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Abstract: Discrete system dynamics play a vital role in understanding the spread of infectious diseases, especially during
pandemics. In this study, bifurcation analysis is employed on a discrete model incorporating interventions (vaccination
and quarantine) and medical resource limitations to reveal qualitative changes in epidemic behavior. We investigate
why early policy speed is crucial and how strategies must be adapted when a region faces an endemic state. Through
the analysis of dual threshold bifurcation types I and II and numerical simulations, we demonstrate that, in the early
phase (type I), complacency can lead to a serious dilemma, pushing the epidemic system (which describes how a disease
moves through a population) into a costly, difficult-to-control endemic condition, and if a high endemic state is reached
(type II) and medical capacity is exceeded, inadequate interventions risk causing an unsustainable return to high case
numbers. Crucially, our analysis identifies this vulnerability as a false comfort zone: a fragile low-endemic state where
minor disturbances can trigger a catastrophic return to high transmission. The ultimate threat is a dramatic surge in cases
from shifts in transmission (e.g., new variants), which can undo all progress. These findings emphasize the importance
of dynamic epidemiological thresholds and the need for proactive, consistent, and adaptive policies to mitigate future
pandemic impacts.
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1. Introduction
Discrete dynamical systems are robust tools for understanding the complex behavior of epidemics. Consequently,

numerous studies have used such systems to elucidate the fundamental dynamics of infectious disease spread. These
highly versatile systems play a crucial role in modeling phenomena where evolution occurs in distinct, sequential steps.
In a biological context, discrete dynamical systems are effective at predicting the development of and informing control
strategies for disease vectors, e.g., mosquitoes [1]. In addition, these models can depict the dynamics of infectious disease
transmission within a given population [2–4]. In-depth analysis of discrete dynamical systems is frequently dependent on
various supporting theories, including bifurcation theory, to grasp how parameter changes can influence the dynamics of
an epidemic.
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In the context of dynamical systems, bifurcation refers to a qualitative change in the behavior of a system in response
to small variations in a control parameter. This phenomenon has been a central focus of studies on discrete dynamical
systems. Previous research has analyzed various bifurcations, including complex types such as period-doubling and
Neimark-Sacker bifurcations [2, 5–8] as well as fundamental types such as transcritical, pitchfork, and saddle-node
bifurcations [7, 9]. Furthermore, certain bifurcations can lead the system toward chaotic behavior, thereby indicating
extreme complexity.

In the epidemiology field, studies on disease-spread dynamical systems have advanced rapidly since the development
of the pioneering Kermack-McKendrick model. With the emergence of diverse disease characteristics and complex
epidemic phenomena, these models have been expanded to analyze the effectiveness of various interventions, including
vaccination, quarantine, and other control strategies [10–13]. In addition, these models are vital for predicting the
achievement of herd immunity within a population [14, 15] and for assessing the impact of individual mobility on disease
transmission [16]. Several studies have also integrated empirical data—e.g. hospitalization records, cumulative case
counts, and diverse surveillance sources (including syndromic, environmental, genomic, serological, infoveillance, and
mobility data)—to improve predictive accuracy and enable the exploration of more complex epidemic scenarios [17, 18].

Vaccination strategy modeling has evolved into a highly advanced research field. Numerous studies have developed
complex frameworks to explore various key factors, such as the optimal interval between the first and second doses, the
tradeoff between vaccination speed and dose spacing, and immune protection decline over time [19]. In these models,
the population is typically divided into several groups (compartments) to reflect different protection levels: the first
dose provides partial immunity, while the second dose boosts protection to be stronger and longer-lasting. Although
detailed models with several compartments are considerably useful for forecasting and planning vaccine logistics, a
simpler approach with only two dose compartments is considered in this study. This more concise structure allows for
a deeper and clearer analysis of how vaccination, as a large-scale intervention, interacts with systemic constraints, such
as limited medical resources. Using this approach, we can highlight the underlying nonlinear dynamics and bifurcation
patterns, which are the main focus of this study.

Many previous studies have examined the impact of single interventions, such as vaccination or quarantine, and the
presence of specific bifurcation types. However, there are still considerable gaps in understanding how these various
interventions interact, particularly when combined with limited medical resources, creating a substantially more complex
and vulnerable system dynamic. Few studies have examined bifurcation phenomena in epidemic models in detail—
for instance, the existence of multiple endemic equilibria, where two stable states can coexist at the same parameter
value [20], or codimension-two bifurcations, which signal deeper topological changes in system dynamics [21]. In
particular, few studies analytically explain the emergence of several distinct bifurcation thresholds, which can determine
the direction of system development. Consequently, the mechanisms that cause short-term policy successes to create
long-term vulnerabilities remain poorly understood from a dynamical system perspective.

Fractional-order models have recently gained attention for their ability to capture memory effects in epidemic
dynamics, and they are also valued for their flexibility in modifying mathematical frameworks to incorporate dynamical
transmission, treatment, vaccination, and precautionary measures [22, 23]. Discrete models remain particularly relevant
for epidemic analysis. They align more closely with the discrete nature of daily case data and are especially effective for
investigating emerging bifurcations in the system. This study builds upon a discrete dynamical model first introduced
in our previous study [24]. Although the previous study focused on the model’s formulation and initial numerical
simulations, the rich nonlinear dynamics inherent in the model, particularly the existence and policy implications of
complex bifurcations, were unexplored. Therefore, the major novel contribution of the present study is to conduct a
rigorous, in-depth bifurcation analysis of this model. In particular, we identify and mathematically characterize a “Dual
Threshold Bifurcation”—a structure not discussed in the previous study. Notably, we link this complex mathematical
phenomenon to a conceptual framework of “pandemic ironies” to provide a richer policy interpretation.

The recent global pandemic has highlighted the importance of understanding these dynamics. Policy decision-making
must frequently deal with crucial dilemmas and significant uncertainty, and an inherent irony is observable in pandemic
control efforts, where seemingly rational actions can result in unexpected consequences or lock the system into undesirable
conditions [25, 26]. Such complexities arise from the nonlinear nature of disease spread, where minor parameter shifts can
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trigger drastic changes in outcomes. This highlights the critical need for models that can capture these intricate behaviors
and inform more robust strategies for navigating uncertainties.

In the early stages of a pandemic, aggressive interventions, e.g., strict mobility restrictions, massive increases in
testing and tracing capacity, and rapid and comprehensive vaccination campaigns, are often considered crucial steps to
fundamentally suppress the spread of the disease. Pandemic history shows that countries implementing decisive early
measures tend to experience lower case burdens and quicker economic recovery. In contrast, delays or hesitant approaches
can prolong the epidemic, overwhelm healthcare systems, and even cause such systems to become trapped in endemic
conditions that are difficult to control. The experiences of several nations in adopting various early-phase interventions
offer clear real-world examples of the potential consequences of these policy decisions [27, 28].

Through this methodological framework, by highlighting the critical importance of understanding system dynamics
for effective navigation amidst uncertainty, this study attempts to investigate why health policies must be bold and swift,
especially in the early phase of a pandemic. In addition, if a system becomes caught in an endemic trap, this study
analyzes how intervention strategies should adapt to steer the system toward a more controlled state and what the risks
are if such adaptation fails. Here, emphasis is placed on the endemic trap concept and the identification of how, over time,
unintended policy consequences can influence the evolution of a pandemic. The remainder of this paper is structured as
follows. Section 2 presents the formulation of the discrete epidemic model, which incorporates vaccination, quarantine,
and medical resource limitations. Section 3 provides a detailed analysis of the model, including its equilibrium points,
stability, and complex bifurcations, followed by an in-depth discussion of their policy implications. Finally, Section 4
concludes this study with a summary of the key findings and their relevance for future pandemic preparedness.

2. Methods
In this study, an analytical and numerical approach is employed to investigate the dynamics of infectious disease

spread with a specific focus on policy implications. This base model is selected because it provides a comprehensive
analysis framework. It already integrates several critical, interacting interventions: a two-dose vaccination scheme,
quarantine protocols, and a nonlinear recovery function dependent on medical resource capacity. Although this model
can be formulated in continuous form (differential equations), we select a discrete-time approach (difference equations)
for two main reasons. First, epidemiological data, such as daily cases and vaccinations, are typically reported daily,
making discrete models more suitable. Second, discrete systems can exhibit richer dynamics, including period-doubling
bifurcations and routes to chaos, which rarely appear in continuous models. Because our focus is on understanding the
nonlinear dynamics and critical transitions relevant to policy, a discrete framework offers a more appropriate foundation
for this analysis. We employ a discrete epidemic model adapted from Fahreza et al. [24], which focuses on the model’s
formulation and initial validation. The novel analytical contribution of this study lies in the detailed bifurcation analysis
of the model and subsequent interpretation of its complex dynamics, which are presented in the Results and Discussion
section. The dynamics of the system are described by the following equations:

St+1 = St +Λ−λSt It −λqStQt −φ1St +ρRt −µSt ,

V1t+1 = V1t +φ1St −λ pV1t It −λ pqV1t Qt −φ2V1t −µV1t ,

V2t+1 = V2t +φ2V1t −λ rV2t It −λ rqV2t Qt −µV2t ,

It+1 = It +λSt It +λ pV1t It +λ rV2t It +λqStQt +λ pqV1t Qt +λ rqV2t Qt − τ1It + τ2Qt −µIt −ζ It − f (It),
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Qt+1 = Qt + τ1It − τ2Qt − γnQt −ζ dQt −µQt ,

Rt+1 = Rt + γnQt −ρRt −µRt + f (It),

Dt+1 = Dt +ζ It +ζ dQt . (1)

The function f (It), which represents the recovery rate dependent on medical capacity, is defined as follows.

f (It) =


(γn + γm)It , It ≤ Ib

(γn + γm)Ib + γn(It − Ib), It > Ib.

