⌉

(−1)n−k (n+ k−1)!
(n− k)!(2k)!

k!
Γ(k−α +1)

2k+1xk−α ,

where δ⌈α⌉, 1 is the Kroncker-delta function.
Proof. The homogenized solution splits as uN(x) = w(x) + vN(x), where w(x) = β (1 − x) + γ x, and vN(x) =

N

∑
n=0

dnL∗
n(x). Using the linearity of the Caputo derivative:

Dα uN(x) = Dα w(x)+Dα vN(x), (3)

and applying Definition 1 and Lemma 2 to equation (3), yields the following multi-base fractional derivative:

Dα uN(x) =



(γ −β )
x1−α

Γ(2−α)
+

N

∑
n=1

dnn
n

∑
k=1

(−1)n−k (n+ k−1)!
(n− k)!(2k)!

· k!
Γ(k−α +1)

2k+1xk−α , 0 < α ≤ 1,

N

∑
n=2

dnn
n

∑
k=2

(−1)n−k (n+ k−1)!
(n− k)!(2k)!

· k!
Γ(k−α +1)

2k+1xk−α , 1 < α ≤ 2.

Yet, we can combine it in a single unified expression as:

Dα uN(x) = δ⌈α⌉, 1(γ −β )
x1−α

Γ(2−α)
+

N

∑
n=⌈α⌉

dnn
n

∑
k=⌈α⌉

(−1)n−k (n+ k−1)!
(n− k)!(2k)!

k!
Γ(k−α +1)

2k+1xk−α .

If we approximate u(x) and Dα u(x) as in Corollary 1 and Lemma 1, then the residual R(x) of equation (1)
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R(x) =Dα uN(x)+ euN(x)

=δ⌈α⌉, 1(γ −β )
x1−α

Γ(2−α)
+

N

∑
n=⌈α⌉

dnn
n

∑
k=⌈α⌉

(−1)n−k (n+ k−1)!
(n− k)!(2k)!

k!
Γ(k−α +1)

2k+1xk−α

+λ eβ (1−x)+γx+∑N
n=0 dnL∗n(x).

The numerical solution is enforced through a dual collocation strategy comprising the boundary conditions:

vN(0) =
N

∑
n=0

dnL∗
n(0) = 0, vN(1) =

N

∑
n=0

dnL∗
n(1) = 0,

and the interior collocation via selecting (N −1) interior Chebyshev-Gauss-Lobatto nodes:

x j =
1
2

(
1− cos

(
jπ
N

))
, j = 1, 2, . . . , N −1,

with residual enforcement:

R(x j; d) = 0,

where d = [d0, d1, . . . , dN ]
T denotes the coefficient vector.

The complete system comprises the following (N +1) equations in RN+1:

F(d) =


∑N

n=0 dnL∗
n(0)

∑N
n=0 dnL∗

n(1)
R(x1; d)

...
R(xN−1; d)

= 0. (4)

3.3 Newton-Raphson system solver

The Jacobian matrix J(d) ∈ R(N+1)×(N+1) is defined by partial derivatives of the residual vector components in (4)
as [52]

J(d) =

J0, 0 · · · J0, N
...

. . .
...

JN, 0 · · · JN, N

=


∂F0

∂d0
· · · ∂F0

∂dN
...

. . .
...

∂FN

∂d0
· · · ∂FN

∂dN

 , (5)
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where

∂Fi

∂dm
=



L∗
m(0), i = 0,

L∗
m(1), i = 1,


ϕm(xi−2)+λeuN(xi−2)L∗

m(xi−2), m ≥ ⌈α⌉,

λeuN(xi−2)L∗
m(xi−2), m < ⌈α⌉,

i ≥ 2,

∀m = 0, 1, . . . , N

and

ϕm(x) = m
m

∑
k=⌈α⌉

(−1)m−k (m+ k−1)!
(m− k)!(2k)!

k!
Γ(k−α +1)

2k+1xk−α .

After setting the Jacobian, we assemble J(η) = J(d(η)) for the iteration counter η = 0, 1, . . . , as follows:

J(η) =


J(η)

0, 0 · · · J(η)
0, N

...
. . .

...
J(η)

N, 0 · · · J(η)
N, N

 .

Then, we solve for the Newton increment J(η)∆d = −F(η) with solution update using d(η+1) = d(η)+∆d, where
F(η) = F(d(η)) is the iterative residual vector.

Remark 1 Figure 1 presents a comprehensive flowchart illustrating the complete methodology of the proposed
numerical scheme. The algorithm begins with the input parameters (α, λ , β , γ, N, tol), proceeds through the construction
of the shifted Lucas polynomial basis, homogenization of boundary conditions, setup of the collocation grid and assembly
of the nonlinear system F(d) = 0. The Newton-Raphson iteration loop (shown in the dashed box) continues until the
convergence criterion ∥F(η)∥ < tol is satisfied, ultimately yielding the approximate solution uN(x). This systematic
approach ensures robust convergence and accurate solutions for the fractional Bratu equation.
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Figure 1. Flowchart for the numerical scheme methodology

4. Error analysis
This section investigates the error analysis of the proposed shifted Lucas expansion. Some lemmas and theorems are

stated and proved in this regard.
Lemma 3 For any integer m ≥ 0, the monomial xm expands in terms of the shifted Lucas polynomial L∗

n(x) as:

xm =
m

∑
i=0

pm, iL∗
i (x),
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where

pm, i =
δi

2m

⌊m−i
2 ⌋

∑
j=0

(−1)r
(

m
i+2 j

)
(i+ j+1) j

j!
,

δi =


1
2
, i = 0,

1, i > 0,

and (z) j represents the Pochhammer notation given by

(z) j =
Γ(z+ j)

Γ(z)
.

Proof. We define t = 2x−1, so x =
t +1

2
and t ∈ [−1, 1] for x ∈ [0, 1]. Then, we get

xm =

(
t +1

2

)m

=
1

2m (t +1)m =
1

2m

m

∑
k=0

(
m
k

)
tk.

If we insert following the inversion formula to tk [53]:

tk =
⌊ k

2⌋
∑
j=0

(−1) jδk−2 j(k− j+1) j

j!
Lk−2 j(t),

then we get

xm =
1

2m

m

∑
k=0

(
m
k

)⌊ k
2⌋

∑
j=0

(−1) jδk−2 j(k− j+1) j

j!
Lk−2 j(t),

which can be written alternatively as

xm =
1

2m

m

∑
i=0

⌊m−i
2 ⌋

∑
j=0

(
m

i+2 j

)
(−1) jδi(i+ j+1) j

j!
Li(t),

substituting Li(t) = L∗
i (x), we get
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xm =
m

∑
i=0

 δi

2m

⌊m−i
2 ⌋

∑
j=0

(−1) j
(

m
i+2 j

)
(i+ j+1) j

j!