This model divides the population into seven compartments. St denotes the susceptible population, and V1t and V2t

denote the first- and second-dose vaccinated populations, respectively. The infected population is split into two groups:
It for moderately to severely infected individuals requiring medical intervention and Qt for mildly infected individuals in
self-quarantine. Moreover, Rt is the recovered population, and Dt is the cumulative number of deceased individuals. A
full description of each parameter of the model is shown in Table 1. The subscript t denotes the time step. Furthermore,
Ib represents the medical resource threshold, defined as the maximum number of infected individuals that the healthcare
system can treat with full effectiveness via normal and medically assisted recovery.

Table 1. Parameters of System (1)

Parameter Description Parameter Description

λ Infection rate ρ Reinfection rate

φ1 First-dose vaccination rate p Reduction in infection rate due to first-dose
vaccination

φ2 Second-dose vaccination rate r Reduction in infection rate due to second-dose
vaccination

τ1 Transfer rate from I(t) to Q(t) q Reduction in infection rate due to quarantine

γn Normal recovery rate d Reduction in mortality rate due to vaccine

ζ Covid-19 mortality rate Λ Normal birth rate

τ2 Transfer rate from Q(t) to I(t) µ Normal mortality rate

γm Medically assisted recovery rate

The proposed model mathematically represents key public health interventions as follows. First, vaccination is
modeled as a two-dose strategy. The parameter φ1 represents the rate at which susceptible individuals (St ) receive their
first vaccine dose, moving them to the V1t compartment. Subsequently, φ2 is the rate of second-dose administration,
transitioning individuals to the fully vaccinatedV2t compartment. The vaccine’s efficacy is captured by parameters p and
r (where 0 < r < p < 1), which reduce but do not eliminate the infection risk. For instance, the term λ pV1t It indicates that
first-dose vaccinated individuals have a reduced probability of infection compared with unvaccinated individuals. Second,
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quarantine is modeled as a mechanism to reduce transmission from infected individuals. The parameter τ1 governs the rate
at which individuals from the infected class (It ) move into the quarantined class (Qt ). The effectiveness of this isolation is
represented by the parameter q (where 0 ≤ q < 1), which reduces the transmission rate from the quarantined population.
A value of q = 0 indicates a perfect quarantine where individuals in Qt are completely isolated and cannot spread the
disease, whereas a value close to 1 indicates less effective quarantine.

In this study bifurcation analysis allows us to identify critical control parameter values where qualitative changes
in system behavior occur, e.g., the emergence or disappearance of equilibrium points, or changes in their stability.
Specifically, we focus on an in-depth elaboration of the dual threshold bifurcation that arises in the system. This enables
us to systematically explain the model’s nonlinear complexities and their implications for policy responses. In addition,
numerical simulations are performed to elucidate the analytical findings and investigate the system dynamics under various
intervention scenarios, particularly in the context of hysteresis and endemic traps. The results are then discussed in the
context of real-world observations from the COVID-19 pandemic globally, using illustrative case studies from various
countries to demonstrate the model’s policy relevance.

3. Results and discussion
3.1 Equilibrium point and stability analysis

For the model to be epidemiologically meaningful, we must ensure that all state variables remain non-negative and
that the total population is bounded for all time t ≥ 0. The detailed proofs for the positivity and boundedness of the
solutions to System (1) are presented in Appendix A.

3.1.1Disease-Free Equilibrium (DFE)

The DFE point of System (1), denoted Ω0 =
(
S0, V10 , V20 , 0, 0, 0, 0

)
, represents a state in which the disease is absent

from the system (I = Q = R = D = 0). By setting Xt+1 = Xt = X∗ for all compartments, signifying that the population in
each compartment remains constant over time, and then substituting I∗ = Q∗ = R∗ = D∗ = 0, the nonzero compartments
of the DFE are derived as follows:

S0 =
Λ
k1
, V10 =

Λφ1

k1k2
, V20 =

Λφ1φ2

µk1k2
,

where k1 = µ +φ1 and k2 = µ +φ2. Here, it is evident that an increase in the first-dose vaccination rate (φ1) reduces
the susceptible population (S0), and an increase in the second-dose vaccination rate (φ2) increases the fully vaccinated
population (V20). This reflects the expected dynamic where vaccination effectively reduces the pool of susceptible
individuals.

Then, the basic reproduction number (R0) of System (1) is determined using the next-generation matrix approach(
K = F [I−T]−1

)
[29–31], with a focus on the infected population compartments It and Qt . Epidemiologically, R0

represents the average number of new cases caused by a single infected individual in a fully susceptible population, where
no one has been vaccinated or developed immunity. Here, the matrices F and T represent the new infections and the
transitions between infected states, respectively. The matrices F and T for System (1) are obtained as follows:

F(Ω0) =


Λλ ((pφ1+k2)µ+φ1φ2r)

µk1k2

Λλq((pφ1+k2)µ+φ1φ2r)
µk1k2

0 0

 ,
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T(Ω0) =

−k3 +1 τ2

τ1 −k4 +1

 ,

where k3 = τ1 + µ + ζ + γn + γm and k4 = τ2 + γn + ζ d + µ . Here, k3 denotes the total rate of individuals leaving the
population compartment It (due to quarantine, natural death, disease-induced death, and recovery), and k4 denotes the
total rate of individuals leaving the population compartment Qt .

Thus, the next-generation matrix K = F [I−T]−1 is derived as follows.

K=


Λλ ((pφ1+k2)µ+φ1φ2r)(qτ1+k4)

µk1k2(k3k4−τ1τ2)
Λλ ((pφ1+k2)µ+φ1φ2r)(qk3+τ2)

µk1k2(k3k4−τ1τ2)

0 0

 .

The basic reproduction number R0 is the spectral radius of matrix K, which is obtained as follows:

R0 =
Λλ ((pφ1 + k2)µ +φ1φ2r)(qτ1 + k4)

µk1k2(k3k4 − τ1τ2)
. (2)

In addition, based on Theorem 4.4 in the literature [30], the following corollary is obtained regarding the stability of
Ω0.

Corollary 1 The DFE Ω0 of System (1) is locally asymptotically stable if R0 < 1 and unstable if R0 > 1, where R0

is obtained using Equation (2).
The detailed proof of this corollary, based on the Jury stability criteria, is presented in Appendix B.
The derived basic reproduction number R0 provides crucial insights into the factors that influence the spread of

a disease. It reveals a proportional relationship with the infection rate λ , indicating that higher transmission rates lead
to greater spread potential. Conversely, the vaccine efficacy parameters (i.e., p and r) and the quarantine effectiveness
factor q exhibit an inverse relationship with R0, demonstrating that enhanced vaccination coverage and more effective
quarantine measures reduce the disease’s spread potential. This analysis shows that the epidemic will disappear ifR0 < 1.
However, the crucial next question is what happens if the epidemic does not disappear? To answer this, we must analyze
the conditions under which a disease persists in a population, i.e., the existence of an Endemic Equilibrium (EE) point.

3.1.2EE point

The EE point of System (1) is analyzed to understand the behavior of the system when the disease persists within the
population, indicated by I > 0 (and consequently positive values for Q, R, and D). The existence of an EE is significantly
influenced by the availability of medical resources, giving rise to two primary scenarios based on the infected population
size It relative to the medical resource threshold Ib. Thus, two types of EE points are defined, i.e., Ω1 for It ≤ Ib, and Ω2

for It > Ib.
Case 1: EE when I∗ ≤ IbI∗ ≤ IbI∗ ≤ Ib

When the infected population is at or below the medical resource threshold (i.e., It ≤ Ib), the recovery function is
given as f (It) = (γn + γm) It . Here, the nonzero equilibrium components S1,V11 ,V21 , I1, Q1, and R1 are derived by setting
the system to equilibrium (Xt+1 = Xt = X∗) and solving the resulting system of equations. Then, these equilibrium values
can be substituted into the definition of the force of infection, i.e., α = λ (I1 +qQ1), to express α in terms of the system
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parameters (detailed expressions for these components are provided in Appendix C). The parameter α indicates the rate
at which susceptible individuals contract the disease within the population.

By substituting all the aforementioned components, we can summarize the entire system dynamics into a single key
equation that links the rate of infection (α) with R0. This equation is in the form of a cubic polynomial, whose solutions
determine whether endemic conditions exist:

Aα3 +Bα2 +Cα +E (1−R0) = 0, (3)

where A, B, C, and E are coefficients (detailed expressions are given in Appendix D). Notably, coefficients A and E are
definitively negative.

The endemic equilibria of the system are represented by the positive real solutions of this cubic equation. Note that
Equation (3) can yield up to three positive real solutions, indicating the possibility of multiple endemic states, and the
values of the coefficients A, B, C, and E are examined to analyze the existence of these points. Given that coefficient A
and E are definitely negative, the analysis primarily focuses on coefficients B and C. Further insights into the existence
of an EE can be gained by analyzing the extremum values of Equation (3), which occur when the first derivative of the
equation equals zero.

3Aα2 +2Bα +C = 0. (4)

The solutions for α at the extremum points are given by −B±
√

B2−3AC
3A . The existence of these extremum points

requires the discriminant B2 − 3AC to be positive. From the form of Equation (3), the function R0 can be defined as
R0 = h(α) = Aα3+Bα2+Cα+E

E , and the following proposition is formulated regarding the existence of the system’s EE by
analyzing the values of coefficients B, C, the discriminant B2 −3AC, and the value of R0.

Proposition 1 System (1) has
i) one EE if R0 > 1,

ii) two endemic equilibria if h
(

−B−
√

B2−3AC
3A

)
< R0 ≤ 1 and C > 0,

iii) two endemic equilibria if h
(

−B−
√

B2−3AC
3A

)
< R0 < 1, B2 −3AC > 0, B > 0, and C < 0,

iv) three endemic equilibria if 1 ≤ R0 < h
(

−B+
√

B2−3AC
3A

)
, B2 −3AC > 0, B > 0, and C < 0.

No EE exists in the system beyond the previously identified parameter conditions.
In summary, Proposition 1 states that the dynamics of an epidemic are not as simple as “disappear or spread”.

Depending on the complex interaction between parameters, such as vaccine efficacy and quarantine rate (mathematically
summarized in coefficients B and C), the system can have up to three endemic conditions. Scenarios (ii), (iii), and (iv)
are the most interesting from a policy perspective because they show that outbreaks can persist (two equilibria) or even
have some degree of severity (three equilibria) even when R0 approaches or is below 1.

Case 2: EE when I∗ > IbI∗ > IbI∗ > Ib

Following the analysis for It ≤ Ib, the EE when the infected population exceeds the medical resource threshold (i.e.,
It > Ib) is analyzed. This condition, representing an overwhelmed healthcare system, triggers significant changes in the
epidemic dynamics due to the modified recovery function f (It) = (γn + γm) Ib + γn (It − Ib). Here, to facilitate a more
direct understanding of this transition and the system’s behavior under resource limitation conditions, the analysis shifts
focus from R0 and α to the relationship between the number of infected individuals I and the infection rate λ .

For this case, the EE is defined as Ω2 = (S2, V12 , V22 , I2, Q2, R2, D2), and the nonzero equilibrium components S2,
V12 , V22 , Q2, and R2 can be expressed in terms of I2 and λ (detailed expressions are given in Appendix E). Substituting
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these equilibrium components into the governing equation for I2 results in a quartic equation describing how I2 changes
with variations in λ :

h1 (I2) = A1I4
2 +B1I3

2 +C1I2
2 +E1I2 +F1 = 0, (5)

where

A1 = λ 3A2, B1 = (qτ1 + k4)
2λ 2(λB2 +B3),

C1 = (qτ1 + k4)k2
4λ (λC2 +C3), E1 = k3

4(λE2 +E3).

The parameters A2, B2, B3, C2, C3, E2, E3, and F1 are detailed in Appendix F. The positive real solutions of this
quartic equation represent the system’s EE when It > Ib.

3.2 Bifurcation existence analysis

This section analyzes the system’s bifurcations, which represent critical shifts in behavior caused by changes in
specific parameter values. From an epidemiological perspective, this indicates a critical point where small changes
in parameters (e.g., transmission rate or vaccination coverage) can drastically alter the system’s behavior, e.g., from
a controlled outbreak to a surge in cases. Understanding these bifurcations is crucial for understanding the complex
dynamics of a pandemic.

3.2.1Saddle-node bifurcation and multiple endemic equilibria

A saddle-node bifurcation is a phenomenon where two equilibrium points (typically one stable and one unstable)
emerge or annihilate each other. Epidemiologically, this saddle-node bifurcation explains how a high-level endemic
condition can suddenly appear or disappear. This is the mathematical mechanism behind the sudden surge of an outbreak
from seemingly controllable levels to unmanageable levels. Proposition 1 shows that our system can exhibit up to two
EEs whenR0 < 1, which occurs when the extremum values in Equation (3) are positive, a condition that strongly suggests
a saddle-node bifurcation.

To confirm this, we analyzed the stability of Equation (3) at its extremum points. A saddle-node bifurcation occurs
when the first derivative of Equation (3), given by g(α) = 3Aα2 +Bα +C (Equation (4)), equals zero at these points.
Proposition 1 identifies two primary conditions for the existence of two EEs, both of which lead to g(α) = 0 at their
respective extremum points:

i) when R0 < 1 and C > 0, the positive extremum point −B−
√

B2−3AC
3A yields g

(
−B−

√
B2−3AC

3A

)
= 0,

ii) when R0 < 1, B > 0, B2 − 3AC > 0, and C < 0, the two extremum points −B±
√

B2−3AC
3A both result in

g
(

−B±
√

B2−3AC
3A

)
= 0.

These findings confirm that parameter changes satisfying these conditions trigger a saddle-node bifurcation, thereby
causing significant shifts in the epidemic’s dynamics. This leads to the following proposition.

Proposition 2 The EE of System (1) undergoes a saddle-node bifurcation at:

i) R0 = h
(

−B−
√

B2−3AC
3A

)
if C > 0,

ii) R0 = h
(

−B±
√

B2−3AC
3A

)
if B2 −3AC > 0, B > 0, and C < 0.
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3.2.2Transcritical Bifurcation atR0 = 1R0 = 1R0 = 1

A crucial shift in the stability of the system occurs when R0 = 1, which indicates a transcritical bifurcation. At this
point, the DFE transitions from stable to unstable, and an EE emerges as R0 exceeds 1. To demonstrate this, we compute
the Jacobian matrix of the discrete system at the DFE, Ω0 = ( k2µ(k3k4−τ1τ2)

K R0,
φ1µ(k3k4−τ1τ2)

K R0,
φ1φ2(k3k4−τ1τ2)

K R0, 0,
0, 0, 0), where K = ((pφ1 + k2)µ +φ1φ2r)λ (τ1q+ k4). Here, a transcritical bifurcation is confirmed if one of the
Jacobian’s eigenvalues equals 1.

Transcritical bifurcation is the most fundamental switch in epidemiology. Imagine the DFE as a stable main road.
Provided R0 < 1, all small outbreaks will naturally return to this main path and disappear. Exactly at the point R0 = 1,
a bifurcation appears: the main road DFE becomes unstable, and a new road—i.e., the endemic condition—emerges and
becomes stable. The epidemic will now follow this new path. To mathematically prove the existence of this intersection,
we need to analyze the stability of the DFE point. The Jacobian matrix of System (1) evaluated at Ω0 is expressed as
follows.

J(Ω0) =



−k1 +1 0 0 k2µ(−k3k4+τ1τ2)R0
(τ1q+k4)((pφ1+k2)µ+φ1φ2r)

k2µ(−k3k4+τ1τ2)R0q
(τ1q+k4)((pφ1+k2)µ+φ1φ2r) ρ

φ1 −k2 +1 0 φ1µ(−k3k4+τ1τ2)R0 p
(τ1q+k4)((µ p+rφ2)φ1+µk2)

φ1µ(−k3k4+τ1τ2)R0qp
(τ1q+k4)((µ p+rφ2)φ1+µk2)

0

0 φ2 −µ +1 φ1φ2(−k3k4+τ1τ2)R0r
(τ1q+k4)((µ p+rφ2)φ1+µk2)

φ1φ2(−k3k4+τ1τ2)R0qr
(τ1q+k4)((µ p+rφ2)φ1+µk2)

0

0 0 0 (−k3q−R0τ2+q)τ1+k4(1+(R0−1)k3)
τ1q+k4

(−τ2(R0−1)τ1+k3k4R0)q+k4τ2
τ1q+k4

0

0 0 0 τ1 −k4 +1 0

0 0 0 γn + γm γn 1−ρ −µ



.

In addition, the eigenvalues of J(Ω0) are given as

β1 =−µ +1, β3 =
l1 +

√
l2

2(qτ1 + k4)
, β5 =−k2 +1,

β2 = 1−ρ −µ, β4 =
l1 −

√
l2

2(qτ1 + k4)
, β6 =−k1 +1,

where l1 = (−k3q − k4q −R0τ2 + 2q)τ1 − k2
4 + (2 + (R0 − 1)k3)k4 and l2 = (k3k4 − τ1τ2)

2R2
0 + 4(τ1q + k4)(k3k4 −

τ1τ2)(τ1q− k3
2 + k4

2 )R0 +(τ1q+ k4)
2(4τ1τ2 +(k3 − k4)

2). In this case, setting R0 = 1 makes β3 =
l1+

√
l2

2(qτ1+k4)
= 1, which

confirms the transcritical bifurcation [29].
Proposition 3 System (1) undergoes a transcritical bifurcation at R0 = 1.