L∗
i (x).

This confirms the expansion.
Lemma 4 Let f (x) be an analytic function at x = 0, then f (x) admits the expansion:

f (x) =
∞

∑
i=0

µi L∗
i (x),

with

µi = δi

∞

∑
n=0

∞

∑
k=0

(−1)n f (i+2n+k)(0)
n!k!(i+n)!2i+2n+k ,

and

δi =


1
2
, i = 0,

1, i ≥ 1.

Proof. By expanding f (x) via its Taylor series at x = 0:

f (x) =
∞

∑
m=0

f (m)(0)
m!

xm.

We express xm in the basis {L∗
i (x)}∞

i=0 using the inversion formula for shifted Lucas polynomials from Lemma 4.

xm =
m

∑
i=0

pm, iL∗
i (x), pm, i =

δi

2m

⌊m−i
2 ⌋

∑
j=0

(−1) j
(

m
i+2 j

)
(i+ j+1) j

j!
,

Substituting this into the Taylor series gives:

f (x) =
∞

∑
m=0

f (m)(0)
m!

m

∑
i=0

pm, iL∗
i (x).

Interchanging summations yields:
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f (x) =
∞

∑
i=0

(
∞

∑
m=i

f (m)(0)
m!

pm, i

)
L∗

i (x).

The coefficient µi =
∞

∑
m=i

f (m)(0)
m!

pm, i expands to:

µi = δi

∞

∑
m=i

⌊m−i
2 ⌋

∑
j=0

f (m)(0)
m!

· (−1) j

2m

(
m

i+2 j

)
(i+ j+1) j

j!
.

Reindexing with n = j and k = m− i−2n (so m = i+2n+ k, k ≥ 0):

µi = δi

∞

∑
n=0

∞

∑
k=0

f (i+2n+k)(0)
(i+2n+ k)!

· (−1)n

2i+2n+k

(
i+2n+ k

i+2n

)
(i+n+1)n

n!
.

Using the two simple identities:

(
i+2n+ k

i+2n

)
=

(i+2n+ k)!
k!(i+2n)!

,

(i+n+1)n =
(i+2n)!
(i+n)!

,

we obtain

µi = δi

∞

∑
n=0

∞

∑
k=0

(−1)n f (i+2n+k)(0)
n!k!(i+n)!2i+2n+k .

Thus, f (x) =
∞

∑
i=0

µiL∗
i (x), completing the proof.

Lemma 5 Let f (x) be an analytic function at x = 0 such that | f (k)(0)| ≤ Ak for all k ≥ 0 and some A > 0. Also, Let
µ be the coefficients in the expansion of f (x) in shifted Lucas polynomials L∗

i (x):

f (x) =
∞

∑
i=0

µiL∗
i (x), µi = δi

∞

∑
n=0

∞

∑
k=0

(−1)n f (i+2n+k)(0)
n!k!(i+n)!2i+2n+k .

Then,

|µi| ≤
(A/2)ie3A/2

i!
.
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Proof. Starting from the expression for |µi|:

|µi|=

∣∣∣∣∣δi

∞

∑
n=0

∞

∑
k=0

(−1)n f (i+2n+k)(0)
n!k!(i+n)!2i+2n+k

∣∣∣∣∣≤ δi

∞

∑
n=0

∞

∑
k=0

| f (i+2n+k)(0)|
n!k!(i+n)!2i+2n+k .

Using the bound | f (i+2n+k)(0)| ≤ Ai+2n+k :

|µi| ≤ δi

∞

∑
n=0

∞

∑
k=0

Ai+2n+k

n!k!(i+n)!2i+2n+k = δi
Ai

2i

∞

∑
n=0

(A2/4)n

n!(i+n)!

∞

∑
k=0

(A/2)k

k!
.

The inner sum over k is the exponential series:

∞

∑
k=0

(A/2)k

k!
= eA/2,

and accordingly, we have

|µi| ≤ δi
Ai

2i eA/2
∞

∑
n=0

(A2/4)n

n!(i+n)!
.

The series
∞

∑
n=0

(A2/4)n

n!(i+n)!
is recognized as

2i

Ai Ii(A), where Ii(A) is the modified Bessel function of the first kind of

order i.
Based on the identity:

Ii(A) =
(

A
2

)i ∞

∑
n=0

(A2/4)n

n!(i+n)!
,

we can write

|µ| ≤ δi
Ai

2i eA/2 · 2i

Ai Ii(A) = δieA/2Ii(A).

We make use of the following bound: |Ii(A)| ≤
(A/2)i coshA

i!
[53]:

|µi| ≤ δieA/2 · (A/2)i coshA
i!

.

In addition, since coshA ≤ eA for A > 0, thus, we have
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eA/2 coshA ≤ eA/2eA = e3A/2,

and accordingly, we can write

|µi| ≤ δi
(A/2)ie3A/2

i!
.

Noting that δi ≤ 1 for all i ≥ 0, we get

|µi| ≤
(A/2)ie3A/2

i!
.

This completes the proof.
Theorem 1 Let u(x) = v(x)+w(x) be the exact solution and uN(x) = vN(x)+w(x) the approximate solution, where

w(x) = β (1− x) + γx, v(x) =
∞

∑
n=0

dnL∗
n(x), and vN(x) =

N

∑
n=0

dnL∗
n(x), then the truncation error eN(x) = u(x)− uN(x) is

bounded by:

|eN(x)| ≤ e(ρ+3)A/2 (ρA)N+1

2N(N +1)!
,

where ρ =
1+

√
5

2
is the golden ratio.

Proof. The truncation error is:

eN(x) = u(x)−uN(x) = [v(x)+w(x)]− [vN(x)+w(x)] = v(x)− vN(x) =
∞

∑
n=N+1

dnL∗
n(x).

Applying the triangle inequality and the bound |L∗
n(x)| ≤ 2ρn for x ∈ [0, 1] from [42]:

|eN(x)|=

∣∣∣∣∣ ∞

∑
n=N+1

dnL∗
n(x)

∣∣∣∣∣≤ ∞

∑
n=N+1

|dn| · |L∗
n(x)| ≤ 2

∞

∑
n=N+1

ρn|dn|.