3.2.3Dual threshold bifurcation: manifestations

Combining the analyses of the saddle-node and transcritical bifurcations, the system exhibits dynamics that are far
more complex than simple forward or backward bifurcations. We refer to this as the dual threshold bifurcation because
it reveals critical transitions governed by two distinct thresholds or gates, each of which leads to drastically different
epidemic outcomes. Dual threshold bifurcation becomes a critical point where the system can either jump to a severe
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epidemic state or remain under control, depending on two different thresholds. This bifurcation manifests in two distinct
types, each of which profoundly impact pandemic control.

3.2.3.1 Dual threshold bifurcation type I

This type of bifurcation arises from the interplay of the transcritical bifurcation at R0 = 1 with specific saddle-node
conditions that allow for multiple EEs even when R0 < 1. From Corollary 1 and Propositions 1, 2, and 3, the system
displays a backward bifurcation whenC > 0 and B < 0, and a forward bifurcation whenC < 0 and B < 0. These standard
bifurcations are formally described as follows.

Corollary 2 System (1) undergoes a backward bifurcation at R0 = 1 if C > 0 and B < 0, and undergoes a forward
bifurcation if C < 0 and B < 0.

Coefficients B and C are not abstract numbers; they are complex combinations of various model parameters (e.g.,
vaccination rate, quarantine effectiveness, and recovery rate). The sign of these coefficients effectively determines the
shape of the epidemic curve around the critical pointR0 = 1. For example, the conditionC > 0 often indicates the presence
of mechanisms (such as reinfection o waning immunity) that support disease persistence even at low transmission levels,
potentially leading to dangerous backward bifurcations.

These basic behaviors are illustrated in Figure 1a and 1b, showing that a forward bifurcation indicates controllable
disease spread, and a backward bifurcation indicates more complex, difficult-to-control dynamics where the force of
infection α can jump significantly. A more complex scenario, referred to as the dual threshold bifurcation type I, arises
when B > 0, C < 0, and B2 +3AC > 0. Under these conditions, Proposition 1 indicates the potential for three EE points,
leading to two saddle-node bifurcations.

Figure 1. (a) Forward bifurcation, (b) Backward bifurcation

Corollary 3 System (1) undergoes a Dual Threshold Bifurcation (Forward-Backward bifurcation type I) at R0 = 1
if B > 0, C < 0, and B2 +3AC > 0.

As shown in Figure 2, the dual threshold bifurcation type I is more perilous than a standard backward bifurcation.
Here, the disease spread initially increases slowly as R0 approaches and exceeds 1; However, the force of infection

α escalates drastically once R0 exceeds h
(

−B+
√

B2−3AC
3A

)
. This sudden, large surge implies that the system can

unexpectedly jump into a high-transmission state, even whenR0 is seemingly under control. Thus, control efforts must be

extremely aggressive, continuously suppressing R0 below h
(

−B−
√

B2−3AC
3A

)
, to prevent this faster and more significant

increase in the transmission rate.
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Figure 2. Dual threshold bifurcation type I

3.2.3.2 Dual threshold bifurcation type II

This type of bifurcation specifically addresses the system’s behavior when the number of infected individuals It
exceeds the medical resource threshold Ib. For this analysis, we transition the bifurcation diagram to illustrate the infection
rate λ versus the number of infected individuals I to better depict the shifts in the system’s conditions from It ≤ Ib to It > Ib.

We also explore the EE Ω2, derived from the quartic Equation (5) (which is applicable when It > Ib), for potential
bifurcations. Similar to Proposition 2, the saddle-node bifurcations occur at the extremum points of this equation. The
first derivative of Equation (5), i.e., h′1 (I2) = 4A1I3

2 + 3B1I2
2 + 2C1I2 +E1, reveals these extrema. The general solutions

for h′1 (I2) = 0 are given as follows [32]:

I21 = y1 −
b
3
, I22 = y2 −

b
3
, I23 = y3 −

b
3
, (6)

where

y1 = L1 +L2, y2 = ωL1 +ω2L2, y3 = ω2L1 +ωL2,

with

L1 =
3

√
−n

2
+
√

N, L2 =
3

√
−n

2
−
√

N,

ω =−1
2
+

1
2

√
3 i, ω2 =−1

2
− 1

2

√
3 i,

N =
(m

3

)3
+
(n

2

)2
,
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m = c− bc
3
, n = e− bc

3
+

2b3

27
.

and the coefficients of h′1 (I2) are h′1 (I2) = I3
2 +bI2

2 + cI2 + e with b = 3B1
4A1

, c = C1
2A1

, and e = E1
4A1

.
Unlike Equation (3), the parameter λ in Equation (5) influences up to four coefficients, thereby causing the extremum

points to shift dynamically. Note that an additional condition is required for a saddle-node bifurcation to occur, i.e., the
selected extremum point (Ie) must also be a root of Equation (5), meaning h1 (Ie) = 0. We select the largest real solution
of h′1 (I2), i.e., I21 , as the candidate for the saddle-node point, which yields the following proposition.

Proposition 4 Equation (5) undergoes a saddle-node bifurcation at I2 = y1 − b
3 if h1

(
y1 − b

3

)
= 0.

This condition defines the dual threshold bifurcation type II, which occurs when this saddle-node bifurcation point
is located above the medical resource threshold Ib.

Corollary 4 System (1) undergoes a dual threshold bifurcation (forward-backward bifurcation type II) when
h1

(
y1 − b

3

)
= 0 and y1 − b

3 > Ib.

Figure 3. Dual threshold bifurcation type II

As shown in Figure 3, the dual threshold bifurcation type II demonstrates how exceeding the medical resource
threshold Ib drastically alters the dynamics of the epidemic. Here, when the infected population I exceeds Ib, the
system experiences a sudden, sharp increase in the infection rate λ . This surge reflects the real-world consequence of
overwhelmed healthcare systems, i.e., once capacity is exceeded, the transmission of the disease accelerates, potentially
becoming uncontrollable. Thus, understanding this medical resource threshold is crucial in terms of preventing
exponential disease spread. The aforementioned mathematical analysis reveals the existence of complex critical points
(bifurcations) in our model. Although not merely out of mathematical curiosity, these points have profound real-world
implications for designing pandemic policies. In the next section, we translate these dynamic findings into concrete
lessons for policymaking.

3.3 Policy implications and pandemic ironies

The results of the bifurcation analysis (Section 3.2) highlight the intricate nature of pandemic dynamics, revealing
that even slight shifts in parameters can drastically alter the spread of the disease due to the dual threshold bifurcation
(types I and II). In the following, we examine the significant policy implications of this phenomenon, focusing on two
key aspects, i.e., the critical importance of swift and decisive initial policies and the necessary adaptation of intervention
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strategies once a region enters an endemic state. The discussion also considers the inherent ironies within these dynamics,
which frequently defy conventional comprehension and complicate disease control efforts.

3.3.1Dual threshold bifurcation type I: irony of “Life’s Gamble” in the early phase

In the early phase of a pandemic, the model shows that the dual threshold bifurcation type I dynamics are crucial
before the infected cases It exceed the medical capacity Ib. This represents the initial spread where the type I bifurcation
diagram reveals a single relevant EE when It ≤ Ib, which indicates that the healthcare system is not yet critically
overwhelmed. A key feature of the type I bifurcation is the presence of two critical thresholds, i.e., R left

0 and Rright
0 ,

which define the hysteresis zone. This hysteresis zone means that the path to suppress the outbreak differs from the path
when the outbreak emerges. For example, to exit a high endemic state, we might need policies that are considerably
stricter (suppressing R0 to 0.7) than the threshold when the outbreak first emerged (R0 = 1). In this zone, the system’s
behavior depends on both the current parameters and its history.

Figure 4. Hysteresis zone in dual threshold bifurcation type I

Within the hysteresis zone, multiple stable equilibrium points coexist, i.e., a stable DFE, a stable EE, and an unstable
EE (fromR left

0 toR0 = 1). FromR0 = 1 toRright
0 , two stable EEs (low and high) and an unstable EE can appear (Figure 4),

and this coexistence makes the system highly unpredictable. Depending on the initial conditions or random fluctuations,
the system can stabilize at either the ideal DFE or a persistent EE, thereby leading to the endemic trap, which is a sustained
endemic condition despite a mathematical path to disease freedom, causing significant uncertainty. Systems that fall into
an endemic trap will experience a situation where the outbreak is difficult to eliminate and persists in the population
(becoming endemic), even when R0 is already below 1.

Thus, bold and swift health policies are critically essential during the early phase of a pandemic. The hysteresis
zone is a costly real-world scenario, and early COVID-19 policy debates in Indonesia highlight this dilemma. Failing to
act quickly pushes the system into this unpredictable zone, drastically increasing social and economic costs, including
prolonged online activities, strain on tourism and small and medium enterprises, and psychological burdens.