By Lemma 5, we substitute the coefficient bound |dn| ≤
(A/2)ne3A/2

n!
to get

|eN(x)| ≤ 2
∞

∑
n=N+1

ρn (A/2)ne3A/2

n!
= 2e3A/2

∞

∑
n=N+1

(ρA/2)n

n!
.

The series ∑∞
n=N+1

(ρA/2)n

n!
is the tail of the exponential series eρA/2 = ∑∞

n=0
(ρA/2)n

n!
. This tail is bounded by:
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∞

∑
n=N+1

(ρA/2)n

n!
≤ (ρA/2)N+1

(N +1)!
eρA/2.

This can be proved as follows: Since,

∞

∑
n=N+1

(ρA/2)n

n!
=

(ρA/2)N+1

(N +1)!

(
1+

ρA/2
N +2

+
(ρA/2)2

(N +2)(N +3)
+ · · ·

)
.

We factorize out
(ρA/2)N+1

(N +1)!
as:

=
(ρA/2)N+1

(N +1)!

(
1+

ρA/2
N +2

+
(ρA/2)2

(N +2)(N +3)
+ · · ·

)
≤ (ρA/2)N+1

(N +1)!

∞

∑
m=0

(ρA/2)m

m!
=

(ρA/2)N+1

(N +1)!
eρA/2.

By substituting this into the error bound:

|eN(x)| ≤ 2e3A/2 · (ρA/2)N+1

(N +1)!
eρA/2 = 2e

A
2 (ρ+3) (ρA/2)N+1

(N +1)!
,

and accordingly, the following estimation can be obtained:

|eN(x)| ≤ e(ρ+3)A/2 (ρA)N+1

2N(N +1)!
.

The proof is now complete.

5. Newton-Raphson convergence analysis
The successful implementation of the Newton-Raphson method for solving the nonlinear system in (4) requires

establishing rigorous conditions that guarantee convergence. In this section, we provide a comprehensive theoretical
framework for the convergence of the iterative scheme presented in Section 3.3. We systematically verify the fundamental
requirements through four lemmas; Lemma 6 establishes the smoothness of the residual function F, then proving the
existence of a solution with non-singular Jacobian at the fixed point in Lemma 7, followed by Lemma 8 that demonstrates
the boundedness of the inverse Jacobian in a neighborhood of the solution, and finally Lemma 9 verifies the Lipschitz
continuity of the Jacobian mapping. These results culminate in Theorem 2, which establishes the local quadratic
convergence of the Newton-Raphson iteration for the discretized fractional Bratu equation. The theoretical guarantees
provided here ensure that for appropriate initial guesses and parameter ranges, the numerical scheme converges rapidly
to the exact solution, as demonstrated by the computational results in Section 6.

Lemma 6 (Smoothness of the Residual Function). Let F : RN+1 →RN+1 be the residual function defined in equation
(4). Then, F ∈C2(Ω) for any open convex set Ω ⊆ RN+1 containing the solution d∗ of F(d) = 0.

Proof. The function F is a vector-valued function with components F0, F1, . . . , FN .
The components F0 and F1 have the following expressions:
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F0(d) =
N

∑
n=0

dn L∗
n(0), F1(d) =

N

∑
n=0

dn L∗
n(1),

and they are are linear functions of d, hence infinitely differentiable (C∞), and in particular C2.
The components Fi :
For j = 1, . . . , N −1, let x = x j. Then,

Fj+1(d) = R(x; d) = Dα uN(x)+λeuN(x).

The function uN(x) is affine in d, as it is a linear combination of the coefficients dn plus a constant term. The Caputo
derivative Dα is a linear operator, so Dα uN(x) is also affine in d. The exponential function euN(x) is the composition of
the exponential (which is C∞) with an affine function, hence C∞. Therefore, R(x; d) is C∞ in d, and in particular C2.

Since all components of F are C2 (in fact, C∞) on RN+1, it follows that F ∈ C2(Ω) for any open set Ω ⊆ RN+1,
including any open convex set containing d∗.

Lemma 7 (Properties at the Exact Solution). Let F : RN+1 → RN+1 be the residual function defined by (4). If
d∗ ∈ RN+1 is the exact solution vector corresponding to the solution u(x) of equation (1) subject to (2), then:

ⅰ. F(d∗) = 0;
ⅱ. The Jacobian matrix J(d∗) is non-singular.
Proof. First, we prove that F(d∗) = 0.
The residual function F(d) is constructed such that its components enforce the boundary conditions: uN(0) = β , and

uN(1) = γ , via the first two rows

F0(d) =
N

∑
n=0

dnL∗
n(0), F1(d) =

N

∑
n=0

dnL∗
n(1),

and the differential equation: Dα uN(x) + λeuN(x) = 0 at the interior collocation points x j ( j = 1, . . . , N − 1) via the
remaining rows

Fj+2(d) = R(x j; d) = Dα uN(x j)+λeuN(x j).

Since d∗ corresponds to the exact solution u(x), the approximation uN(x) = β (1− x)+ γx+∑N
n=0 d∗

nL∗
n(x) satisfies

that uN(0) = β and uN(1) = γ , so F0(d∗) = 0 and F1(d∗) = 0. Also, Dα uN(x j)+λeuN(x j) = 0 at each collocation point x j,
so Fj+2(d∗) = 0. Hence, all components of F(d∗) are zeros.

Second, we prove that J(d∗) is non-singular. Assume the contrary, that is J(d∗) is singular. Then there exists a
nonzero vector v = (v0, v1, . . . , vN)

⊤ ∈ RN+1 such that J(d∗)v = 0.
We define the function ψ(x) = ∑N

m=0 vmL∗
m(x). The condition J(d∗)v = 0 implies the boundary conditions, from the

first two rows of J,

N

∑
m=0

vmL∗
m(0) = 0,

N

∑
m=0

vmL∗
m(1) = 0,
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so, ψ(0) = 0 and ψ(1) = 0.
In addition, for each collocation point x j ( j = 1, . . . , N −1), the ( j+2)-th row of J gives:

N

∑
m=0

vm

[
Dα L∗

m(x j)+λeuN(x j)L∗
m(x j)

]
= 0.

By linearity of Dα , this is equivalent to

Dα ψ(x j)+λeuN(x j)ψ(x j) = 0.

Thus, ψ(x) is a nonzero polynomial (since v ̸= 0) of degree at most N that satisfies

ψ(0) = 0, ψ(1) = 0 and Dα ψ(x j)+λeuN(x j)ψ(x j) = 0 at N −1 distinct points x j ∈ (0, 1).

However, for the fractional Bratu equation with λ below the critical value, the linearized operator L ψ = Dα ψ +

λeu(x)ψ is injective on functions satisfying ψ(0) = ψ(1) = 0. Since uN(x) approximates u(x) and the collocation system
is well-posed, the only solution to the discrete system is ψ(x) ≡ 0, contradicting v ̸= 0. Therefore, J(d∗) must be non-
singular.

Lemma 8 (Bound on the Inverse Jacobian). For the residual function F : RN+1 → RN+1, there exists a constant
K > 0 such that for all d in a neighborhood of d∗, where F(d∗) = 0, the Jacobian matrix J(d) is invertible and

∥J−1(d)∥∞ ≤ K.

Proof. For the Jacobian matrix J(d) given by (5).
Each entry of J(d) is a continuous function of d: For i = 0, 1, the entries L∗

m(0) and L∗
m(1) are constants.

For i ≥ 2, the entries depend on uN(x) = β (1− x)+ γx+∑N
n=0 dnL∗

n(x), which is linear in d, so uN(x) is continuous
in d. The exponential function euN(x) is continuous in uN(x), hence continuous in d. The functions ϕm(x) and L∗

m(x) are
polynomials, hence continuous.

From Lemma 7, J(d∗) is non-singular, i.e., det(J(d∗)) ̸= 0.
The determinant det(J(d)) is a polynomial in the entries of J(d), hence continuous. Since det(J(d∗)) ̸= 0, by

continuity, there exists a neighborhood U of d∗ and a constant Γ > 0 such that

|det(J(d))|> Γ for all d ∈U.

Thus, J(d) is invertible for all d ∈U .
We show that on U , the entries of J(d) are uniformly bounded.
For i = 0, 1, we have |L∗

m(0)| ≤ 2ρm and |L∗
m(1)| ≤ 2ρm. Since m ≤ N, ρm ≤ ρN , so

|L∗
m(0)|, |L∗

m(1)| ≤ 2ρN .
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For i ≥ 2, we use the bound on dn from Lemma 5 to get

|dn| ≤ 2ρn (A/2)ne3A/2

n!
,

and thus, we can write

|uN(x)| ≤ |β (1− x)+ γx|+
N

∑
n=0

|dn||L∗
n(x)| ≤ max(|β |, |γ|)+

N

∑
n=0

(
2ρn (A/2)ne3A/2

n!

)
(2ρn).

Simplifying,

|uN(x)| ≤ max(|β |, |γ|)+4e3A/2
N

∑
n=0

(Aρ2/2)n

n!
≤ max(|β |, |γ|)+4e3A/2eAρ2/2 = max(|β |, |γ|)+4eA(3+ρ2)/2.

Let Mu = max(|β |, |γ|)+4eA(3+ρ2)/2. Then

euN(x) ≤ eMu .

For ϕm(x), note that for x ∈ [0, 1], xk−α ≤ 1 for k ≥ ⌈α⌉. Then

|ϕm(x)| ≤ m
m

∑
k=⌈α⌉

(m+ k−1)!
(m− k)!(2k)!

k!
Γ(k−α +1)

2k+1.

This is a finite sum. For each m, let Mϕ (m) be an upper bound, and let Mϕ = max
0≤m≤N

Mϕ (m).

Also, |L∗
m(x)| ≤ 2ρm ≤ 2ρN .

Therefore, for i ≥ 2, we have

∣∣∣∣ ∂Fi

∂dm

∣∣∣∣= ∣∣∣λeuN(xi−2)L∗
m(xi−2)

∣∣∣≤ λeMu ·2ρN , m < ⌈α⌉,

∣∣∣∣ ∂Fi

∂dm

∣∣∣∣≤ |ϕm(xi−2)|+λeuN(xi−2)|L∗
m(xi−2)| ≤ Mϕ +λeMu ·2ρN , m ≥ ⌈α⌉.

Thus, there exists a constant M > 0 such that

|Ji, j(d)| ≤ M for all i, j and all d ∈U.

For d ∈U , the inverse matrix J−1(d) has entries
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(J−1(d))i j =
C ji(d)

det(J(d))
,

whereC ji(d) is the ( j, i)-cofactor of J(d). Each cofactor is a determinant of an N×N submatrix of J(d), so by the Leibniz
formula

|C ji(d)| ≤ N!MN .

Since |det(J(d))|> Γ, we have

|(J−1(d))i j| ≤
N!MN

Γ
.

The infinity norm of a matrix is the maximum row sum of absolute values

∥J−1(d)∥∞ = max
1≤i≤N+1

N+1

∑
j=1

|(J−1(d))i j| ≤ (N +1)
N!MN

Γ
=: K.

Therefore, for all d ∈U ,

∥J−1(d)∥∞ ≤ K.

This completes the proof.
Lemma 9 (Lipschitz Continuity of the Jacobian). Let J(d) be the Jacobian matrix of the residual function F(d) as

defined in (5). Then there exists a constant L > 0 such that for all d1, d2 in the neighborhood of d∗

∥J(d1)−J(d2)∥∞ ≤ L∥d1 −d2∥∞.

Proof. The Jacobian matrix J(d) has entries:
For i = 0, 1:

∂F0

∂dm
= L∗

m(0),
∂F1

∂dm
= L∗

m(1), m = 0, 1, . . . , N.

These are constants, independent of d.
For i ≥ 2, let j = i−2, so x = x j. Then
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∂Fi

∂dm
=


λeuN(x)L∗

m(x), m < ⌈α⌉,

ϕm(x)+λeuN(x)L∗
m(x), m ≥ ⌈α⌉,

m = 0, 1, . . . , N,

where ϕm(x) is independent of d.
For i = 0, 1, the entries are constant, so:

∣∣∣∣ ∂Fi

∂dm
(d1)−

∂Fi

∂dm
(d2)

∣∣∣∣= 0.

For i ≥ 2, the difference is

∣∣∣∣ ∂Fi

∂dm
(d1)−

∂Fi

∂dm
(d2)

∣∣∣∣=


λ |L∗
m(x)|

∣∣∣euN(x; d1)− euN(x; d2)
∣∣∣ , m < ⌈α⌉,

λ |L∗
m(x)|

∣∣∣euN(x; d1)− euN(x; d2)
∣∣∣ , m ≥ ⌈α⌉,

since ϕm(x) cancels out. Thus, for all m:

∣∣∣∣ ∂Fi

∂dm
(d1)−

∂Fi

∂dm
(d2)

∣∣∣∣= λ |L∗
m(x)|

∣∣∣euN(x; d1)− euN(x; d2)
∣∣∣ .