Thus, prompt and bold government interventions are required to escape the endemic trap. Hesitation can push the
system to pass the right-side threshold, thereby causing extreme case surges and overwhelming medical resources beyond
Ib. Conversely, aggressive interventions, e.g., strict lockdowns, mass quarantines, extensive contact tracing/isolation, and
early widespread vaccination, seek to suppress the spread of the disease, decisively pushing the system toward a stable
DFE. This is the irony of “Life’s Gamble”. This is defined as a zone of uncertainty where the success of an intervention
is at stake: the system can be stable under good (disease-free) or bad (endemic) conditions, although the parameters are
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the same. In the early phase of a pandemic, authorities face high-stakes decisions that will determine the epidemic’s fate:
elimination or an uncontrolled pandemic.

In real-world scenarios, becoming trapped in an endemic state or hysteresis zone is evident from recurring drastic
case surges (waves), the emergence of transmissible new variants, repeatedly overwhelmed healthcare systems, and
fundamental, long-term shifts to online public activities. These are concrete manifestations of the significant social and
economic costs, and the reality of the endemic trap highlights the rigid need to escape the hysteresis zone, reinforcing
why aggressive interventionist health policies must be adopted quickly and boldly in the early phase of a pandamic. For
example, this can be seen in the UK and Sweden, where the initial hesitation in responding to the pandemic had severe
consequences. In England, the delay in implementing the first lockdown caused the initial wave of COVID-19 to surge
uncontrollably, overwhelming hospitals and leading to thousands of preventable deaths [33]. Sweden, which chose not to
implement a strict lockdown and relied solely on voluntary recommendations, experienced a markedly higher per capita
death rate than its Nordic neighbors, particularly in severely affected nursing homes [34]. These two cases demonstrate
that delays and hesitation in the early stages of the pandemic can trap countries in a cycle of recurring waves of infection,
highlighting the importance of swift and decisive intervention before the situation spirals out of control.

In real-world scenarios, becoming trapped in an endemic state or hysteresis zone is evident from recurring drastic
case surges (waves), the emergence of transmissible new variants, repeatedly overwhelmed healthcare systems, and
fundamental, long-term shifts to online public activities. These are concrete manifestations of the significant social and
economic costs, and the reality of the endemic trap highlights the rigid need to escape the hysteresis zone, reinforcing
why aggressive interventionist health policies must be adopted quickly and boldly in the early phase of a pandemic. If
conditions are allowed to descend into the endemic trap, they will inevitably produce two costly consequences, namely
the substantial price of falling into the trap and the equally substantial cost of remaining within it.

The first consequence is the cost of delayed action, clearly illustrated by the experiences of the UK and Sweden.
The initial hesitation in their pandemic responses resulted in severe consequences. In England, the delay in implementing
the first lockdown caused the initial wave of COVID-19 to surge uncontrollably, overwhelming hospitals and leading
to thousands of preventable deaths [33]. Sweden, which chose not to implement a strict lockdown and relied solely on
voluntary recommendations, experienced a markedly higher per capita death rate than its Nordic neighbors, particularly
in severely affected nursing homes [34]. Both cases demonstrate that delays in the early stages of a pandemic impose
significant social and economic costs, ultimately locking countries into endemic conditions. A rapid shift from a DFE to
a higher EE leads to a surge in cases, straining health systems and increasing elimination costs. Such a rapid shift from a
DFE to a higher EE, which triggers case surges and strains health systems, marks the onset of a self-perpetuating cycle of
recurrent infection waves.

Another consequence is the “cost of remaining” in the endemic trap, which clearly happens in many high-income
countries that have adopted a “living with the virus” strategy. These countries are locked at a persistent EE. The trap
lies in institutionalized, recurring expenditures—multibillion-dollar booster campaigns, subsidized testing programs, and
sustained productivity losses—despite anR0 that is technically under control. This costly stability illustrates the endemic
trap: a system fixed at EE where social and economic burdens persist, underscoring the urgent need to push R0 beyond
the threshold R left

0 .

3.3.2Dual threshold bifurcation type II: irony of “choosing between low and high endemic epidemic”

Shifting from early pandemic dynamics (type I), the dual threshold bifurcation type II becomes relevant when the
infected cases It exceed the medical capacity Ib, indicating a strained or overwhelmed healthcare system. This analysis
utilizes the infection rate λ as a control parameter to reflect the changes in the disease transmission.

The type II bifurcation diagram shows an evolving progression. Initially, only the DFE is stable (e.g., from λ = 0 to
λ = 1.156). As λ increases from 1.156 to λright, the first EE (EE1) emerges and stabilizes, signaling persistent disease.
Crucially, beyond λright, a backward bifurcation-like transition leads to the emergence of a second EE (EE2). Here, a new
hysteresis zone is formed between λleft (between 1.156 and λright) and λright (Figure 5).
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Figure 5. Hysteresis zone in dual threshold bifurcation type II

Within this type II hysteresis zone, the system exhibits complex bistability with a stable EE1, a stable EE2 (i.e.,
higher infection), and an unstable EE2. Significantly, the boundary that determines whether the system gravitates toward
EE1 (low endemic) or EE2 (high endemic) is the medical capacity threshold Ib rather than the unstable EE. If It is below
Ib, the system trends toward EE1; however, if It exceeds Ib, even if mathematically below the unstable EE, the system will
still be attracted to the high EE2, thereby making epidemic prediction very difficult unless It is pushed below Ib. Beyond
λright, only the EE2 remains stable, indicating a high level of infection that is difficult to control.

Type II interpretation is highly relevant to prolonged pandemics. Unlike type I, which focuses on the early risks of an
endemic trap when capacity is not exceeded, type II describes a deeper crisis where healthcare systems are overwhelmed
or collapsing. Indonesia’s multiple COVID-19 waves, particularly the mid-2021 surge of the Delta variant, with full
hospitals and strained resources, exemplify the system being in the type II hysteresis zone, having exceeded Ib.

In this severe zone, aggressive intervention is mandatory. However, the choice remains between two endemic
conditions, i.e., stabilizing at a low level (EE1) or a high level (EE2) that overwhelms the system. Thus, authorities
face a new phenomenon: the “Irony of Choosing between a Low and High Endemic Epidemic”.

Successfully pushing the system left past λleft through aggressive measures (e.g., emergency lockdowns, rapid
vaccination efforts, drastic increases in hospital capacity, and strict mobility curbs) allows the system to exit the hysteresis
zone. However, unlike type I, which offers a stable DFE, type II success only returns the system to a stable EE1, which
implies that while extreme surges are averted and control is regained at a lower level, the disease persists, and achieving a
DFE becomes a much longer, harder battle—a stark reminder that delayed responses can eliminate the short-term disease-
free option.

Nonetheless, this nonideal choice is superior to the worst-case scenario. If interventions fail or are insufficient,
the system will be pushed past λright, stabilizing only at EE2, representing a very high, uncontrolled, and resource-
overwhelming epidemic. Thus, at this stage, policy shifts from disease prevention to choosing between two endemic
scenarios, i.e., accepting a low-level, draining pandemic or succumbing to a high-level, paralyzing one. Here, intervention
is about maximal mitigation to guide the system toward the least detrimental outcome and prevent total collapse rather
than disease elimination.

3.3.3Two interconnected ironies: the evolving challenge of pandemics

The two ironies from dual threshold bifurcation types I and II represent the sequential, time-linked phases of pandemic
challenges. Type I’s “Life’s Gamble” irony occurs in the early phase, where the number of infected cases is less than the
medical capacity Ib. Here, authorities face a critical choice, i.e., act swiftly and boldly for a DFE or risk an unpredictable
hysteresis zone where the epidemic can surge, even with R0 < 1.
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Indonesia’s early 2020 COVID-19 experiences illustrate this situation. Government hesitancy regarding large-scale
social restrictions and other responses demonstrated that hesitation or insufficient early action frequently proved fatal.
When the initial responses were not sufficiently aggressive to suppress transmission drastically, the system gradually or
suddenly surpassed the type I hysteresis thresholds, thereby leading to a prolonged endemic trap.

If early aggressive actions are delayed or these efforts fail, the pandemic system will likely transition to type II
conditions, where the infected cases It exceed the medical capacity Ib. At this point, the epidemic dynamics worsen and
options diminish. Here, the path to a stable DFE, present in type I, vanishes, and the irony shifts from “Life’s Gamble”
to the “Irony of Choosing between a Low and High Endemic Epidemic”. Under these conditions, rather than elimination,
the clear priority is managing the severity of the endemic state, where even aggressive interventions only lead to a lower
EE, not DFE.

Indonesia’s mid-2021 second wave, dominated by the Delta variant and caused healthcare collapse, tragically
exemplifies this type II transition. Even with persistently high numbers of cases, the focus shifted from eliminating
the virus to suppressing cases to prevent overwhelming the healthcare system.

Thus, the temporal link between these bifurcations highlights a stark lesson: speed and decisiveness in defining
and implementing early pandemic policies are crucial. In this phase, failure means not only a lost opportunity but also
pushes society into a more difficult, costly scenario with limited options, where the fight evolves from total elimination
to maximum damage mitigation.

3.4 Adapting intervention strategies in an endemic trap: risks and the irony of consequences

When early pandemic policies fail, and the system is entangled in the endemic trap, signaling the missed opportunity
for a DFE, the nature of the challenge shifts dramatically. Here, the focus is on adapting strategies to achieve a more
controlled state (rather than total elimination), acknowledging the significant risks of failure. The following discussions
and simulations assume a dual threshold bifurcation type II scenario, representing an advanced pandemic phase where the
medical capacity is already exceeded or severely threatened. This sets the stage for understanding the complex journey
within these dynamics.

3.4.1Parameterization for numerical simulations

The numerical simulations presented in this section serve as an illustrative proof-of-concept for the analytical findings
of the bifurcation analysis. The primary goal is not to provide quantitative predictions for a specific epidemic but rather
to demonstrate the existence and explore the qualitative behavior of the complex dynamics, such as the endemic traps and
hysteresis zones, that our model can exhibit.

Table 2. Baseline parameter values used for numerical simulations

Parameter Value Source/Rationale

Parameters varied in analysis:

λ 1.47 Calibrated to place the system within the desired hysteresis zone, enabling the simulation of scenarios like
the rebound trap.

Parameters based on previous work and literature:

p 0.590071 Derived from vaccine efficacy calculations [15].

r 0.180143 Derived from vaccine efficacy calculations [15].

q 0.05 Derived from quarantine efficacy calculations [15].

d 0.02 Derived from vaccine mortality reduction calculations [15].

ρ 0.0065 Based on studies of waning immunity [35].
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Table 2. (cont.)

Parameter Value Source/Rationale

Parameters selected to demonstrate key dynamics:

φ1 0.2 Numerically selected as part of the baseline parameter set that produces

φ2 0.1 the rich bifurcation structures analyzed in this paper.

τ1 0.15 These values were identified through systematic simulation to find a

τ2 0.05 region in the parameter space where the pandemic ironies

γn 0.0015 are clearly observable.

γm 0.5

ζ 0.001

µ 0.3

Ib 0.1 Set to a critical threshold (10% of total population) that clearly separates the low and high endemic states
for the type II bifurcation.

The parameter values used in the following simulations (Table 2) are selected hypothetically but are within
biologically plausible ranges. These values were determined through extensive preliminary simulations to find a parameter
set that clearly exhibits the specific bifurcation structures and pandemic ironies that are the central focus of this study.

3.4.2Trapped in a high endemic state: an unavoidable dilemma

We distinguish two endemic conditions: (i) high endemic state, where the number of infections is stable at a high
level and exceeds medical capacity (I > Ib), and (ii) low endemic state, where the disease persists but at a stable and
controlled level below medical capacity (I < Ib). This scenario describes a pandemic system trapped in a stable high
endemic state within the hysteresis zone (λleft < λ < λright), as shown in Figure 6. This is a critical and unsustainable
situation involving consistently high positive cases, severely overwhelmed healthcare systems (full hospitals, scarce beds,
and exhausted staff), and widespread societal suffering, including surging mortality, economic strain from restrictions,
and deteriorating public mental health.
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Figure 6. High endemic state

Crucially, in the dual threshold bifurcation type II, being trapped in a high endemic state within the hysteresis zone
indicates that the infected cases It have surpassed the medical capacity threshold Ib; thus, Ib functions as a real boundary
that dictates the system’s attraction. Simulations confirm that in this high endemic state, the system stabilizes at a high
EE without natural remission and is effectively “comfortable” at a high spread level. However, the devastating long-term
impacts require urgent intervention. Here, the immediate goal is to suppress the number of cases to bring It below Ib,
thereby enabling a shift toward a more manageable low endemic state, which is an absolute prerequisite for any further
efforts to control the pandemic.

3.4.3Pushing toward a low endemic state: the rebound trap and cost of failure

To combat a stable high endemic state, governmentsmust significantly reduce infection levels (It ). The implementation
of self-quarantine rules is an initial measure that can directly suppress It , and greater compliance further diminishes
the system’s contribution to It . This aligns with System (1), which indicates that a lower q reduces transitions into
compartment I. If this measure proves insufficient, governments must adopt comprehensive interventions. These may
include emergency regional quarantines, aggressive contact tracing, mass testing, rapid vaccination, and strict enforcement
of health protocols. The ultimate goal is to reduce It below the medical capacity threshold (Ib), enabling a sustainable
transition to a manageable low endemic state.

A rebound trap is defined as a phenomenon where interventions that appear to successfully suppress the number of
cases fail to reach a critical threshold, causing the system to automatically return (rebound) to a high endemic state once
the intervention is relaxed. To validate this, numerical simulations were performed, where the initial system values were
varied to answer policymakers’ “what if” questions regarding the effectiveness of different interventions. Note that these
simulations assumed that the other parameters, e.g., λ , remained, modeling interventions that reduce the case numbers
without permanently altering the viral transmission.

Starting from a stable high endemic state, a simulated 5% daily case reduction for seven days (lockdown),
representing aggressive intervention, was applied. The results demonstrated that an 8% or less daily reduction was
insufficient because the system rebounded to the high endemic state, as shown in Figure 7. These findings demonstrate
that half-hearted efforts, even if they temporarily reduce It , fail if they do not consistently push It below Ib. In the type
II hysteresis zone, Ib acts as an “invisible wall”, ensuring the dominant pull toward the high endemic state if It remains
above Ib.
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Figure 7. Rebound trap: pulled back to high endemicity

Figure 8. Successful aggressive intervention: suppressing high endemicity to a stable low endemic state
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We found that only a simulated 9% daily case reduction over seven consecutive days moved the system to a stable
low endemic state (Figure 8), which implies that aggressive interventions in a high endemic state must achieve a daily
case reduction of at least 9% (based on the simulation parameters) to improve the situation.

Indonesia’s COVID-19 pandemic involved multiple waves (Figure 9) that exhibited this rebound phenomenon when
restrictions were eased or compliance dropped before Ib was truly controlled. A similar phenomenon was observed
in European countries during the summer of 2020, when France, Germany, Belgium, and the Czech Republic eased
restrictions after the first wave, which then triggered a considerably more severe second wave in the autumn [36]. In
the United States, public euphoria emerged after the initial vaccine rollout in early 2021, leading to the lifting of mask
mandates and the easing of health protocols, only to be followed by a large surge in cases due to the Delta variant [37]. The
immense sacrifices, i.e., economic downturns, lost livelihoods, psychological burdens, and exhausted healthcare workers,
became futile with each rebound. This “second trap” depletes limited resources and erodes public trust in government
policies. Successfully pushing cases below Ib is not the end goal, but a vital prerequisite to advance to the next phase of
pandemic control.

Figure 9. Daily COVID-19 cases in Indonesia [38]

3.4.4Suppressing to low endemic state: false comfort zone

After exhausting efforts and encountering potential setbacks, authorities may suppress infected cases It below the
medical capacity threshold Ib, thereby achieving a stable low endemic state. This partial success brings relief in the form
of drastically fewer cases, reduced strain on the healthcare system, and a return to perceived normalcy as restrictions ease;
however, this also creates an illusion of full control. This condition is defined as a false comfort zone, which is a stable
but vulnerable low endemic state. Although the number of cases appears controlled, the system remains in a hysteresis
zone, meaning that even a small disruption can rapidly trigger a return of the epidemic to high-endemic levels.

Ourmodel reveals a new irony, i.e., “false comfort”. While preferable to a high endemic state, if the virus transmission
parameter λ remains within the hysteresis zone (λleft < λ < λright), this low endemic condition represents a false comfort
zone, in which the system remains highly vulnerable. The results of numerical simulations highlight this vulnerability.
Here, after reaching a low endemic state, a minor disturbance (e.g., a 6% daily increase in It for only three days) is
sufficient to push It slightly above Ib, dramatically pulling the system back into a stable high endemic state, as shown in
Figure 10.
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Figure 10. Incidental spike triggers return to high endemicity

The aforementioned phenomenon was reflected in India’s real-world experience in early 2021. After the first wave
of COVID-19 subsided, the number of daily cases in several parts of India plummeted, creating a widespread perception
that the pandemic was nearly over. Social and economic activities reopened, health protocols were relaxed, and public
vigilance decreased [39]. However, this situation proved fragile when the highly contagious Delta variant began to spread,
triggering a devastating second wave. Hospitals were overwhelmed, oxygen supplies dwindled, and death rates soared
drastically, even leading to many patients dying due to a lack of care. This event demonstrates that even after reaching a
low endemic state, a marginal complacency can lead to a major disaster.

Note that this stark disparity is critical, i.e., achieving a low endemic state requires aggressive, sustained effort (e.g.,
seven consecutive days of a 9% daily case reduction); however, even a minimal lapse (three days of a 6% increase)
can reverse all progress made. This demonstrates the fragility of the low endemic condition, where immense social and
economic investments can be undone rapidly. This irony of false comfort is a crucial lesson. In other words, even when
case numbers appear low, constant vigilance and swift action are paramount because complacency can nullify all sacrifices.

3.4.5Threat of sudden attack: explosive waves and hope for consistency

Even in a seemingly stable low endemic state, a constant threat persists from shifts in the transmission parameter
λ . Such shifts can be triggered by various factors, e.g., the emergence of more transmissible variants (e.g., the Omicron
vs. Delta variants), premature policy easing due to complacency or public euphoria, or a drastic decline in adherence to
health protocols once a false sense of security is established.