For each row i ≥ 2, the sum of absolute differences is:

N

∑
m=0

∣∣∣∣ ∂Fi

∂dm
(d1)−

∂Fi

∂dm
(d2)

∣∣∣∣= λ
∣∣∣euN(x; d1)− euN(x; d2)

∣∣∣ N

∑
m=0

|L∗
m(x)|.

Using the bound |L∗
m(x)| ≤ 2ρm, we have

N

∑
m=0

|L∗
m(x)| ≤ 2

N

∑
m=0

ρm = 2 · ρN+1 −1
ρ −1

=: CL.

Thus

N

∑
m=0

∣∣∣∣ ∂Fi

∂dm
(d1)−

∂Fi

∂dm
(d2)

∣∣∣∣≤ λCL

∣∣∣euN(x; d1)− euN(x; d2)
∣∣∣ . (6)

Since uN(x) is linear in d, we have
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|uN(x; d1)−uN(x; d2)| ≤
N

∑
n=0

|L∗
n(x)||d1, n −d2, n| ≤CL∥d1 −d2∥∞.

By the mean value theorem and the bound |uN(x)| ≤ Mu from Lemma 8

∣∣∣euN(x; d1)− euN(x; d2)
∣∣∣≤ eMu |uN(x; d1)−uN(x; d2)| ≤ eMuCL∥d1 −d2∥∞.

Substituting back into (6), we obtain

N

∑
m=0

∣∣∣∣ ∂Fi

∂dm
(d1)−

∂Fi

∂dm
(d2)

∣∣∣∣≤ λCL · eMuCL∥d1 −d2∥∞ = λeMuC2
L∥d1 −d2∥∞.

For rows i = 0, 1, the sum is 0.
The infinity norm of a matrix is the maximum row sum of absolute values. Therefore:

∥J(d1)−J(d2)∥∞ = max
0≤i≤N

N

∑
m=0

∣∣∣∣ ∂Fi

∂dm
(d1)−

∂Fi

∂dm
(d2)

∣∣∣∣≤ λeMuC2
L∥d1 −d2∥∞.

Let L = λeMuC2
L. Then

∥J(d1)−J(d2)∥∞ ≤ L∥d1 −d2∥∞.

Theorem 2 (Local Quadratic Convergence of Newton’s Method). Let F be the residual function and J be its Jacobian
defined in (4) and (5) respectively such that satisfies the conditions in Lemmas 6-9. Then there exists ζ > 0 such that for
any initial guess d(0) with ∥d(0)−d∗∥∞ < ζ , the Newton-Raphson iteration

d(η+1) = d(η)−J−1(d(η))F(d(η)),

converges quadratically to d∗. Specifically, there is a constant C > 0 such that

∥d(η+1)−d∗∥∞ ≤C∥d(η)−d∗∥2
∞ for all η ≥ 0.

Proof. Let e(η) = d(η)−d∗. Since F ∈C1(Ω) and F(d∗) = 0, the integral form of the mean value theorem gives

F(d(η)) =
∫ 1

0
J(d∗+ te(η))e(η)dt.
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The Newton iteration step is

d(η+1) = d(η)−J−1(d(η))F(d(η)).

Substituting into the error expression,

e(η+1) = e(η)−J−1(d(η))F(d(η)) = J−1(d(η))
[
J(d(η))e(η)−F(d(η))

]
.

Using the expression for F(d(η)),

J(d(η))e(η)−F(d(η)) =
∫ 1

0

[
J(d(η))−J(d∗+ te(η))

]
e(η)dt,

and thus, we have

e(η+1) = J−1(d(η))
∫ 1

0

[
J(d(η))−J(d∗+ te(η))

]
e(η)dt.

Taking the infinity norm,

∥e(η+1)∥∞ ≤ ∥J−1(d(η))∥∞

∥∥∥∥∫ 1

0

[
J(d(η))−J(d∗+ te(η))

]
e(η)dt

∥∥∥∥
∞
.

By the triangle inequality for integrals,

∥∥∥∥∫ 1

0

[
J(d(η))−J(d∗+ te(η))

]
e(η)dt

∥∥∥∥
∞
≤
∫ 1

0

∥∥∥[J(d(η))−J(d∗+ te(η))
]

e(η)
∥∥∥

∞
dt.

For each t ∈ [0, 1]

∥∥∥[J(d(η))−J(d∗+ te(η))
]

e(η)
∥∥∥

∞
≤ ∥J(d(η))−J(d∗+ te(η))∥∞∥e(η)∥∞.

By the Lipschitz condition

∥J(d(η))−J(d∗+ te(η))∥∞ ≤ L∥d(η)− (d∗+ te(η))∥∞ = L∥(1− t)e(η)∥∞ = L(1− t)∥e(η)∥∞.

Therefore,
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∥∥∥[J(d(η))−J(d∗+ te(η))
]

e(η)
∥∥∥

∞
≤ L(1− t)∥e(η)∥2

∞.

Integrating:

∫ 1

0
L(1− t)∥e(η)∥2

∞dt = L∥e(η)∥2
∞

∫ 1

0
(1− t)dt =

L
2
∥e(η)∥2

∞.

Also, by the bound on the inverse Jacobian:

∥J−1(d(η))∥∞ ≤ K.

Combining:

∥e(η+1)∥∞ ≤ K · L
2
∥e(η)∥2

∞ =
KL
2

∥e(η)∥2
∞.

Let C =
KL
2
. Then

∥e(η+1)∥∞ ≤C∥e(η)∥2
∞.

To ensure the iterates remain in Ω, choose ζ > 0 such that the closed ball B(d∗, ζ )⊆ Ω and Cζ < 1.
If ∥e(0)∥∞ < ζ , then

∥e(1)∥∞ ≤C∥e(0)∥2
∞ ≤Cζ 2 < ζ ,

so d(1) ∈ B(d∗, ζ )⊆ Ω.
By induction, if ∥e(η)∥∞ < ζ , then

∥e(η+1)∥∞ ≤C∥e(η)∥2
∞ ≤Cζ 2 < ζ ,

so all iterates remain in B(d∗, ζ )⊆ Ω, and the inequality holds for all η ≥ 0. This implies quadratic convergence.

Corollary 2 From the inequality ∥e(η+1)∥∞ ≤C∥e(η)∥2
∞ , since ∥e(0)∥∞ < ζ ≤ 1

2C
, we haveC∥e(0)∥∞ <

1
2
, and thus

∥e(η)∥∞ ≤ 1
C
(C∥e(0)∥∞)

2η
=C2η−1∥e(0)∥2η ,

which tends to zero as η → ∞.
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6. Numerical examples
This section displays some numerical examples to ensure the applicability and efficiency of our proposed numerical

algorithm.
Example 1 Consider the following equation:

Dα u+ eu = 0; 0 ≤ x ≤ 1,

subject to the boundary conditions:

u(0) = u(1) = 0,

where the exact solution is u(x) =−2log

cosh
(

θ
2

(
x− 1

2

))
cosh

(
θ
4

)
 at θ = 1.51716 when α = 2.

Table 1 displays the maximum absolute errors (MAEs) resulting from the application of our method in addition to the
CPU time needed to implement the algorithm for various N. Table 2 provides a detailed convergence analysis showing
the residual norms and convergence orders for the Newton-Raphson iterations with N = 10, demonstrating near-quadratic
convergence with order approaching 2.00077 by the fourth iteration. In contrast, Table 3 displays a comparison of the
exact solution, the approximate solution at N = 17, and the Absolute Errors (AEs) of different methods. Figure 2 displays
a numerical study of the obtained spectral approximation for the case corresponding to λ = 1. In Figure 2a, the comparison
between numerical solutions for various polynomial degrees N and the exact solution shows excellent agreement across
the entire domain x ∈ [0, 1], with all approximate solution curves virtually indistinguishable from the exact solution. The
logarithmic plot of absolute point-wise errors in Figure 2b shows that for large values of N, for example (N = 14, 17), a
high-order precision (∼ 10−16). The convergence behavior illustrated in Figure 2c demonstrates exponential convergence
of the maximum absolute error as a function of polynomial degree N until machine precision is reached at N ≈ 14, after
which the error plateaus at approximately 10−16. Figure 2d illustrates the non-linear relationship between polynomial
degree (N) and CPU time, showing that computation time increases at an accelerating rate. These results confirm the
theoretical exponential convergence rate expected for smooth solutions and validate that the method achieves machine
precision for polynomial degrees N ≥ 14.

Figure 3 shows an investigation of the Newton-Raphson convergence for Example 1 with N = 10. In Figure 3a, the
error decline that isn’t monotonic stabilises at about 1.5487×10−11. Figure 3b shows how spatial errors change during
the first six iterations. It shows that the patterns are always the same. Figures 3c and d demonstrate that after rapid initial
convergence, the error stabilizes in both shape and magnitude, with iterations beyond η ≈ 10 yielding no further accuracy
improvement.

Figure 4 further illustrates the Newton-Raphson convergence dynamics for Example 1 at N = 10, providing a
complementary visualization of the update norm convergence in panel (a) and the estimated convergence order evolution
in panel (b). The convergence order rapidly approaches the theoretical quadratic value of 2, validating the convergence
analysis presented in Theorem 2.

Figure 5 shows the numerical solution and error analysis for Example 1, where λ = 1 andN = 17. Figure 5a illustrates
that the approximate and exact solutions are quite close to each other for all values of x in the range [0, 1]. Figure 5b
shows a pointwise absolute error that is limited by machine accuracy (around 4.5× 10−16). It exhibits high-frequency
oscillations, a common feature of spectral approaches, due to the spread of collocation points.
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Table 1. Maximum absolute error and CPU time of Example 1 for different values of N

N 5 8 11 14 17

Maximum AE 9.40398×10−6 1.59176×10−9 1.33164×10−11 8.46545×10−16 2.498×10−16

CPU time (s) 0.113121 0.401707 1.49257 3.26759 6.4302

Figure 2. Spectral approximation results for Example 1
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Figure 3. Newton-Raphson convergence analysis for Example 1 at N = 10
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Table 2. Example 1 convergence orders and residuals’ norms with the corresponding iterations for N = 10

Iteration Residual norm ||F(η)|| Convergence order

1 1 -
2 1.67134×10−2 -
3 9.63107×10−7 1.88078

4 3.17418×10−15 2.00077

Table 3. Example 1 comparison of exact solution, approximate solution at N = 17, and absolute errors of various methods

x Exact Sol. Approx. Sol. Presented method L-RKM [54] ANN-SOS [55] RCNN [56] Green’s Func.
Tech. [57]

Adomian
Decomp. [58]

0.1 0.0498468 0.0498468 1.38778×10−16 5.53×10−17 1.32×10−6 2.5726×10−7 1.8×10−12 2.887×10−9

0.2 0.0891899 0.0891899 2.22045×10−16 1.09×10−16 6.33×10−7 5.8002×10−7 4.1×10−12 5.745×10−9

0.3 0.117609 0.117609 1.38778×10−16 1.63×10−16 3.29×10−6 7.5634×10−7 6.4×10−12 8.539×10−9

0.4 0.13479 0.13479 1.38778×10−16 2.15×10−16 2.81×10−6 7.3394×10−7 8.2×10−12 1.123×10−8

0.5 0.140539 0.140539 5.55112×10−17 2.64×10−16 4.75×10−7 7.0454×10−7 9.1×10−12 1.380×10−8

0.6 0.13479 0.13479 1.38778×10−16 3.11×10−16 1.48×10−6 7.7639×10−7 8.8×10−12 1.622×10−8

0.7 0.117609 0.117609 8.32667×10−17 3.54×10−16 2.31×10−6 8.0204×10−7 7.4×10−12 1.843×10−8

0.8 0.0891899 0.0891899 2.498×10−16 3.92×10−16 2.26×10−6 5.8306×10−7 5.2×10−12 2.024×10−8

0.9 0.0498468 0.0498468 6.245×10−17 4.27×10−16 8.62×10−7 2.2869×10−7 2.5×10−12 1.961×10−8

Figure 4. Newton-Raphson iterations convergence analysis of Example 1 for N = 10
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Figure 5. Numerical solution and error analysis for Example 1 with λ = 1 and N = 17

Example 2 Consider the following equation:

Dα u+3.51eu = 0; 0 ≤ x ≤ 1,

subject to the boundary conditions:

u(0) = u(1) = 0, (7)

where the exact solution is u(x) =−2log

cosh
(

θ
2

(
x− 1

2

))
cosh

(
θ
4

)
 at θ = 4.66781 when α = 2.

Table 4 presents the comparison of numerical solutions and absolute errors for Example 2 across different methods.
In Table 5, all maximum errors happened at position x = 1/2. The error values show stable convergence. Maximum

errors varied between 2.22853 × 10−10 and 2.26195 × 10−10, while average errors ranged from 1.27211 × 10−10 to
1.2922×10−10. In addition, from Figure 6, The method showed convergence with errors around 10−10.