Vaccination programs play a critical role in sustaining a low EE by strengthening system resilience against sudden
shifts in λ . While vaccination does not directly reduce the transmission parameter in System (1), maintaining widespread
and recurrent immunization can mitigate the risk of explosive rebounds by buffering the population against severe
outcomes. In this sense, vaccination acts as a stabilizing mechanism: although its immediate effect on λ may be indirect,
the cumulative impact of sustained large-scale immunization inevitably contributes to lowering infection dynamics and
reducing the likelihood of catastrophic surges.

The consequences of such behaviors are dramatic and represent a worst-case scenario. For example, if λ suddenly
exceeds λright (the point at which the low endemic stable equilibrium vanishes from the hysteresis zone), the system will
rapidly surge back to a high endemic state. Simulation results demonstrate that this surge can even exceed previous high
endemic peaks, unleashing a “grand” pandemic wave after a deceptive calm (Figure 11). This negates all previous efforts
and sacrifices, thereby leading to immense socioeconomic impacts. Post-holiday or large-celebration rebound waves in
various countries exemplify how uncontrolled mobility and interaction, causing λ shifts, can trigger such disasters.
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Figure 11. Explosive wave: consequence of a critical shift in λ

Figure 12. Toward a controlled endemic state: successfully exiting the hysteresis zone

However, if authorities and the public sustain aggressive interventions and push λ left past the λleft threshold, thereby
moving out of the hysteresis zone toward a state where only a low endemic (or even DFE) is stable, or toward a controlled
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endemic state (a stable condition under which the disease persists at a low and manageable level after successfully exiting
the hysteresis zone, differing from a disease-free state), the struggle will yield significant results, as shown in Figure
12. The simulation results confirm that prolonged efforts can push the system left from a high endemic state beyond the
hysteresis zone.

However, it is important to note that this outcome may not immediately lead to a DFE. In other words, the system
could remain in a stable low endemic state, meaning the disease persists. Even after escaping the hysteresis trap, sustained,
long-term efforts, e.g., consistent vaccination strategies, genomic surveillance, and adaptive responses to new variants,
are required to continue suppressing λ until DFE is achieved and the disease is eliminated.

4. Conclusion
This study reveals two “pandemic ironies” critical for policymaking, stemming from a dual threshold bifurcation

analysis. This analysis establishes a rigorous foundation by formally characterizing the novel Dual Threshold Bifurcation
and proving the mathematical existence of the Hysteresis Zone, which governs the system’s long-term trajectory. The
first underscores the critical need for early intervention. In a pandemic’s initial phase, a narrow window of opportunity
exists. Bold and immediate action can lead to disease elimination, but hesitation initiates a “Life’s Gamble”, pushing the
system into an endemic trap with massive socioeconomic costs. This entry into the trap occurs when the system crosses
the left-side bifurcation threshold, after which return becomes increasingly difficult. The second irony highlights the risks
once trapped in this endemic state. In this state, the goal shifts from elimination to mitigation. However, this state is
perilous; halfhearted efforts trigger a “rebound trap”, and even apparent success creates a “false comfort zone”, where
the system remains vulnerable to explosive waves from new variants or premature policy easing. This fragility imposes
a sustained “cost of remaining”, marked by entrenched high public health expenditures that persist even under apparent
stability.

The core implication for public health policy is the need for dynamic, threshold-aware strategies. Rather than
simple on-off interventions, policies must be designed to consistently push the transmission rate out of the dangerous
hysteresis zone. Escaping this trap requires two complementary strategies that act through distinct model mechanisms.
First, structural interventions such as vaccination must be sustained to preserve a low endemic equilibrium. Although
vaccination does not directly reduce transmission, widespread and continuous immunization enhances system stability and
mitigates the risk of sudden rebounds. Second, effective management of initial conditions through aggressive quarantine
and isolation is essential to steer the system toward disease elimination, even when circumstances make recovery difficult.
Only by doing so can a truly controlled endemic state be achieved, preventing catastrophic surges and minimizing long-
term societal harm.

Although the proposed model simplifies real-world complexities—such as assuming stable parameters and a sharp
medical capacity threshold—its primary contribution lies in the conceptual framework it provides. Future research can
incorporate stochasticity and soft thresholds to capture more nuanced dynamics. Nonetheless, this study provides a dual
threshold bifurcation framework that bridges the gap between mathematical epidemiology and practical pandemic policy,
offering crucial insights into the early-warning signs that distinguish between a path toward elimination and a fall into an
endemic trap. Ultimately, the identification and analytical foundation of the Dual Threshold Bifurcation offer a framework
for distinguishing between genuine disease suppression and the illusion of “False Comfort”.
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Appendix A. Proof of positivity and boundedness
A.1 Positivity of solutions

For the model in System (1) to be epidemiologically meaningful, each state variable must remain non-negative at all
time steps. In other words, the number of individuals in each compartment should never be negative. The intuition behind
this proof is simple: in one time step, the total probability of an individual moving out of a compartment cannot exceed
one. Assuming the time step length used is ∆t = 1, this can be achieved by ensuring that the parameters and variable
values at time t are chosen such that the total outflow rate from each compartment is always between zero and one.

For example, consider the susceptible population compartment, St , which follows the equation:

St+1 = St − (λ It +λqQt +φ1 +µ)St +Λ+ρRt .

Here, the total outflow rate from compartment St can be defined as kout, S = (λ It + λqQt + φ1 + µ). Assuming
0 ≤ kout, S ≤ 1, the probability of someone remaining in the susceptible compartment, i.e., (1− kout, S), will always be
non-negative. If the initial population is in a non-negative condition, i.e., S0 ≥ 0, then using induction, it can be shown
that St will remain non-negative for all t. Assuming St ≥ 0, the above equation can be rewritten as:

St+1 = St(1− kout, S)+(Λ+ρRt).

Since (1− kout, S) ≥ 0, St ≥ 0, and the inflow terms like Λ and ρRt are also non-negative by definition, every term
on the right-hand side of this equation must be non-negative. Therefore, St+1 is also guaranteed to be non-negative.

The same logic can be applied to all other compartments in the model. For example, for the population receiving the
first dose of the vaccine, V1t , the required condition is (λ pIt +λ pqQt +φ2 + µ) ≤ 1. As long as the total outflow rate
from each compartment satisfies this fundamental condition, all state variables in the system will remain non-negative for
all times t ≥ 0. This ensures that the model does not produce unrealistic population values, such as negative numbers of
individuals, and remains consistent with correct epidemiological interpretations.

A.2 Boundedness of solutions
To show that the model solution remains bounded, we begin by analyzing the total population living in the system,

denoted byNt . The death compartmentDt is excluded because it represents individuals who have left the living population.
Total population is defined as:

Nt = St +V1t +V2t + It +Qt +Rt .

By summing the first six equations from System (1), we obtain an equation for Nt+1 that describes the population
change from one time step to the next. In this addition process, all terms that only move individuals between compartments
cancel each other out. This includes transmission due to infection, vaccination, quarantine, recovery, and reinfection. All
that remains are the terms representing the inflow into the system (births or immigration, Λ) and the outflow from the
system (natural deaths, µ , as well as deaths due to disease, ζ ).

The final result can be written as:

Nt+1 = Nt +Λ−µNt − (ζ It +ζ dQt).
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Since the number of deaths from a disease is always non-negative, we can form the inequality:

Nt+1 ≤ (1−µ)Nt +Λ.

This inequality shows that the total population Nt is limited. Specifically, if Nt exceeds Λ
µ , the value of Nt in the

next step will not increase further, but will tend to decrease. In other words, Λ
µ acts as an upper bound for the population.

Therefore, in the long run, the total population will always be below or equal to this value:

lim
t→∞

supNt ≤
Λ
µ
.

Since it has been previously proven that each compartment is non-negative, and now the total population Nt is proven
to be limited, it logically follows that each individual compartment (St ,V1t , . . . , Rt ) must also be limited. Thus, this model
is guaranteed to have a well-defined solution and be within a biologically feasible range. Note that the closed-system
assumption (Λ = µN) used in our equilibrium analysis is a specific case of this general boundedness, ensuring that the
disease-free population stabilizes at the upper bound N = Λ

µ .
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Appendix B. Proof of local asymptotic stability of the DFE (Ω0Ω0Ω0)
To determine whether the DFE, denoted by Ω0, is stable, we examine the eigenvalues of the Jacobian matrix, J(Ω0),

evaluated at this point. In a discrete-time system, the DFE is said to be locally asymptotically stable if all eigenvalues
(βi) satisfy the condition |βi|< 1. This means that any small perturbation from the DFE will disappear over time and the
system will return to a disease-free state.

The Jacobian matrix at the DFE has a block form:

J(Ω0) =

J11 J12

0 J22

 ,

where J11 is related to the uninfected compartments (S,V1,V2, R), while J22 is related to the infected compartments (I, Q).
Due to this block form, the eigenvalues of J(Ω0) are sufficiently determined by the eigenvalues of each block, namely
J11 and J22.