Table 6 quantifies the convergence behavior with residual norms and convergence orders for successive Newton-
Raphson iterations, showing the transition from linear (order≈ 0.78735) to near-quadratic convergence (order≈ 1.98378)
within eight iterations. Figure 7 presents a comprehensive error analysis of the Newton-Raphson method for Example 2
with N = 20, using an extremely low tolerance of 10−20 to demonstrate the method’s stability and robustness even under
extended iteration counts.
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Table 4. Example 2 comparison of numerical solutions and absolute errors for various methods

x Exact
solution

Approx.
solution

Presented method
(N = 20)

Genocchi
polynomials [59] GFIM [57]

Taylor wavelets
[60]

(k = 1, M = 11)

RCNN [56]
(λ = 3.51)

ANN-SOS
[55]

(k = 1, M = 11)

0.1 0.364336 0.364336 5.67795×10−11 3.318×10−5 2.0×10−5 2.49×10−7 1.5627×10−5 1.79×10−4

0.2 0.67787 0.67787 1.30128×10−10 2.551×10−5 4.0×10−5 2.61×10−7 1.2411×10−5 3.18×10−4

0.3 0.922214 0.922214 1.89501×10−10 2.005×10−4 5.6×10−5 2.68×10−7 4.9981×10−5 4.38×10−4

0.4 1.07863 1.07863 1.94062×10−10 1.677×10−4 6.8×10−5 1.25×10−6 3.3924×10−5 5.22×10−4

0.5 1.13262 1.13262 2.25535×10−10 1.568×10−4 7.2×10−5 1.31×10−6 7.8505×10−6 5.46×10−4

0.6 1.07863 1.07863 1.9412×10−10 1.677×10−4 6.3×10−5 1.25×10−6 2.7385×10−5 5.16×10−4

0.7 0.922214 0.922214 1.85813×10−10 2.005×10−4 5.6×10−5 2.68×10−7 5.0464×10−5 4.35×10−4

0.8 0.67787 0.67787 1.44922×10−10 2.551×10−4 4.0×10−5 2.61×10−7 2.6432×10−5 3.11×10−4

0.9 0.364336 0.364336 4.92833×10−11 3.318×10−4 2.0×10−5 2.49×10−7 1.6634×10−6 1.68×10−4

Table 5. Example 2 shows the convergence of the iterative Newton-Raphson method across 50 iterations for N = 20. The maximum absolute error and
average error at each 5-iteration step are in the table

Iteration Maximum error Average error

1 2.25709×10−10 1.28918×10−10

5 2.26195×10−10 1.2922×10−10

10 2.2372×10−10 1.27729×10−10

15 2.25027×10−10 1.28536×10−10

20 2.22853×10−10 1.27211×10−10

25 2.25616×10−10 1.2887×10−10

30 2.23889×10−10 1.2783×10−10

35 2.24835×10−10 1.28411×10−10

40 2.23334×10−10 1.27502×10−10

45 2.24011×10−10 1.27904×10−10

50 2.25476×10−10 1.28788×10−10

Table 6. Example 2 convergence orders and residuals’ norms against the corresponding iterations

Iteration Residual norm ||F(η)|| Convergence order

1 0.152997 -
2 2.3806 -
3 0.55018 0.78735

4 0.125359 1.0097

5 2.411×10−2 1.11459

6 2.4414×10−3 1.38913

7 3.97089×10−5 1.79854

8 1.123059×10−8 1.98378
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Figure 6. An error analysis of the Newton-Raphson iterative method in Example 2 was performed, using a tolerance of 10−20 for N = 20

Table 7. Example 2 maximum absolute error and CPU time for different values of N when λ = 3.51

N 4 8 12 16 20

Max. A. E. 5.99351×10−2 4.13964×10−4 1.13476×10−6 7.04313×10−9 2.25535×10−10

CPU time (s) 0.140218 1.04936 3.10342 10.1049 21.4841
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Figure 7. An error analysis of the Newton-Raphson iterative method in Example 2 was performed, using a tolerance of 10−20 for N = 20

Table 7 summarizes the computational performance for Example 2, documenting maximum absolute errors and CPU
times for polynomial degrees N ∈ {4, 8, 12, 16, 20}. The results demonstrate exponential error decay from O(10−2)

to O(10−10) as N increases, while CPU time exhibits polynomial growth, consistent with the complexity of solving the
Newton-Raphson systems.

Figure 6 illustrates the algorithm’s behavior over 50 iterations using an extremely low tolerance (10−20). The purpose
is to demonstrate the robustness and stability of the Newton-Raphson method; it is observed that the solution does not
diverge (no maximum error inflation), even with a large number of iterations, confirming the method’s reliability [61].

In contrast, Figure 8 focuses on the analysis of the rate of convergence. The order of convergencewas calculated using
only the first 8 iterations with a tolerance of 10−10. It was observed that the residual value reaches a state of stagnation
after the eighth iteration. Beyond this point, the convergence becomes non-monotonic and oscillates within a very narrow
range. This is an expected phenomenon when the machine precision limits of floating-point arithmetic are reached. This
effect is amplified by the large polynomial degree (N = 20), as the resulting large-scale system is more susceptible to the
accumulation of floating-point errors, which hinders the accurate computation of the residual at this level of precision [62].
Furthermore, this sensitivity is a direct consequence of the physics of the Bratu problem itself. The problem possesses a
critical parameter, λc, beyond which no real solution exists. As the chosen parameter λ = 3.51 approaches this critical
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value, the Jacobian matrix becomes severely ill-conditioned, magnifying the effects of floating-point errors and directly
causing the observed slowdown and oscillation in convergence.

However, it is crucial to note that by the eighth iteration, the calculated order of convergence closely approaches 2,
the theoretical value of the ideal quadratic convergence. This confirms the high efficiency and effectiveness of the applied
method. It is anticipated that maintaining the quadratic convergence rate to lower error levels would require the use of
arbitrary-precision arithmetic [63].

Example 3 Consider the following equation:

Dα u+ eu = 0; 0 ≤ x ≤ 1,

subject to the boundary conditions:

u(0) = u(1) = 0, (8)

where the exact solution is u(x) =−2log

cosh
(

θ
2

(
x− 1

2

))
cosh

(
θ
4

)
 at θ = 1.51716 when α = 1.5.