For J11, the eigenvalues can be directly obtained from the diagonal elements:

β1 = 1− (µ +φ1), β2 = 1− (µ +φ2), β3 = 1−µ, β4 = 1− (ρ +µ).

Since all parameters µ , φ1, φ2, and ρ are positive and less than 1, these four values automatically satisfy |βi|< 1. In
other words, the uninfected compartment does not affect stability. Therefore, the overall stability of the DFE is determined
entirely by the infected compartment, i.e., J22.

The submatrix J22 can be written as:

J22 =

a11 a12

a21 a22

=

1− k3 +A qA + τ2

τ1 1− k4

 ,

where A = Λλ ((pφ1+k2)µ+φ1φ2r)
µk1k2

, while k3 and k4 are combined parameters defined in the main text.
The eigenvalues of this matrix are determined by the characteristic equation:

β 2 −Tr(J22)β +det(J22) = 0,

with Tr(J22) as the trace (sum of diagonal elements) and det(J22) as the determinant.
For a second-order discrete system, Jury’s criterion states that the DFE is stable if and only if the following three

conditions are met:
1. 1−Tr(J22)+det(J22)> 0,
2. 1+Tr(J22)+det(J22)> 0,
3. |det(J22)|< 1.
In discrete epidemiological theory, it is known that these three conditions can be combined and written in a simpler

form: DFE is stable if and only if the basic reproduction number, R0, is less than one.
Let’s look at the first condition, which is usually the most important. If we calculate it directly, we get
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1−Tr(J22)+det(J22) = (k3k4 − τ1τ2)−A (qτ1 + k4).

Since (k3k4 − τ1τ2)> 0 for biologically feasible models, we can divide both sides by this term and obtain

1− A (qτ1 + k4)

k3k4 − τ1τ2
> 0.

The above definition aligns with the definition of the basic reproduction number, which is

R0 =
A (qτ1 + k4)

k3k4 − τ1τ2
.

Thus, the stability condition can be simplified to

1−R0 > 0 ⇒ R0 < 1.

Similarly, the other two Jury conditions can also be proven true, assuming all model parameters are positive and
epidemiologically plausible. For example, the determinant can be rewritten as

det(J22) = (1− k3)(1− k4)+A (1− k4)− τ1(qA + τ2),

which satisfies |det(J22)|< 1 if R0 < 1.
From the discussion above, it can be concluded that the DFE is locally asymptotically stable if and only if R0 < 1.

If R0 exceeds 1, the DFE point becomes unstable and the disease will spread in the population. This proves a direct
relationship between the basic reproduction number and the stability of the modeled epidemiological system.
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Appendix C. Components of the endemic equilibrium Ω1 (I∗ ≤ IbΩ1 (I∗ ≤ IbΩ1 (I∗ ≤ Ib)

S1 =
Λ+ρR1
α+k1

, V11 =
φ1S1

α p+k2
, V21 =

φ2V11
αr+µ ,

I1 =−[α(pα2r + (pµ + r(pφ1 + k2))α + (pφ1 + k2)µ + φ1φ2r)k4(ρ + µ)Λ]/[pr(((γn + γm − k3)k4 + τ1(τ2 +

γn))ρ +µ(−k3k4+τ1τ2))α3+((p((γn+γm−k3)k4+τ1(τ2+γn))µ +(((−k3k1+φ1(γn+γm))k4+τ1(γnφ1+

k1τ2))p+((γn + γm − k3)k4 + τ1(τ2 + γn))k2)r)ρ +(pµ + r(k1 p+ k2))(−k3k4 + τ1τ2)µ)α2 +(((((−k3k1 +

φ1(γn+γm))k4+τ1(γnφ1+k1τ2))p+((γn+γm−k3)k4+τ1(τ2+γn))k2)µ+r((−k3k1k2+φ1φ2(γn+γm))k4+

τ1(γnφ1φ2 + k1k2τ2)))ρ +((k1 p+ k2)µ + rk1k2)(−k3k4 + τ1τ2)µ)α + k1k2µ(ρ +µ)(−k3k4 + τ1τ2)],

Q1 =
τ1I1
k4

, R1 =
I1γn+I1γm+γnQ1

ρ+µ .
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Appendix D. Coefficients of equation (3)

A =−p(µ3 +((d +1)ζ + γm +ρ + τ1 + τ2 +2γn)µ2 +(dζ 2 +((d +1)ρ +(d +1)γn +(γm + τ1)d + τ2)ζ +(τ1 +

τ2 + γn)ρ + γ2
n +(γm + τ1 + τ2)γn + γmτ2)µ +ρζ (dτ1 +ζ d + γn + τ2))r,

B = ((((λΛ + γnφ1 + φ1γm − k3k1)k4 + τ1(Λλq + γnφ1 + k1τ2))ρ + ((λΛ − k3k1)k4 + τ1(Λλq + k1τ2))µ)r +

(((γn+γm−k3)k4+τ1(τ2+γn))ρ +µ(−k3k4+τ1τ2))µ)p+r(((γn+γm−k3)k4+τ1(τ2+γn))ρ +µ(−k3k4+

τ1τ2))k2,

C = (((λΛ−k3k1)p−k2k3)k4 + τ1((Λλq+k1τ2)p+ τ2k2))µ2 +((((−k3k1 +φ1(γn + γm)+λΛ)p+k2(γn + γm −

k3))k4 +τ1((Λλq+ γnφ1 +k1τ2)p+k2(τ2 + γn)))ρ + r((pΛλφ1 +(λΛ−k3k1)k2)k4 +τ1(pΛλφ1q+(Λλq+

k1τ2)k2)))µ + rρ(((λΛ− k3k1)k2 +(pΛλ +φ2(γn + γm))φ1)k4 + τ1((Λλq+ k1τ2)k2 +φ1(Λλ pq+ γnφ2))),

E =−k1(µ2 +((d+1)ζ + γm + τ1 + τ2 +2γn)µ +dζ 2 +((d+1)γn +(γm + τ1)d+ τ2)ζ + γ2
n +(γm + τ1 + τ2)γn +

γmτ2)k2(ρ +µ)µ.
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Appendix E. Components of the endemic equilibrium Ω2 (I∗ > IbΩ2 (I∗ > IbΩ2 (I∗ > Ib)

S2 =
((Ibγm + I2γn +Λ)ρ +µΛ)k4 + I2γnρτ1

(ρ +µ)((λ I2 + k1)k4 + τ1I2λq)
,

V12 =
k4((γnI2ρ +(Ibγm +Λ)ρ +µΛ)k4 + I2γnρτ1)φ1

((λ I2 + k1)k4 + τ1I2λq)(ρ +µ)((I2λ p+ k2)k4 + I2λ pqτ1)
,

V22 =
((γnI2ρ +(Ibγm +Λ)ρ +µΛ)k4 + I2γnρτ1)k2

4φ2φ1

((I2λ r+µ)k4 + τ1I2λqr)((λ I2 + k1)k4 + τ1I2λq)(ρ +µ)((I2λ p+ k2)k4 + I2λ pqτ1)
,

Q2 =
τ1I2

k4
,

R2 =
I2(k4 + τ1)γn + Ibγmk4

k4(ρ +µ)
.
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Appendix F. Parameters of the quartic equation (5)

A2 =−p(qτ1 + k4)
3r(((−γn − τ2)ρ −µτ2)τ1 + k4(ρk5 +µ(γn + k5))),

B2 =−pr(qτ1 + k4)((−µ −ρ)Ω+ γmIbµ),

B3 = ((k1((−γn − k5)k4 + τ1τ2)µ + (((φ1 − k1)γn − k1k5)k4 + τ1(γnφ1 + k1τ2))ρ)r + (((−γn − k5)k4 + τ1τ2)µ +

ρ(−k4k5 + τ1(τ2 + γn)))µ)p+(((−γn − k5)k4 + τ1τ2)µ +ρ(−k4k5 + τ1(τ2 + γn)))k2r,

C2 = (qτ1 + k4)((((−γmIbk1 + Ωφ1)µ + (Ib(φ1 − k1)γm + Ωφ1)ρ)r + µ((−Ibγm + Ω)µ + ρΩ))p + k2((−Ibγm +

Ω)µ +ρΩ)r),

C3 = (k1 p + k2)((−γn − k5)k4 + τ1τ2)µ2 + (((−k1(γn + k5)p + pγnφ1 − k2k5)k4 + τ1(k1τ2 p + k2(τ2 + γn) +

pγnφ1))ρ + k2rk1((−γn − k5)k4 + τ1τ2))µ +ρr((−k1(γn + k5)k2 + γnφ1φ2)k4 +(γnφ1φ2 + k1k2τ2)τ1),

E2 = (qτ1+k4)((−Ib(k1 p+k2)γm+Ω(pφ1+k2))µ2+((p(φ1−k1)ρ −k2rk1)Ibγm+Ω((pφ1+k2)ρ +φ1φ2r))µ +

(Ib(−k1k2 +φ1φ2)γm +Ωφ1φ2)ρr),

E3 =−(ρ +µ)k1((γn + k5)k4 − τ1τ2)k2µ,

F1 =−µγmIbk1k2 k4
4(ρ +µ),

k5 = τ1 +µ +ζ .
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