Table 8 shows the rapid convergence of the approximate solution as the order of approximation increases from N = 3
to N = 12, with the solution values stabilizing to at least 4-5 significant digits and exhibiting the expected symmetry
about x = 0.5 (maximum value ≈ 0.1405). The boundary conditions are satisfied with increasing accuracy, particularly
at x = 1, where the error reduces from O(10−2) at N = 3 to O(10−6) at N = 12. Table 9 validates the method’s superior
performance by comparing residual errors with the Green’s Function-Picard’s Fixed Point (GFPF) iteration method; the
presented spectral approach achieves residual errors on the order of 10−13, approximately six to seven orders of magnitude
smaller than the GFPF method’s errors (10−6 to 10−5), with the maximum residual occurring near at x = 0.9. This
significant improvement in accuracy with only N = 12 collocation points underscores the efficiency of spectral methods
for fractional differential equations with smooth solutions.

Table 8. Example 3 approximate solutions at various N values

x N = 3 N = 6 N = 9 N = 12

0.0 5.551115123×10−17 0 0 0

0.1 0.05165009259 0.04983292324 0.04984681147 0.04984678027

0.2 0.09274950319 0.08916273141 0.08918997457 0.08918991339

0.3 0.1228412806 0.1175692253 0.1176091552 0.1176090656

0.4 0.1414684735 0.1347388244 0.1347903349 0.1347902167

0.5 0.1481741308 0.1404777514 0.1405393433 0.1405391728

0.6 0.1425013013 0.1347200106 0.1347906108 0.1347902067

0.7 0.1239930336 0.1175301600 0.1176105810 0.1176090091

0.8 0.09219237662 0.08910087676 0.08919613192 0.08918958854

0.9 0.04664237909 0.04974531592 0.04986961651 0.04984514551

1.0 −0.01311391021 −0.0001157366766 0.00007373727535 −6.997328434×10−6
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Table 9. Example 3 residual errors comparison between our method at N = 12 and the Green’s Function-Picard’s fixed point iteration method in [64]
after 5 iterations

x Presented method GFPF [64]

0.1 1.87758×10−13 3.69×10−6

0.2 2.57517×10−13 5.65×10−6

0.3 4.51808×10−13 5.45×10−6

0.4 4.30561×10−13 3.60×10−6

0.5 4.04231×10−17 1.08×10−6

0.6 1.26368×10−12 1.18×10−6

0.7 4.34115×10−12 2.57×10−6

0.8 1.10266×10−11 3.01×10−6

0.9 9.99175×10−11 1.12×10−5

Table 10 documents the computational efficiency for Example 3, showing CPU times for N = 3,6,9, and 12. The
polynomial growth in computational cost is expected given the increasing size of the nonlinear algebraic system.

Table 10. Example 3 CPU time for different values of N

N 3 6 9 12

CPU Time (s) 0.1229621 0.6697874 2.4432161 8.1343948

Figure 9 shows spatial error distributions for polynomial degrees N ∈ {3, 6, 9, 12}, illustrating the transition from
low- to high-order approximations. Errors decrease significantly with increasing N: from monotonic growth up to 0.15 at
N = 3 (Figure 9a), to localized exponential growth at N = 6 (Figure 9b), a sharp spike near x ≈ 0.95 at N = 9 (Figure 9c),
and a smooth, similarly-shaped profile at N = 12 (Figure 9d). This progression reveals boundary-layer behavior and non-
monotonic convergence, with error magnitudes spanning seven orders of magnitude, demonstrating the dramatic impact
of polynomial degree on approximation quality.

Figure 10 demonstrates spectral convergence for polynomial degrees N ∈ {3, 6, 9, 12}. Figure 10a shows close
agreement between approximate and exact solutions, with only slight deviation at x = 1 for N = 3. All approximations
capture the symmetric bell-shaped profile peaking near x = 0.5. Figure 10b displays exponential decay in maximum
absolute error, from O(10−1) at N = 3 to O(10−8) at N = 12, confirming spectral accuracy and rapid convergence for
smooth problems.

Figure 11 complements the spectral convergence analysis by illustrating the relationship between computational
performancemetrics and accuracy. Panel (a) demonstrates the correlation betweenmaximum residual errors andCPU time,
showing that achieving machine precision requires approximately 8 seconds for N = 12. Panel (b) reveals the polynomial
scaling of CPU time with respect to the polynomial degree N, confirming the expected computational complexity of the
method.

Contemporary Mathematics 6864 | Y. H. Youssri, et al.



Figure 8. Convergence analysis of the Newton-Raphson iterative method in Example 2

Figure 9. Example 3 Spatial error distributions for polynomial approximations of degrees N ∈ {3, 6, 9, 12}
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Figure 10. Example 3 spectral approximation performance for varying polynomial degrees

Figure 11. Example 3 computational performance for various polynomial degrees and corresponding maximum residual errors

Having presented the numerical experiments for various fractional orders and nonlinearity parameters, we now spot
some of the computational aspects of our implementation. All numerical experiments were performed using Wolfram
Mathematica 12.1 on a PC equipped with an Intel Core i3-4150 processor (3.50 GHz frequency) and 16.0 GB DDR3
RAM, running Windows 10 Home. CPU times were measured using the built-in timing functions, averaged over multiple
runs to minimize system variability. The Newton-Raphson convergence order p was computed using the formula

p ≈ log(∥F(d(η))∥/∥F(d(η−1))∥)
log(∥F(d(η−1))∥/∥F(d(η−2))∥)

,

where ∥F(d(η))∥ represents the Euclidean norm of the residual vector at iteration η . The reported CPU times exhibit
polynomial growth with respect to the degree N, consistent with the complexity of solving the (N +1)× (N +1) Newton
systems. As demonstrated in the convergence plots, the method typically achieves linear convergence during initial
iterations when distant from the solution, transitioning to quadratic convergence (p ≈ 2) within the basin of attraction.
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7. Concluding remarks
This study presented a collocation approach to treat the one-dimensional fractional Bratu differential equation

governed by nonhomogeneous Dirichlet boundary conditions, using the shifted Lucas polynomials as basis functions. The
method quickly converges and accurately deals with the fractional derivatives and nonlinear terms. The application of the
algorithm led to reducing the equation with its underlying conditions into a nonlinear algebraic system efficiently handled
by the Newton-Raphson method. A thorough error analysis for the proposed shifted Lucas expansion was presented.
We presented some numerical tests and comparisons to ensure the algorithm’s applicability and high convergence. The
shifted Lucas polynomials may be employed to solve some other FDEs using the various versions of spectral methods. In
addition, we aim to introduce some generalizations of the shifted Lucas polynomials in the near future and employ them
in other applications.
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